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Abstract

Maintenance and health care diagnostic systems are generally composed of different workstations pertaining to technologically
different processes. A workstation is composed of one or more parallel machines. In such systems, the multiprocessor open shop
scheduling problem is commonly encountered. It is concerned with assigning processing intervals for each job on machines that
need to be selected in each requested workstation. Meanwhile, jobs do not require a specific order for visiting workstations. This
paper considers a static, deterministic version of the problem in which jobs do not have to visit all workstations, the workstations
do not necessarily have identical machines, and the processing times depend on both the job and the machine. The objective is
to minimize the maximum completion time (makespan) which iscommensurate with maximizing the utilization of the available
machines. To the best of our knowledge, this problem structure has not been considered in the literature before despite its existence
in real-life applications. Since it is NP-hard problem, efficient heuristics are needed to generate near optimal solutions in practically
acceptable computational times. In this paper, two neighborhood search functions and two solution combination functions are
developed and used within a scatter search with path relinking metaheuristic, along with a new distance definition between solutions.
Computational experiments are conducted first to select thebest levels of the metaheuristic parameters. Then, computational
experiments are conducted on specially designed instancesthat take into consideration different settings of the studied problem.
This is followed by computational experiments on a set of benchmark instances of the proportionate multiprocessor openshop
scheduling problem which is a special case of the studied problem for which other metaheuristics have been developed in the
literature. Results show that the developed metaheuristicis capable of generating optimal or near-optimal solutionsfor different
configurations of the studied problem. In addition, it generates competitive results for the proportionate case compared to the
available metaheuristics with 18 new upper bounds; among them seven are optimal.
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1. Introduction

This paper considers a multiprocessor open shop schedul-
ing problem (MOSP) that is commonly encountered in main-
tenance and health care diagnostic systems. A system consist-
ing of a setW of workstations has a setJ of outstanding jobs
that are ready to be processed. A workstationw ∈ W contains
qw ≥ 1 machine(s). Forqw > 1, the machines belonging to
workstationw can conduct similar types of operations, yet they
are not necessarily identical. A jobj ∈ J requires the process-
ing on a subsetWj ⊆ W with no pre-specified order such that
it visits each workstation exactly once. For each jobj ∈ J ,
it is required to determine the order by which the workstations
in Wj will be visited, and to select a machine in eachw ∈ Wj

for its processing. For each machine, it is required to determine
the order by which jobs are to be processed. It is assumed that
the processing times are deterministic and depend on both the
job and the machine, once a job starts its processing it cannot
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be interrupted, and a job cannot be processed on more than one
machine at a time. Without loss of generality, it is assumed that
the processing times are positive integers. For each machine, it
is required to determine the start/completion times of the jobs
that are selected to be processed on it. The objective is to mini-
mize the maximum completion time of the jobs (the makespan)
which is commensurate with maximizing the utilization of the
machines.

In the scheduling literature, more focus has been given re-
cently to flexible shop scheduling problems in which a given
operation can be processed on more than one machine. Exam-
ples include the two-stage flow shop scheduling problem with
unrelated parallel machines (Figielska, 2018), the flexible job
shop scheduling problem (Caldeira and Gnanavelbabu, 2019),
the multiprocessor job shop scheduling problem (Fan, Wang,
Zhai and Li, 2019) and the unrelated parallel machine schedul-
ing problem (Perez-Gonzalez, Fernandez-Viagas, Garca and
Framinan, 2019). The studied problem can be denoted as
O(R)||Cmax according to the three field notation of Graham,
Lawler, Lenstra and Rinnooy Kan (1979) with the extension
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of Vignier, Billaut and Proust (1999). It can be considered as
a special case of the open shop scheduling problem with multi-
purpose machines which is denotedOMPM||Cmax (Brucker,
2007). UnlikeOMPM||Cmax, the machines in the studied prob-
lem are grouped in one workstation and they belong to a tech-
nology that is specific to that workstation. Meaning that the
machines in a given workstation can handle a specific type of
tasks that cannot be done by any other machine in the shop.

A specialization of the studied problem is the open shop
scheduling problem (OSSP), denotedO||Cmax, in which each
workstation contains one machine. It is shown that for three
workstations or more, the OSSP is NP-hard (Gonzalez and
Sahni, 1976). Brucker, Hurink, Jurisch and Wöstmann (1997)
developed a branch and bound approach for solving it. Meta-
heuristic approaches include tabu search (Alcaide, Sicilia and
Vig, 1997; Liaw, 1999a), genetic and hybrid genetic algorithms
(Fang, Ross and Corne, 1994; Liaw, 2000; Prins, 2000; Naderi,
Fatemi Ghomi, Aminnayeri and Zandieh, 2011a), simulated an-
nealing (Liaw, 1999b), beam-ant colony optimization technique
(Blum, 2005), and particle swarm optimization (PSO) (Sha and
Hsu, 2008; Sha, Lin and Hsu, 2010).

A closely related specialization is the multiprocessor open
shop scheduling problem in which each workstation contains
a number of parallel identical machines, denotedO(P)||Cmax.
Schuurman and Woeginger (1999), Jansen and Sviridenko
(2000), and Sevastianov and Woeginger (2001) proposed linear
time approximation algorithms for it. Naderi, Fatemi Ghomi,
Aminnayeri and Zandieh (2011b) provided a mixed integer
linear programming (MILP) model and developed a hybrid
memetic algorithm-simulated annealing approach for the prob-
lem O(P)||

∑

C j . Six variants of the developed hybrid meta-
heuristic were numerically compared with the upper bound ob-
tained by a commercial MILP solver with a specified compu-
tational time limit using small size instances. Larger instances
were used to compare the performance of the six variants at
different levels of the problem parameters.

Goldansaz, Jolai and Zahedi Anaraki (2013) developed
a mathematical programming model and proposed a hy-
brid imperialist competitive algorithm for the multiprocessor
open shop scheduling problem with job independent setup
times and sequence-dependent job removal times, denoted
O(P)|Snsd,Rsd|Cmax. Bai, Zhang and Zhang (2016) proved the
asymptotic optimality of the general dense scheduling algo-
rithm for bothO(P)||Cmax andO(P)|r j |Cmax, and a differential
evolution algorithm was proposed for moderate-scale problems.

Another closely related specialization is the proportionate
multiprocessor open shop scheduling problem (PMOSP), de-
notedO(P)|p j,s = ps|Cmax, in which the machines in each work-
station are identical and the processing times on the worksta-
tions are fixed for all jobs. Matta (2004, 2009) proposed two
mathematical programming models and presented a genetic al-
gorithm (GA) approach for solving it. Later, Matta and El-
maghraby (2010) proved that polynomial time algorithms for
two special classes of the PMOSP exist. A tabu search (TS)
approach was developed by Abdelmaguid, Shalaby and Awwad
(2014) which is based on neighborhood search rules that are
commonly used in the literature of the OSSP which do not in-

clude rules for altering machine selection decisions. The TS
approach provided competitive results compared to the GA of
Matta (2009) on the latter’s benchmark problems.

Later, Abdelmaguid (2014) proposed a hybrid particle swarm
optimization-tabu search (hPSTS) approach for solving the
problem in which machine selection decisions are handled by
particle swarm optimization and conducted concurrently with
TS local search. The hPSTS approach obtained nine new up-
per bounds for the benchmark problems of Matta (2004). Re-
cently, for theO(P)|p j,s = ps|

∑

C j problem, Zhang, Wang and
Xing (2019) presented three metaheuristic approaches based
on genetic algorithm, hybrid particle swarm optimization and
simulated annealing. They utilized modified flexible job shop
scheduling benchmark problems in their computational com-
parison.

To the best of our knowledge, all previous work related to
multiprocessor open shop scheduling considered only the case
of parallel identical machines. However, many real life situa-
tions involve the case in which the parallel machines are not
identical. In diagnostic systems, it is quite often to have more
than one machine in a workstation that have different tech-
nologies as they were purchased at different times. Therefore,
it is necessary to consider a more general situation in which
the parallel machines are not identical. In this paper, a scat-
ter search with path relinking (SS/PR) approach is proposed for
solving the studied MOSP. The SS/PR metaheuristic, developed
by Glover (1998), is an evolutionary approach characterized by
maintaining balanced intensification and diversification search
strategies. This is particularly important for the studiedproblem
since traditional local neighborhood search mechanisms can be
easily trapped in local minimum solutions. Recent success-
ful implementations of SS/PR to scheduling problems include
Fan et al. (2019), González, Vela and Varela (2015) and Riahi,
Khorramizadeh, Newton and Sattar (2017). The contributions
of this paper include the following.

• A mixed-integer linear programming (MILP) model is de-
veloped for the MOSP which has a structure that has not
been addressed before in the literature. The developed
MILP model can be used to obtain optimal solutions for
small size instances.

• A competitive application of the SS/PR metaheuristic is
introduced for the MOSP.

• A new definition of the distance between solutions based
on permutations is introduced and used within the SS/PR
metaheuristic. This definition can be extended to various
types of non-preemptive scheduling problems.

• Efficient neighborhood search and solutions combination
functions are introduced for the MOSP and used within
the SS/PR metaheuristic.

The rest of this paper is organized as follows. The MILP
model is presented in Section 2. Solution representation using
permutations, network model and distance between two solu-
tions are presented in Section 3. In Section 4, the neighborhood
search and solution combination functions are described. The
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implementation of the SS/PR metaheuristic is outlined in Sec-
tion 5, followed by experimentations and results in Section6.
Finally, conclusions and future work suggestions are provided
in Section 7.

2. MILP model

For a special case of the MOSP in which workstations
contain identical parallel machines and with the objectiveof
minimizing the total completion time, Naderi et al. (2011b)
proposed an MILP model. That model is adapted in this
paper to take into consideration the different structure of the
studied MOSP. The following are the lists of the used notations.

Sets:
J = Set of outstanding jobs
O j = Set of operations of jobj ∈ J
O =

⋃

j∈J O j = Set of operations of all jobs
W = Set of workstations= {1,2,3, . . .}
Wj = Subset of workstations required by jobj ∈ J
Jw = Subset of jobs that require processing on work-

stationw ∈ W
Mw = Set of parallel machines in workstationw ∈ W
M =

⋃

w∈W Mw = Set of all machines in the system

Indexes and labels:
w, r = Workstation indexes from setW
m = Machine index from setM
j, k = Job indexes from setJ
o j,w = The operation of processing jobj ∈ J in work-

stationw ∈Wj

Parameters:
d j,w,m = Processing time of operationo j,w ∈ O j of job

j ∈ J on machinem ∈ Mw

Decision variables:
x j,w,r = A binary variable that equals 1 if operationo j,w

is processed before operationo j,r and equals 0
otherwise, wherew, r ∈Wj and r > w

y j,w,m = A binary variable that equals 1 if operationo j,w

is decided to be processed on machinem ∈ Mw,
and equals 0 otherwise

zj,k,w,m = A binary variable that equals 1 if operationo j,w

is processed before operationok,w on machine
m ∈ Mw, and equals 0 otherwise, wherej , k
andw ∈Wj ∩Wk

sj,w = Start time of processing operationo j,w

c j = Completion time of jobj
Cmax = Maximum completion time (makespan)

Accordingly, the developed MILP model is formulated as
follows.

Minimize Cmax (1)

Subject to the following constraints:

Cmax≥ c j ∀ j ∈ J (2)

c j ≥ sj,w +
∑

m∈Mw

d j,w,my j,w,m ∀o j,w ∈ O j ∀ j ∈ J (3)

∑

m∈Mw

y j,w,m = 1 ∀o j,w ∈ O (4)

sj,r − sj,w ≥
∑

m∈Mw

d j,w,my j,w,m −M
(

1− x j,w,r

)

∀w, r ∈Wj wherer > w ∀ j ∈ J (5)

sj,w − sj,r ≥
∑

m∈Mr

d j,r,my j,r,m −Mx j,w,r

∀w, r ∈Wj wherer > w ∀ j ∈ J (6)

zj,k,w,m + zk, j,w,m ≤
1
2

(

y j,w,m + yk,w,m

)

∀m ∈ Mw ∀w ∈Wj ∩Wk ∀ j, k ∈ J and j ≺lex k (7)

zj,k,w,m + zk, j,w,m ≥ y j,w,m + yk,w,m − 1

∀m ∈ Mw ∀w ∈Wj ∩Wk ∀ j, k ∈ J and j ≺lex k (8)

sk,w − sj,w ≥
∑

m∈Mw

d j,w,my j,w,m −M

















1−
∑

m∈Mw

zj,k,w,m

















∀w ∈Wj ∩Wk ∀ j, k ∈ J and j , k (9)

x j,w,r , y j,w,m, zj,k,w,m ∈ {0,1} ∀i, j, k,w, r,m (10)

In the developed MILP model, the makespan minimization
objective is represented by Eq. (1). Constraints (2) define the
relationships between the makespan and the completion times
of the jobs; while constraints (3) relate the completion times
of the jobs to the completion times of their operations. Con-
straints (4) limit the number of machines that will be assigned
to an operation to only one in its corresponding workstation.

The processing sequence of the operations belonging to a
given job (job’s visiting order) is represented by the disjunctive
constraints (5) and (6). Depending on the relative order of every
pair of operations defined by the binary variablesx j,w,r , the start
time of an operation must be greater than or equal to the finish
time of its preceding operation. Here,M is a sufficiently large
number. Constraints (7) and (8) together restrict the disjunc-
tive relationships in constraints (9) to every pair of operations
that are assigned to the same machine. The notationj ≺lex k
is used to represent a lexicographic order of the elements inthe
set of jobs. Constraints (9) define the start times relationships
of every pair of operations depending on their relative process-
ing order represented by the decision variableszj,k,w,m. Finally,
constraints (10) are the domain constraints.

