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Many life applications are extremely depending on using the robots, thus the human are seeking to
develop efficient robots. Robot learning is to acquire extra knowledge in order to achieve objective con-
figuration. In addition, robot learning from demonstration is about teaching the robot how to do specific
task by the guidance of the human. Till now, learning from demonstration depends on discrete data
which may cause distortion in the learning outcome. So that, preprocessing phase for the data is neces-
sarily to handle this distortion. In this paper, we propose a new scheme for generating a generalized tra-
jectory by employing set of demonstrated trajectories. Such that preprocessed data is used initially
instead of the raw data, the preprocessing is done using posterior hidden Markov model state distribu-
tion. The rest of the model is based on set of key points identified for each demonstration. Our proposed
scheme is experimentally compared to the previous works. The results show that our proposed scheme is
able to reduce the error in comparison to other recent schemes with insignificant added computational
cost.
� 2017 Production and hosting by Elsevier B.V. on behalf of Faculty of Computers and Information, Cairo

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction

Nowadays, the needs of the human being are highly relying on
using robots in many life applications. Accordingly, the need to
produce intelligent robots is drastically increasing. Robot learning
is considered to be a combination between the robotics and the
machine learning fields. The transition from a current state of the
robot to another to execute new action (i.e. policy) is the core of
robotics applications. The machine learning techniques are tradi-
tionally used to develop new polices [1].

The traditional technique for programming the robot is to have
a human programmer. The programmer needs to code the required
task and make the robot adapted to any new situation. In this tech-
nique, the programmer needs to break down the task for many
steps then perform testing for each step. If the robot meets unex-
pected conditions after coding the task and deploying the robot,
the coding procedure may need a lot of modifications or to be
repeated. In contrast to this traditional learning technique, robot
learning from demonstration does not require an expert user,
and hence it eliminates the need to go deeply in the technical
details [1–3]. Robot programming by demonstration enables the
development of new medical applications for using the robots as
surgical assistants [4].

Among the learning from demonstration techniques, the com-
monly used approach is developed such that a robot learns how
to do a task using its own sensors instead of interpreting the body
of a demonstrator or even another robot. The demonstrator teaches
the robot in an iterative manner using multiple demonstrations,
thus the robot is enabled to produce a generalized demonstration.
If any error found during performing the task, the demonstrator
will just provide other demonstrations. The objective is to expand
the ability of the robot to handle new conditions and to be adjusted
to those conditions.

In learning from demonstration, the mapping between the
states and actions should be done from a state experienced to an
action already taken. Learning from demonstration is divided into
two phases, first collecting the demonstrations then developing
new policy according to the collected demonstrations [1].
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Many techniques have been applied to model the demonstrated
data in the trajectory level. It has been found in the literature that
hidden Markov models (HMMs), Gaussian mixture models (GMMs)
and conditional random fields have been applied successfully for
modeling the demonstrated data [3,5–9]. Alizadeh et al. [3]
employed an approach that focus on the problem that happens
when there are some missed parameters for the task reproduction.
In their proposed approach, they used the Gaussian mixture model
for the trajectory reproduction. Another work was presented by
Vakanski et al. [8], the authors employed an approach for trajec-
tory reproduction. In their approach, Conditional Random Field
was used for modeling the demonstrations and for finding the
most important features that are needed for reproducing a gener-
alized trajectory.

HMM is the most widely used technique compared to the
others found in the literature because of its capability to model
spatial and temporal variations in the data. Calinon and Billard
[6] employed key points approach based on HMM to generate a
trajectory. The authors used the forward algorithm for HMM to
find a set of observation sequences. Afterwards, the Viterbi algo-
rithm was used to find the most likely sequence of hidden states
for the sequence with the highest log likelihood. Third order spline
fit was applied to find a generalized trajectory. The drawback of
this approach is that they used the key points from only one
demonstration. The generalized trajectory may miss some impor-
tant key points found in the other demonstrations.

