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ABSTRACT
Fix 2 < n < ω and let CAn denote the class of cylindric algebras of
dimension n. Roughly, CAn is the algebraic counterpart of the proof
theory of first-order logic restricted to the first n variables which we
denote by Ln. The variety RCAn of representable CAns reflects alge-
braically the semantics of Ln. A variety V of Boolean algebras with
operators is atom-canonical, if whenever A ∈ V is atomic, then its
Dedekind–MacNeille completion is also in V. We show using a so-
called blow up and blur construction that for any k ≥ 2n, any variety
of the form SNrnCAk containing (and including) RCAn (when k = ω)
is not atom-canonical. We show that a restricted form of that the
celebrated Henkin–Orey omitting types theorem, which we refer to
below as Vaught’s Theorem (VT), fails dramatically for Ln even if we
allow only so-called m-square models for 2n ≤ m ≤ ω. We deduce
that many multi-modal logics, like S5n, the m clique guarded frag-
ments and packed fragments of Ln are not Sahlqvist. In contrast, we
prove a positive OTT for Ln theories with respect to usual seman-
tics, by imposing extra conditions (such as quantifier elimination) on
possibly uncountable theories considered and/or the non-principal
types omitted (that are also allowed to be possibly uncountable)
such as completeness.ast is a maximality condition delineating the
edge of an independent statement to a provable one. is shown that
the maximality condition cannot be removed even to prove the
weaker VT for uncountable theories; and this construction is used to
reprove a celebrated result of Hirsch and Hodkinson, namely, that the
class of completely representable CAns is not el.
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1. Introduction

Cylindric algebras: The principal ideas of the theory of cylindric algebras, which is the
algebraic setting of the first-order logic, were elaborated by Tarski in co-operation with
his students L. H. Chin and F. B. Thompson during the period 1948–1952. This was a
natural outcome of Tarski’s formalisation of the notion of truth in set theory, for indeed
the prime examples of cylindric algebras are those algebras whose elements are sets of
sequences (i.e. relations) satisfying the first-order formulas. Tarski envisaged that cylin-
dric algebras to the first-order logic would be like Boolean algebras to sentential logic.
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Insightful as always, Tarski’s prophecy was fulfilled, and is still reaping its harvest. The
idea of solving problems in logic, by first translating them to algebra, then using the
powerful methodology of algebra for solving them, and then translating the solution
back to logic, goes back to Leibnitz and Pascal. Studies on the history of logic alert us
to the fact that this method was fruitfully applied in the 19th century with the work
of Boole, De Morgan, Peirce, Schröder, and others on classical logic. Employing the
similarity between logical equivalence and equality, those pioneers developed logi-
cal systems in which metalogical investigations take on a plainly algebraic character.
Boole’s work evolved into the modern theory of Boolean algebras, and that of De Mor-
gan, Peirce and Schröder led to, but did not end with, the theory of relation algebras.
The history of logic, evolving into mathematical logic or metamathematics has been
long and winding. From the beginning of the contemporary era of logic there were
two approaches to the subject, one centred on the notion of logical equivalence and
the other, reinforced by Hilbert’s work on metamathematics, centred on the notions
of assertion and inference. It was not until much later that logicians started to think
about connections between these two ways of looking at logic. Tarski provided the
precise connection between Boolean algebra and the classical propositional calculus.
His approach builds on Lindenbaum’s idea of viewing the set of formulas as an algebra
with operations induced by the logical connectives. Logical equivalence is a congru-
ence relation on the formula algebra. This is the so-called Lindenbaum–Tarski method.
When Tarski applied this method to the predicate calculus, it led him naturally to the
concept of cylindric algebras. A cylindric algebra lends itself to the abstraction of a
Boolean algebra with operators. Unless otherwise indicated n is fixed to be a finite
ordinal> 2.

Persistence properties and omitting types: The technical notion of a normal modal
logic corresponds to the one of a variety of Boolean algebras with operators (BAOs)
which provides algebraic semantics for modal logic. We assume familiarity with the
very basics of the well-developed duality theory between BAOs and multi-modal
logic; the class of all BAOs corresponds to the minimal normal multi-modal logic; this
correspondence is established by forming quotient Lindenbaum–Tarski algebras. The
starting point of this duality is that algebraic terms correspond to modal formulas. By
that identification we get: F |= φ ⇐⇒ CmF |= φ = 1, where F is a relational structure
(Kripke frame) (F, Ri)i∈I, I a non-empty indexing set, and CmF (its complex algebra) is
an algebra having signature (fi : i ∈ I) where each fi is a modality, in other words an
operator. Prominent examples of BAOs are relation, cylindric and polyadic algebras.
Relation algebras (RA) correspond to so-called arrow logic, while cylindric algebras of
dimension n (CAn) and the relativised versions of the representable CAns correspond
to Ln and its guarded and clique guarded fragments (Hirsch & Hodkinson, 2002) dealt
with below. The metalogical result our investigations have impact on is the celebrated
Henkin–Orey omitting types theorem. Let L be an extension or reduct or variant of the
first-order logic, like first logic itself, Ln as defined in the abstract with 2 < n < ω, Lω1,ω ,
Lω as defined in Henkin et al. (1985, § 4.3), etc. An omitting types theorem for L, briefly
an OTT, is typically of the form ‘A countable family of non-isolated types in a countable
L theory T can be omitted in a countable model of T. From this, it directly follows that
if a type is realisable in every model of a countable theory T, then there should be a for-
mula consistent with T that isolates this type. A type is simply a set of formulas � say.
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The type � is realisable in a model if there is an assignment that satisfies (uniformly) all
formulas in �. Finally, φ isolates � means that T � φ→ ψ for allψ ∈ �. What Orey and
Henkin proved is that the OTT holds for Lω,ω when such types are finitary, meaning
that they all consist of n-variable formulas for some n < ω, cf. Chang and Keisler (1994,
Theorem 2.2.15). The OTT will be dealt with in some detail in the text, proving new
OTTs.