In the developed model, the expression
∑

m∈Mw
d j,w,my j,w,m is

used in the disjunctive constraints (5), (6) and (9), along with
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constraints (3), to realize the processing time value basedon
the assigned machine. This is not the only difference between
the developed model and the model of Naderi et al. (2011b),
since in the developed model, the disjunctive constraints that
represent the start times relationships for the operationsthat are
going to be processed on the same machine, namely constraints
(9), have different formulation. Naderi et al. (2011b) defined
these disjunctive constraints for every pair of operationsfor ev-
ery machine in a workstation independently. In the developed
model, this relationship is collectively represented for all ma-
chines in a workstation for every pair of operations. The fol-
lowing proposition states the sufficiency of this formulation ap-
proach.

Proposition 1. In the developed MILP model for the MOSP,
constraints(9) are sufficient for representing the disjunctive re-
lationships for the start times of the operations that are going
to be processed on any machine in a workstation.

Proof. Notice that constraints (7) and (8) restrict the summa-
tion of the binary variableszj,k,w,m andzk, j,w,m to equal 1 only
when both operationso j,w andok,w are assigned to the same ma-
chinem, and this summation will be zero otherwise. Therefore,
If operationo j,w is not assigned to the same machine asok,w,
we getzj,k,w,m = zk, j,w,m = 0 ∀m ∈ Mw. Accordingly, constraints
(9) will be redundant. When both operations are assigned to
the same machinem′ ∈ Mw, i.e. y j,w,m′ = yk,w,m′ = 1, either
zj,k,w,m′ = 1 andzk, j,w,m′ = 0 or zj,k,w,m′ = 0 andzk, j,w,m′ = 1;
while zj,k,w,m = zk, j,w,m = 0 ∀m ∈ Mw\{m′}. Therefore, the dis-
junctive relationships of the start times of the two operations
is sufficiently represented by constraints (9) for any machine in
workstationw. �

The main benefit of using constraints (9) instead of the de-
tailed disjunctive constraints for each machine in a workstation
independently as in Naderi et al. (2011b) is that the number of
redundant constraints is significantly reduced.

3. Solution representation and distance between two solu-
tions

3.1. Permutations

Solutions to various scheduling problems are represented
using permutations which facilitate both modeling and algo-
rithmic development (Nowicki and Smutnicki, 1996a,b, 1998).
This section introduces some notations for permutations and
their mathematical operations which are used herein for rep-
resenting solutions and their related mathematical and algorith-
mic processes. These notations are adapted from Abdelmaguid
(2015). A permutationρ is defined as a finite ordered list of
distinctn elements represented asρ= 〈e1 → e2 →. . .→en〉, or
alternatively asρ= 〈ex: logical conditions and/or relationships
that specify each elementex in positionx ∀x = 1, . . . ,n〉. The
element located in positionx is denotedρ[x], i.e. ρ[x] = ex.
The set that contains all the permutation elements is denoted ρ̇,
i.e. ρ̇ = {e1,e2, . . . ,en}. An empty permutation is denoted〈·〉.
Accordingly, we have ˙ρ = ∅ for ρ = 〈·〉.

For permutationρ, we define|ρ| = |ρ̇|, as|S| denotes the car-
dinality of setS. The position of an elemente ∈ ρ̇ is denoted
Xρ

e whereXρ
e∈{1,2, ... |ρ|}. For a given subset of consecutive in-

dexesI = {r, r + 1, r + 2, . . .} ⊆ {1,2, ... |ρ|} where|I | ≥ 1, the
permutationρ′=〈ex: ex = ρ[y] andx = y− r +1, y ∈ I〉 is said to
be sub-permutation ofρ, denotedρ′ ⊆ ρ; for which Xρ

ρ′ = Xρ

ρ′[1]
is defined. If|ρ′|<|ρ|, the sub-permutation relationship is repre-
sented asρ′ ⊂ ρ. The condition thatρ′ is not a sub-permutation
of ρ is represented asρ′ 1 ρ.

The intersection operation between two permutationsρ1 and
ρ2, represented asρ1 ∩ ρ2, is the set of sub-permutations{ρ′ :
ρ′ ⊆ ρ1 andρ′ ⊆ ρ2} that has the minimum cardinality. Ac-
cordingly, the two permutationsρ1 andρ2 are said to be equal,
denotedρ1 = ρ2, iff ρ̇1 = ρ̇2 and|ρ1 ∩ ρ2| = 1; and they are not
equal, denotedρ1 , ρ2, when either ˙ρ1 , ρ̇2 or |ρ1 ∩ ρ2| > 1.
The appending operation is represented asρ← ρ′ which results
in a new permutation that has the same sequence of elements as
in ρ with the elements ofρ′ added at the end with maintaining
the sequence inρ′. This operation is successful only under the
condition that ˙ρ∩ ρ̇′ = ∅; otherwise, it returns〈·〉. Furthermore,
the operations〈·〉 ← ρ = ρ← 〈·〉 = ρ are defined.

The insertion operation, represented asρ
x
←− ρ′ with the

insertion positionx ∈ {1,2, ... |ρ|+1}, results in the permutation
(ρL ← ρ′) ← ρR, whereρL =〈ey : ey=ρ[y] , y ∈ {1,2, ..., x− 1}〉
if x > 1 andρL =〈·〉 otherwise; andρR =〈ey : ey=ρ[x + y −
1] , y ∈ {1,2, ..., |ρ| − x + 1}〉 if x ≤ |ρ| andρR =〈·〉 otherwise.
Similar to the appending operation, the insertion operation is
successful only under the condition that ˙ρ ∩ ρ̇′ = ∅; otherwise,
it returns〈·〉. In addition, the subtracting operation is defined
as removing permutationρ′ from permutationρ, whereρ′ ⊂ ρ.
This operation is represented asρ − ρ′ = ρL ← ρR. Here, both
ρL andρR are either sub-permutations ofρ or equal〈·〉, and they
are defined such thatρ=(ρL ← ρ′) ← ρR. If ρ′ 1 ρ, we define
ρ − ρ′ = ρ.

3.2. Solution representation using permutations

Solutions of the studied MOSP are defined here using the pair
(T,P), whereT = (τ j : j ∈ J) is the vector of permutations of
operations,τ j , that represent jobs’ tours defining the orders by
which jobs visit the workstations; andP = (Πw : w ∈ W) is
the vector of vectors of processing sequences on workstations.
Here,Πw = (πmw,k : k = 1, . . . ,qw), whereπmw,k is the per-
mutation of operations representing the processing sequence of
operations on machinemw,k which represents both decisions of
machine selection and job sequencing. The machine assigned
to operationi ∈ O is denotedµ(P, i), while β(i) refers to the job
to which operationi belongs.

Definition 1. A solution(T,P) is said to be valid iff

• ¬∃ j1, j2o j1,w ∈ τ̇ j2 ∀ j1, j2 ∈ J ∀w ∈ W,

• ¬∃w1,w2o j,w1 ∈ π̇mw2,k ∀ j ∈ J ∀k ∈ {1, . . . qw2}

∀w1,w2 ∈ W, and

• o j,w ∈ π̇mw,k1 −→ ∀k2∈{1,...qw}\{k1}o j,w < π̇mw,k2 ∀ j ∈ J
∀k1 ∈ {1, . . . qw} ∀w ∈ W.
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Definition 2. A solution(T,P) is said to be complete iff it is
valid and

⋃

j∈J τ̇ j =
⋃

m∈M π̇m = O.

3.3. Network model

For a given valid solution (T,P), a directed networkG(V,
A(T,P)) is constructed as follows. For each operationo j,w, there
is a node labeledo j,w to represent the event of starting its pro-
cessing. In addition, there are two nodes to represent the start
and the finish of a schedule, which are labeleds and f respec-
tively. The start and finish nodes represent two dummy opera-
tions with zero processing times. Accordingly, the set of nodes
V is defined asV = O ∪ {s, f }. A weight that equals the op-
eration’s processing time on its selected machine is assigned to
its corresponding node, and the start and finish nodes have zero
weights.

Based onT, the set of directed arcsA1(T) = {(s, τ j [1]) : j ∈
J ,
∣

∣

∣τ j

∣

∣

∣ , 0} ∪ {(τ j [b], τ j [b + 1]) : j ∈ J , b ∈ {1, . . . ,
∣

∣

∣τ j

∣

∣

∣ − 1},
∣

∣

∣τ j

∣

∣

∣ > 1 } ∪ {(τ j [
∣

∣

∣τ j

∣

∣

∣], f ) : j ∈ J ,
∣

∣

∣τ j

∣

∣

∣ , 0} is defined. Similarly,
based onP, the set of directed arcsA2(P) = {(s, πm[1]) : m ∈ M,
|πm| , 0} ∪ {(πm[c], πm[c + 1]) : m ∈ M, c ∈ {1, . . . , |πm| −

1}, |πm| > 1} ∪ {(πm[|πm|], f ) : m ∈ M, |πm| , 0} is defined.
Accordingly, the network’s set of directed arcs is defined as
A(T,P) = A1(T) ∪ A2(P).

To illustrate the above network representation, consider a
sample instance of the studied MOSP in whichW = {1,2,3,4},
q1 = 2, q2 = 2, q3 = 3, q4 = 1, J = { j1, j2, j3, j4}, Wj1 =

{1,2,4}, Wj2 = {2,3}, Wj3 = {1,2,4} and Wj4 = {1,2,3,4}.
The processing times of all operations are provided in Table1.
A sample complete solution (T′,P′) is provided as follows:T′

= (τ′j1, τ
′
j2, τ

′
j3, τ

′
j4) whereτ′j1 = 〈o j1,4 → o j1,1 → o j1,2〉, τ′j2 =

〈o j2,3→ o j2,2〉, τ′j3 = 〈o j3,2→ o j3,1→ o j3,4〉 andτ′j4 = 〈o j4,3→

o j4,2→ o j4,1→ o j4,4〉. P′ = (Π′1,Π
′
2,Π

′
3,Π

′
4), Π′1 = (π′m1,1

, π′m1,2
),

Π′2 = (π′m2,1
, π′m2,2

), Π′3 = (π′m3,1
, π′m3,2

, π′m3,3
), Π′4 = (π′m4,1

), where
π′m1,1
= 〈o j1,1〉, π′m1,2

= 〈o j3,1→ o j4,1〉, π′m2,1
= 〈o j4,2→ o j2,2〉, π′m2,2

= 〈o j3,2 → o j1,2〉, π′m3,1
= 〈·〉, π′m3,2

= 〈o j2,3〉, π′m3,3
= 〈o j4,3〉 and

π′m4,1
= 〈o j1,4→ o j3,4→ o j4,4〉.

Fig. 1 shows the network representation for this sample com-
plete solution, and Fig. 2 shows its Gantt chart. In Fig. 1, the
weight of a node is shown as a number written above it. The
start times for operations assigned in the Gantt chart are the
earliest start times. It is well known in the scheduling litera-
ture that assigning the earliest start times for operationsbased
on given processing sequences will generate semi-active sched-
ules, among them an optimal solution exists (Pinedo, 2012).
Furthermore, the feasibility of a given solution can be verified
by the absence of cycles in its corresponding network as stated
by proposition 2.

Proposition 2. A solution (T,P) is feasible iff it is complete
and the network G(V, A(T,P)) is acyclic.

If the network representation of a complete solution is found
to be cyclic, this indicates that the sequences of the operations
in the vectorsP andT result in an indefinite order for assigning
start times for the operations forming the cycle.

3.4. Distance between two solutions

In the current algorithmic development, it is necessary to ex-
press the dissimilarity between two complete solutions using
an appropriate quantitative measure, which is referred to as the
distance between them. The distance between two complete so-
lutions is defined here as the minimum number of moves in the
permutations of one solution that are needed to transform itinto
exactly the same permutations of the other solution. A move

on a permutationρ means replacing it by (ρ − ρ′)
x
←− ρ′ where

ρ′ ⊂ ρ andx∈ {1,2, . . . , |ρ|−|ρ′|+1}\{Xρ

ρ′ }. It is important to note
here that the definition of a move herein can be considered as a
generalization of the single operation removal-insertionmoves
used by Taillard (1990) and Nowicki and Smutnicki (1998) for
flow shop and multiprocessor flow shop scheduling problems.

The definition of the distance in this paper is new compared
to previous definitions in the literature. Nowicki and Smutnicki
(1996b) and Mattfeld (1996) defined the distance based on the
number of dissimilar relative orders between all pairs of op-
erations in the two permutations, which is also known as the
disjunctive-graph or Hamming distance. Jia and Hu (2014) de-
fined the distance as the number of operations having different
positions in two permutations, which is referred to here as the
position-based distance. The swapping distance (Chitturi, Sud-
borough, Voit and Feng, 2008) was used in the applications of
firefly algorithm for the flexible job shop scheduling problem
by Lunardi, Cherri and Voos (2018). Swapping distance is de-
fined as the minimum number of consecutive pairwise swaps
of adjacent elements of a permutation (not sub-permutations)
until it is transformed to the other permutation. The proposed
distance definition is completely different as it considers swaps
of sub-permutations of any size with no adjacency restrictions.

Theorem 1. For two permutationsρ1 and ρ2 whereρ̇1 = ρ̇2,
the minimum number of moves needed to makeρ2 = ρ1 is
ψ(ρ1, ρ2) which is computed by Algorithm 1.