Asfour et al. [7] employed a similar HMM-based key point
approach for trajectory learning. The authors used the term com-
mon key points to refer to the key points that are found in all
demonstrations. The Viterbi algorithm was also used to find the
most likely sequence of hidden states for each demonstration.
Then, linear interpolation was used between the common key
points to find a generalized trajectory. The drawback of this
approach is that they used only the common key points in the
interpolation phase. Thus, it would eliminate an important key
point because it was missed in one of the demonstrations.

Vakanski et al. [9] employed an approach such that the key
points from all demonstrations are used in the trajectory reproduc-
tion. The authors used the Linde–Buzo–Gray (LBG) algorithm for
the selection of key points. Afterwards, Discrete Hidden Markov
model was used to model the set of key points. Dynamic time
warping (DTW) was applied to align the key points in time.
Weighting coefficients are assigned to each set of key points to
consider the variance of the key points among the demonstrated
data. Finally, Cubic spline interpolation was used to generate a
generalized trajectory. The drawback of their approach is that they
used discrete HMM (DHMM) to model the demonstrated trajecto-
ries and this would lead to local distortion in the demonstrated
data. Hence, there is a need to preprocess the trajectory raw data
to overcome such a distortion problem.

Calinon and Billard [10] presented an approach for gesture
recognition and reproduction. Their approach is based on two main
stages: (1) Using Principal component analysis (PCA) or Indepen-
dent component analysis (ICA) for the decomposition of the data
as a preprocessing stage, (2) Applying hidden Markov models
(HMMs) for the encoding of the gestures. Another approach used
for the dimensionality reduction is the factor analyzers [11]. The
authors proposed an approach for trajectory learning from demon-
stration based on using probabilistic motion primitives for repre-
senting the demonstrated trajectories. In this approach, the
motion was recorded by the body of the human then correspon-
dence map between the human and the robot was achieved. This
approach can be used in many applications such as surgical appli-
cations [4]. Another approach for learning from demonstration,
which avoids interpreting the body of the human to the kinematics
of the robot, is called Kinesthetic teaching, in which the motion is
recorded using the body of the robot [9]. This approach is espe-
cially important on highly-dynamic tasks [12]. The Kinesthetic
teaching approach is employed in our proposed scheme.

It is seen from the literature that the learning from demonstra-
tion depends mainly on discrete data which may cause distortion
in the learning outcome. Thus, a preprocessing phase for the data
is necessarily to handle this kind of distortion. In this paper, a
new scheme for robot trajectory learning is developed by employ-
ing the posterior HMM state distribution [13] as a preprocessing
step. Posterior HMM state distribution is used in reconstructing
the trajectory data using set of hidden states. The reconstructed
data is used instead of the raw data to identify the positions of
the initial key. And hence, this would lead to enhancement in iden-
tifying the positions of the initial key points. After identifying the
initial key points, HMM is used to model the set of key points.
Afterwards, DTW is used for the temporal aligning of the key
points. Weighting coefficients are assigned such that the low vari-
ance parts can have higher weights than the high variance parts.
Finally, the last step deals with interpolating the set of aligned
key points and its weights using cubic spline interpolation to find
a generalized trajectory.

The rest of the paper is organized as follows: data preprocessing
phase is presented in Section 2, in Section 3 the initial key points
selection is discussed, modeling of the key points is addressed in
Section 4, trajectory generalization is presented in Section 5, the
experimental work is shown in Section 6 and finally the results,
comparisons and discussions are reported in Section 7.
2. Posterior HMM state distribution

The input for the proposed scheme consists of the raw demon-
strated trajectories and the output of this stage is the preprocessed
trajectories. Two steps are performed within this stage: (1) the
missed fields consisting of NaNs are interpolated from the rest of
the data; (2) after interpolating the NaNs fields, the interpolated
data are then reconstructed using posterior HMM state
distribution.

2.1. Data gathering

The work presented in this paper is mainly based on data got
from teaching the robot how to do specific task. The demonstrator
teaches the robot by moving the robot to do the required task so
that the robot will not need to interpret the movement of the tea-
cher or even another robot. The data contains set of M demon-
strated trajectories, each trajectory Xm contains 6-D
measurements for the position and Euler’s roll–pitch–yaw angles
for the tool’s orientation data where m 2 f1;2; . . . ;Mg. We pro-
posed a model for generating a generalized trajectory from a set
of key points which define the most important features in each
of the demonstrated trajectories.

