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Abstract

Understanding the nuclear equation of state (EOS) is important for a broad range of applications ranging 
from nuclear structure to nuclear astrophysics. In this paper we apply a non-relativistic Hartree-Fock scheme 
to study the temperature dependence of the EOS of hot isospin-asymmetric nuclear matter (ANM), based 
on M3Y-type semi-realistic nucleon-nucleon interactions. We focus on the temperature dependence of the 
nuclear and thermodynamic properties of hot ANM at its equilibrium saturation point. The results show that 
increasing the temperature of the hot ANM decreases its saturation binding energy, shifting it to a higher 
saturation density, and increases its attractive saturation free energy, shifting it to a lower density. This 
makes the hotter ANM the less bound. Increasing the isospin-asymmetry of the ANM decreases both the 
saturation binding- and free-energy, and their corresponding densities. The binding (free energy) saturation 
point disappears at the temperatures larger than 17 MeV (14 MeV). The influence of temperature on the 
saturation binding and free energy increases with increasing T , but it remains almost steady with increasing 
the isospin-asymmetry. A maximum isospin-asymmetry Imax = 0.81 ± 0.02 is indicated for a semi-cold 
bound ANM having saturated free energy.
© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

Over the past few decades, a series of studies have been implemented to understand the den-
sity and temperature dependences of the nuclear equation of state (EOS) over a wide range of 
temperatures and densities [1–4]. This is required for a reliable treatment of a huge diverse of nu-
clear and astrophysical phenomena, and to distinguish between finite nuclei and infinite nuclear 
matter. The binding energy, nuclear symmetry energy, and incompressibility are very significant 
ingredients of the EOS and its dependence on the proton-to-neutron ratio, from both experimen-
tal and theoretical aspects. Hot nuclear matter is distinguished by its binding and free energy 
per particle, and its incompressibility and saturation properties, as well as other thermodynamic 
quantities, as functions of both density and temperature. Such quantities are considered to be 
fundamental quantities in both nuclear physics and astrophysics. Most of these quantities can 
not be measured directly, but they are obtained indirectly from observables related to them [5,6]. 
Generally, the emphasis of many nuclear structure and reaction studies including exotic nuclei 
lying close to the driplines is so important in the determination of the EOS. For instance, the 
neutron-skin thickness of finite nuclei was found to be strictly related to the nuclear symmetry 
energy (SE) and its density dependent [7,8], to the EOS of pure neutron matter, and even to some 
properties of neutron stars [9]. A key input for the study of the neutron star (NS) composition 
and its properties [2,10–13] is the realistic EOS of asymmetric nuclear matter (ANM) and that of 
pure neutron matter, and their temperature dependence. Also, the different nuclear EOSs are used 
to study the hot proto-neutron star (PNS) forming in the supernova explosion, and its collapse to 
a black hole or its evolution towards a cold NS, in the hydrodynamic simulation of core-collapse 
supernovae [14–17]. Temperatures of more than 50 MeV can be reached for hot PNS [18,19]. 
Moreover, the accurate determination on the nuclear EOS and its temperature dependence is 
essential for understanding the stability and reactions of the hot excited nuclei, the heavy-ion 
collisions, nature and structure of NS [2,18,20,21] and the stability of the different phases of the 
NS matter [22,23], as well as other astrophysical phenomena such as the direct URCA cooling 
process [24] and the rapid neutron-capture process abundances in stellar nucleosynthesis [25]. It 
also allows constraining the bulk and surface properties of the nuclear energy-density functionals 
(EDFs) quite effectively, via symmetry energy and related properties. However, more accurate 
information on the nuclear EOS and its related quantities for cold and hot nuclear systems are 
still required. On the other hand, while the earlier studies have shown that only the considered 
kinetic contribution of nucleons to nuclear matter equation of state gives a limit of about 0.7 
solar mass (M�) [26,27] for the maximum mass of neutron stars, the recent observations of NS 
mass have proved the existence of about 2M� NS [28,29]. The thermal emission observed from 
the surface of NS pointed out the possible determination of the nuclear EOS from the data that 
have been observed such as NS radii and masses [30,31]. This and other evidences show the 
importance of the nuclear interaction and the nuclear EOS in understanding the global prop-
erties of NSs, and present new ideas toward a more integrated approach between the current 
astrophysical knowledge and nuclear experimental constraints. A progressively major range of 
theoretical ideas are being suggested on the density, isospin, and temperature dependences of the 
nuclear EOS through associated nuclear properties [11,32–37]. The temperature dependence of 
single-particle properties is also commonly investigated in finite systems [10,38].