Lately, it has become fashionable to study representations that preserve infinitary
meets and joins. This phenomenon is extensively discussed in Sayed Ahmed (2013),
where it is shown that it has affinity with the algebraic notion of complete represen-
tations for cylindric-like algebras and atom-canonicity in varieties of Boolean algebras
with operators, a prominent persistence property studied in modal logic. The typical
question is: given an algebra and a set of meets, is there a representation that carries
this set of meets to set-theoretic intersections? (assuming that our semantics is spec-
ified by set algebras, with the concrete Boolean operation of intersection among its
basic operations). When the algebra in question is countable, and we have countably
many meets; this is an algebraic version of an omitting types theorem; the represen-
tation omits the given set meets or non-principal types. When it is only one meet
consisting of co-atoms, in an atomic algebra, this representation is a complete one.
The correlation of atomicity to complete representations has caused a lot of confu-
sion in the past. It was mistakenly thought for a while, among algebraic logicians, that
atomic representable relation and cylindric algebras are completely representable, an
error attributed to Lyndon and now referred to as Lyndon’s error. For Boolean alge-
bras, however this is true. The class of completely representable algebras is simply the
class of atomic ones. However, for CAs the class of completely representable CAns for
2 < n < ω is not elementary; this is proved by Hirsch and Hodkinson (1997).

Atom-canonicity: The property of atom-canonicity reflects an important persistence
property in modal logic. Algebraically, the so-called persistence properties refer to clo-
sure of a variety V under passage from a given algebra A ∈ V to some ‘larger’ algebra
A∗. A formula is di-persistent if whenever it is valid in some discrete general frame
(F, P), that is, P contains all singletons, then is valid in the Kripke frame F (Blackburn
et al., 2001, §5.6). Canonicity, which is the most prominent persistence property in
modal logic, the ‘large algebra’ A∗, is the canonical embedding algebra (or perfect)
extension of A, a complex algebra based on the ultrafilter frame of A whose under-
lying set is the set of all Boolean ultrafilters of A. A completely additive variety V is
atom-canonical if whenever A ∈ V is atomic, then the complex algebra of its atom
structure, in symbols CmAtA, is also in V. More concisely, V is such if CmAtV ⊆ V.
Atom-canonicity is concerned with closure under forming Dedekind–MacNeille com-
pletions (sometimes occurring in the literature under the name of the minimal comple-
tions) of atomic algebras in the variety V, because for an atomic A ∈ V, CmAtA is its
Dedekind–MacNeille completion. Let A ∈ CAn. A completion of A is a complete alge-
bra B in which A embeds. It is known that RCAn is closed under forming canonical
extensions. The canonical extension of a given C ∈ RCAn is in a sense a maximal com-
pletion of C. However, RCAn is not atom-canonical for 2 < n < ω (Hodkinson, 1997); it
is not closed under forming Dedekind–MacNeille minimal completions. Worthy of note
is that for a given algebra A ∈ CAn its Dedekind–MacNeille completion and canonical
extension coincide iff A is finite. From non-atom-canonicity of RCAn, it follows from
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1977 that RCAn cannot be axiomatised by Sahlqvist equations. We shall see that (non-)
atom-canonicity of subvarieties of RCAn is closely related to (the failure) of some ver-
sion of the OTT in modal fragments of Ln. While the classical Orey–Henkin OTT holds
for Lω,ω, it is known (Andréka et al., 2008) that the OTT fails for Ln in the following
(strong) sense. For every 2 < n ≤ l < ω, there is a countable and complete Ln atomic
theory T, and a single type, namely, the type consisting of co-atoms of T, that is realis-
able in every model of T, but cannot be isolated by a formula φ using l variables. Such
φ will be referred to henceafter as a witness. Here we prove stronger negative OTTs for
Ln when types are required to be omitted with respect to certain (much wider) gener-
alised semantics, called m-flat and m -square with 2 < n < m < ω. Roughly, if we zoom
in by a movable window to an m-square model, there will come a point determined by
m where we mistake the m square model for an ordinary model. Classical representa-
tions can be regarded as a limiting case; such representations are ω -square. An m-flat
model is m-square, but the converse may fail; in this respect m-flatness is a ‘better’
approximation to a representation, but still on a local level. The semantics provided
by m-flatness respects commutativity of cylindrifications on‘ m squares’. These locally
relativised representations were invented by Hirsch and Hodkinson in the context of
relation algebras (Hirsch & Hodkinson, 2002, Chapter 13) and were adapted to CAs in
Sayed Ahmed (2015, §5) which is the form we stick to in this paper. Considering such
clique guarded semantics swiftly leads us to rich territory.