Algorithm 1 Distance between two permutations
1: function ψ(ρ1, ρ2)
2: Input: two permutationsρ1 andρ2 whereρ̇1 = ρ̇2

3: Output: Distance betweenρ1 andρ2

4: ψ = 0
5: S = ρ1 ∩ ρ2

6: while |S| > 1 do
7: ψ = ψ + 1

8: (ρ∗, x∗) = arg min
(ρ′∈S,x∈Zρ′ )

∣

∣

∣

∣

∣

ρ1 ∩

(

(ρ2 − ρ
′)

x
←− ρ′

)

∣

∣

∣

∣

∣

WhereZρ′ = {z : z= Xρ2

ρ′′ ∀ρ
′′ ∈ S andXρ2

ρ′′ < Xρ2

ρ′ }

∪ {z : z= Xρ2

ρ′′ − |ρ
′| ∀ρ′′ ∈ S andXρ2

ρ′′ > Xρ2

ρ′ }

∪ {|ρ2| − |ρ
′| + 1} \{Xρ2

ρ′ }

9: ρ2 = (ρ2 − ρ
∗)

x∗
←− ρ∗

10: S = ρ1 ∩ ρ2

11: end while
12: return ψ

13: end function
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Workstations
1 2 3 4

Jobs m1,1 m1,2 m2,1 m2,2 m3,1 m3,2 m3,3 m4,1

j1 20 25 30 40 50
j2 65 55 40 45 35
j3 30 40 25 20 40
j4 30 40 40 35 40 35 30 30

Table 1: Processing times for a sample MOSP instance
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Figure 1: A network representation of a sample solution for the sample MOSP instance
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Figure 2: A Gantt chart representation based on earliest start times for the solution represented by the network in Fig. 1
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Proof. Algorithm 1 conducts exhaustive enumeration of all
moves to gradually transformρ2 toρ1. In each iteration, it scans
all possible moves for sub-permutations in the intersection set
S = ρ1 ∩ ρ2 and selects a move that will result in the minimum
cardinality of the intersection set betweenρ1 and the resultant
permutation of applying that move toρ2 as shown in line 8.
Then it conducts the selected best move onρ2 as shown in line
9. It can be shown by induction that this approach eventually
allows Algorithm 1 to transformρ2 to ρ1 using the minimum
number of moves which is the returned value. �

To demonstrate the difference between the proposed distance
definition and the other definitions in the literature, consider an
example in which the following two permutations of six ele-
ments are used.

ρ1 = 〈1 → 2 → 3 → 4 → 5 → 6〉

ρ2 = 〈2 → 1 → 4 → 5 → 6 → 3〉

The Hamming distance is defined based on the number of
pairs of elements that have different relative orders in the two
permutations. There are 4 pairs in the given example that have
this condition, which are (1,2), (3,4), (3,5), (3,6). The swap-
ping distance looks for the minimum number of adjacent swaps
that can be applied onρ2 to transform it toρ1. The sequence
of adjacent swaps defined by the following pairs (1,2), (3,6),
(3,5), (3,4) satisfies this condition. Therefore, the swapping
distance for the given example= 4. On the other hand, the
position-based distance in this example is 6 since all elements
occupy different positions in the two permutations.

In the proposed distance definition as presented in Algo-
rithm 1, it is required to find a sub-permutationρ∗ ∈ ρ1 ∩ ρ2

and an insertion positionx∗ such thatρ′2 = (ρ2 − ρ
∗)

x∗
←− ρ∗ re-

sults in the minimum cardinality forρ1 ∩ ρ
′
2. In the given ex-

ample, we have the intersection setρ1 ∩ ρ2 = {〈1〉, 〈2〉, 〈3〉,
〈4 → 5 → 6〉}. Here,ρ∗ = 〈3〉 and x∗ = 3 is one choice
that satisfies this condition. Therefore, the resultantρ′2 =

〈2 → 1 → 3 → 4 → 5 → 6〉. Therefore,ρ1 ∩ ρ
′
2 = {〈1〉,

〈2〉, 〈3 → 4 → 5 → 6〉}. Next, moving sub-permutation〈1〉
to position 1 will completely transformρ2 to ρ1. Therefore,
the value of the proposed distance in this example is the total
number of conducted moves, which is 2.

The main advantage of the proposed distance definition is
that it is a direct representation of the computational burden
associated with transforming one permutation to another in
computer programming. The operation of moving one sub-
permutation from its position to another one is done in a sin-
gle iteration using the linked list data structure. This process is
done without the need to conduct a sequence of adjacent swaps
of the elements within a sub-permutation as in the case of the
swapping distance. In addition, the proposed distance defini-
tion is more effective than the hamming distance definition as
it is not restricted to the precedence relationships between pairs
of elements, it rather considers sub-permutations as blocks and
identifies the precedence relationships among them. It is also
more effective than the position-based distance which merely
considers the positions of the elements in the two permuta-

tions without taking into consideration their precedence rela-
tionships.

For two permutationsρ1 andρ2, whereρ̇1 = ρ̇2, it is easy
to show thatψ(ρ1, ρ2) = ψ(ρ2, ρ1) andψ(ρ1, ρ2) = 0 whenever
ρ1 = ρ2. Furthermore, the triangular inequality property ex-
ists between any three permutations, i.e.ψ(ρ1, ρ3) ≤ ψ(ρ1, ρ2)+
ψ(ρ2, ρ3), whenever ˙ρ1 = ρ̇2 = ρ̇3. These properties satisfy the
conditions of consistent distance definition stipulated byMat-
tfeld (1996).

For two vectors of permutationsR1 = (ρ1,1, ρ1,2, . . . , ρ1,n)

andR2 = (ρ2,1, ρ2,2, . . . , ρ2,n) where
n
⋃

i=1
ρ̇1,i =

n
⋃

i=1
ρ̇2,i , both in-

dependent moves within each permutation in the vector as il-
lustrated in the case of a single permutation and moves of sub-
permutations from the permutation of one coordinate to the per-
mutation of another coordinate in the same vector need to be
considered. The distance between the two vectors is the mini-
mum number of such moves that are needed to transform one
vector to the other. This can be evaluated by a simple trans-
formation of the vector of permutations to a single permutation
which accordingly leads to the direct application of the distance
defined by theorem 1. The following corollary states how this
transformation is used.

Corollary 1. For two vectors of permutationsR1 =

(ρ1,1, ρ1,2, . . . , ρ1,n) and R2 = (ρ2,1, ρ2,2, . . . , ρ2,n) where
n
⋃

i=1
ρ̇1,i =

n
⋃

i=1
ρ̇2,i , the minimum number of moves

needed to makeρ2,i = ρ1,i ∀i = 1, . . . ,n, is de-
noted and evaluated asΨ(R1,R2) = ψ(P1,P2), where
P1 = ρ1,1 ← 〈d1〉 ← ρ1,2 ← 〈d2〉 ← . . . ← 〈dn−1〉 ← ρ1,n,
P2 = ρ2,1 ← 〈d1〉 ← ρ2,2 ← 〈d2〉 ← . . . ← 〈dn−1〉 ← ρ2,n,
and d1, d2 ,... dn−1 are dummy elements defined such that dj <
n
⋃

i=1
ρ̇1,i ∀ j = 1, . . . ,n− 1.

Accordingly, between any given two complete solutionsS
1 =

(T1,P1) andS2 = (T2,P2) whereTr = (τr
j : j ∈ J), Pr = (Πr

w :
w ∈ W) andΠr

w = (πr
mw,k

: k = 1, . . . ,qw) for r = 1,2, the
distance, denoted∆(S1,S2), is evaluated using equation (11).

∆(S1,S2) =
∑

j∈J

ψ(τ1
j , τ

2
j ) +
∑

w∈W

Ψ(Π1
w,Π

2
w) (11)

4. Neighborhood search and solutions combination

The SS/PR template introduced by Glover (1998) utilizes two
basic search mechanisms. The first one is a local search mech-
anism by which neighboring solutions of a given solution can
be reached. The second mechanism combines features of two
different solutions to produce a new set of solutions along the
path between them. This section presents a set of neighbor-
hood search and solution combination functions for the SS/PR
implementation of the studied problem.

For a given feasible solution (T,P) whereT = (τ j : j ∈ J),
P = (Πw : w ∈ W) andΠw = (πmw,k : k = 1, . . . ,qw), the
following two neighborhood search functions are defined.
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Definition 3. N1(v1, x1): As v1 ∈ τ̇ j and x1 ∈

{1,2, . . . ,
∣

∣

∣τ j

∣

∣

∣}\{X
τ j
v1
}, replaceτ j by (τ j − 〈v1〉)

x1
←− 〈v1〉.

Definition 4. N2(v2, x2, πmw,k2): As v2 ∈ π̇mw,k1, if k1 , k2 then

replaceπmw,k1 by (πmw,k1 − 〈v2〉), and replaceπmw,k2 by πmw,k2

x2
←−

〈v2〉, where x2 ∈ {1,2, . . . ,
∣

∣

∣πmw,k2

∣

∣

∣ + 1}; otherwise replaceπmw,k1

by (πmw,k1 −〈v2〉)
x2
←− 〈v2〉 where x2 ∈ {1,2, . . . ,

∣

∣

∣πmw,k1

∣

∣

∣}\{X
πmw,k1
v2
}.

These two neighborhood search functions follow the oper-
ation removal-insertion mechanism introduced by Mastrolilli
and Gambardella (2000) for the flexible job shop scheduling
problem. They can either lead to feasible or infeasible solu-
tions. The conditions of feasibility and makespan improvement
are investigated thereafter. The following lemma states anim-
portant connectivity property for the application of both func-
tions.

Lemma 1. For any complete solutionsS1 and S
2, where

∆(S1,S2) , 0, starting atS1, S2 can be reached by a finite
sequence of applications of the neighborhood search functions
N1 and/or N2.

Based on lemma 1, connecting paths between any two solu-
tions can be identified. Notice that a sequence of neighborhood
moves applied on a set of consecutive operations forming a sub-
permutation while maintaining their relative positions will have
the same effect of moving the subpermutation. Therefore, the
connectivity property can be easily extended to moves of sub-
permutations. Accordingly, the following two solution com-
bination functions are developed which are intended for con-
structing connecting paths between two solutions. Each solu-
tion combination function receives two complete solutionsS

1 =

(T1,P1) andS2 = (T2,P2) and returns a new combined solution
S

3 = (T3,P3), where∆(S1,S2) , 0 andTr = (τr
j : j ∈ J),

P
r = (Πr

w : w ∈ W) andΠr
w = (πr

mw,k
: k = 1, . . . ,qw) for

r = 1,2,3.

Definition 5. B1(S1,S2): Select j∈ J such thatψ(τ1
j , τ

2
j ) , 0.

Let Π3
w = Π

1
w ∀w ∈ W and τ3

a = τ1
a ∀a ∈ J\{ j}. Select

ρ1 ∈ τ
1
j ∩ τ

2
j , and letτ3

j = (τ1
j − ρ1)

x3
←− ρ1, where x3 is selected

such thatψ(τ3
j , τ

2
j ) < ψ(τ1

j , τ
2
j ).

Definition 6. B2(S1,S2): Select w∈ W such thatΨ(Π1
w,Π

2
w) ,

0. Let T3 = T
1 and Π3

a = Π
1
a ∀a ∈ W\{w}. Let

P1 = π1
mw,1

← 〈d1〉 ← π1
mw,2

← . . . 〈dqw−1〉 ← π1
mw,qw

and

P2 = π2
mw,1
← 〈d1〉 ← π2

mw,2
← . . . 〈dqw−1〉 ← π2

mw,qw
. Se-

lect ρ2 ∈ P1 ∩ P2 whereρ2 ⊂ π1
mw,k1

and ρ2 ⊂ π2
mw,k2

. Let
π3

mw,k
= π1

mw,k
∀k ∈ {1, . . . ,qw}\{k1, k2}, π3

mw,k1
= π1

mw,k1
− ρ2,

and π3
mw,k2

= π1
mw,k2

x4
←− ρ2, where x4 is selected such that

Ψ(Π3
w,Π

2
w) < Ψ(Π1

w,Π
2
w).

4.1. Preliminary analysis of neighborhood search functions

Based on the network definitionΓ =G(V, A(T,P)) of a given
feasible solution (T,P), a pathθ on Γ, where|θ| ≥ 2, is rep-
resented as a permutation of node labels, i.e.θ = 〈i1 → i2 →

i3 → . . .〉, such that there is an arc connecting every two con-
secutive nodes along the path. Ifti is the weight assigned to
nodei in Γ, the length of pathθ is defined asl(θ) =

∑|θ|−1
r=1 tir .

If Θ(i1, in) is the set of all paths from nodei1 to nodein in Γ,
the longest path length from nodei1 to nodein in Γ is defined
asℓ(i1, in) = max

θ∈Θ(i1,in)
{l(θ)}. We also defineℓ(i, i) = 0. Accord-

ingly, the makespan is evaluated asCmax = ℓ(s, f ). The earliest
start time of operationi is ηi=ℓ(s, i), the minimum time needed
from its start to the completion of the schedule isγi=ℓ(i, f ),
and its latest start time isλi=Cmax−γi . By definition,ηs = λs

= γ f = 0 andη f = λ f = γs = Cmax. In the networkΓ, Let Θ̄ =
{θ : θ is a path onΓ such that

∑

i∈θ̇ ti = Cmax and s, f < θ̇} and
Θ̇ = ∪θ∈Θ̄θ̇. SetΘ̇ is referred to as the set of critical operations
for which the following property holds.

ηi = λi ∀ i ∈ Θ̇ (12)

In the application ofN1(v1, x1) wherev1 ∈ τ̇ j , let Γ−1 denote
the network that will result from removing operationv1 form τ j .
This network is constructed by following the same procedureof
constructingG(V, A(T,P)) as described in Section 3.3, except
for using τ j − 〈v1〉 instead ofτ j without any changes to the
nodes’ weights. LetΓ+1 denote the network that will result after
inserting operationv1 in positionx1 of τ j − 〈v1〉 with the same
original nodes’ weights as inΓ.