The accurate treatment of the thermodynamic properties of hot nuclear matter and finite nuclei 
is still restricted. Many methods have been progressed to study the dynamical evolution of such 
excited systems since the pioneering work of Brack and Quentin [39] on thermal Hartree-Fock 
(HF) calculations. Among these methods, one observes the semi classical approaches based on 
2



W.M. Seif, A.S. Hashem and R.N. Hassanien Nuclear Physics A 1008 (2021) 122142
the microscopic Skyrme-HF formalism [40] and Thomas-Fermi (TF) approximation [41], with 
inclusion of the continuum effects in HF calculations at finite temperature [42]. Other studies 
adopted nuclear mean-field potentials obtained from HF nonrelativistic [43] or relativistic [44]
mean-field calculations of nuclear matter, based on realistic nucleon-nucleon (NN) interactions. 
More nuclear approaches and potential methods have been implemented to investigate the EOS, 
such as the different forms of the M3Y nucleon-nucleon interactions, Gogny interaction, chiral 
effective field theory, compressible liquid drop, and quantum Monte Carlo methods [1–3,16,17,
32,45–54]. Nonrelativistic [55,56] or relativistic [57,58] types of the EOS are adopted according 
to investigated system, and their ability to perform ab initio calculations for the intended study. 
The expansion about the saturation properties is usually used to investigate the EOS and its 
related quantities at high density, isospin asymmetry, and temperatures [1–3,11,36,50]. Such 
expansion permits the separation of the low-order derivatives and their related parameters, which 
are best determined by nuclear experiments, from the high-order ones which are difficult to reach 
in laboratory experiments and then are best determined by NS observations.

The different microscopic and semi-microscopic investigations have shown the significant 
role of Pauli blocking effects and the higher-order NN correlations at large densities [11,59–61]. 
These effective medium effects are the source of the density dependence of the realistic 
NN interactions. The density dependent M3Y-types of the NN interaction come among the 
trustable semi-realistic interactions being used in the nuclear structure [62–64], decay [65–67]
and reaction [68–71] studies, as well as in the nuclear matter [11,35,50,63] and astrophysical 
[43,72,73]investigations. The bare Reid [74] and Paris [75] versions of the M3Y NN inter-
action were constructed in the form of three- Yukawa function to reproduce the elements of 
G-matrix of the two interactions in an oscillator basis. Thereafter, their density-dependent factor 
has been developed to reproduce the saturation properties of nuclear matter [76,77], and then 
have been implemented to study the basic properties of symmetric and asymmetric NM within a 
non-relativistic HF scheme.

One of the important factors explaining the role of the EOS in the above mentioned ap-
plications is the temperature dependence of the different related nuclear and thermodynamic 
properties at the saturation point [36,78,79] of the hot ANM. The isospin-asymmetry dependence 
of the saturation density, binding energy, and incompressibility of cold ANM were investigated 
based on the density dependent M3Y [36] and Skyrme [78] NN interactions. In the present 
work, the saturation properties of hot ANM and their temperature dependence will be explic-
itly examined. In the next section, we outline the general theoretical framework of nuclear and 
thermodynamic properties of hot ANM, based on the density dependent form of the realistic 
M3Y-Paris and M3Y-Reid effective NN interactions. The numerical results are presented and 
discussed in Sec. 3. Finally, we summarize the obtained conclusions in Sec. 4.

2. Theoretical formalism

The realistic Michigan-three-Yukawa (M3Y) types of the nucleon-nucleon (NN) interaction 
have been proposed by fitting their matrix elements in oscillator basis to the G-matrix elements 
of the Reid-Elliott [74] and Paris [75] NN interactions [80]. The central direct (vD) and exchange 
(vEx ) components of the M3Y-type of the effective NN interaction can be expressed in terms of 
the spin (σ, σ ′) and isospin (τ, τ ′) of the interacting nucleons as [80],

vD(Ex) = v
D(Ex)
00 (r) + v

D(Ex)
10 (r)σ .σ ′ + v

D(Ex)
01 (r)τ .τ ′

+ v
D(Ex)

