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A B S T R A C T

A previously proposed hybrid analytical–numerical method for efficiency calibration of a NaI detector for a
point 𝛾-source is extended and applied for other shapes of sources. The shapes include line, disk, and cylindrical
sources of various dimensions and locations with respect to the right circular cylindrical NaI detector. The
results obtained by this method have been evaluated through comparison with Monte Carlo (MC) calculations.
A relative maximum difference of 3.5% is found between the two methods.
. Introduction

Simulation of scintillator systems using MC simulations has become
n important addition to experimental studies aimed to characterize the
etector efficiency (Conti et al., 2013; Faddegon et al., 1991; Amgarou
t al., 2009; Tam et al., 2016; Olivares et al., 2017; Khan et al.,
018; Mouhti et al., 2018). Nevertheless, MC simulations are lengthy
nd require extensive resources, which are not available to everyone.
onsequently, analytical solutions such as Heath method (Heath et al.,
958, 1964) or the efficiency transfer method by Moens et al. (1981)
or peak efficiency calibration are used. These methods combine experi-
ental calculations of either the Peak-to-Total (P/T) ratios using single

nergy 𝛾-emitters (Heath et al., 1958, 1964) or the Full Energy Peak
fficiency (FEPE) of reference point like 𝛾-ray sources (Moens et al.,
981) with derived analytical formulas for the total efficiency and
he effective solid angle, respectively. These methods were applied for
he FEPE calibration of different source configurations including point,
isk, cylindrical and Marinelli-beaker subtended by a HPGe by Moens
t al. (1981), Moens and Hoste (1983), Lippert (1983), Wang et al.
1995, 1996, 1997), and a cylindrical NaI(Tl) detector by El-Khatib
t al. (2013).

To avoid the difficulties encountered in semi-empirical FEPE 𝛾-
ay detector calibration methods due to experimental measurement
nd/or very complicated and time-consuming MC calculations, a purely
heoretical and time-saving hybrid-analytical method was previously
ntroduced by El-Gammal et al. (2020). This method calculates the
EPE of point 𝛾-ray source arbitrarily located with respect to a bare
aI detector. However, in most applications, it is important to consider
xtended 𝛾-ray sources.

∗ Corresponding author.

This paper deals with the calculation of the FEPE for a right circular
cylindrical NaI bare crystal viewing 𝛾-sources having different geome-
tries, including line, disk, and cylinder with different dimensions. Self
and other attenuation factors due to source and cladding material en-
casing the scintillation are not considered in this work. MC simulations
have been performed to benchmark the hybrid-analytical model.

2. Methods description

The hybrid method introduced by El-Gammal et al. (2020) is ex-
tended and applied here, where analytical formulas are derived for
the total efficiency calculation of a bare NaI crystal viewing different
source configurations including, line, disk, and cylinder of different
sizes. These formulas in their integral form are then combined with
the previously MC calculated P/T ratios (El-Gammal et al., 2020). To
calculate the FEPE, an algorithm employs Simpson’s rule to solve the
integration numerically.

2.1. Analytical calculations

In previous work by Tsoulfanidis (2010) and El-Gammal et al.
(2020) it has been shown that the total efficiency (𝜖𝑡) of a bare NaI
detector could be expressed as,

𝜖𝑡 =
1
4𝜋 ∫

2𝜋

0 ∫

𝜋

0
𝑑𝜃𝑑𝜙(1 − 𝑒−𝜇×𝑑𝑖 ) sin 𝜃, (1)

where, 𝜇– is the total linear attenuation coefficient of the detector
material, and

𝑑𝑖– is the photon path length through the detector material 𝑖.
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Fig. 1. Geometry of the line source and the cylindrical crystal.
2.1.1. Line source
Fig. 1(a–d) shows a 3-Dimensional (3D) representation of a line

source with different lengths (less than, equal to, and greater than the
detector diameter) located symmetrically and ⟂ the axis of a NaI crystal
of radius 𝑅 and height 𝐿. The source has a length of 𝐿𝐿 and is situated
at a distance ℎ from the front facet of the detector. Besides, the figures
present the source half-length (𝜌) and the possible 𝛾-ray track lengths
with their boundary conditions (polar 𝜃𝑖, and azimuthal 𝜙𝑖 angles).
Thus, from the notations given in Fig. 1(a–d) the general equation that
is used to calculate the total efficiency, 𝜖𝑡, of line source with different
lengths could be written as follows,