Similarly, forN2(v2, x2, πmw,k2) wherev2 ∈ π̇mw,k1, the resultant
networkΓ−2 by removing operationv2 formπmw,k1 is constructed
using πmw,k1 − 〈v2〉 instead ofπmw,k1 and setting the weight of
nodev2 to zero, i.e.t−2

v2
= 0; while the weight assigned to node

i ∈ O\{v2} in Γ−2 is t−2
i = ti . LetΓ+2 denote the network that will

result after inserting operationv2 in positionx2 of πmw,k1 − 〈v2〉

or πmw,k2 using the node weights assigned such thatt+2
i = ti ∀i ∈

O\{v2} andt+2
v2
= dβ(v2),w,k2.

In the application of the neighborhood search functionNy

∀y ∈ {1,2}, the following notations are defined. For the network
Γ−y (Γ+y), let γ−y

i (γ+y
i ) denote the minimum time needed from

the start of operationi to the completion of the schedule, and the
earliest and latest start times for operationi are respectively de-
noted asη−y

i (η+y
i ) andλ−y

i (λ+y
i ). If ℓ−y(i1, i2) (ℓ+y(i1, i2)) denotes

the longest path length from nodei1 to nodei2 in the network
Γ−y (Γ+y), let C−y

max = ℓ
−y(s, f ) andC+y

max = ℓ
+y(s, f ). It can be

easily shown thatη−y
s = η

+y
s = λ

−y
s = λ

+y
s = γ

−y
f = γ

+y
f = 0, η−y

f =

λ
−y
f = γ

−y
s = C−y

max andη+y
f = λ

+y
f = γ

+y
s = C+y

max.
Based on the given feasible solution (T,P), for each opera-

tion i ∈ O, let←−τ (i) = τβ(i)[X
τβ(i)

i −1] if X
τβ(i)

i > 1 and←−τ (i) = soth-
erwise; and let−→τ (i) = τβ(i)[X

τβ(i)

i +1] if X
τβ(i)

i <
∣

∣

∣τβ(i)

∣

∣

∣ and−→τ (i) =
f otherwise. Similarly, let←−π (i) = πµ(P,i)[X

πµ(P,i)

i −1] if X
πµ(P,i)

i > 1
and←−π (i) = s otherwise; and let−→π (i) = πµ(P,i)[X

πµ(P,i)

i + 1] if
X
πµ(P,i)

i <
∣

∣

∣πµP(i)

∣

∣

∣ and−→π (i) = f otherwise.
For the application ofN1(v1, x1) where v1 ∈ τ̇ j , we de-

fine αN1
v1

as the maximum value for which there is a path
θE1

v1
= 〈τ j [αN1

v1
− 1] → . . . → ←−π (v1)〉 in Γ. If θE1

v1
exists, in-

serting operationv1 in position x1 < αN1
v1

will form a cycle in
Γ+1. If θE1

v1
does not exist, letαN1

v1
= 1. In addition, we de-

fineωN1
v1

as the minimum value for which there is a pathθL1
v1
=

〈−→π (v1) → . . . → τ j [ωN1
v1
+ 1]〉 in Γ. If θL1

v1
exists, operationv1
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cannot be inserted in positionx1 > ωN1
v1

for otherwise, a cycle
will be formed. IfθL1

v1
does not exist, letωN1

v1
=
∣

∣

∣τ j

∣

∣

∣.

Lemma 2. For N1, inserting operation v1 in position x1 ∈
{αN1

v1
, . . . , ωN1

v1
} results in

C+1
max=max{C−1

max, ϕ1 + δ1(x1)} (13)

Where,

ϕ1 = η←−π (v1) + t←−π (v1) + tv1 + γ−→π (v1) (14)

δ1(x1) = max{δ̂1(x1),0} +max{δ̌1(x1),0} (15)

δ̂1(x1) =



































η←−τ (τ j [x1]) + t←−τ (τ j [x1])

−η←−π (v1) − t←−π (v1) if x1 ≤ X
τ j
v1

η−1
τ j [x1] + tτ j [x1]

−η←−π (v1) − t←−π (v1) if x1 > X
τ j
v1

(16)

δ̌1(x1) =















γ−1
τ j [x1] − γ−→π (v1) if x1 < X

τ j
v1

γ−→τ (τ j [x1]) − γ−→π (v1) if x1 ≥ X
τ j
v1

(17)

The values ofη−1
τ j [x1] andγ−1

τ j [x1] can be estimated based on the
data available in the networkΓ using the following recursive re-
lationships. These relationships give the exact values whenever
there is only one path betweenv1 andτ j [x1].

η−1
τ j [x1] =



































max{η←−τ (v1) + t←−τ (v1),

η←−π (τ j [x1]) + t←−π (τ j [x1])} if x1 = X
τ j
v1
+ 1

max{η−1
τ j [x1−1] + tτ j [x1−1],

η←−π (τ j [x1]) + t←−π (τ j [x1])} if X
τ j
v1
+ 1 < x1 ≤

∣

∣

∣τ j

∣

∣

∣

(18)

γ−1
τ j [x] =



































tτ j [x] +max{γ−→τ (v1),

γ−→π (τ j [x])} if x = X
τ j
v1
− 1

tτ j [x] +max{γ−1
τ j [x+1],

γ−→π (τ j [x])} if 1 ≤ x < X
τ j
v1
− 1

(19)

For the application ofN2(v2, x2, πmw,k2) wherev2 ∈ π̇mw,k1, to
simplify notations, letπ1 = πmw,k1, π2 = πmw,k2 andπ′2 = π2−〈v2〉.
We defineαN2

v2
as the maximum value for which there is a path

θE2
v2
= 〈π2[αN2

v2
−1]→ . . .→←−τ (v2)〉 in Γ. If θE2

v2
exists, inserting

operationv2 in positionx2 < αN2
v2

will form a cycle inΓ+2. If
θE2

v2
does not exist, letαN2

v2
= 1. In addition, we defineωN2

v2
as the

minimum value for which there is a pathθL2
v2
= 〈−→τ (v2)→ . . .→

π′2[ωN2
v2

]〉 in Γ. If θL2
v2

exists, operationv2 cannot be inserted in
positionx2 > ωN2

v2
for otherwise, a cycle will be formed. IfθL2

v2

does not exist, letωN2
v2
=
∣

∣

∣π′2

∣

∣

∣ + 1.

Lemma 3. For N2, inserting operation v2 in position x2 ∈
{αN2

v2
, . . . , ωN2

v2
} results in

C+2
max=max{C−2

max, ϕ2 + δ2(x2)} (20)

Where,

ϕ2 = η←−τ (v2) + t←−τ (v2) + dβ(v2),w,k2 + γ−→τ (v2) (21)

δ2(x2) = max{δ̂2(x2),0} +max{δ̌2(x2),0} (22)

Whenπ1 , π2, we have

δ̂2(x2) =































η←−π (π2[x2]) + t←−π (π2[x2])
−η←−τ (v2) − t←−τ (v2) if x2 ≤ |π2|

ηπ2[x2−1] + tπ2[x2−1]

−η←−τ (v2) − t←−τ (v2) if x2 = |π2| + 1

(23)

δ̌2(x2) =

{

γπ2[x2] − γ−→τ (v2) if x2 ≤ |π2|

−γ−→τ (v2) if x2 = |π2| + 1
(24)

And whenπ1 = π2, we have

δ̂2(x2) =































η←−π (π1[x2]) + t←−π (π1[x2])
−η←−τ (v2) − t←−τ (v2) if x2 ≤ Xπ1

v2

η−2
π1[x2] + tπ1[x2]

−η←−τ (v2) − t←−τ (v2) if x2 > Xπ1
v2

(25)

δ̌2(x2) =

{

γ−2
π1[x2] − γ−→τ (v2) if x2 < Xπ1

v2

γ−→π (π1[x2]) − γ−→τ (v2) if x2 ≥ Xπ1
v2

(26)

The values ofη−2
π1[x2] andγ−2

π1[x2] can be estimated based on the
data available in the networkΓ using the following recursive re-
lationships. These relationships give the exact values whenever
there is only one path betweenv2 andπ1[x2].

η−2
π1[x2] =































max{η←−π (v2) + t←−π (v2),

η←−τ (π1[x2]) + t←−τ (π1[x2])} if x2 = Xπ1
v2
+ 1

max{η−2
π1[x2−1] + tπ1[x2−1],

η←−τ (π1[x2]) + t←−τ (π1[x2])} if Xπ1
v2
+ 1 < x2 ≤ |π1|

(27)

γ−2
π1[x2] =































tπ1[x2] +max{γ−→π (v2),

γ−→τ (π1[x2])} if x2 = Xπ1
v2
− 1

tπ1[x2] +max{γ−2
π1[x2+1],

γ−→τ (π1[x2])} if 1 ≤ x2 < Xπ1
v2
− 1

(28)

4.2. Feasibility conditions

For the application of the neighborhood search functionNy,
where y ∈ {1,2}, it is shown in Section 4.1 that an inser-
tion position xy will result in a feasible solution whenever
xy ∈ {α

Ny
vy
, . . . , ω

Ny
vy
}. However, the algorithm that determines

the exact values ofαNy
vy

andωNy
vy

will require additional compu-
tational burden for such a task that will be extensively repeated.
Alternatively, we present here an approximate approach. For
the application ofN1(v1, x1) wherev1 ∈ τ̇ j , the following sets
are defined.

EN1
v1
= {i ∈ τ̇ j : ηi + ti < η←−π (v1)} (29)

LN1
v1
= {i ∈ τ̇ j : γ−→π (v1) − t−→π (v1) > γi} (30)

Set EN1
v1

includes operations that can possibly have a path
to node←−π (v1) in Γ; while setLN1

v1
includes operations that can

possibly be connected with a path from node−→π (v1) in Γ. If such
paths exist in inΓ, they as well exist inΓ−1. Based on these two
sets, the approximate values ofαN1

v1
andωN1

v1
, denoted ˜αN1

v1
and
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ω̃N1
v1

respectively, are determined as follows.

α̃N1
v1
=















max
i∈EN1

v1

{X
τ j

i } + 1 if EN1
v1
, ∅

1 otherwise
(31)

ω̃N1
v1
=



















min
i∈LN1

v1

{X
τ j

i } − 1 if LN1
v1
, ∅

∣

∣

∣τ j

∣

∣

∣ otherwise
(32)

Similarly, forN2(v2, x2, πmw,k2), setsEN2
v2

andLN2
v2

are defined
and the approximate values forαN2

v2
andωN2

v2
, denoted ˜αN2

v2
and

ω̃N2
v2

respectively, are determined as follows, whereπ2 = πmw,k2.

EN2
v2
= {i ∈ π̇2 : ηi + ti < η←−τ (v2)} (33)

LN2
v2
= {i ∈ π̇2 : γ−→τ (v2) − t−→τ (v2) > γi} (34)

α̃N2
v2
=















max
i∈EN2

v2

{Xπ2
i } + 1 if EN2

v2
, ∅

1 otherwise
(35)

ω̃N2
v2
=



















min
i∈LN2

v2

{X
π′2
i } if LN2

v2
, ∅

∣

∣

∣π′2

∣

∣

∣ + 1 otherwise
(36)

It is possible that ˜αN2
v2

> ω̃N2
v2

whenk2 , k1. In the forth-
coming analysis, such a rare situation is disregarded, and its
corresponding neighborhood search moves are excluded from
the algorithmic development.

In the application ofB1(S1,S2), the feasibility ofS3 which

hasτ3
j = (τ1

j −ρ1)
x3
←− ρ1 is achievable for all insertion positions

x3 ∈ I
1
ρ1

, where setI1
ρ1

is defined as follows.

Definition 7. I1
ρ1
= {αB1

ρ1
, . . . , ωB1

ρ1
}, whereαB1

ρ1
is defined as the

maximum value for which there is a path〈τ1
j [α

B1
ρ1
− 1]→ . . .→

←−π (i)〉 for any node i∈ ρ̇1 in G(V,A(T1,P1)) (αB1
ρ1
= 1 if such a

path does not exist), andωB1
ρ1

is defined as the minimum value

for which there is a path〈−→π (i)→ . . .→ τ1
j [ω

B1
ρ1
+ |ρ1|]〉 for any

node i∈ ρ̇1 in G(V,A(T1,P1)) (ωB1
ρ1
=

∣

∣

∣

∣

τ1
j − ρ1

∣

∣

∣

∣

+1 if such a path
does not exist).

If S
1 is feasible, it should beX

τ1
j

ρ1
∈ I1

ρ1
. Since the determi-

nation of the values ofαB1
ρ1

andωB1
ρ1

is time consuming, approx-
imate values, denoted ˜αB1

ρ1
andω̃B1

ρ1
respectively, are estimated.

Let η1
i , λ1

i andt1i denote respectively the earliest start, latest start
and duration of operationi in S

1.

EB1
ρ1
= {i ∈ τ̇1

j \ρ̇1 : ∃ v ∈ ρ̇1 whereη1
i + t1i < η

1
←−
π (v)
} (37)

LB1
ρ1
= {i ∈ τ̇1

j \ρ̇1 : ∃ v ∈ ρ̇1 whereγ1
−→
π (v)
− t1−→

π (v)
> γ1

i } (38)

α̃B1
ρ1
=



















max
i∈EB1

ρ1

{X
τ1

j

i } + 1 if EB1
ρ1
, ∅

1 otherwise
(39)

ω̃B1
ρ1
=























min
i∈LB1

ρ1

{X
τ1

j

i } − |ρ1| if LB1
ρ1
, ∅

∣

∣

∣

∣

τ1
j − ρ1

∣

∣

∣

∣

+ 1 otherwise
(40)

In the application ofB2(S1,S2), the feasibility ofS3 which

hasπ3
mw,k1

= π1
mw,k1
− ρ2 and π3

mw,k2
= (π1

mw,k2
− ρ2)

x4
←− ρ2 is

achievable for all insertion positionsx4 ∈ I
2
ρ2

, where setI2
ρ2

is
defined as follows.