(r)
(
σ .σ ′) (

τ .τ ′) . (1)
11
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In Eq. (1), r defines the inter-nucleon distance (in fm). For the M3Y- Reid [74] and Paris 
[75] interactions, respectively, the radial strengths of the central isoscalar components have been 
determined from the singlet and triplet even and odd channels as [35,80];

v D
00 = 7999.0

e−4r

4r
− 2134.25

e−2.5r

2.5r
,

v Ex
00 = 4631.375

e−4r

4r
− 1787.125

e−2.5r

2.5r
− 7.8474

e−0.7072r

0.7072r
,

v D
01 = −4885.5

e−4r

4r
+ 1175.5

e−2.5r

2.5r
, (2)

v Ex
01 = −1517.875

e−4r

4r
+ 828.375

e−2.5r

2.5r
+ 2.6157

e−0.7072r

0.7072r
,

and

v D
00 = 11061.625

e−4r

4r
− 2537.5

e−2.5r

2.5r
,

v Ex
00 = −1524.25

e−4r

4r
− 518.75

e−2.5r

2.5r
− 7.8474

e−0.7072r

0.7072r
,

v D
01 = 313.625

e−4r

4r
+ 223.5

e−2.5r

2.5r
, (3)

v Ex
01 = −4118.0

e−4r

4r
+ 1054.75

e−2.5r

2.5r
+ 2.6157

e−0.7072r

0.7072r
.

In Eqs. (2) and (3), the strengths and reciprocal ranges of the Yukawa functions are given in MeV 
and fm−1, respectively. For spin saturated NM, only the spin independent components (v00(01)) 
of the central interaction are considered. To reproduce the saturation properties of NM through 
the HF calculations, isoscalar (F0(ρ)) and isovector (F1(ρ)) density dependent factors have been 
introduced to the M3Y effective interaction [76,77,81] as,

v
D(Ex)
00(01) (ρ, r) = F0(1)(ρ)v

D(Ex)
00(01) (r),

F0(1)(ρ) = C0(1)

(
1 + αe−βρ − γρ

)
.

(4)

Here, ρ represents the total density of nucleons. The parameters of this CDM3Y-K0 density 
dependence for both the Paris and Reid interactions have been related to the saturation proper-
ties of Symmetric Nuclear Matter (SNM) by simple derived formulas [50], which give different 
parameterizations. These parameterizations can generate nuclear matter EOSs characterized by 
any proposed value of the saturation incompressibility coefficient within the range of 150 MeV 
≤ K0 ≤ 300 MeV [50]. Among these different parameterizations, only the equations of state 
based on the CDM3Y-240 and CDM3Y-230 density dependencies of Paris and Reid interac-
tions, respectively, are simultaneously consistent [50] with the pressure constraints for both SNM 
and Pure Neutron Matter (PNM), which have been extracted from the matter flow in relativistic 
heavy-ion collisions [82].

Upon averaging out the spin-dependent terms, the energy per unit volume of a single neutron 
(proton) interacting with the other nucleons forming the ANM density become [50],

εn(p) = ρ [v00 ± Iv01] . (5)

Here, the positive (negative) sign refers to the neutron (proton). The neutron and proton densities 
of the ANM are given in terms of its isospin-asymmetry parameter I = (ρn −ρp)/ρ and the total 
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density ρ as ρn = (1 + I )ρ/2 and ρp = (1 − I )ρ/2, respectively. Summing over nucleons of the 
ANM, the average energy density per nucleon becomes [50],

εA = ρ
[
v00 + I 2v01

]
. (6)

In the Hartree-Fock (HF) calculations of ANM at finite temperature T , the nuclear matter 
energy per nucleon (baryon) consists of kinetic and potential energy parts [11],

EA(T ,ρ, I ) = E

A
(T ,ρ, I ) = Ekin(T ,ρ, I ) + Epot (T ,ρ, I ). (7)

The kinetic energy contribution can be calculated in terms of the momentum distributions of the 
proton (neutron) density ρp(n)(k, T ) as,

Ekin(T ,ρ, I ) = 2

(2π)3ρ

∑
τ=n,p

h̄2

2mτ

∫
ρτ (k, T )k2dk. (8)

The potential energy term is given as the sum of the direct and exchange contributions of both its 
isoscalar (IS) and isovector (IV) parts [63,81],

Epot (T ,ρ, I ) = εD
IS(ρ, I ) + εEx

IS (T ,ρ, I )

+ εD
IV (ρ, I ) + εEx

IV (T ,ρ, I ). (9)

For the CDM3Y density dependent form (Eq. (4)) of the NN interaction, the direct (D) parts of 
the isoscalar and isovector potential energy density respectively read,

εD
IS(ρ) = ρ

2
F0(ρ)JD

00, (10a)

and

εD
IV (ρ, I ) = ρ

2
F1(ρ)I 2JD

01, (10b)

where JD
00(01)

= ∫
vD

00(01)
dr . The factor 1/2 avoids the double counting of nucleons when inte-

grating over the total volume. The exchange (Ex) parts of the isoscalar and isovector potential 
energy density can be respectively obtained as,

εEx
IS (T ,ρ, I ) = F0(ρ)

8ρπ5

∫
ρ(k, T )HIS(ρ,k, I, T )dk, (11a)

and

εEx
IV (T ,ρ, I ) = F1(ρ)