A block diagram of the proposed scheme is shown in Fig. 1. We
have used the posterior HMM state distribution to interpolate the
data initially using set of states defined in each trajectory.

2.2. HMM parameters initialization

A set of hidden states and observation symbols are needed to
employ the posterior HMM state distribution. Thus, the normalized
positions and velocities [9] of each trajectory are combined and
clustered using K-means algorithm. The clustering phase is used
twice: first to represent each trajectory in a set of observation sym-
bols and second for having set of hidden states. The combined data
are mapped into set of discrete observation symbols (i.e. Om) and
into clusters labels (i.e. Cm) too. Afterwards, the parameters needed



Fig. 1. Block diagram of the proposed scheme.

Fig. 2. Graphical representation of an HMM.
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for applying posterior HMM state distribution are estimated using
the clusters labels and the observation symbols. A graphical repre-
sentation of HMM is shown in Fig. 2, where qt 2 fs1; s2; . . . ; sTg
denotes the hidden state and ot denotes the observation symbol
at time index f1;2; . . . ; t; t þ 1; . . .g. A HMM can be represented
as: k ¼ fA;B;pg.

� Transition Probabilities (A)

The probability of the transition from state i at time t to state j
at time t + 1 is denoted by aij ¼ P½stþ1 ¼ jjst ¼ i�, form the state tran-
sition matrix A ¼ faijg where i; j ¼ f1;2; . . . ;Nsg, and Ns is the num-
ber of states in the model. The state transition diagram is shown in
Fig. 3. The state transition matrix is calculated as follows:

ai;i ¼ ð1� 1=siÞð1=ZÞ ð1Þ
ai;iþ1 ¼ ð1=siÞð1=ZÞ ð2Þ

ai;iþ2 ¼ ð1=4siÞð1=ZÞ ð3Þ
where si is the duration of state i in the demonstration and Z is con-
stant for normalization.

� Observation probabilities (B)
The observation probability of a symbol qk while the model is at
state i is denoted by biðkÞ ¼ P½qk at tjst ¼ i�, form the observation
probability matrix. It is calculated as follows:

biðkÞ ¼ niðqkÞ=si ð4Þ
where niðqkÞ is how many times the symbol qk is appeared with the
state i.
Fig. 3. State transition diagram.
� Initial state probabilities (p)
The probability of being at state i at time t is denoted by pi and
it is initialized as p = [10 . . . 0].

2.3. Trajectories reconstruction

After identifying the parameters of the HMM, the delta matrix
probabilities is calculated ‘‘d”. In our proposed scheme, delta
matrix is used to reconstruct the trajectory data. The probability
dtðiÞ for any sequence to have the highest probability path for the
first T observations is defined for the state Si,

dtðiÞ ¼ max
q1 ;q2 ;::;qt

pðq1; q2; ::; qt ¼ i; o1; o2; ::; otjkÞ ð5Þ

dtðiÞ ¼ Pðq�
1q

�
2::q

�
t ¼ i; o1o2::otjkÞ ð6Þ

We will consider that:

Pðq�
t ¼ ijo1o2 � � � ot; q1q2 � � � qt�1Þ

¼ Pðq�
t ¼ i; o1o2 � � � ot; q1q2 � � � qt�1jkÞX

j
Pðq�

t ¼ j; o1o2 � � � ot; q1q2 � � � qt�1jkÞ
ð7Þ

Pðq�
t ¼ ijo1o2 � � � ot; q1q2 � � � qt�1Þ ¼

dtðiÞX
j
dtðjÞ

ð8Þ

dtðiÞis calculated as follows:

� Initialization

dtðiÞ ¼ pibiðO1Þ;1 6 i 6 N ð9Þ
� Recursion

dtðjÞ ¼ max
16i6N

½dt�1ðiÞaij�bjðtÞ;2 6 t 6 T;1 6 j 6 N ð10Þ

Numerical example for the calculation of the delta matrix is
shown in Table 1. After calculating the delta matrix, the new trajec-
tory data Ym is calculated as follows:

YmðtÞ ¼ E Cm
i ðtÞjo1o2 � � � ot

� � ¼
Z 1

�1
Cm
i ðtÞP Cm

i ðtÞjo1o2 � � � ot
� �

dt ð11Þ

This satisfies the minimum mean square error (MMSE)
criteria since Cm

i ðtÞ is a function of the state, we can use
Pðq�

t ¼ ijo1o2 � � � ot ; q1q2 � � � qt�1Þ.