Definition 8. I2
ρ2
= {αB2

ρ2
, . . . , ωB2

ρ2
}, whereαB2

ρ2
is the maximum

value for which there is a path〈π1
mw,k2

[αB2
ρ2
− 1] → . . . → ←−τ (i)〉

for any node i∈ ρ̇2 in G(V,A(T1,P1)) (αB2
ρ2
= 1 if such a path

does not exist), andωB2
ρ2

is the minimum value for which there

is a path〈−→τ (i) → . . . → π1
mw,k1

[ωB2
ρ2
+ |ρ2|]〉 if k1 = k2, or there

is a path〈−→τ (i) → . . . → π1
mw,k2

[ωB2
ρ2

]〉 if k1 , k2, for any node

i ∈ ρ̇2 in G(V,A(T1,P1)) (ωB2
ρ2
=
∣

∣

∣π1
mw,k2
− ρ2

∣

∣

∣ + 1 if such a path
does not exist).

Similarly, approximate values ofαB2
ρ2

andωB2
ρ2

, denoted ˜αB2
ρ2

andω̃B2
ρ2

respectively, are estimated as follows.

EB2
ρ2
= {i ∈ π̇1

mw,k2
\ρ̇2 : ∃ v ∈ ρ̇2 whereη1

i + t1i < η
1
←−
τ (v)
} (41)

LB2
ρ2
= {i ∈ π̇1

mw,k2
\ρ̇2 : ∃ v ∈ ρ̇2 whereγ1

−→
τ (v)
− t1−→

τ (v)
> γ1

i } (42)

α̃B2
ρ2
=



















max
i∈EB2

ρ2

{X
π1

mw,k2

i } + 1 if EB2
ρ2
, ∅

1 otherwise
(43)

ω̃B2
ρ2
=











































min
i∈LB2

ρ2

{X
π1

mw,k2

i } if LB2
ρ2
, ∅ and k1 , k2

min
i∈LB2

ρ2

{X
π1

mw,k2

i } − |ρ2| if LB2
ρ2
, ∅ and k1 = k2

∣

∣

∣π1
mw,k2
− ρ2

∣

∣

∣ + 1 otherwise

(44)

4.3. Improvement conditions

This section investigates the rules of improvement for the ap-
plication of the neighborhood search functionsNy ∀ y ∈ {1,2}.
These rules guide the selection of the operationvy and the in-
sertion positionxy. It is well established in the scheduling lit-
erature that improvements in the makespan can be achieved by
movements of operations belonging to the longest paths. This
property holds for the studied problem, which is presented in
the following theorem.

Theorem 2. C+y
max can not be less than Cmax unless∀θ∈Θ̄vy ∈ θ̇,

∀y ∈ {1,2}.

Proof. Removing operationvy from τ j or πmw,k1, as per the ap-
plication ofNy, will either result in (1)Cmax−tvy ≤ C−y

max< Cmax

if ∀θ∈Θ̄vy ∈ θ̇, or (2)C−y
max = Cmax otherwise. In case (1), either

η
+y
vy
, λ

+y
vy

in which caseC+y
max = C−y

max, or η+y
vy
= λ

+y
vy

in which
caseC+y

max≥ C−y
maxand it can beC+y

max< Cmax. In case (2), clearly
C+y

max ≥ Cmax. All results are based on the assumption that the
networkΓ+y is acyclic. �

Although lemmas 2 and 3 may suggest the selection of the
operation that has the lowest value ofϕy, the contribution of
both δ̂y(xy) and δ̌y(xy) to the value ofC+y

max can be significant.
Both δ̂y(xy) and δ̌y(xy) are functions of the selected insertion
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positionxy. Based on lemmas 2 and 3, improvement to a given
solution can be achieved by selecting an insertion positionthat
results in negative or zero values for both functions simultane-
ously. The following lemma states important properties forthe
these two functions.

Lemma 4. δ̂y(xy + 1) > δ̂y(xy) and δ̌y(xy + 1) < δ̌y(xy) ∀xy,
xy + 1 ∈ {αNy

vy
, . . . , ω

Ny
vy
}, ∀y ∈ {1,2}.

The following theorem defines an important property for se-
lecting the insertion positionxy.

Theorem 3. δy(xy) is minimum at some xy ∈ {α̃
Ny
vy
, . . . , ω̃

Ny
vy
}

∀y ∈ {1,2}.

Proof. It can be easily shown thatδ̂y(α̃
Ny
vy

) ≤ 0 andδ̌y(ω̃
Ny
vy

) ≤ 0
∀y ∈ {1,2}. Therefore, as a result of lemma 4, the value of
δy(xy) is minimum at somexy ∈ {α̃

Ny
vy
, . . . , ω̃

Ny
vy
}. �

In conclusion, improvements to a given solution can be
achieved by applying the neighborhood search functionsN1

andN2 using critical operations that belong to all critical paths
in the corresponding network as stated in theorem 2. Such im-
provements are only possible if the insertion position is within
the specified range in theorem 3. If no improvement is pos-
sible by applying the two neighborhood search functions, itis
said that a local optimal solution is encountered. However,in
the case of more than one critical path, ifϕy + δy(xy) < C−y

max

= Cmax, the application ofNy will result in a neighboring so-
lution with reduced number of critical operations. In this case,
improvements to the makespan may be eventually achieved by
conducting further neighborhood search moves. Yet, there is
still a large chance of entrapment in local optimum solutions,
which necessitates an appropriate diversification strategy.

5. Implementation of the SS/PR metaheuristic

The current implementation of the SS/PR metaheuristic fol-
lows the template introduced in Glover, Laguna and Martı́
(2000). Algorithm 2 outlines its main steps, and the follow-
ing subsections provide explanations for the major operations
conducted.

5.1. Calculating a lower bound

A lower bound (LB) is calculated for each instance of the
MOSP at the beginning of the current SS/PR implementation.
Whenever a solution is found having a makespan value that
equals the lower bound at any step, the search stops and that
solution is returned. TheLB is calculated by Eq. (45).

LB = max{LB1, LB2, LB3} (45)

Where,

LB1 = max
j∈J



















∑

w∈Wj

min
k=1,...,qw

{

d j,w,k

}



















(46)

Algorithm 2 SS/PR metaheuristic for MOSP
1: procedureMOSP-SSPR(MOSPI)
2: Input: MOSP instance:MOSPI
3: Output: Best found solution:̂S = (T̂, P̂)
4: Calculate a lower bound (LB) for MOSPI
5: Construct initial solution̂S
6: If Cmax(Ŝ) = LB return Ŝ

7: ℜ = ∅ andnf ails = 0
8: while

∣

∣

∣ℜ
∣

∣

∣ < Population Size
andnf ails < Population Sizedo

9: Generate a feasible solutionSi using
dense schedule generation method

10: S
i = TabuSearch(Si , LB)

11: If Cmax(Si) < Cmax(Ŝ), let Ŝ = S
i ,

If Cmax(Ŝ) = LB return Ŝ

12: If ∆(Si ,S j) ≥ ∆̄ ∀S j ∈ ℜ,
letℜ = ℜ∪ {Si} andnf ails = 0;

13: Elsenf ails = nf ails + 1
14: end while
15: while termination condition is not reacheddo
16: Υ = ∅

17: for c = 1 to max
{⌊∣

∣

∣ℜ
∣

∣

∣ /4
⌋

,2
}

do
18: Choose randomlyS1 andS2 ∈ ℜ

19: Conduct path relinking to obtain a new
solutionS3

20: S
∗ = TabuSearch(S3, LB)

21: If Cmax(S∗) < Cmax(Ŝ), let Ŝ = S
∗,

If Cmax(Ŝ) = LB return Ŝ

22: Υ = Υ ∪ {S∗}

23: end for
24: Examine updatingℜ using solutions inΥ
25: If ℜ does not change, diversify
26: end while
27: return Ŝ

28: end procedure
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LB2 = max
w∈W



























max



























min
j∈Jw,k=1,...,qw

{

d j,w,k

}

,


















∑

j∈Jw
min

k=1,...,qw
{d j,w,k}

qw







































































(47)

LB3 = max
w∈W

{⌈

|Jw|

qw

⌉

× min
j∈Jw, k=1,...qw

{

d j,w,k

}

}

(48)

WhereJw = { j ∈ J : w ∈ Wj} is the set of jobs that need
to be processed in workstationw. Here,LB1 is the maximum
shortest length of time needed to finish a job andLB2 is the
maximum of the lower bounds of the makespan values of the
workstations when they are treated independently as parallel
machine scheduling problems (Pinedo, 2012). The third lower
boundLB3 is based on Matta (2004) which is tight for the spe-
cial case of proportionate MOSP.

5.2. Solutions construction

Solutions in the current implementation are constructed us-
ing a dense schedule generation method (DSGM). In open shop
scheduling problems, dense schedules are characterized bynot
having an idle machine unless there is no job available for
processing. For multiprocessor open shop scheduling prob-
lems, it is shown by Schuurman and Woeginger (1999) that
dense schedules have a worst-case optimality gap of 2 for the
makespan objective.

The implemented DSGM is described as follows. At each
iteration, the minimum time at which a machine is idle and there
is at least one job that can be processed on it is determined
and labeled as the current scheduling time. The set of all idle
machines at the current scheduling time is determined, as well
as the set of all schedulable jobs having completion times less
than the current scheduling time and can be processed on an
idle machine. If no job with a completion time less than the
current scheduling time is found, the set of schedulable jobs
will include all unfinished jobs that can be processed on an idle
machine.

Among the schedulable jobs, a job with the minimum com-
pletion time is selected for each idle machine with random tie-
breaking. After completing these selections for each idle ma-
chine, a job may be selected on more than one idle machine.
Such conflicts are resolved by selecting an idle machine for
each schedulable job using three different rules. The first rule
selects the machine with the minimum workload up to the cur-
rent scheduling time. The workload is the summation of the
processing times of the jobs that have been assigned to a ma-
chine. The second rule selects a machine that will result in the
minimum completion time for the job. The third rule selects a
job randomly. This procedure continues until all jobs are sched-
uled.

Every time the construction procedure is called, six solutions
are constructed and the one with the best makespan is returned.
Among these six solutions, two are constructed using the min-
imum work load rule, two are constructed using the minimum
completion time rule and the last two are constructed using the
random selection rule.

5.3. Tabu search

Tabu search (TS) (Glover, 1989, 1990) is a neighborhood
search procedure that tries to avoid entrapment in local mini-
mum solutions by dynamically updating a tabu list of recently
applied moves that are not permitted for repeated application
in the short-term. A modified version of TS is used in the cur-
rent SS/PR implementation to improve a given solution. Algo-
rithm 3 outlines its main steps.

Algorithm 3 Tabu Search for MOSP
1: function TabuSearch(S, LB)
2: Input: MOSP solution:S
3: Output: Improved solution:̂S
4: Start with empty tabu list andlet Ŝ = S

5: Ĉmax= makespan ofS
6: itr = itr no improvement= itr random= 0
7: while itr < nTS

maxitr do
8: If Ĉmax= LB return Ŝ

9: BestMoves= set of at mostnbest movesnon-tabu
neighborhood moves from all possibleNy

applications on allvy ∈ Θ̇ of S having the

lowestϕy + δy(xy) values∀xy ∈ {α̃
Ny
vy
, . . . , ω̃

Ny
vy
}

∀y ∈ {1,2}
10: If itr no improvement= nno improvement,

let itr random= nrand movesanditr no improvement= 0
11: If itr random

, 0 then
12: NSMove= randomly selected move from

BestMoves
13: itr random= itr random− 1
14: Else
15: NSMove= the move fromBestMoveswith

the minimumϕy + δy(xy) value
16: End If
17: S

′ = resultant solution of applyingNSMove to S

18: NSMoveinv = inverse ofNSMove that is needed to
transformS

′ back toS
19: If NSMoveinv is not tabu, update the tabu list by

addingNSMoveinv

20: Elseupdate the tabu list by addingNSMove
21: If Ĉmax≤ the makespan ofS′,

let itr no improvement= itr no improvement+ 1
22: Else letŜ = S, Ĉmax=makespan of̂S and

itr = itr no improvement= 0
23: S = S

′ anditr = itr + 1
24: end while
25: return Ŝ

26: end function

The current TS implementation utilizes the neighborhood
search functionsN1 andN2 for local search moves conducted
on all critical operationsv ∈ Θ̇ in the ranges of insertion posi-
tions between ˜α

Ny
v andω̃

Ny
v for the given solution. The quality

of a move to be selected is measured by the value ofϕy+ δy(xy)
for Ny ∀y ∈ {1,2}.

A circular list is used for representing the list of tabu moves.
Updating the tabu list is done by adding a move to the list as
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long as the maximum allowed tabu size is not reached. When-
ever the tabu list reaches its maximum allowed size, the oldest
move is replaced by the newly added one and the pointer for
the next addition is moved to the next oldest move. In steps 19
and 20, the inverse of the current move is added to the tabu list
unless it is found to be already included. In such a case, the
latest applied move is added for preventing short cycles.

In each iteration, a non-tabu neighborhood search move is
selected. The aspiration criterion used is stated as follows. If
a move belongs to the tabu list and it will result inϕy + δy(xy)
value that is less than three quarters of the best found makespan
so far in the SS/PR iterations, it can be considered. Nor-
mally the move with the lowestϕy + δy(xy) value will be se-
lected for intensification purpose. Diversification in the cur-
rent TS implementation is done by randomly choosing a move
from the bestnbest movescandidate moves that have the lowest
ϕy + δy(xy) values as shown in step 12. This random move se-
lection is conducted innrand movesconsecutive iterations when-
evernno improvementiterations are conducted without improving
the given solution.

5.4. Estimating the distance between two solutions

As demonstrated in Algorithm 2, the calculation of the dis-
tance between two solutions is a fundamental part to ensure the
diversity of solutions in the reference setℜ. It is important to
have an efficient method that can return that value in small com-
putational time. As illustrated in Section 3.4, Algorithm 1re-
turns the distance between two permutations which is definedas
the minimum number of moves that are needed to transform one
permutation to another. However, Algorithm 1 uses exhaustive
enumeration to calculate such a value, which is computation-
ally inefficient. Instead, this section presents an approximate
method that is more computationally efficient.