On techniques used and the notation: Our purpose throughout the paper is twofold.
Apart from presenting novel ideas of applying algebra to logic, we present our results
in both algebraic and modal logic in an integrated format. The techniques applied
in proofs are interdisciplinary between universal algebra, basic graph theory, finite
combinatorics, and combinatorial game theory, orchestrated by algebraic logic. We
use throughout the paper fairly standard or/and self-explanatory notation following
mainly the notation of Andréka et al. (2013) and Henkin et al. (1985). Less usual nota-
tion will be introduced at its first occurrence in the text. In the meantime the following
would be helpful. We write ⊆ for inclusion, and � for proper inclusion. Throughout
the paper ,we make the following convention. We denote infinite ordinals by α,β . . .
and finite ordinals by n, m . . .. Ordinals which are arbitrary, meaning that they could be
finite or infinite, will be denoted by α,β . . .. Ordinals can and will be viewed as com-
plete irreflexive undirected graphs; by irreflexive we understand that no node is related
to itself by the edge relation. Also algebras will be denoted by Gothic letters, and when
we write A for an algebra, then we shall be tacitly assuming that A denotes its universe,
that is A = 〈A, f A

i 〉i∈I where I is a non-empty set and fi (i ∈ I) are the operations in the
signature of A interpreted via f A

i in A. For better readability, we omit the superscript A
and we write simply A = 〈A, fi〉i∈I. For operators on classes of algebras, S stands for the
operation of forming subalgebras, P stands for that of forming products, H for forming
homomorphic images, Up for forming ultraproducts. If I is a non-empty set and U is an
ultrafilter over ℘(I) and if Ai is some structure (for i ∈ I), we write either 	i∈IAi/U or
	i/UAi for the ultraproduct of the Ais over U. If A is an algebra and X ⊆ A, we write
SgAX , or simply SgX if A is clear from context, for the subalgebra of A generated by
X. If A ∈ V where V is a class of BAOs, then UfA denotes its ultrafilter atom structure
whose underlying set is the set of Boolean ultrafilters of A. The canonical extension of
A say, denoted by A+, is the complete algebra CmUfA. It is known that A embeds into
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A+ via a → {F ∈ UfA : a ∈ F}. We write
∏A X(

∑A X) for the infimum (supremum) of X
in A, if it exists. Often, however, we omit the superscript A. For two sequences s, t hav-
ing a common domain, we write s ≡i t if s and t agree off of i, more concisely s(j) = t(j)
for all j �= i. By ‘iff’ we mean of course ‘if and only if’.

1.1. Layout

Fix 2 < n < ω. In §2 we recall the basic notions and concepts we need from algebraic
logic, involving cylindric-like and relation algebras, and basic notions in graph theory
such as colourings, chromatic number and girth of a graph, etc. In §3 a new OTT for
Lω,ω allowing omitting possibly uncountably many (< 2ℵ0 ) many non-principal types is
given, cf. Theorem 3.7. A consequence of OTT which we refer to as Vaught’s Theorem,
henceforth VT, for Lω,ω, due to Vaught is given. This consequence is presented with a
new algebraic proof using an algebraic version of OTT, cf. Theorem 3.10. In §4, we use
a blow up and blur construction to prove non-atom-canonicity of several varieties as
indicated in the abstract, cf. Theorem 4.10. Another blow up and blur construction is
used to show that a restricted form of the OTT fails for the so-called clique guarded
fragments of first-order logic, whose semantics are determined by m-square models
for any m ≥ 2n, cf. Theorem 4.3. Using ultraproducts applied to the blow up and blur
construction in Andréka et al. (2008), classical results on non-finite axiomatisability due
to Biro, Hirsch, Hodkinson and Maddux, and Monk are reproved, cf. Theorem 4.19, and
remark 2. In §5 applications to modal logic are given where it is shown that VT fails for
S5n and for the so-called packed fragments of Ln, cf. Theorems 5.9 and 5.11. In contrast,
a positive OTT is proved by imposing extra conditions on theories and types to be
omitted, cf. Theorem 5.13. The last section §6 is devoted to highlighting techniques
and methods from graph theory and combinatorial game theory that has the potential
to prove similar results in modal and algebraic logic, a sample of which is a severe
strengthening of Theorem 5.11.