8ρπ5

∫

ρ(k, T )HIV (ρ,k, I, T )dk, (11b)

where ρ(k, T ) = ρn(k, T ) + ρp(k, T ), 
ρ(k, T ) = ρn(k, T ) − ρp(k, T ), and

HIS(ρ,k, I, T ) =
∫

ρ(k′, T )dk′
∞∫

0

j0(kr)j0(k′r)vEx
00 (r)r2dr,

HIV (ρ,k, I, T ) =
∫


ρ(k′, T )dk′
∞∫

0

j0(kr)j0(k′r)vEx
01 (r)r2dr.

j0 denotes the first order spherical Bessel function.
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For hot spin-saturated Nuclear Matter (NM) at T > 0 MeV, the proton (neutron) momentum 
distribution can be described by the Fermi-Dirac distribution function [11,83],

ρτ=p,n(ρ,k, I, T ) = 1

1 + exp(
ετ (ρ,k,I,T )−μτ

T
)
. (12)

In this equation μτ defines the nucleon chemical potential, while ετ represents the single-particle 
energy [11],

ετ (ρ,k, I, T ) = h̄2k2

2mτ

+ Uτ (ρ,k, I, T ). (13)

The single-particle potential (Uτ ) includes the isoscalar and isovector parts of both Hartree-Fock 
(HF) and rearrangement (RT) contributions,

Uτ (ρ,k, I, T ) = UHF
IS (ρ,k, I, T ) ± UHF

IV (ρ,k, I, T )

+ URT
IS (ρ, I, T ) + URT

IV (ρ, I, T ), (14)

where

UHF
IS(IV )(ρ,k, I, T ) = UD

IS(IV )(ρ, I ) + UEx
IS(IV )(ρ,k, I, T ). (15)

The positive (negative) sign in Eq. (14) relates to the neutron (proton), Eq. (5).
The nucleon chemical potential μτ (Eq. (12)) can be iteratively determined in connection 

with the single particle potential Uτ (Eqs. (13) and (14)), under the normalization of nucleon 
momentum distribution to the related nucleon density,

g

(2π)3

∫
dkρp(n)(ρ,k, I, T ) = ρp(n) = (1 ± I )ρ/2. (16)

Here, the positive (negative) sign refers to the neutron (proton) density, and the spin degeneracy 
factor is g = 2. For cold NM (T = 0 MeV), the momentum distribution of the proton (neutron) 
number density distribution becomes ρτ = 1 for the momenta k < kFτ and vanishes for the mo-

menta larger than the Fermi momentum kFτ = (3π2ρτ )
1/3

.
For the CDM3Y NN interaction, the temperature independent isoscalar and isovector direct 

parts of the single-particle potentials can be respectively written as,

UD
IS(ρ) = ρF0(ρ)JD

00, (17a)

and

UD
IV (ρ, I ) = ρF1(ρ)IJD

01. (17b)

The associated HF exchange terms read,

UEx
IS(IV )(ρ,k, I, T ) = F0(1)(ρ)

π2 HIS(IV )(ρ,k, I, T ). (18)

The isoscalar and isovector rearrangement terms in Eq. (14) can be respectively related to the 
corresponding direct and exchange terms as,

U
(RT )
IS

(ρ, I, T ) = ∂F0(ρ)

∂ρ

[
ρ2

2
JD

00 + 1

8π5

∫
ρ(k, T )HISdk

]
, (19a)

and
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U
(RT )
IV

(ρ, I, T ) = ∂F1(ρ)

∂ρ

[
I2ρ2

2
JD

01 + 1

8π5

∫

ρ(k, T )HIV dk

]
. (19b)

The evolution of the entropy of the hot ANM controls its thermodynamic equilibrium. One 
can calculate the entropy per nucleon for hot ANM at finite temperature T and nucleon density 
ρ as [11,84],

SA(T ,ρ, I ) = g

8π3ρ

∑
τ=p,n

∫
{ρτ (ρ,k, I, T ) ln[ρτ (ρ,k, I, T )]

+[1 − ρτ (ρ,k, I, T )] ln[1 − ρτ (ρ,k, I, T )]}dk. (20)

In terms of the internal energy per nucleon (EA) and the entropy per nucleon (SA), we can obtain 
the Helmholtz free energy per nucleon FA(T , ρ, I ) of hot ANM as,

FA(T ,ρ, I ) = F(T ,ρ, I )

A
= EA(T ,ρ, I ) − T SA(T ,ρ, I ). (21)

The saturation equilibrium conditions for bound ANM can be then defined in terms of both the 
binding-energy and the free-energy per nucleon as ∂EA(T ,ρ,I )

∂ρ
|ρ=ρ0IB

= 0 and ∂FA(T ,ρ,I )
∂ρ

|ρ=ρ0IF
=

0, respectively. ρ0IB and ρ0IF define the binding-saturation density and the free-energy satura-
tion density, respectively.