Consider two permutationsρ1 andρ2, where the intersection
set isρ1 ∩ ρ2 = {σ1, σ2, . . . , σn} such thatρ1 = 〈σ1 → σ2 →

. . . → σn〉. For any two sub-permutationsσi andσ j ∈ ρ1 ∩ ρ2

where j > i, the parameterai, j is defined using Eq. (49).

ai, j =

{

1 if Xρ2
σ j
< Xρ2

σi

0 otherwise
for j > i (49)

In order to find out the minimum number of moves that are
needed to transformρ2 to ρ1, one can consider the values of
ai, j . By definition, if ai, j equals 1, it indicates thatσ j needs to
be moved to a positionx ≥ Xρ2

σi
−
∣

∣

∣σ̇ j

∣

∣

∣ + |σ̇i | (forward move)
or alternativelyσi needs to be moved to a positionx ≤ Xρ2

σ j

(backward move). Clearly, to minimize the number of moves,
one need to consider moving a sub-permutationσk which has
the highest value of max{

∑k−1
i=1 ai,k,

∑n
j=k+1 ak, j} either forwardly

or backwardly.
To identify the best insertion position, notice that a sin-

gle move affects only the relative position of the moved sub-
permutation with respect to the other sub-permutations and
does not change the status of the relative positions among un-
moved sub-permutations with each other. For conducting a

move of sub-permutationσk, let ρ′2 = (ρ2 − σk)
xk
←− σk and

a′i, j equal the parameter calculated using Eq. (49) forρ′2 in-
stead ofρ2. Accordingly, the best choice ofxk that mini-
mizes the number of moves is the one that results ina′i,k = 0
∀i = 1, . . . , k − 1 (a′k, j = 0 ∀ j = k + 1, . . . ,n) for the forward
(backward) move. Therefore the best insertion position is given
asxk = Xρ2

σu
− |σ̇k| + |σ̇u| (xk = Xρ2

σu
) for the forward (backward)

move, where the sub-permutation indexu = uf (u = ub) for
the forward (backward) move which is determined by Eq. (50)
(Eq. (51)).

uf = arg max
i∈{1,...,k−1}

(

ai,k × Xρ2
σi

)

(50)

ub = arg max
j∈{k+1,...,n}

(

ak, j × (|ρ̇2| − Xρ2
σ j

)
)

(51)

Therefore, the determination of the distance between two
permutations mainly involves the calculation of the parameters
ai, j which requiresn(n− 1)/2 comparisons. This is followed by
iterations that include the identification of the sub-permutation
σk that minimizes the number of moves by summing up the
values ofai, j along each index and choosing the highest value,
then updating the correspondingai, j values. These iterations
are repeatedly applied until allai, j become zeros. The number
of iterations involved is the distance value between two permu-
tations. This method significantly reduces the computational
time needed to estimate the distance between solutions using
Eq. (11).

5.5. Path relinking

Path relinking (PR) is an algorithmic approach that explores
the neighborhood solutions along a hypothetical path in the
search space that connects two solutions. Although the original
PR design is not limited to the connecting path of two solutions
(Glover, 1998), to the best of our knowledge, all PR applica-
tions in the scheduling literature consider only two solutions.
The current PR implementation is not an exception as it starts
by randomly selecting two solutions,S1 andS2 ∈ ℜ, for the PR
application as shown in step 18 of algorithm 2.

In the scheduling literature, the hypothetical path in PR is
generated by applying a sequence of moves that will transform
an initial solution to the target (guiding) solution in finite num-
ber of steps. For the job shop scheduling problem, Aiex, Bi-
nato and Resende (2003) define moves in which an operation is
exchanged with another one in the same machine permutation
such that its resultant position will be the same as its position
in the guiding solution. Infeasible solutions may be encoun-
tered along the path. Nasiri and Kianfar (2012) consider only
moves defined as swapping two adjacent operations in a ma-
chine permutation. For the flexible job shop scheduling prob-
lem, Gonźalez et al. (2015) utilize two neighborhood moves.
The first move changes the machine selection for one operation
of the initial solution to be the same as the guiding solution.
The second neighborhood move changes the position of a crit-
ical operation of the permutation of a given machine to a new
position within a block (subpermutation of critical operations).

In the current implementation, PR is conducted by apply-
ing bothB1(S1,S2) andB2(S1,S2) functions a number of times.
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Here,S1 is the initial solution; whileS2 is the guiding solu-
tion. They are defined such thatCmax(S2) ≤ Cmax(S1). There
are numerous number of paths that can be generated by the ap-
plication of both solution combination functions. In the cur-
rent implementation, the hypothetical path is selected such that
it satisfies the feasibility conditions for the insertion positions
to be in the range from ˜α

By
ρy

to ω̃
By
ρy
∀y ∈ {1,2}. The path is

generated by randomly selecting a solution combination func-
tion, eitherB1 or B2, with equal probability to be applied on a
subpermutation and an insertion position that result in themin-
imum possible distance between the generated solution and the
target one. This process is repeated a number of times until
∆(S1,S2) − ∆(S3,S2) > ǫ, whereǫ is a small number. Despite
the small value ofǫ, it is found that the application ofB1 or
B2 causes large perturbation to the starting solutionS

1 in the
direction of the guiding solutionS2 that is sufficient to generate
different solution when tabu search is applied.

5.6. Updating the reference set and population diversification
The procedure used for updating the reference set is de-

scribed as follows. First the solutions in setsℜ andΥ are
sorted in an ascending order of their makespan values (tie-
breaking is arbitrary). In the resultant order, solutions in set
Υ are compared to those in setℜ. For Se ∈ Υ andSr ∈ ℜ,
if Cmax(Se) < Cmax(Sr ), Se replacesSr in setℜ. Otherwise, if
Cmax(Se) = Cmax(Sr ) the distances between each of both solu-
tions and the best found solutionŜ are compared. Accordingly,
S

e replacesSr in setℜ whenever∆(Se, Ŝ) ≥ ∆(Sr , Ŝ).
For population diversification, the best found makespan

Cmax(Ŝ) is checked before and after applying path relinking. If
its value does not improve, half of the solutions in the reference
setℜ are replaced by newly constructed ones. The procedure
described in Section 5.2 is used for constructing those solutions.

6. Experimentation and results

The developed SS/PR metaheuristic for the MOSP is pro-
grammed using the C++ programming language and run on a
laptop having Intel Core i7-7550U central processing unit with
a speed of 2.7 GHz and 8 GB physical memory under Windows
10 operating system. The feasibility of the generated solutions
is verified using both visual inspection of samples of the solu-
tions represented in Gantt charts and a separate algorithm that
utilizes different data structures for interpreting the permuta-
tions of the generated solutions. It is found that the developed
code is reliable in generating feasible schedules.

The conducted experiments are divided into three parts. In
the first part, the SS/PR parameters are tuned for the best pos-
sible performance using Taguchi design of experiments. In the
second part, computational experiments are conducted on spe-
cially designed instances that take into consideration different
configurations of the MOSP. The resultant makespan values of
the generated solutions are compared to the lower bounds. In
addition, the developed MILP model is used to obtain optimal
solutions for small instances using IBM ILOG CPLEX 12.8.
These optimal results are further used to assess the performance
of the developed SS/PR approach.

Label Symbol or meaning Selected levels
A Control parameter for̄∆ 2, 3, 4
B ǫ 3, 5, 8
C Size of the tabu list 10, 20, 40
D nno improvement 10, 20, 40
E nbest moves 10, 20, 40
F nrand moves 10, 20, 40

Table 2: Notations and levels for tuned parameters

In the third part, the developed SS/PR metaheuristic is com-
pared to existing metaheuristics that have been applied to the
PMOSP. As indicated earlier, the PMOSP is a special case of
the studied problem in which all jobs must visit all worksta-
tions, parallel machines in a workstation are identical andthe
processing times for all jobs on a workstation do not vary. This
provides a comparison between the available metaheuristics in
the literature and the developed SS/PR. The following subsec-
tions present the details of the conducted experiments and their
results.

6.1. Tuning SS/PR parameters

In the developed SS/PR metaheuristic with TS used for lo-
cal search improvements, there are some parameters involved
whose values can largely affect its performance. In order to
ensure best performance, the values of these parameters need
to be appropriately selected. Taguchi design of experiments is
used to guide this selection such that the minimum value of the
relative percentage deviation (RPD) form the lower bound can
be achieved. The RPD is evaluated using Eq. (52).

RPD=
Cmaxgenerated by SS/PR− LB

LB
× 100 (52)

Based on the SS/PR template of Glover (1998), the recom-
mended value for the size of the reference setℜ does not ex-
ceed 20. Therefore, the value ofPopulation Sizeis set equal
to 20. Depending on the the distance threshold value∆̄, the
size of the reference set will be determined. Since the defined
distance between solutions is based on the number of moves of
sub-permutations found in an intersection set, it is more conve-
nient to have a limit based on the problem size. Accordingly,
the threshold value is defined based on the number of jobs and
the number of workstations provided in the following relation-
ship.
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In Eq. (53), the parameterA controls the value of̄∆while tak-
ing into consideration the problem size. This parameter along
with another 5 parameters are investigated in this study. These
parameters are listed in Table 2 along with their symbols and
selected levels for the designed experiments. The termination
condition defined in line 15 of algorithm 2 is based on limit-
ing the number of iterations to 10 and the maximum number of
tabu search iterations (nTS

maxitr) to 300, which are kept fixed at all
levels of the parameters.
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In the designed experiments, the signal factors are the six pa-
rameters defined in Table 2. For three levels each, the L27 or-
thogonal array design is used. Meanwhile, the noise is defined
by the structure of the randomly generated instances. In gen-
erating random MOSP instances, we consider a moderate size
case of 10 workstations and 30 jobs. The number of machines
in a workstation is randomly generated using uniform distribu-
tion from 1 to 4. To determine whether a job visits a workstation
or not a uniform decimal random number in the range from 0
to 1.0 is generated and if its value is found to be less than or
equal to 0.4, the job will be allowed to visit the workstation.
Processing times are randomly generated in two stages. First a
mean value of the processing time on a workstation is randomly
generated using uniform distribution between 20 and 60. Then
the processing times of each specific job on the machines in the
workstation are randomly generated by multiplying the mean
workstation processing time by the number of machines in the
workstation by a factor that is randomly generated using uni-
form distribution between 0.7 and 1.3.

For the 27 treatment combinations of the L27 orthogonal ar-
ray design, 30 MOSP instances are randomly generated. Ac-
cordingly, a total of 810 independent SS/PR runs are conducted.
The RPD values are computed for each run as the response. It
is important to note here that more than 70% of the randomly
generated instances are excluded from the computational com-
parisons since optimal solutions with RPD= 0 are reached un-
der all treatment combinations, which means that no differences
can be tracked. This exclusion is justifiable at this stage ofthe
computational experiments as it is concerned with tuning the
SS/PR parameters based on difficult cases of the MOSP rather
than its overall average performance.

Table 3 shows the analysis of variance (ANOVA) results for
the signal to noise ratios based on the results of the computa-
tional experiments. At a 99% confidence level we can conclude
that factorsA, B, C and E are insignificant, while factorsD
andF are significant. The main effects plots for the mean RPD
values are shown in Fig. 3. Based on these results, we con-
clude that the best level for factorD is 40 and for factorF is 10.
Meanwhile, the levels of the other factors can be chosen arbi-
trarily without affecting the response on average. The high level
for factorE indicates that the TS needs longer time for intensi-
fication moves even when no improvement in the makespan is
obtained. Meanwhile, the low level of factorF means that small
number of consecutive randomly selected moves are needed for
better results. Such random moves are intended for diversifica-
tion purpose.

6.2. Results for MOSP instances
More detailed experiments are designed and conducted to in-

vestigate the effect of the changes in the problem structure on
the RPD of the developed SS/PR metaheuristic. The main char-
acteristics that differentiate the general MOSP from its special
case–the PMOSP for which metaheuristic approaches and ex-
perimentation dataset are available in the literature, are: 1) jobs
do not have to visit all workstations, 2) machines are not nec-
essarily identical, and 3) processing times on a given machine
may vary from one job to another. Therefore, it is necessary

Label Meaning Selected levels
|W| Number of workstations 6, 12
|J|/|W| Ratio of the number of jobs

to the number of worksta-
tions

2, 4, 6

qw Number of machines in a
workstation

U[1,3], U[4,6]

LL Loading level 0.4, 0.7, 0.9
PTVL Processing time variability

level
U[0.95,1.05],
U[0.75, 1.25]

Table 4: Notations and levels for the randomly generated MOSPinstances

to design test instances that take into consideration thesethree
characteristics.

Two levels for the number of workstations (|W|) are cho-
sen, they are 6 and 12. Three levels are chosen for the ratio of
the number of jobs to the number of workstations (|J|/|W|),
they are 2, 4 and 6. Two levels are selected for the number of
machines in a workstation (qw). The value ofqw is randomly
generated from 1 to 3 for the low level and from 4 to 6 for the
high level. For the realization of the first characteristic,during
the generation of a test instance, a job may be allowed to visit
a workstation with a probability value that is referred to asthe
loading level (LL). Three levels are selected forLL, they are
0.4, 0.7 and 0.9.

For the realization of the second and third characteristics, a
base value for the processing time on a workstationw, denoted
Dw, is randomly generated first uniformly in the range from 20
to 60. Then a jobj is assigned a processing time on machine
mw,k calculated asd j,w,k = p f t j,k×Dw×qw, where the processing
time factor (p f t j,k) is randomly generated based on a uniform
distribution. The lower and upper limits of the uniform distri-
bution that is used to generate values forp f t j,k are chosen such
that there are two levels of variability, which is referred to as
the processing time variability level (PTVL). The low level is
chosen with the range from 0.95 to 1.05; while the high level is
chosen with the range from 0.75 to 1.25. Generated processing
times are approximated to their nearest higher integer values.