YmðtÞ ¼
XNs

i¼1

Cm
i ðtÞPðq�

t ¼ ijo1o2 � � � ot; q1q2 � � � qt�1Þ ð12Þ

YmðtÞ ¼
XNs

i¼1

Cm
i ðtÞ

dtðiÞP
jdtðjÞ

ð13Þ

Then the reconstructed data Ym is used instead of Xm to find the
position of the initial key points.



Table 1
Numerical example for the calculation of the delta matrix.

Assuming we have those probability matrices for the transition and observation probabilities,
A = [0.95, 0.05; 0.10, 0.90], B = [1/6, 1/6, 1/6, 1/6, 1/6, 1/6; 1/10, 1/10, 1/10, 1/10, 1/10, 1/2;]
For the following sequence:
[1, 5, 2, 4, 1, 4, 2, 4, 5, 5, 3, 1, 2, 6, 1, 5, 4, 6, 1, 3]
The delta matrix is:
[1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1; 1, 1, 1, 2, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 1, 1, 2, 2, 2, 2]
After normalization the delta matrix is:
[0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185, 0.0185; 0.0185,

0.0185, 0.0185, 0.0370, 0.0370, 0.0370, 0.0370, 0.0370, 0.0185, 0.0370, 0.0370, 0.0370, 0.0370, 0.0370, 0.0185, 0.0185, 0.0370, 0.0370, 0.0370, 0.0370]
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3. Initial key points selection

After the reconstruction of the data using posterior HMM state
distribution, the new data will be clustered using K-means algo-
rithm [14] and the initial key points will be defined at the transi-
tion between the clusters labels in each demonstration.

K-means algorithm starts with initialization of a set of K means
m1

1; . . . ;m
1
k then the algorithm alternates between the following

two steps repeatedly until the clusters assignments do not change.

� Assignment step: each point is assigned to the nearest cluster.

SðtÞi ¼ yp : yp �mðtÞ
i

��� ���2
6 yp �mðtÞ

j

��� ���28j;1 6 j 6 k
� �

ð14Þ

� Update step: the centroid of each cluster is updated to be the
mean of the new cluster points.

mðtþ1Þ
i ¼ 1

SðtÞi

			 			
X
yj2SðtÞi

yj ð15Þ
4. Modeling of the key points

After identifying the initial key points for each demonstration,
the reconstructed data are mapped into set of discrete observation
symbols. Discrete HMM is used for modeling the demonstrated tra-
jectories. The parameters needed for applying HMM (a,b,p) are ini-
tialized using the minimum distortion trajectory and calculated
according to Bakis left-right topology [15]. The minimum distor-
tion trajectory Xr is selected using the criteria mentioned in [16]
and [17].

r ¼ argmin
16m6M

PNm
n¼1ðan;m � lðln;mÞÞ

Nm
ð16Þ

Number of hidden states is set equal to number of key points in
this minimum distortion trajectory plus 1 and Q is set equal to
number of observation symbols. Discrete HMM is trained on each
observation sequence using the initialized parameters. The Viterbi
algorithm is used to find the most likely sequence of hidden states
for each observation sequence. Afterwards, the key points are mod-
ified to be at the position and orientation values of trajectory that
correspond to transition between the hidden states. Until this step,
there are set of key points for each demonstration but they are not
temporally aligned. Dynamic time warping algorithm is used to
solve this issue.
5. Trajectories generalization