2. The algebras and some basic concepts

Cylindric set algebras are algebras whose elements are relations of a certain pre-
assigned arity, endowed with set-theoretic operations that utilise the form of elements
of the algebra as sets of sequences. For a set V, B(V) denotes the Boolean set algebra
〈℘(V),∪,∩,∼,∅, V〉. Let U be a set and α an ordinal; α will be the dimension of the
algebra. For X ⊆ αU and i, j < α, let

CiX = {s ∈ αU : (∃t ∈ X)(t ≡i s)}

and

Dij = {s ∈ αU : si = sj}.
The algebra 〈B(αU), Ci, Dij〉i,j<α is called the full cylindric set algebra of dimension α with
unit (or greatest element) αU. Any subalgebra of the latter is called a set algebra of dimen-
sion α. Examples of subalgebras of such set algebras arise naturally from models of
first-order theories. Indeed, if M is a first-order structure in a first-order signature L with
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αmany variables, then one manufactures a cylindric set algebra based on M as follows,
cf. Henkin et al. (1985, §4.3). Let

φM = {s ∈ αM : M |= φ[s]},
(here M |= φ[s] means that s satisfies φ in M), then the set {φM : φ ∈ FmL} is a cylindric
set algebra of dimension α, where FmL denotes the set of the first-order formulas taken
in the signature L. To see why, we have:

φM ∩ ψM = (φ ∧ ψ)M,

αM ∼ φM = (¬φ)M,

Ci(φ
M) = (∃viφ)

M,

Dij = (xi = xj)
M.

Following Henkin et al. (1985), Csα denotes the class of all subalgebras of full set alge-
bras of dimension α. The (equationally defined) CAα class is obtained from cylindric
set algebras by a process of abstraction and is defined by a finite schema of equations
given in Henkin et al. (1985, Definition 1.1.1) that holds of course in the more concrete
set algebras.

Definition 2.1: Let α be an ordinal. By a cylindric algebra of dimension α, briefly a CAα ,
we mean an algebra

A = 〈A,+, ·,−, 0, 1, ci, dij〉κ ,λ<α

where 〈A,+, ·,−, 0, 1〉 is a Boolean algebra such that 0, 1, and dij are distinguished ele-
ments of A (for all j, i < α), − and ci are unary operations on A (for all i < α), + and
are binary operations on A, and such that the following equations are satisfied for any
x, y ∈ A and any i, j,μ < α:

(C1) ci0 = 0,
(C2) x ≤ cix (i.e., x + cix = cix),
(C3) ci(x · ciy) = cix · ciy,
(C4) cicjx = cjcix,
(C5) dii = 1,
(C6) if i �= j,μ, then djμ = ci(dji · diμ),
(C7) if i �= j, then ci(dij · x) · ci(dij · −x) = 0.

The varieties of representable algebras of dimension α, α an ordinal is defined as
via RCAα = SPCsα , which turns out to be a variety, that is to say, closed under H, as
well. An algebra A ∈ CAω is locally finite, if the dimension set of every element x ∈ A is
finite. The dimension set of x, or �x for short, is the set {i ∈ ω : cix �= x}. Locally finite
algebras correspond to Tarski–Lindenbaum algebras of (first-order) formulas; in such
algebras the dimension set of (an equivalence class of ) a formula reflects the number
of (finite) set of free variables in this formula. Tarski proved that every locally finite ω-
dimensional cylindric algebra is representable, i.e. isomorphic to a subdirect product
of set algebra each of dimension ω. Let Lfω denote the class of locally finite cylindric
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algebras. Let RCAω stand for the class of isomorphic copies of subdirect products of set
algebras each of dimensionω, or briefly, the class ofω dimensional representable cylin-
dric algebras. Then Tarski’s theorem reads Lfω ⊆ RCAω . This representation theorem is
non-trivial; in fact it is equivalent to Gödel’s celebrated Completeness Theorem (Henkin
et al., 1985, § 4.3), cf. Theorem 3.7. Completeness in the general case is a huge subject
that has provoked extensive research.

Our main results involve the central notion of neat reducts:

Definition 2.2: Let α < β be ordinals and B ∈ CAβ . Then the α-neat reduct of B,
in symbols NrαB, is the algebra obtained from B, by discarding cylindrifiers and
diagonal elements whose indices are in β ∼ α, and restricting the universe to the set
NrαB = {x ∈ B : {i ∈ β : cix �= x} ⊆ α}.

Let α be any ordinal. If A ∈ CAα and A ⊆ NrαB, with B ∈ CAβ (β > α), then we say
that A neatly embeds in B, and that B is a β-dilation of A, or simply a dilation of A if β is
clear from context. For K ⊆ CAβ , and α < β , NrαK = {NrαB : B ∈ K} ⊆ CAα . One can
show that for any ordinal α, A ∈ RCAα ⇐⇒ A ∈ SNrαCAα+ω , cf. Henkin et al. (1985,
Theorem 2.6.35). The last equivalence is Henkin’s celebrated neat embedding theorem.