Table 4 summarizes the considered parameters and their lev-
els in the randomly generated MOSP instances. Accordingly,
the current experimental design involves five factors with amix
of three and two levels. A full factorial design is used, lead-
ing to a total of 72 treatment combinations. For each treatment
combination, five replicates are generated randomly and 30 in-
dependent runs of the SS/PR metaheuristic are conducted for
each replicate. The SS/PR parameters are fixed for all runs
with factorsD andF are set at 40 and 10 respectively as rec-
ommended by the results of the parameter tuning experiments
in Sec. 6.1. For the other factors, their levels are selectedas 3,
5, 20, 10 forA, B, C andE respectively. Similar to the param-
eter tuning experiments in Sec. 6.1,Population Size= 20, the
termination condition defined in line 15 of algorithm 2 is based
on limiting the number of iterations to 10 andnTS

maxitr = 300.
The averageRPDof the 30 independent runs conducted for

each randomly generated instance, denotedRPD, is evaluated
and used as the response. Table 5 shows the ANOVA results
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Source DF Seq SS Adj SS Adj MS F P
A 2 0.0382 0.0382 0.0191 0.06 0.945
B 2 0.0685 0.0685 0.0343 0.1 0.905
C 2 2.0535 2.0535 1.0267 3.03 0.081
D 2 33.7002 33.7002 16.8501 49.68 0
E 2 0.0267 0.0267 0.0134 0.04 0.961
F 2 11.0822 11.0822 5.5411 16.34 0
Residual Error 14 4.7482 4.7482 0.3392
Total 26 51.7176

Table 3: Analysis of variance for the signal to noise ratios
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Figure 3: Main effects plot for the mean RPD at different levels of SS/PR metaheuristic parameters

for RPD focusing on the main effects and the two-way inter-
actions. At 99% confidence level, it is evident that all factors
have a significant effect onRPDexcept the number of worksta-
tions (|W|). Furthermore, the interactions of|W| with the other
factors do not significantly affectRPD.

Based on Fig. 4 which represents the interaction plots for
RPD, it can be concluded that for all significant factors, higher
levels will increase the value ofRPD. Meanwhile, when the
level of qw is low, the performance of the developed SS/PR
metaheuristic is better regardless of the levels of the other fac-
tors. This is attributed to the existence of a few bottleneckma-
chines that force the makespan to a specific value that can be
easily determined. In addition, the performance of the SS/PR
metaheuristic improves at the the lower levels of|J|/|W| re-
gardless of the levels of the other factors.

Even though the developed SS/PR metaheuristic has interme-
diate stopping rule whenever a solution with a makespan that
equals the lower bound is encountered, the average computa-
tional results support the intuition that the computational time is
directly proportional to the problem size. The ANOVA results
based on the average computational times for each instance
show that all factors have significant effects exceptPTVL. The
maximum reported average computational time is 87.9 seconds
and for all instances, the computational time does not exceed
100 seconds.

In order to have an overall assessment of the performance of
the developed SS/PR metaheuristic, Fig. 5 presents a histogram

for the distribution of the values of the best RPD obtained from
the 30 independent runs for the 360 MOSP instances. The best
RPD value is a measure of its capability of reaching optimal
or near optimal solutions. As shown in Fig. 5, the developed
SS/PR metaheuristic is capable of achieving the optimal solu-
tions for more than half of the tested instances (exactly 185in-
stances). The best RPD value exceeds 5% for only 17 instances.
The calculated descriptive statistics show that the average best
RPD is quite low with a value of 1.0925% and the standard
deviation is 1.682%. This supports the conclusion that the de-
veloped SS/PR metaheuristic is capable of achieving optimal or
near optimal solutions for the studied problem.

As an additional support to the above conclusion, the de-
veloped MILP model in Section 2 is used to solve the ran-
domly generated small MOSP instances having|W| = 6 and
|J|/|W| = 2. IBM ILOG CPLEX software version 12.8 (IBM,
Armonk, NY, USA) is used to solve the MILP model for these
small instances. CPLEX is a state of the art MILP solver that
utilizes branch-and-bound, branch-and-cut and dynamic search
algorithms. Table 6 presents the detailed computational results
for the conducted 30 independent runs of the developed SS/PR
approach along with the CPLEX runs for the 60 randomly gen-
erated MOSP instances. CPLEX is run with a computational
time limit of one hour. For some instances, CPLEX does not
converge to a proven optimal solution within this computational
time limit, which is the case when its lower bound (LBCPLEX)
does not equal its upper bound (UBCPLEX). As shown in ta-
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Source DF Seq SS Adj SS Adj MS F P
|W| 1 0.185 0.185 0.185 0.09 0.765
|J|/|W| 2 123.273 123.273 61.637 29.89 0
qw 1 24.933 24.933 24.933 12.09 0.001
LL 2 76.138 76.138 38.069 18.46 0
PTVL 1 84.947 84.947 84.947 41.19 0
|W|* |J|/|W| 2 6.343 6.343 3.172 1.54 0.216
|W|*qw 1 4.188 4.188 4.188 2.03 0.155
|W|*LL 2 2.37 2.37 1.185 0.57 0.564
|W|*PTVL 1 8.928 8.928 8.928 4.33 0.038
|J|/|W|*qw 2 170.804 170.804 85.402 41.41 0
|J|/|W|*LL 4 54.175 54.175 13.544 6.57 0
|J|/|W|*PTVL 2 44.296 44.296 22.148 10.74 0
qw*LL 2 113.003 113.003 56.501 27.4 0
qw*PTVL 1 31.93 31.93 31.93 15.48 0
LL*PTVL 2 12.598 12.598 6.299 3.05 0.048
Error 333 686.731 686.731 2.062
Total 359 1444.842

Table 5: Analysis of variance forRPDfor the randomly generated MOSP instances
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Figure 4: Interaction plot forRPDfor the randomly generated MOSP instances
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Figure 5: Relative frequency histogram for the distribution of the best RPD values for the 360 MOSP test instances
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ble 6, CPLEX does not converge to a proven optimal solution
in 21 instances.

The SS/PR results presented in Table 6 include the best and
the worst makespan values for the conducted 30 independent
runs and their total computational times in seconds. Out of 60
instances, SS/PR produced different best and worst makespan
values in only 8 instances. This indicates the low variability
in its results. A bold face in Table 6 is used in theUBCPLEX

and SS/PR best and worstCmax columns to indicate that a bet-
ter value is achieved by one of the two methods. As shown in
Table 6, in most of the instances, the performance of the devel-
oped SS/PR is comparable to CPLEX. Only in three instances
out of 60, CPLEX can achieve better upper bounds than SS/PR.
Yet, in two instances, SS/PR can achieve better results.

Furthermore, the results reported in Table 6 demonstrate the
tightness of the lower bound (LB) computed using Eq. (45). For
the 39 instances in which CPLEX converged to proven optimal
solutions, the computedLB is found to be less than the optimal
makespan in only eight instances. The average percentage de-
viation ofLB from the optimal makespan for these 39 instances
is found to be just 0.3736%.

6.3. Results for PMOSP benchmark instances
The benchmark instances of Matta (2004) for the PMOSP

are divided into four sets defined based on the number of work-
stations which are 2, 4, 8 and 16. The results generated us-
ing the developed SS/PR metaheuristic are compared with the
results of the genetic algorithm of Matta (2004, 2009) (GA),
the tabu search of Abdelmaguid et al. (2014) (TS) and the hy-
brid particle swarm optimization-tabu search metaheuristic of
Abdelmaguid (2014) (hPSTS). The results for the first set of
2 workstations are excluded since there are no differences in
the quality of the generated solutions between the compared
metaheuristic approaches, and the differences in computational
times are minor for such small instances.

To be consistent with the published results for the PMOSP
instances, ten independent runs are conducted for each instance
using the developed SS/PR metaheuristic. The levels for fac-
torsD andF are set at 40 and 10 respectively as recommended
by the results of the parameter tuning experiments in Sec. 6.1.
For the other factors, their levels are selected as 3, 5, 40, 10 for
A, B, C andE respectively. A large tabu list size (factorC) is
found to be suitable for the PMOSP instances as their solutions
contain large percentage of critical operations and many alter-
nate critical paths. Similar to the parameter tuning experiments
in Sec. 6.1,Population Size= 20, the termination condition de-
fined in line 15 of algorithm 2 is based on limiting the number
of iterations to 10 andnTS

maxitr = 300.
Tables 7, 8 and 9 present the makespan results for the com-

pared four metaheuristics. Both the average makespan calcu-
lated for the ten runs and the best found makespan are reported
along with the lower bound. For the best makespan results, a
bold face is used with the best found makespan values achieved
by the metaheuristics.

The best makespan results shown in Tables 7 to 9 demon-
strate that the developed SS/PR metaheuristic is capable of gen-
erating solutions with the best makespan values for all instances

except two instances in the 4-workstation set (S4-P6 and S4-
P23) and one instance in the 16-workstations set (S16-P4).
Meanwhile, it is capable of generating 18 new upper bounds
mostly in the sets of 8 and 16 workstations. This clearly indi-
cates that the developed SS/PR is mostly capable of providing
better solutions compared to existing metaheuristics, especially
for large size instances. This is culminated by its ability to find
seven previously unknown optimal solutions.

The average makespan values calculated for the four meta-
heuristics, which are reported in Tables 7 to 9 as well, indicate
that the developed SS/PR provides the most stable results. In-
deed, a measure of dispersion of the makespan values of the ten
runs would be more appropriate for such a conclusion. How-
ever, such a measure is not available for the four metaheuristics.
Alternatively, when the best makespan value is compared to the
average makespan of the same metaheuristic, the difference be-
tween both values can provide a sense of how the values are
dispersed. Clearly the developed SS/PR outperforms the other
metaheuristics in that regard.

Table 10 provides further information about the average per-
formances of the four metaheuristics for each set of the PMOSP
instances. As commonly done in the scheduling literature, the
relative percentage deviation (RPD) is evaluated for each in-
stance as in Eq. (52). The average of theRPD is then calcu-
lated based on the results of the ten runs. Based on these val-
ues, the average is calculated for all instances in each set,which
is denotedRPD. As shown in Table 10, the developed SS/PR
provides the best results for all three sets.

The average computational times are shown in Table 10. The
computational time results reported in the literature for the three
metaheuristics–GA, TS and hPSTS, are provided as is without
taking into consideration the difference between the processor
speed used therein and the current one. As reported in the litera-
ture, the computational experiments of the three metaheuristics
were conducted on quite equivalent processor speeds; whilethe
processor speed used in the SS/PR computational experiments
is about 2.3 times faster. Even though the computational time
of the developed SS/PR metaheuristic is larger than the com-
pared metaheuristics, it remains practically acceptable for such
large-size instances which reach in some cases 180 jobs and 16
workstations with a total of 112 machines.

7. Conclusions and future work

The multiprocessor open shop scheduling problem (MOSP)
was addressed in this paper, considering a general structure
which to the best of our knowledge has not been studied in
the literature before. This structure involves flexible routing
plans for jobs that does not force them to visit all worksta-
tions. It also considers a general situation in which parallel
machines in a workstation are not necessarily identical andthe
processing times of arriving jobs depend on both the machine
and the job. Since the MOSP is NP-hard, an efficient scatter
search with path relinking (SS/PR) metaheuristic approach was
introduced in this paper. Solution diversification is maintained
using a newly defined distance function that can measure the
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Replicate CPLEX SS/PR (30 runs)
qw level LL PTVL no. LB UBCPLEX LBCPLEX time BestCmax WorstCmax time

1 to 3

0.4

0.95 to 1.05

1 435 440 440 3.91 440 440 13.33
2 376 381 381 10.23 381 381 3.70
3 432 441 441 6.59 441 441 6.31
4 215 218 218 0.09 218 218 0.76
5 289 289 289 2.11 289 289 0.02

0.75 to 1.25

1 283 283 283 1 283 283 < 0.01
2 261 261 261 0.25 261 261 0.01
3 304 304 304 0.73 304 304 0.30
4 338 341 341 1.41 341 341 3.84
5 350 368 368 29.96 368 368 15.32

0.7

0.95 to 1.05

1 472 473 268.5 3600 473 473 22.56
2 408 413 413 146.88 413 413 20.62
3 575 585 352.31 3600 585 585 19.87
4 456 464 464 45.92 464 464 25.59
5 485 485 485 15.92 485 485 0.85

0.75 to 1.25

1 436 459 311 3600 463 472 30.64
2 424 433 422 3600 433 434 30.24
3 471 471 471 3380.83 471 471 0.99
4 543 543 509 3600 543 551 22.68
5 438 438 438 153.63 452 464 23.53

0.9

0.95 to 1.05

1 591 591 481 3600 591 591 0.07
2 595 597 442.08 3600 595 598 29.93
3 632 640 333.88 3600 640 640 32.03
4 656 671 339 3600 671 671 29.27
5 676 679 399 3600 676 677 36.29

0.75 to 1.25

1 523 534 269 3600 534 534 45.49
2 548 573 360 3600 573 573 32.09
3 687 694 331 3600 694 700 37.63
4 607 607 502 3600 607 607 0.10
5 596 607 303 3600 609 629 49.18

4 to 6

0.4

0.95 to 1.05

1 1006 1006 1006 3.38 1006 1006 0.05
2 553 553 553 0.7 553 553 0.07
3 784 784 784 0.34 784 784 0.03
4 664 664 664 0.5 664 664 0.03
5 810 810 810 1.88 810 810 0.12