5.1. Dynamic time warping (DTW)

The reference time sequence is selected by finding the observa-
tion sequence with the highest log-likelihood [15]. The time
sequence of the reference trajectory is modified using the average
durations of the hidden states s1 for i ¼ 1; � � � ;Ns. The new time
index of the key points is assigned such that tK1 ¼ 1 and the time
index of the jth key point is set as

tkj ¼ 1þ
Xj�1

i¼1

si for j ¼ 2; . . . ;Ns ð17Þ

This modified time sequence is used to align the rest of the tra-
jectories using the dynamic time warping algorithm. The descrip-
tion of dynamic time warping algorithm to align two time
sequences (A of length I) & (B of length J) is done as follows:

� Initial condition: g(1,1) = 2d(1,1).
� Dynamic programming equation:

gði; jÞ ¼ min
gði; j� 1Þ þ dði; jÞ
gði� 1; j� 1Þ þ 2dði; jÞ
gði� 1; jÞ þ dði; jÞ

2
64

3
75 ð18Þ

� Restriction condition (adjustment window):
j� r 6 i 6 jþ r

� Time-normalized distance:

DðA;BÞ ¼ 1
N
gðI; JÞ ð19Þ

Shape preserving constraint is applied so that all sequences
would have a length equal to the average of all sequences lengths
[18]. The new time index of each key point is assigned from the
warped time sequences.

5.2. Weighting coefficients

Weighting coefficients are assigned to the key points because
the approaching and departing parts have higher variance than
the inner parts of the trajectories [19,20]. The weighting coeffi-
cients are measured using the root mean square error to check
the nearness of each set of key points. The following equations
are used to calculate the RMSE and the weighting coefficients:

RMSEðkjÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXM
m¼1

kDTWj;m � kDTWj

� �2

vuut ð20Þ

wj ¼
0; for RMSEðkjÞ P emax

emax�RMSEðkjÞ
emax�emin

; for emin 6 RMSEðkjÞ 6 emax

1; for RMSEðkjÞ 6 emin

8><
>:

9>=
>; ð21Þ
5.3. Interpolation of the key points

After assigning the weights, cubic spline interpolation is used to
produce the generalized trajectory [21].

The pseudo-code algorithm of the proposed model is shown in
Table 2.



Table 2
Pseudo-code algorithm of the proposed model.

Begin
Preprocessing
For (# of trajectories)
1st clustering using K-means Eqs. (14) and (15)(14) and (15)(14) and (15): output clusters labels
2nd clustering using K-means Eqs. (14) and (15)(14) and (15)(14) and (15): output observation symbols
Compute HMM parameters:
Compute ‘‘a” matrix using Eqs. (1)–(3)(1)–(3)(1)–(3)(1)–(3)
Compute ‘‘b” matrix using Eq. (4)(4)
Set p = [10 . . . 0].

Calculate the reconstructed data
Compute delta matrix using Eqs. (9) and (10)(9) and (10)(9) and (10)
Compute reconstructed data using Eq. (13)(13)

End_For

Initial identification of the key points
For (# of trajectories)
Clustering for the reconstructed data using K-means Eqs. (14) and (15)(14) and (15)(14) and (15)

End_For

Modeling of the key points
The minimum distortion trajectory is selected using Eq. (16)(16)
The reconstructed data is clustered twice using K-means to output the states and observation symbols by Eqs. (14) and (15)(14) and (15)(14) and (15)
Compute HMM parameters as declared above for the minimum distortion trajectory
For (# of trajectories)
Apply Viterbi algorithm to find the most likely sequence of hidden states

End_For

Dynamic time warping
Find the sequence with the highest log-likelihood
Modify the time of the key points using Eq. (17)(17)
Apply dynamic programming Eq. (18)(18)
Update the time index of the key points according to the warped time sequences

Key points weighting
For (# of key points)
Calculate the RMSE of the key point
Calculate the weighting coefficient of the key point

End_For
Interpolation
Apply cubic spline interpolation to get the generalized trajectory