3. Results and discussion

In order to investigate the temperature dependence of the nuclear and thermodynamic prop-
erties of hot ANM at its equilibrium (saturation) point, we start with the general temperature 
behavior of both the binding and free energy per nucleon of hot nuclear matter at different den-
sity and different isospin-asymmetry. Figs. 1(a)−1(c) respectively display the behavior of the 
binding energy per nucleon EA(ρ, T , I ) in MeV for cold (T = 0) and hot SNM of I = 0, and for 
ANM of I = 0.5, as well as for PNM (I = 1). Hot NM of a temperature range from T = 5 MeV to 
T = 50 is considered in Fig. 1. The calculations are displayed in Fig. 1 versus NM density up to 
6ρ0, where ρ0 represents the saturation nucleonic density of SNM (ρ0 = 0.17 fm−3). Displayed 
in Figs. 2(a)−2(c) are the density and temperature dependencies of the Helmholtz free energy 
per nucleon FA(ρ, T , I ) in MeV for cold and hot nuclear matter of I = 0 (SNM), 0.5, and 1 
(PNM), respectively. The same density and temperatures ranges are considered in Figs. 1 and 2. 
While the binding energy per nucleon EA(ρ, T , I ) increases with increasing the NM temperature 
(Fig. 1), the corresponding free energy per nucleon FA(ρ, T , I ) shows a decreasing behavior with 
T (Fig. 2). Increasing the value of EA(ρ, T , I ) makes the NM less bound as long as it remains of 
a negative value and increase the repulsion of NM when it turns positive. The increasing behavior 
of the binding energy with the temperature is attributed to the change of the nucleon momentum 
distribution, where more nucleons are expected in higher momentum states [85]. This appears as 
thermal excitation of NM and then as a larger internal energy. On the other hand, the substantial 
increase in the entropy per nucleon SA(ρ, T , I ) with T leads to a larger increase of T SA than 
the increase in EA. Consequently, the free energy decreases with increasing T , as clearly seen 
in Fig. 2. As a thermodynamic potential and a work scale, FA helps to preserve the volume of 
the nuclear system. The change in the free energy at different temperatures is beneficially used 
to determine the pressure of nuclear matter, its phase boundaries, the speed of sound through it, 
and its other thermodynamic properties.

Figs. 1 and 2 show also that the effect of temperature on both the binding and free energy 
decreases with increasing the nuclear density. This is expected in the sense that the smaller 
W.M. Seif, A.S. Hashem and R.N. Hassanien Nuclear Physics A 1008 (2021) 122142
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Fig. 1. The density dependence of energy per nucleon EA(ρ, T , I ) for (a) symmetric nuclear matter (I = 0), asymmetric 
NM with isospin-asymmetry parameter of I = 0.5, and (c) pure neutron matter (I = 1), at different temperatures T = 0 
- 50 MeV, using the CDM3Y-240 density dependent form of the M3Y-Paris NN interaction. (For interpretation of the 
colors in the figure(s), the reader is referred to the web version of this article.)
8
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Fig. 2. Same as Fig. 1, but for the density dependence of the free energy per nucleon FA(ρ, T , I ), at different tempera-
tures.
9



Fermi momentum at low density becomes more influenced by T than the larger one at high den-
sity. Moreover, Fig. 2 shows that the free energy steadily increases upon increasing the nuclear 
density. This is because the nucleons become less free in phase space at the higher densities, 
and thus their entropy decreases. Shown in Figs. 3(a)−3(c) is the evolution of the NM en-
tropy per nucleon SA(ρ, T , I ) with density and temperature for hot NM of I = 0, 0.5 and 1, 
respectively. Fig. 3 shows that while the entropy strongly decreases from its maximum values 
at very low sub-saturation nuclear density to moderate values at the saturation nuclear density, 
it slightly decreases with ρ at the supra-saturated densities. Also, the temperature effect on SA

decreases with increasing the density. For instance, the entropy per nucleon for SNM increases 
from SA(ρ = 0.01ρ0) = 4.35, SA(ρ0) = 0.63 and SA(6ρ0) = 0.19 at T = 5 MeV to SA(0.01ρ0) = 
7.79, SA(ρ0) = 3.23 and SA(6ρ0) = 1.63 at T = 50 MeV, respectively.