We shall have the occasion to deal with (in addition to CAs) the following cylindric-
like algebras (Andréka et al., 2013): Df short for diagonal free cylindric algebras, Sc
short for Pinter’s substitution algebras, QA(QEA) short for quasipolyadic (equality)
algebras, PA(PEA) short for polyadic (equality) algebras. For K any of these classes
and α any ordinal, we write Kα for variety of α-dimensional K algebras which can be
axiomatised by a finite schema of equations, and RKα for the class of representable
Kαs, which happens to be a variety too (that cannot be axiomatised by a finite schema
of equations for α > 2 unless K = PA and α ≥ ω). The standard reference for all the
classes of algebras mentioned previously is Henkin et al. (1985) (Figure 1). We recall
the concrete versions of such algebras. Let τ : α→ α and X ⊆ αU, then

SτX = {s ∈ αU : s ◦ τ ∈ X}.

For i, j ∈ α, [i|j] is the replacement on α that sends i to j and is the identity map on
α ∼ {i}while [i, j] is the transposition on α that interchanges i and j.

• A diagonal free cylindric set algebra of dimension α is an algebra of the form
〈B(αU), Ci〉i,j<α .

• A Pinter’s substitution set algebra of dimension α is an algebra of the form
〈B(αU), Ci, S[i|j]〉i,j<α .

• A quasipolyadic set algebra of dimension α is an algebra of the form
〈B(αU), Ci, S[i|j], S[i,j]〉i,j<α .

• A quasipolyadic equality set algebra is an algebra of the form 〈B(αU), Ci, S[i|j], S[i,j],
Dij〉i,j<α .

• A polyadic set algebra of dimensionα is an algebra of the form 〈B(αU), Ci, Sτ 〉τ :α→α .
• A polyadic equality set algebra of dimension α is an algebra of the form
〈B(αU), Ci, Sτ 〉τ :α→α,i,j<α
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Let α be an ordinal. For any such abstract class of algebras Kα in the above table,
RKα is defined to be the subdirect product of set algebras of dimension α. A Cartesian
square of dimension α is a set of the form αU (U some non-empty set); these appear as
top elements of Csαs. In the modal framework a square frames F of dimension α, or sim-
ply a square frame if α is clear from context is a triplet of the form F = 〈αU, Ti, Dij〉i,j∈α ,
so that the set of worlds is the Cartesian square αU. The accessibility relation Ti is
defined via (s, t) ∈ Ti ⇐⇒ s ≡i t and Dij = {s ∈ α : si = sj}. We let Gsα denote the
class of generalised set algebras of dimension n; A ∈ Gsα if A has top element a disjoint
union of Cartesian squares of dimension α and the cylindric operations are defined like
in set algebras. It is known that RCAα = IGsα . For α < ω, PAα(PEAα) is definitionally
equivalent to QAα(QEAα) which is no longer the case for infinite α where the devi-
ation is largely significant. For example, a countable QAω has a countable signature,
while a countable PAω has an uncountable signature having the same cardinality as
(substitutions in) ωω. The class of completely representable Kαs (K any of the above
classes) is denoted by CRKα . We recall the definition for CAs of finite dimension. The
rest of the cases are defined similarly.

Definition 2.3: Let n < ω. Then A ∈ CAn is completely representable, if there exists
B ∈ Gsn and an isomorphism f : A→ B such for all X ⊆ A, f (

∏
X) =⋂

x∈X f (x)
whenever

∏
X exists.

If A is an atomic CAn, then an isomorphism f : A→ B, where B ∈ Gsn has top
element V, is atomic, if

⋃
a∈AtA f (a) = V . It can be easily shown that f is a complete

representation of A ⇐⇒ A is atomic and f is an atomic representation. Considering
polyadic algebras, we will encounter PEAα and PAα , α an infinite ordinal (having all
substitutions and infinitary cylindrifications) only once. We deal mostly with QAs and
QEAs. For a BAO, A say, for any ordinal α, RdcaA denotes the cylindric reduct of A
if it has one, RdscA denotes the Sc reduct of A if it has one, and Rddf A denotes the
reduct of A obtained by discarding all the operations except for cylindrifications. If A
is any of the above classes, it is always the case that Rddf A ∈ Dfα . If A ∈ CAα , then
RdscA ∈ Scα , and if A ∈ QEAα then RdcaA ∈ CAα . Roughly speaking for an ordinal α,
CAαs are not expansions of Scαs, but they are definitionally equivalent to expansions
of Scα , because the sj

is are term definable in CAαs by sj
i(x) = ci(x · −dij) (i, j < α). This

operation reflects algebraically the substitution of the variable vj for vi in a formula such
that the substitution is free; this can be always done by reindexing bounded variables.
In such situation, we say that Scs are generalised reducts of CAs. However, CAαs and QAα
are (real )reducts of QEAs(in the universal algebraic sense), simply obtained by discard-
ing the operations in their signature not in the signature of their common expansion
QEAα . We give a finite approximate equational axiomatisation of the concrete alge-
bras defined above, which are the prime source of inspiration for these axiomatisations
introduced to capture representability. However, like for CAs, this works only for cer-
tain special cases like the locally finite algebras, but does not generalise much further,
cf Proposition 2.7.