End
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6. Experimental work

In order to show the effectiveness of the proposed scheme, the
data set in [9] have been used in our experimental study. An oper-
ator was used to move a hand tool for painting the panel virtually
where the tool works as a spray gun. The paintings have been
applied in a dry form for some practical reasons. An optical track-
ing system Optotrak Preseon was used to track the optical marker
attached on the hand tool shown in Fig. 4b. The data set resulted
from recording the pose of the tool with respect to the reference
frame of the panel, shown in Fig. 4a. The data set contains group
of demonstrated trajectories resulted from conducting two exper-
iments. The first data set represents a simple trajectory case. How-
ever, a complex trajectory was followed in the second experiment,
such that it includes waving motions of the painting tool with dif-
ferent amplitudes.
Fig. 4a. Experimental setup at NRC-IAR’s laboratories for the experiment presented
in [9].
6.1. First experiment with simple trajectory

In the first experiment, the task of the demonstrator was to
draw a panel by starting at initial position, moving to the upper left
corner, drawing the contour of the panel clockwise, drawing its
inner part by moving left to right, and return back to the initial
position. This task was demonstrated four times by four different
operators resulting in sixteen demonstrated trajectories. Then, by
eliminating the inconsistent trajectories, the resultant data set
consisted of twelve trajectories. Each trajectory contained 6-D
measurements for the position and orientation data. The positions
of demonstrated data were shown in Fig. 4c.
The missed fields consisting of NaNs were interpolated from the
rest of the data. The posterior HMM state distribution was applied
to interpolate each trajectory from a set of hidden states. As men-
tioned in Section 2.3, to employ the posterior HMM state distribu-
tion, the normalized positions and velocities of the raw data are
clustered using K-means algorithm twice: first with 256 observa-
tion symbols and second with 64 clusters as the number of the



Fig. 4b. Perception of the demonstrations with the optical tracking system.
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states. Each trajectory Xm was mapped into the observation sym-
bols (i.e. Om) and into clusters labels (i.e. Cm) where m =
{1,2,. . .,12}. Afterwards, the parameters (A,B,p) are estimated using
the clusters labels and the observation symbols as explained in
Section 2.2. The delta matrix ‘‘d” is calculated for each demonstra-
tion as explained in Section 2.3 and then the data are reconstructed
using Eq. (13). After reconstructing the data, the reconstructed data
were used to find the initial key points. The new data were clus-
tered using K-means algorithm with 64 clusters then the initial
key points were assigned at the transitions between the clusters
labels. The initial selection of key points in the minimum distortion
trajectory is shown in Fig. 5.

After identifying the initial key points for each demonstration,
the recorded data were mapped into set of discrete observation
symbols then the discrete HMMwas used for modeling the demon-
strated trajectories. Number of observation symbols was set equal
to 256 exactly as used in [9]. The parameters needed for applying
HMM (a,b,p) were initialized using the minimum distortion trajec-
tory and were calculated according to forward algorithm [15]. The
minimum distortion trajectory was selected using the criteria
mentioned in [16] and [17]. The selected trajectory using the crite-
ria was X12.
Fig. 4c. The x-y-z position coordinates for the dem
Number of hidden states was set equal to number of key points
in this minimum distortion trajectory plus 1, and Q was set equal
to number of observation symbols. Discrete HMM was trained on
each observation sequence using the initialized parameters. Then,
the Viterbi algorithm was used to find the most likely sequence
of hidden states for each observation sequence. Afterwards, the
key points were modified to be at the position and orientation val-
ues of trajectory that corresponds to transition between the hidden
states.

Dynamic time warping algorithm was used to warp the key
points in time. O3 was used as reference because it had the highest
log likelihood. The time sequence of the reference trajectory was
modified using the average durations of the hidden states. Then
this modified time sequence was used to align the rest of the tra-
jectories. The new time index of each key point was assigned from
the warped time sequences. Afterwards, weighting coefficients
were assigned to the key points as explained in Section 5.2. After
assigning the weights, cubic spline interpolation was used to pro-
duce the generalized trajectory using smoothing factor equals to
0.975. The length of the generalized trajectory was set equal to
the average of all lengths of the trajectories. The generalized trajec-
tory obtained from using our approach is shown in Fig. 6.
6.2. Second Experiment with complex trajectory