Meanwhile, the temperature effect on EA, FA and SA decrease with increasing the isospin-
asymmetry of the hot NM. For instance at ρ0, the values of EA at T = 10 MeV increase by 
about 7.4, 7.1 and 4.4 MeV relative to its values at T = 0 MeV for the SNM (I = 0), ANM (I
= 0.5) and PNM (I = 1), respectively. At ρ = ρ0, the values of FA at T = 50 MeV decrease by 
about 89, 85.9 and 70.3 MeV relative to its values at T = 5 MeV for the SNM (I = 0), ANM 
(I = 0.5) and PNM (I = 1), respectively. The corresponding increases in SA are about 2.6, 2.5 
and 2.2, respectively. While the increase of EA with increasing the isospin-asymmetry of ANM 
decreases with increasing its Temperature, the corresponding increases (decreases) of FA(SA)

with I increases with increasing T . For example, EA of PNM at ρ0 increases by about 32.5, 
29.5 and 19.1 MeV relative to its values for the SNM at T = 0, 10 and 50 MeV, respectively. 
The corresponding values of FA increase by about 32.7 and 51.5 MeV at T = 5 and 50 MeV, 
respectively. The related values of SA respectively decrease by about 0.23 and 0.65.

Fig. 4(a) shows the isospin asymmetry and temperature dependencies of the saturation bind-
ing energy per nucleon EA0(ρ0IB, I, T ) at the binding-saturation density ρ0IB of cold and hot 
NM, based on the CDM3Y-240-Paris NN interaction. The saturation equilibrium point along the 
EOS curve of cold NM is defined as the point at which the binding energy per nucleon reaches 
its minimum negative value corresponding to its most-binding conditions. The calculations in 
Fig. 4(a) are performed for cold (T = 0 MeV) and hot NM of T = 5, 7, 10, 12, 15, 16 and 
17 MeV. Shown in Fig. 4(b) are the corresponding isospin-asymmetry and temperature depen-
dencies of the saturation free energy per nucleon EF0(ρ0IF , I, T ) at the free-saturation density 
ρ0IF . The saturation equilibrium point is thermodynamically defined as the point at which the 
Helmholtz free energy is minimized. The calculations in Fig. 4(b) are performed for hot NM of 
T = 2, 4, 6, 8,10, 12, 13 and 14 MeV. In order to test the sensitivity of the obtained results to 
the considered effective interaction, displayed in Figs. 4(c) and 4(d) are the saturation binding 
and free energies per nucleon, respectively, based on the CDM3Y-230 density dependent form of 
the Reid effective NN interaction. As mentioned above, the NM equations of state based on the 
CDM3Y-240 and CDM3Y-230 parameterizations of Paris and Reid interactions, respectively, 
are simultaneously reproduce both the SNM and PNM pressure constraints from the matter flow 
in relativistic heavy-ion collisions [50].

Figs. 4(a) and 4(c) show that increasing any of the isospin-asymmetry of the ANM or its 
temperature decreases its saturation binding energy. For the calculations based on the CDM3Y-
240-Paris (CDM3Y-230-Reid) NN interaction, the saturation binding energy of hot SNM (I = 
0) is reduced to about 94% (83%), 62% (50%) and 46% (20%) of its cold value at T = 5, 10 and 
12 MeV, respectively. The maximum isospin-asymmetry value obtained for bound ANM of T = 
0, 5, 10 and 12 MeV are 0.77 (0.78), 0.72 (0.69), 0.58 (0.48), and 0.50 (0.34), respectively, for 
the calculations based on Paris (Reid) interaction. The binding-saturation point completely dis-
W.M. Seif, A.S. Hashem and R.N. Hassanien Nuclear Physics A 1008 (2021) 122142
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Fig. 3. Same as Fig. 1 and Fig. 2, but for the density dependence of entropy per nucleon SA(ρ, T , I ) at different temper-
atures T = 5 - 50 MeV.
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Fig. 4. The isospin-asymmetry and temperature dependence of the saturation binding energy per nucleon 
EA0(ρ0IB , I, T ) of hot ANM based on the (a) CDM3Y-240-Paris and (c) CDM3Y-230-Reid NN interactions. (b) and (d) 
are the same as panels (a) and (c), respectively, but for the negative saturation free energy per nucleon FA0(ρ0IF , I, T ).
12