Definition 2.4: Substitution Algebra, Sc (Pinter, 1973)
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Let α be an ordinal. By a substitution algebra of dimension α, briefly an Scα , we
mean an algebra

A = 〈A,+, ·,−, 0, 1, ci, sj
i〉i,j<α

where 〈A,+, ·,−, 0, 1〉 is a Boolean algebra, ci, si
j are unary operations on A (for i, j < α)

satisfying the following equations for all i, j, k, l < α:

(1) ci0 = 0, x ≤ cix, ci(x · ciy) = cix · ciy, and cicjx = cjclx,
(2) si

ix = x,

(3) sj
ij is a Boolean endomorphisms,

(4) si
jcix = cix

(5) cisi
jx = si

jx whenever i �= j,

(6) sj
ickx = cksj

ix, whenever k /∈ {i, j},
(7) cis

j
ix = cjsi

jx
(8) sijslkx = slksjix, whenever |{i, j, k, l}| = 4,

(9) sl
is

j
lx = sl

is
j
ix.

Quasipolyadic algebra, QEA (Sain & Thompson, 1991).
A quasipolyadic algebra of dimension α, briefly a QAα , is an algebra

A = 〈A,+, ·,−, 0, 1, cisij, sij〉i,j<α
where the reduct to Scα is a substitution algebra (it satisfies (1)–(9) above) and
additionally it satisfies the following equations for all i, j, k < α:

(2)’ sj
ix = sij(x) = x, sij = sji

(3)’ sj
i and sij are Boolean endomorphisms (9)

(1) sijsijx = x,
(2) sijsik = sjksij|{i, j, k}| = 3sijsik = sjksij|{i, j, k}| = 3,

(3) sijs
j
ix = si

jx.

Quasipolyadic equality algebra, QEA (Sain & Thompson, 1991).
A quasipolyadic equality algebra of dimension α, briefly a QEAα is an algebra

B = 〈A, dij〉i,j<α
where A is a QAα (i.e. it satisfies all the equations above), dij is a constant and the
following equations hold, for all i, j, k < α:

(1) sj
Idij = 1,

(2) x · dij ≤ sj
ix.

Definition 2.5: Let α be an ordinal. We say that a variety V is a variety between Dfα
and QEAα if the signature of V expands that of Dfα and is contained in the signature
of QEAα . Furthermore, any equation formulated in the signature of Dfα that holds in V
also holds in Scα and all equations that hold in V holds in QEAα .
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Proper examples include Sc, CAα and QAα (meaning strictly between). Analogously
we can define varieties between Scα and CAα or QAα and QEAα , and more gener-
ally between a class K of BAOs and a generalised reduct of it. Notions like neat
reducts generalise verbatim to such algebras, namely, to Dfs and QEAs, and in any vari-
ety in between. This stems from the observation that for any pair of ordinals α < β ,
A ∈ QEAβ and any non-Boolean extra operation in the signature of QEAβ , f say, if x ∈ A
and�x ⊆ α, then�(f (x)) ⊆ α. Here�x = {i ∈ β : cix �= x} (as defined in the introduc-
tion) is referred as the dimension set of x; it reflects algebraically the essentially free
variables occurring in a formula φ. A variable is essentially free in a formula� ⇐⇒ it
is free in every formula equivalent to� .1 Therefore given a variety V between Scβ and
QEAβ , if B ∈ V then the algebra NrαB having universe {x ∈ B : �x ⊆ α} is closed
under all operations in the signature of V.

Definition 2.6: Let 2 < n < ω. For a variety V between Dfn and QEAn, a V set algebra is
a subalgebra of an algebra, having the same signature as V, of the form 〈B(nU), f U

i ), say,
where f U

i is identical to the interpretation of fi in the class of quasipolyadic equality set
algebras. Let A be an algebra having the same signature of V; then A is a representable
V algebra, or simply representable ⇐⇒ A is isomorphic to a subdirect product of V
set algebras. We write RV for the class of representable V algebras

It can be proved that the class RV, as defined above, is also closed under H, so that
it is a variety.

Proposition 2.7: Let 2 < n < ω. Let V be a variety between Dfn and QEAn. Then RV is not
a finitely axiomatisable variety.