In the second experiment, a complex geometry was used for
painting the panel. The task of the demonstrator was to paint the
top and right side of the panel shown in Fig. 7. The reference coor-
dinate system of the panel was defined using the three optical
markers shown in the figure. One demonstrator performed the task
five times and the demonstrated trajectories (i.e. X1, . . ., X5) are
shown in Fig. 8. The range of the trajectories lengths was between
4028 and 4266. The same steps applied for the first experiment
have been applied in this experiment. The raw trajectories were
preprocessed using the posterior HMM state distribution. Number
of observation symbols was set to 256 and number of the clusters
was 64. The initial key points were selected from the reconstructed
data by applying K-means algorithm with 64 clusters. The transi-
tions between the clusters labels were assigned as the initial key
points. HMM was used for modeling the set of the observation
symbols. DTW was applied to align the demonstrations with the
length of 4141 which is the average of the lengths. Weighting
onstrated trajectories in the first experiment.



Fig. 5. Initial selection of key points in the minimum distortion trajectory.

Fig. 6. The generalized trajectory for x-y-z position coordinates in experiment-1.

Fig. 7. The panel used in the second experiment.
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coefficients were assigned to the set of the key points. The gener-
alized trajectory shown in Fig. 9 was generated by interpolating
the key points from the five trajectories.
7. Experimental results and comparisons

In this section, two metrics are used to present the experimen-
tal results and to compare the proposed scheme’s performance to
the previous work. First, RMSE metric [22] is used to measure
the accuracy of the generalized trajectory. Second, the computa-
tional cost of different learning schemes are measured in terms
of processing times. In this comparative study, the proposed
scheme’s performance is compared only to the approach presented
by Vakanski et al. [9]. It has been mentioned in their paper that the
RMSE obtained using their approach was less than the RMSEs
obtained using the two state-of-the-art approaches presented in
[6] and [7]. In addition, it has been shown that the scheme in [9]
reduces also the overall computational cost in comparison to
state-of-the-art approach presented in [6].

The reason for using the RMSE metric is that it measures the
similarity between each two trajectories. Having minimum error
means that the selected trajectory is the most similar one to all
demonstrated trajectories and it should be the best one for the
robot to follow. Thus, the original trajectories were scaled using
linear scaling to demonstrations with the same length which
equals the average of the lengths of the trajectories. Afterwards,



Fig. 8. The demonstrated trajectories of the second experiment.

Fig. 9. The generalized trajectory of the second experiment.
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the root mean square error between two trajectories was mea-
sured using the following equation:
eðm1;m2Þ ¼
XNm

t¼1

kXm1 ;t � Xm2 ;tk ð22Þ

For the first experiment, the cumulative sum of the RMSEs are
shown in Fig. 10. Gen-1 is the generalized trajectory obtained using
our approach, Gen-2 is the generalized trajectory obtained using
Fig. 10. The cumulative sum of RMSE for the generalized trajectory (Gen-1) obtained by
X12).
the approach presented in [9], and X1 to X12 are the original trajec-
tories. The cumulative sum of the RMSE at Gen-1 means the sum of
the RMSE between Gen-1 and the original trajectories (i.e. X1, . . .,
X12), the cumulative sum at X1 is the sum of the RMSE between
X1 and (X2,. . ., X12) and so on. The cumulative sum value at Gen-
2 is the value reported in [9]. It is seen that ‘‘Gen-1” which is the
generalized trajectory obtained using our approach has the mini-
mum error in comparison to others. The reason for having mini-
mum error is that instead of clustering the normalized position
using our approach in the first experiment and the demonstrated trajectories (X1-



Fig. 11. The cumulative sum of RMSE for the generalized trajectory (Gen-1) obtained by using our approach in the second experiment and the demonstrated trajectories (X1-
X5).

Table 3
The mean and standard deviations values of the computation time.