Fig. 4. (continued)

appears at T > 17 MeV (T > 13 MeV) for the calculations based on the Paris (Reid) interaction. 
While the T -dependence of the saturation binding energy increases with T , it remains almost 
fixed with increasing the isospin-asymmetry. Regarding the saturation free energy, Figs. 4(b) and 
4(d) show that increasing the isospin-asymmetry of the hot ANM decreases the attractive free 
energy at the saturation point. As expected, the attractive saturation free energy increases with 
T . For the calculations based on the CDM3Y-240-Paris (CDM3Y-230-Reid) NN interaction, 
the attractive saturation free energy of hot SNM increases by about 8% (7%), 25% (21%) and 
45% (38%) at T = 6, 10 and 13 MeV relative to its value at T = 2 MeV. The maximum isospin 
asymmetry values Imax(FA0) obtained for hot ANM of negative saturated free energy at T = 2, 
6, 10 and 13 MeV are about 0.79 (0.81), 0.72 (0.72), 0.53 (0.53) and 0.28 (0.27), respectively, 
for the calculations based on Paris (Reid) interactions. No saturation point of the free energy is 
obtained at larger temperatures than 13 MeV (14 MeV) for the EOS based on the CDMY-240-
Paris (CDM3Y-230-Reid) interaction. The T -dependence of the saturation free energy slightly 
increases with T , while it remains fixed with increasing the isospin-asymmetry.

Shown in Figs. 5(a) and 5(c) are the isospin-asymmetry and temperature dependencies of 
the binding-saturation density ρ0IB(T , I ) corresponding to the saturation binding energy pre-
sented in Figs. 4(a) and 4(c). The isospin asymmetry and temperature dependencies of the 
free-saturation density ρ0IF (T , I ) corresponding to saturation free energy presented in Figs. 4(b) 
and 4(d) are displayed in Figs. 5(b) and 5(d), respectively. As seen in Figs. 5(a) and 5(c), while 
the binding-saturation density decreases with increasing the isospin asymmetry of the ANM, 
it increases with increasing its temperatures. For the calculations based on the CDM3Y-240-
Paris (CDM3Y-230-Reid) interaction, the binding-saturation density of hot SNM increases from 
0.17 fm−3 at T = 0 MeV to about 0.18 (0.19), 0.19 (0.20) and 0.21 (0.22) fm−3 at T = 5, 10 
and 17 MeV, respectively. The binding-saturation density corresponding to the obtained Imax of 
bound ANM reduces to about 0.09 (0.07), 0.12 (0.12), 0.16 (0.17) and 0.18 (0.18) fm−3 at T = 0, 
5, 10 and 12 MeV, respectively, for the calculations based on Paris (Reid) interaction. The parallel 
patterns in Figs. 5(a) and 5(c) indicate that the T -dependence of ρ0IB remains almost unchanged 
with increasing both T and I . On the other hand, increasing any of the isospin-asymmetry of the 
hot ANM and/or its temperature decreases the saturation density (ρ0IF ) at which the free energy 
reaches its minimum value, as seen in Figs. 5(b) and 5(d). The T effect on ρ0IF increases with 
increasing T . For the calculations based on the CDM3Y-240-Paris (CDM3Y-230-Reid) interac-
W.M. Seif, A.S. Hashem and R.N. Hassanien Nuclear Physics A 1008 (2021) 122142
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Fig. 5. Same as Fig. 4, but for (a and c) the binding-saturation density ρ0IB (T , I ) and (b and d) the free-saturation density 
ρ0IF (T , I ) of hot ANM, which are corresponding to the saturation EA0(ρ0IB , I, T ) and FA0(ρ0IF , I, T ) presented in 
Figs. 4(a) and 4(c) and in Figs. 4(b) and 4(d), respectively.
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Fig. 5. (continued)

tion, ρ0IF of hot SNM increases from about 0.17 (0.18) fm−3 at T = 2 MeV to about 0.17 (0.17), 
0.15 (0.16) and to 0.13 (0.14) fm−3 at T = 6, 10 and 13 MeV, respectively. The free-saturation 
density ρ0IF (Imax) corresponding to the highly isospin-asymmetric ANM having free-energy 
saturation point reduces to about 0.08 (0.07), 0.07 (0.07), 0.09 (0.09) and 0.1 (0.1) fm−3 at T = 
2, 6, 10 and 13 MeV, respectively, for the calculations based on Paris (Reid) interaction.