𝜖𝑡 =
1
2𝜋

𝑛𝑚
∑

∫

𝜌

∫

𝜙𝑛(2)

∫

𝜃𝑛,𝑚(2)
𝑑𝜃𝑑𝜙𝑑𝜌(1 − 𝑒−𝜇×𝑑𝑛,𝑖 ) × sin 𝜃, (2)
2

𝑛𝑖 0 𝜙𝑛(1) 𝜃𝑛,𝑖(1)
where, 𝑛– is the configuration number, 𝑛 = 1, 2,… , 4,
𝑖– represents the number of terms of integration for the configura-

tion number 𝑛, 𝑖 = 1, 2, 3,… , 𝑚 term, and
𝑑𝑛,𝑖– is the possible path length of configuration number 𝑛 and

integration term number 𝑖.
All the possible photon path lengths 𝑑𝑛,𝑖, and polar and azimuthal

angles are given in Appendix.

2.1.2. Disk source
For disk sources of different radii 𝑅𝐷 or 𝜌 located axially with

respect to a NaI crystal as illustrated in Fig. 2(a–d), the general equation
that could be used for the total efficiency, 𝜖 , calculation can be written
𝑡
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Fig. 2. Geometry of the disk source and the cylindrical crystal.
as follows:

𝜖𝑡 =
1
2𝜋

𝑛𝑚
∑

𝑛𝑖
∫

𝑅𝐷

0 ∫

𝜙𝑛(2)

𝜙𝑛(1)
∫

𝜃𝑛,𝑚(2)

𝜃𝑛,𝑖(1)
𝑑𝜃𝑑𝜙𝑑𝑟𝑑 (1 − 𝑒−𝜇×𝑑𝑛,𝑖 ) × sin 𝜃, (3)

where, the possible photon path lengths 𝑑𝑛,𝑖, and boundary conditions
(polar and azimuthal angles) are given in Appendix.

2.1.3. Cylindrical source
In the case of cylindrical sources of height 𝐻 and different radii 𝑅𝐶

or 𝜌 co-axially located with respect to a NaI crystal as illustrated in
3

Fig. 3(a–d) the total efficiency, 𝜖𝑡, takes the form

𝜖𝑡 =
1
2𝜋

𝑛𝑚
∑

𝑥=𝑛𝑖
∫

𝐻

0 ∫

𝑅𝐶

0 ∫

𝜙𝑛(2)

𝜙𝑛(1)
∫

𝜃𝑛,𝑚(2)

𝜃𝑛,𝑖(1)
𝑑𝜃𝑑𝜙𝑑𝑟𝑐𝑑ℎ𝑐 (1−𝑒−𝜇×𝑑𝑛,𝑖 )×sin 𝜃. (4)

2.2. Numerical calculation

The FEPE according to Eqs. (2), (3), and (4) where, the P/T ratios
have previously been calculated by El-Gammal et al. (2020) and used
here, is calculated numerically for a 3" x 3" NaI crystal. For all inte-
grations, Simpson’s rule is used by dividing the integration domains
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Fig. 3. Geometry of the cylindrical source and the cylindrical crystal.
into 100 intervals. The calculation is carried out in the 𝛾-energy range
48–2040 keV and at S–D distance 5–50 cm.