Code steps Time in seconds

Experiment-A Experiment-B

1. Preprocessing: Posterior HMM state distribution 133.548(±33.728) 131.254(±7.623)
2. Initial key points 2.707(±0.737) 1.096(±0.218)
3. HMM discretization 3.272(±0.924) 1.839(±0.361)
4. HMM training and inference 11.329(±4.68) 9.498(±1.171)
5. DTW alignment 81.709(±19.377) 24.92(±1.775)
6. Weighting and interpolation 0.772(±0.275) 0.761(±0.204)
Total: 233.337 169.37
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and velocity of the raw data to identify the initial key points as
done in [9], Posterior HMM state distribution was first used to
reconstruct the data to avoid the local distortion in the demon-
strated data in the proposed scheme. The new dataset were recon-
structed using set of clusters and probability of each cluster at each
point. The set of clusters consider the most significant changes in
the demonstrated data which would lead to significant identifica-
tion of the initial key points. This reconstruction helped in finding
an optimum index for the initial key points, and hence, the gener-
alized trajectory of the proposed scheme is more accurate.

Similarly, in the second complex-based geometry experiment,
the cumulative sum of the RMSEs are shown in Fig. 11. Gen-1
which is the generalized trajectory for experiment-2 using our
approach has the minimum error with respect to Gen-2 and the
original five trajectories.

In order to measure the computational cost of the proposed
scheme accurately, we run the codes ten times using 1.8 GHz INTEL
core i5 CPU with 4 GB RAM on Windows 7 and using MATLAB. The
MEX files are also used for the DTW alignment as indicated in [9] to
increase its speed. Table 3 contains the average and standard devi-
ation of the processing times needed for each module of our pro-
posed scheme for both experiments. From this table, it is clearly
seen that the preprocessing step (i.e., Posterior HMM state distri-
bution) and DTW alignment phase represent almost 92% of the
overall computational cost in both experiments. Meanwhile, the
preprocessing step, individually, represents almost 57% in the first
experiment and up to 77% in the second one from the total compu-
tational cost.

In comparison to scheme presented in [9], the preprocessing
step includes only smoothing and removal of NANs. On the other
hand, the preprocessing step of the proposed approach includes
removing NANs and applying Posterior HMM state distribution
for the initial reconstruction of the data. Since the experimental
work done in [9] was reported using 2.1 GHz dual core CPU with
4 GB RAM, the total processing times of the presented scheme in
[9] are rescaled to correspond their results to the 1.8 GHz (Quad
core) i5 CPU with 4 GB RAM of our proposed scheme. Therefore,
the total processing times of the scheme in [9], for both experi-
ments, are found to be almost 235.6 s and 143.3 s, respectively. It
is seen from Table 3 that the total processing times of the proposed
scheme for both experiments are 233.33 s and 169.37 s, respec-
tively. Hence, it can be seen that the proposed approach requires
almost the same computational cost in the first experiment, which
contains larger number of trajectories. It can also be seen that in
second experiment, the proposed approach requires insignificant
increase in the overall computational cost when the number of tra-
jectories are smaller. These results show that, however the compu-
tational cost of the added preprocessing stage is significant, the
other remaining modules requires less computational cost in com-
parison to the state-of-the-art schemes presented in [9].
8. Conclusion

In this paper, we have presented a new scheme for robots tra-
jectory learning from demonstration. A preprocessing stage has
been proposed to avoid any distortion that may happen due to
using the raw discrete data directly. The preprocessed data consid-
ers for the most significant points in each demonstration and so it
is better than the raw data in identifying the initial key points.
First, the preprocessed data has been used instead of the raw data.
Then, a set of key points were identified for each demonstration
and HMM was used to encode the key points. The key points were
warped in time domain then interpolated using cubic spline inter-



180 A.A.E. Osman et al. / Egyptian Informatics Journal 18 (2017) 171–180
polation. RMSE has been used as a metric to compare the general-
ized trajectory using our approach to the others in the related
work. The results showed that our approach has the capability to
achieve the minimum error in comparison with the previous work.
The reason for having minimum error is that the preprocessed data
has been used instead of the raw data. In addition, it has been
shown also that the overall computational cost is almost similar
to the state-of-the-art approaches. Currently, we are working on
further enhancement of the proposed scheme by employing other
clustering techniques instead of the K-means in identifying the key
points.
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