Proof: In Johnson (1969) a sequence 〈Ai : i ∈ ω〉 of algebras is constructed such that
Ai ∈ QEAn and Rddf An /∈ RDfn, but	i∈ωAi/F ∈ RQEAn for any non principal ultrafilter
on ω. An application of Los’ Theorem, taking the ultraproduct of V reduct of the Ais,
finishes the proof. In more detail, let RdV denote restricting the signature to that of V.
Then RdVAi /∈ RV and RdV	i∈I(Ai/F) ∈ RV. �

The last result generalises to infinite dimensions replacing finite axiomatisation by
axiomatised by a finite schema (Henkin et al., 1985; Hirsch & Sayed Ahmed, 2014).
We consider relation algebras as algebras of the form R = 〈R,+, ·,−, 1′,�, ; , 〉, where
〈R,+, ·,−〉 is a Boolean algebra 1′ ∈ R, � is a unary operation and; is a binary opera-
tion. A relation algebra is representable⇐⇒ it is isomorphic to a subalgebra of the
form 〈℘(X),∪,∩,∼,�, ◦, Id〉, where X is an equivalence relation, 1′ is interpreted as
the identity relation, � is the operation of forming converses, and; is interpreted as
composition of relations. Following standard notation, (R)RA denotes the class of
(representable) relation algebras. The class RA is a discriminator variety that is finitely
axiomatisable, cf. Hirsch and Hodkinson (2002, Definition 3.8, Theorems 3.19). All of
the above classes of algebras are instances of BAOs. The action of the non-Boolean
operators in a completely additive (where operators distribute over arbitrary joins
component-wise) atomic BAO, is determined by their behaviour over the atoms, and
this in turn is encoded by the atom structure of the algebra.
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Definition 2.8 (Atom Structure): Let A = 〈A,+,−, 0, 1,�i : i ∈ I〉 be an atomic BAO
with non-Boolean operators �i : i ∈ I. Let the rank of �i be ρi. The atom structure AtA
of A is a relational structure

〈AtA, R�i : i ∈ I〉
where AtA is the set of atoms of A and R�i is a (ρ(i)+ 1)-ary relation over AtA defined
by

R�i(a0, . . . , aρ(i))⇐⇒ �i(a1, . . . , aρ(i)) ≥ a0.

Definition 2.9 (Complex algebra): Conversely, if we are given an arbitrary first-order
structure S = 〈S, ri : i ∈ I〉 where ri is a (ρ(i)+ 1)-ary relation over S, called an atom
structure, we can define its complex algebra

Cm(S) = 〈℘(S),∪, \,φ, S,�i〉i∈I,

where ℘(S) is the power set of S, and�i is the ρ(i)-ary operator defined by

�i(X1, . . . , Xρ(i)) = {s ∈ S : ∃s1 ∈ X1 · · · ∃sρ(i) ∈ Xρ(i), ri(s, s1, . . . , sρ(i))},
for each X1, . . . , Xρ(i) ∈ ℘(S).

It is easy to check that, up to isomorphism, At(Cm(S)) ∼= S always. If A is finite then
of course A ∼= Cm(AtA). An atom structure will be denoted by At. An atom structure
At has the signature of a class K of BAOs, if CmAt ∈ K. Observe that if F is a square
frame of dimension α, then forming its complex algebra, we get CmF ∈ Csα .

2.1. Graphs

We recall some basics about graphs to be used in Theorems 4.10 and 5.11. A (directed)
graph is a set G (of nodes or vertices) endowed with a binary relation E, the edge relation.
A pair (x, y) of elements of G is said to be an edge if xEy holds. A directed graph is said
to be complete if (x, y) is an edge for all nodes x, y. A graph is said to be undirected if
E is symmetric and irreflexive. An undirected graph is complete if (x, y) is an edge for
all distinct nodes x, y. Finite ordinals can (and will) be viewed as complete irreflexive
graphs the obvious way, cf. Theorem 4.10.

A clique in an undirected graph with set of nodes G is a set C ⊆ G such that each pair
of distinct nodes of C is an edge.

Definition 2.10: Let G = (G, E) be an undirected graph (G is the set of vertices and E is
an irreflexive symmetric binary relation on E), and C be a non-empty set of ‘colours’.

(1) A subset X ⊆ G is said to be an independent set if (x, y) ∈ E for all x, y ∈ X .
(2) A function f : G→ C is called a C colouring of G if (v, w) ∈ E implies that f (v) �=

f (w).
(3) The chromatic number ofG, denoted by χ(G), is the size of the smallest finite set

C such that there exists a C colouring of G, if such a C exists, otherwise χ(G) =
∞.
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(4) A cycle inG is a finite sequenceμ = (v0, . . . vk−1) (some k ∈ ω) of distinct nodes,
such that (v0, v1), . . . (vk−2, vk−1), (vk−1, v0) ∈ E. The length of such a cycle is k.

(5) The girth of G, denoted by g(G), is the length of the shortest cycle in G if G
contains cycles, and g(G) = ∞ otherwise.

3. Some basic model theory and a new OTT

In this section, we provide an algebraic version of the Orey–Henkin Omitting Types
theorem (OTT), and a restricted version of it, which we refer to henceforth as Vaught’s
Theorem (VT); We follow the standard textbook (Chang & Keisler, 1994) on model
theory, with slight deviations in terminology and possibly notation to adapt our
conventions. Also we prove a new OTT for Lω,ω.