0.75 to 1.25

1 973 973 973 0.91 973 973 0.06
2 682 682 682 0.61 682 682 0.10
3 952 952 952 2.2 952 952 0.05
4 740 740 740 2.48 740 740 0.08
5 862 862 862 0.66 862 862 0.05

0.7

0.95 to 1.05

1 1067 1067 1067 9.92 1067 1067 0.20
2 1122 1122 1122 6.17 1122 1122 0.05
3 1171 1171 1171 6.55 1171 1171 0.05
4 1154 1154 1154 7.8 1154 1154 0.13
5 1211 1211 1211 14.47 1211 1211 0.07

0.75 to 1.25

1 800 800 800 2698.22 800 800 0.30
2 1098 1098 1098 10.41 1098 1098 0.04
3 826 826 826 32.98 826 826 0.08
4 1027 1027 1027 27.67 1027 1027 0.30
5 1021 1021 1021 58.91 1021 1021 0.17

0.9

0.95 to 1.05

1 1429 1429 1014 3600 1429 1429 0.66
2 915 915 811 3600 915 915 1.30
3 1061 1061 676.98 3600 1061 1061 2.93
4 1242 1242 1013 3600 1242 1242 0.25
5 1112 1112 878 3600 1112 1112 0.63

0.75 to 1.25

1 900 900 900 177.02 900 900 1.10
2 1027 1027 1027 156.17 1027 1027 0.23
3 1256 1256 743 3600 1256 1256 0.19
4 927 927 927 23.11 927 927 0.13
5 1291 1291 1291 35.41 1291 1291 0.25

Table 6: Detailed SS/PR and CPLEX results for small MOSP instances having|W| = 6 and|J|/|W| = 2
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Instance LB
Average makespan of the ten runs Best makespan among the ten runs
GA TS hPSTS SS/PR GA TS hPSTS SS/PR

S4-P1 26 31.9 33 30.9 29.4 31 33 30 29*
S4-P2 21 21 21 21 21 21 21 21 21
S4-P3 48 56.1 54 52.2 51 54 51 51 51
S4-P4 27 28.8 30 29.4 27 27 30 27 27
S4-P5 32 33.6 32 32 32 32 32 32 32
S4-P6 25 27.9 28.1 26 28 26 28 26 28
S4-P7 36 36 40 36 36 36 40 36 36
S4-P8 33 33 34 33 33 33 34 33 33
S4-P9 39 47.8 48 44.2 41.9 46 47 41 41
S4-P10 56 57.6 56 56 56 56 56 56 56
S4-P11 40 43.7 40.6 40.8 40 43 40 40 40
S4-P12 30 33 37.2 32.2 32 32 36 32 32
S4-P13 40 40 40 40 40 40 40 40 40
S4-P14 45 46.7 48 45.9 45 45 48 45 45
S4-P15 36 36 36 36 36 36 36 36 36
S4-P16 32 35.4 34 33.8 32 34 34 32 32
S4-P17 32 38 37.6 36.6 36 38 36 36 36
S4-P18 24 24 28 27.6 24 24 28 24 24
S4-P19 36 36.1 37 36 36 36 37 36 36
S4-P20 60 68.9 68.5 63 63 63 63 63 63
S4-P21 32 37 37 34 34 34 34 34 34
S4-P22 35 37.9 36.7 35.9 35 37 35 35 35
S4-P23 21 24.6 24.6 23 24 24 24 23 24
S4-P24 44 45.1 46.6 44.1 44 44 46 44 44
S4-P25 21 21.9 23.5 22.9 21 21 22 21 21
* New upper bound

Table 7: Makespan results for PMOSP instances with 4 workstations

Instance LB
Average makespan of the ten runs Best makespan among the ten runs
GA TS hPSTS SS/PR GA TS hPSTS SS/PR

S8-P1 48 60.4 55.9 55.7 52 57 53 53 52*
S8-P2 32 39.6 35 35.9 34.8 39 35 35 34*
S8-P3 32 37.5 34.9 34.9 32.8 37 34 33 32**
S8-P4 108 129.9 120.3 115.8 111.3 126 120 114 111*
S8-P5 78 87.2 78 78 78 85 78 78 78
S8-P6 63 71.9 64.3 64 63 70 64 63 63
S8-P7 36 40.2 36.3 37.2 36 39 36 36 36
S8-P8 55 68.1 64.3 59.9 58 66 59 58 58
S8-P9 42 49.1 43.6 45.3 42.1 48 43 44 42**
S8-P10 32 38.8 37.3 35.2 34 38 36 34 34
S8-P11 45 47.8 45 45 45 47 45 45 45
S8-P12 60 68.8 62.8 62.8 60.2 67 61 61 60**
S8-P13 35 41.6 38.1 37.8 36 41 36 36 36
S8-P14 84 93.9 85.1 85.3 84 92 84 84 84
S8-P15 60 69.3 61.9 62.4 60 68 61 62 60**
S8-P16 70 84.4 76.2 76.5 75 83 76 76 75*
S8-P17 60 65.5 60.2 61 60 64 60 60 60
S8-P18 56 62.6 58 59.2 56 62 56 58 56
S8-P19 75 84.3 78 79.8 77.1 81 78 78 75**
S8-P20 49 55.5 49.9 50.4 49 53 49 49 49
S8-P21 42 47.3 42.5 43 42 46 42 42 42
S8-P22 30 31 30 30 30 30 30 30 30
S8-P23 75 77.4 75 75 75 75 75 75 75
S8-P24 35 42.2 38 37.4 36 41 36 37 36
S8-P25 35 41.6 37.2 38.5 36 40 36 38 36
* New upper bound
** New optimal solution

Table 8: Makespan results for PMOSP instances with 8 workstations
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Instance LB
Average makespan of the ten runs Best makespan among the ten runs
GA TS hPSTS SS/PR GA TS hPSTS SS/PR

S16-P1 135 162.6 144.6 147.3 144 159144 144 144
S16-P2 99 112.7 100 100.3 99 11199 100 99
S16-P3 140 164.7 146.2 144.8 143 163 144 144 143*
S16-P4 104 125.9 108.2 108.6 107.3 124106 107 107
S16-P5 100 119.8 108.2 108.1 104 118104 106 104
S16-P6 143 167.2 147.1 145.7 144 165 145 145 144*
S16-P7 121 142.4 124.2 125.7 122.9 141 123 125 122*
S16-P8 63 70.2 63 63.3 63 69 63 63 63
S16-P9 121 140.9 124.2 124.4 121.9 140121 123 121
S16-P10 120 140.1 122.2 123.5 121 139121 122 121
S16-P11 80 92.2 80 81.9 80 90 80 81 80
S16-P12 154 194.6 166.7 167.8 164 192 166 166 163*
S16-P13 180 213.6 188.1 188.4 181.8 210 183 183 180**
S16-P14 84 99.7 88 87.8 86 98 88 87 85*
S16-P15 126 147.8 130.3 131.8 127.1 146127 129 127
S16-P16 56 67.1 59.2 59.3 57.3 66 57 58 57
S16-P17 70 81.5 71.3 72.3 70.3 80 70 71 70
S16-P18 110 128.2 115 115 110.2 126 112 114 110**
S16-P19 112 136.6 124.6 121.2 115.9 135 117 117 115*
S16-P20 90 105.4 94.2 95.2 92 10492 94 92
S16-P21 88 105.8 94.3 93.8 90 10390 91 90
S16-P22 60 67.8 62.2 61.4 60 67 60 61 60
S16-P23 70 85.5 74.7 74.8 73 84 73 74 73
S16-P24 60 67.6 60.5 61.1 60 66 60 61 60
S16-P25 120 140.1 122.6 124.1 121 137121 123 121
* New upper bound
** New optimal solution

Table 9: Makespan results for PMOSP instances with 16 workstations

|W|
RPD Average computational time (seconds)

GA TS hPSTS SS/PR GA TS hPSTS SS/PR
4 8.15 9.81 5.31 3.34 18.81 8.05 12.03 9.33
8 15.19 5.58 5.58 2.14 120.65 55.66 70.32 59.68
16 17.80 4.17 4.49 1.86 206.36 120.81 148.08 207.93

Table 10: Average performance and computation time results comparison for PMOSP instances
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dissimilarity between any given two solutions. Two neighbor-
hood search functions and two solution combination functions
were also developed. The theoretical basis for the feasibility
and improvement conditions were demonstrated using a net-
work model of the studied problem.

Computational experiments were conducted first on ran-
domly generated MOSP instances to determine the effective
parameters of the developed metaheuristic and their best val-
ues. Then, to examine the performance of the developed SS/PR
metaheuristic, computational experiments that take into consid-
eration the general structure of the studied problem with differ-
ent configurations were conducted. It was found that the devel-
oped SS/PR is capable of producing efficient solutions that are
on average 1.0925% far from the lower bound. Since there is
no known previous experimental work for the studied problem
that can provide a reference for comparison with other heuris-
tic approaches, the benchmark instances of the special case
of proportionate multiprocessor open shop scheduling problem
(PMOSP) were used in the computational comparison. In the
PMOSP, jobs visit all workstations, the parallel machines that
belong to a workstation are identical and the processing time
on a machine does not vary from one job to another. By com-
paring the developed SS/PR with previously developed genetic
algorithm (GA), tabu search (TS) and hybrid particle swarm-
tabu search (hPSTS) metaheuristics, it was found that the devel-
oped SS/PR can produce solutions with the lowest average per-
centage deviation from the lower bound for all problem sizes.
Among the 75 PMOSP instances tested, the developed SS/PR
was capable of generating new upper bounds for 18 instances,
among them seven solutions are optimal.

This work can be extended by considering additional features
of the problem structure such as sequence-dependent setup
times, transportation times for a material handling equipment
used for moving materials between workstations, and the con-
sideration of more than one objective function.

Nomenclature

A(T,P) Set of all arcs in the network representation of
a solution (T,P)

A1(T) Set of arcs in the network representation gener-
ated based on vectorT of a solution

A2(P) Set of arcs in the network representation gener-
ated based on vectorP of a solution

By A solution combination function wherey = 1
or 2

Cmax Maximum completion time (makespan)
C−y

max Maximum completion time based on network
Γ−y

C+y
max Maximum completion time based on network

Γ+y

c j Completion time of jobj
d j,w,k Processing time of operationo j,w on machine

mw,k

f Label of the terminal node in the network rep-
resentation of a solution

J Set of jobs
Jw Subset of jobs that require processing on work-

stationw
l(θ) Length of pathθ in the network representation

of a solution
ℓ(i1, in) Longest path length from nodei1 to nodein in

networkΓ
ℓ−y(i1, in) Longest path length from nodei1 to nodein in

networkΓ−y

ℓ+y(i1, in) Longest path length from nodei1 to nodein in
networkΓ+y

M A sufficiently large number for the MILP
model

M Set of all machines in the system
Mw Set of parallel machines in workstationw
mw,k Machinek in workstationw
Ny A neighborhood search function, wherey = 1

or 2
O Set of operations for all jobs
O j Set of operations of jobj
o j,w The operation of processing jobj in worksta-

tion w
P Vector of vectors of processing sequences on

machines in a solution
qw Number of machines in workstationw
ℜ Set of reference solutions
s Label of the origin node in the network repre-

sentation of a solution
sj,w Start time of operationo j,w

T Vector of permutations of operations represent-
ing the workstations visiting orders of jobs in a
solution

ti Weight of nodei in the network representation
of a solution

t−y
i Weight of nodei in the networkΓ−y

t+y
i Weight of nodei in the networkΓ+y

V Set of all nodes in the network representation
W Set of workstations
Wj Subset of workstations to be visited by jobj
Xρ

e Position of elemente in permutationρ
Xρ

ρ′
Position of sub-permutationρ′ in permutation
ρ

α
Ny
v The minimum feasible insertion position of op-

erationv in the application ofNy

β(i) The job to which operationi belongs
Γ Network generated based on a solution
Γ−y The network that results from removing opera-

tion vy as part of applying neighborhood search
functionNy wherey = 1 or 2

Γ+y The network that results from reinserting op-
eration vy as part of applying neighborhood
search functionNy wherey = 1 or 2

γi The minimum time needed from the start of op-
erationi to the completion of the schedule
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γ
−y
i The minimum time needed from the start of

operationi to the completion of the schedule
based on the networkΓ−y

γ
+y
i The minimum time needed from the start of

operationi to the completion of the schedule
based on the networkΓ+y

∆ Distance between two complete solutions
ǫ A small number representing change in dis-

tance in applying solution combination
ηi Earliest start time of operationi
η
−y
i Earliest start time of operationi in networkΓ−y

η
+y
i Earliest start time of operationi in networkΓ+y

τ j A permutation of operations defining the order
by which job j visits the workstations in a so-
lution

−→τ (i) Node that directly succeeds the node of opera-
tion i based on the job sequence or nodef

←−τ (i) Node that directly proceeds the node of opera-
tion i based on the job sequence or nodes

λi Latest start time of operationi
λ
−y
i Latest start time of operationi in networkΓ−y

λ
+y
i Latest start time of operationi in networkΓ+y

µ(P, i) Machine assigned to operationi as represented
in P of a solution

Πw Vector of permutations representing the pro-
cessing sequences on the machines in worksta-
tion w

πmw,k Permutation of operations representing the pro-
cessing sequence of operations on machine
mw,k in a solution

−→
π (i) Node that directly succeeds the node of opera-

tion i based on processing order on the assigned
machine or nodef

←−π (i) Node that directly proceeds the node of opera-
tion i based on processing order on the assigned
machine or nodes

Θ̇ Set of all critical operations
Θ̄ Set of all critical paths in a network with the

exclusion of the origin and terminal nodes
θ A permutation representing a path in the net-

work representation of a solution
ρ[x] Element in positionx in permutationρ
ρ̇ Set of elements of permutationρ
Ψ Distance between two vectors of permutations
ψ Distance between two permutations

ω
Ny
v The maximum feasible insertion position of op-

erationv in the application ofNy
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