3. Results and discussion

In the present paper, the previously proposed method (El-Gammal
et al., 2020) is extended and applied for the calculation of the FEPE
of axial line, disk and cylindrical sources of different dimensions with
respect to a 3" x 3" NaI crystal. In order to benchmark the formulas
and the program, the same NaI crystal size is modeled using the MCNPX
code (Pelowitz, 2011) that, contains the F8 tally. The pulse height tally
4

is used to calculate the detector efficiency. The FEPE are calculated for
the different S–D configurations illustrated in Figs. 1, 2, and 3. The
calculations are carried out in the 𝛾-energy range 48–2040 keV where
a total of eleven energy lines are considered, and for a S–D distance
of 5–50 cm. The calculations were performed on a 2.66 GHz processor
with a number of histories of 107 with a statistical uncertainty smaller
than 2%. The estimated FEPE based on the hybrid method were then
compared to the MC calculated values.

Figs. 4, 5, and 6 present the results of the hybrid analytical–
numerical method in comparison with MC calculations vs. 𝛾-energy
in the range 48–2040 keV and at distance 5–50 cm for line, disk and
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Fig. 4. Peak Efficiency vs. Energy comparison between MCNP and Hybrid method for a NaI scintillator of radius R detecting line source of different lengths 𝜌 at different
source-detector distances h.

Fig. 5. Peak Efficiency vs. Energy comparison between MCNP and Hybrid method for a NaI scintillator of radius R detecting disk source of different radii 𝑅𝐷 = 𝜌 at different
source-detector distances h.



Applied Radiation and Isotopes 171 (2021) 109632K.M. El-Kourghly et al.

T
p

D

c
i

Fig. 6. Peak Efficiency vs. Energy comparison between MCNP and Hybrid method for a NaI scintillator detecting cylindrical source of different radii 𝑅𝐶 = 𝜌 at different
source-detector distances h.
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cylindrical sources of different sizes with respect to NaI crystal. From
the figures the estimated FEPE using the hybrid method were found
to be in agreement with the MC calculations with a maximum relative
difference of 3.5%.

4. Conclusion

In this paper, the proposed hybrid analytical method was applied for
line, disk and cylindrical sources of different dimensions and different
source-to-detector distances to calculate the FEPE of a NaI bare crystal.
The peak efficiency at these different configurations were calculated
using a developed C computer program using the P/T ratios presented
in El-Gammal et al. (2020). The developed program combines MC P/T
ratios with analytical formulas for the total efficiency and solve the in-
tegration numerically using Simpson’s rule. In fact, this method is time
efficient and could be applied to right circular cylindrical NaI crystals
and in a wide range of crystal sizes having the same configuration.
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ppendix. The possible photon path lengths and integration limits
or polar and azimuthal angles.

Case Path 𝐿𝑒𝑛𝑔𝑡ℎ𝑎 𝜃𝑏 𝜙

(h≥ 5&𝜌 < 𝑅)
𝑑1,1 = 𝑑1 = 𝑃1

𝜃1,1(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋
𝜃1,1(2) = 𝜃1 = 𝜃𝑏

𝑑1,2 = 𝑑2 = 𝑃2
𝜃1,2(1) = 𝜃1 = 𝜃𝑏
𝜃1,2(2) = 𝜃2 = 𝜃𝑐

(ℎ ≥ 5&𝜌 =
𝑅)

𝑑2,1 = 𝑑1 = 𝑃1
𝜃2,1(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋
𝜃2,1(2) = 𝜃1 = 𝜃𝑏

𝑑2,2 = 𝑑2 = 𝑃2
𝜃2,2(1) = 𝜃1 = 𝜃𝑏
𝜃2,2(2) = 𝜃2 = 𝜃𝑐

𝑑2,3 = 𝑑3 = 𝑃1
𝜃2,3(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋∕2𝜃2,3(2) = 𝜃3 = 𝜃𝑏

𝑑2,4 = 𝑑4 = 𝑃2
𝜃2,4(1) = 𝜃3 = 𝜃𝑏
𝜃2,4(2) = 𝜃4 = 𝜃𝑐

(ℎ ≥ 5&𝜌 >
𝑅)(𝜃6 ≤ 𝜃7)

𝑑3,1 = 𝑑1 = 𝑃1
𝜃3,1(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋
𝜃3,1(2) = 𝜃1 = 𝜃𝑏