Fig. 6 displays the maximum isospin-asymmetry that can be reached for bound hot ANM hav-
ing saturation binding energy EA0(ρ0IB, Imax, T ), as a function of its temperature, according to 
the calculations performed based on the CDM3Y-240-Paris, CDM3Y-230-Paris, and CDM3Y-
230-Reid NN interactions. Also, the maximum isospin-asymmetry that can be reached for hot 
ANM having a negative saturation free energy FA0(ρ0IF , Imax, T ), as a function T , is shown 
in the same Figure. The calculations based on the CDM3Y-230 density dependent from of the 
M3Y-Paris NN interaction are added in Fig. 6 to compare them with that based on the CDM3Y-
230-Reid NN interaction, which give a similar EOS of typical incompressibility K0 = 230 MeV. 
For the calculations based on the CDM3Y-240-Paris, CDM3Y-230-Paris, and CDM3Y-230-Reid 
EOSs, the obtained Imax of bound semi-cold ANM are 0.789, 0.787, and 0.809, respectively. 
Typical maximum temperature of Tmax = 17 MeV is obtained for the bound hot ANM of I = 
0.100, 0.105 for the CDM3Y-240-Paris and CDM3Y-230-Paris EOSs, respectively. A maximum 
temperature of Tmax = 13.5 MeV for the bound hot ANM of I = 0.13 for CDM3Y-230-Reid 
EOS. The corresponding Imax giving saturated negative free energy for the three EOSs, at low 
temperature, are 0.805, 0.807 and 0.824, respectively. The maximum temperature obtained for 
such hot ANM with saturated negative FA0 are Tmax = 13.5 MeV (I = 0.185), 13.5 MeV (0.160), 
and 14 MeV (I=0.070), respectively. The obtained Imax , Tmax , and the corresponding I (Tmax)

based on both the CDM3Y-240-Paris and CDM3Y-230-Paris EOSs are almost the same, as seen 
in Fig. 6. This means that the little differences between the calculations based on the CDM3Y-
240-Paris and that based on the CDM3Y-230-Reid are not basically due to the difference in the 
incompressibility of their EOSs.

4. Summary and conclusions

In this work, we have studied the general density, isospin-asymmetry, and temperature depen-
dencies of the binding and free energy per nucleon of hot ANM, as well as of its entropy. We 
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Fig. 6. The temperature dependence of the maximum isospin-asymmetry reached for bound hot ANM Imax(EA0, T ) and 
that reached for hot ANM having a negative saturation free energy Imax(FA0, T ), according to the calculations based on 
the CDM3Y-240-Paris, CDM3Y-230-Paris, and CDM3Y-230-Reid NN interactions.

then investigated the temperature dependence of the nuclear and thermodynamic properties of hot 
ANM at its equilibrium saturation point, at which the energy reaches its minimum negative value. 
The calculations are performed within the framework of a non-relativistic HF scheme based on 
density-dependent M3Y-Paris and M3Y-Reid effective NN interactions. The internal energy per 
nucleon has shown an increasing behavior with increasing the ANM temperature, whereas the 
corresponding free energy per nucleon has shown a decreasing trend with T . This makes the 
ANM less bound, as long as its internal (binding) energy remains negative, and increases its re-
pulsion when EA turns positive. It is also found that increasing the ANM density increases the 
free energy, where the nucleons become less free in phase space and their entropy accordingly 
decreases. Generally, we found that the temperature effects on the binding energy, free energy, 
and entropy of the hot ANM decrease with increasing any of its isospin-asymmetry or its density. 
Also, the explicit increase of EA upon increasing the isospin-asymmetry of ANM decrease with 
increasing T , while the corresponding increase (decrease) of FA(SA) with I increases with T .

Regarding the saturation equilibrium properties of hot ANM, the results illustrated that in-
creasing any of its isospin-asymmetry and/or its temperature decreases its saturation binding en-
ergy. The corresponding binding-saturation density decreases (increases) with increasing I (T ). 
The maximum isospin-asymmetry value obtained for bound ANM has decreased from about 
0.80 ± 0.01 at T ≈ 0 MeV to values less than 0.1 at T = 17 MeV. Around these temperatures, 
the binding-saturation density corresponding to the obtained Imax of bound ANM reduces from 
0.17 fm−1, for cold SNM, to about 0.08 and 0.21, respectively. While the attractive saturation 
free energy showed a prospective increasing behavior with T , it displayed a decreasing trend 
with increasing the isospin-asymmetry of the ANM. The corresponding saturation density at 
the free energy equilibrium decreases with increasing any of I or T . The maximum isospin-
asymmetry obtained for saturated negative free energy at low temperature is 0.81 ± 0.01. A 
maximum temperature of 17 MeV is obtained for the bound hot ANM, with I < 0.1. The maxi-
mum temperature obtained for hot ANM with negative saturated free energy is Tmax ≈ 14 MeV, 
with I < 0.19. While the temperature effect on the saturation binding and free energies was 
found to increase with increasing T , it stayed almost fixed with increasing I . The T effect on the 
corresponding binding saturation density remained steady with increasing both T and I , but its 
16
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effect on the free-energy saturation density increased with increasing T . These results would help 
us to further understand the structural evolution of hot exotic nuclei and hot proto-neutron stars, 
and should be valuable in investigating many nuclear and astrophysical phenomena at extreme 
conditions.
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