𝑑3,2 = 𝑑2 = 𝑃2
𝜃3,2(1) = 𝜃1 = 𝜃𝑏
𝜃3,2(2) = 𝜃2 = 𝜃𝑐

𝑑3,3 = 𝑑3 = 𝑃1
𝜃3,3(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋∕2𝜃3,3(2) = 𝜃3 = 𝜃𝑐

𝑑3,4 = 𝑑4 = 𝑃2
𝜃3,4(1) = 𝜃3 = 𝜃𝑐
𝜃3,4(2) = 𝜃4 = 𝜃𝑐

𝑑3,5 = 𝑑5 = 𝑃3
𝜃3,5(1) = 𝜃5 = 𝜃𝑑

0 − sin−1(𝑅∕𝜌)
𝜃3,5(2) = 𝜃6 = 𝜃𝑒

𝑑3,6 = 𝑑6 = 𝑃1
𝜃3,6(1) = 𝜃6 = 𝜃𝑒
𝜃3,6(2) = 𝜃7 = 𝜃𝑓

𝑑3,7 = 𝑑7 = 𝑃2
𝜃3,7(1) = 𝜃7 = 𝜃𝑓
𝜃3,7(2) = 𝜃8 = 𝜃𝑏
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Case Path 𝐿𝑒𝑛𝑔𝑡ℎ𝑎 𝜃𝑏 𝜙

(ℎ ≥ 5&𝜌 >
𝑅)(𝜃6 > 𝜃7)

𝑑4,1 = 𝑑1 = 𝑃1
𝜃4,1(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋
𝜃4,1(2) = 𝜃1 = 𝜃𝑏

𝑑4,2 = 𝑑2 = 𝑃2
𝜃4,2(1) = 𝜃1 = 𝜃𝑏
𝜃4,2(2) = 𝜃2 = 𝜃𝑐

𝑑4,3 = 𝑑3 = 𝑃1
𝜃4,3(1) = 𝜃0 = 𝜃𝑎

0 − 𝜋∕2𝜃4,3(2) = 𝜃3 = 𝜃𝑐

𝑑4,4 = 𝑑4 = 𝑃2
𝜃4,4(1) = 𝜃3 = 𝜃𝑏
𝜃4,4(2) = 𝜃4 = 𝜃𝑐

𝑑4,5 = 𝑑5 = 𝑃3
𝜃4,5(1) = 𝜃5 = 𝜃𝑑

0 − sin−1(𝑅∕𝜌)
𝜃4,5(2) = 𝜃7 = 𝜃𝑏

𝑑4,6 = 𝑑8 = 𝑃4
𝜃4,6(1) = 𝜃7 = 𝜃𝑏
𝜃4,6(2) = 𝜃6 = 𝜃𝑒

𝑑4,7 = 𝑑7 = 𝑃2
𝜃4,7(1) = 𝜃6 = 𝜃𝑒
𝜃4,7(2) = 𝜃9 = 𝜃𝑐

𝑎𝑃𝑎𝑡ℎ𝐿𝑒𝑛𝑔𝑡ℎ 𝑏𝑃𝑜𝑙𝑎𝑟𝐴𝑛𝑔𝑙𝑒

𝑃1 = 𝑙∕ cos 𝜃 𝜃𝑎 = 0
𝑃2 = 𝜌+∕ sin 𝜃 − ℎ∕ cos 𝜃 𝜃𝑏 = tan−1(𝜌+∕ℎ + 𝑙)
𝑃3 = ℎ + 𝑙∕ cos 𝜃 − 𝜌−∕ sin 𝜃 𝜃𝑐 = tan−1(𝜌+∕ℎ)
𝑃4 = 𝜌∗∕ sin 𝜃 𝜃𝑑 = tan−1(𝜌−∕ℎ + 𝑙)

𝜃𝑒 = tan−1(𝜌−∕ℎ)

𝜌+ = 𝜌 cos𝜙 +
√

𝑅2 − 𝜌2 sin2 𝜃

𝜌− = 𝜌 cos𝜙 −
√

𝑅2 − 𝜌2 sin2 𝜃

𝜌∗ = 2 ×
√

𝑅2 − 𝜌2 sin2 𝜃
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