Definition 3.1: Let L be a first-order language in a certain signature and T a theory in
L. Let� be a set of L formulas each of which contains at most m free variables for some
m < ω.

(1) We say that T locally realises or isolates � if there is a formula φ having at most
m variables in L such that
(i) φ is consistent with T.

(ii) For all σ ∈ �, T |= φ→ σ .
(2) We say that T locally omits� if T does not locally realise�. Thus T locally omits

� iff for every formula φ which is consistent with T, there exists σ ∈ � such
that φ ∧ ¬σ . In this case, we say that� is an m-non-principle type of T, or a non-
principal type of T if m is clear from context, or even simply a non-principle type
if both m and T are clear from context. No confusion is likely to ensue.

Another semantical definition before formulating the Omitting Types Theorem
(OTT) for Lω,ω:

Definition 3.2: A first-order model M in a language L omits a given set of L formulas�
each having m < ω variables say, with m < ω, if there exists an assignment s : ω→ M
and φ ∈ � such that not M |= φ[s].

Theorem 3.3 (Orey–Henkin Omitting Types Theorem): Let T be a consistent first-
order theory in a countable language L and for each i < ω, let �i be a countable set of
L formulas in ni(< ω) variables. If T locally omits each �i, that is to say, each �i is an i
non-principle type, then T has a countable model which omits each�i.

Proof: Cf. Chang and Keisler (1994) Theorem 2.2.15. �

For α an ordinal Crsα denotes the class of relativised set algebras in the sense of
Henkin et al. (1985, Definition 3.1.2). That is to say A ∈ Crsα iff A is a set algebra with
top element a set V of α ary sequences, and operations defined like for Csα relativised
to the top element V.
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Definition 3.4: Let α be an ordinal. Let A ∈ CAα and let λ be a cardinal. If X ⊆ A and∏
X = 0, then we refer to X as a non-principal type of A. If X = 〈Xi : i < λ〉 is family

of subsets of A, we say that X is omitted in C ∈ Crsα , if there exists an isomorphism
f : A→ C such that ∩f (Xi) = ∅ for all i < λ.

Definition 3.5: If A ∈ CAn is atomic, then an isomorphism f : A→ B, where B ∈ Gsn

has top element V, is atomic, if
⋃

a∈AtA f (a) = V

It can be easily shown that f is a complete representation of A iff A is atomic and f is
an atomic representation (Hirsch & Hodkinson, 2002, Theorem 2.21). This entails that,
for any n < ω, A ∈ RCAn is completely representable iff A is atomic, and the single
non-principal type of co-atoms can be omitted in a Gsn, where by a co-atom we mean
the negation of an atom

Let A ∈ CAω and a ∈ A. Then recall that the dimension set of A, denoted by�a is the
set {i ∈ α : cia �= a}. The class Lfω of locally finite CAωs corresponds to first-order logic
(Henkin et al., 1985, Theorem 4.3.28) in the sense that if T is first-order theory then the
Lindenbaum Tarski quotient cylindric algebra of formulas, FmT is in Lfω . Conversely, if
A ∈ Lfω , then there is first-order theory T such that FmT

∼= A. Now the omitting types
theorem can be formulated algebraically as follows: But first a definition:

Theorem 3.6: Let A ∈ Lfω be countable. Let X = 〈Xi : i < ω〉 be a family of non-principal
types of A. Then X can be omitted in a Gsn.

The following Theorem is a generalisation of the OTT. Let covK be the cardinal
used in Sayed Ahmed (2013, Theorem 3.3.4). The cardinal p satisfies ω < p ≤ 2ω and
has the following property: If λ < p, and (Ai : i < λ) is a family of meager subsets of
a Polish space X (of which Stone spaces of countable Boolean algebras are exam-
ples) then

⋃
i∈λ Ai is meager. For the definition and required properties of p, witness

(Fremlin, 1984, p. 3, pp. 44–45, Corollary 22c).

Theorem 3.7: Let n < ω. Let A ∈ Lfω be countable. Let λ < 2ℵ0 and let X = (Xi : i < λ)

be a family of non-principal types of A such that for all i ∈ λ, there exists n < ω, such that
Xi ⊆ NrnA. Then the following hold:

(1) If the Xis are non-principal ultrafilters, then X can be omitted in a Gsω.
(2) Every subfamily of X of cardinality< p can be omitted in a Gsω ; in particular, every

countable subfamily of X can be omitted in a Gsω ,
(3) If A is simple, then every subfamily of X of cardinality< covK can be omitted in a

Csω.

Proof: We omit the proof of (1) which can be easily distilled from the proof of
Theorem 5.13. We work in B. Using the notation on Sayed Ahmed (2013, p. 216 of proof
of Theorem 3.2.4) replacing FmT by B, we have H =⋃

i∈λ
⋃
τ∈V Hi,τ where λ < p, and

V is the weak space ωω(Id), can be written as a countable union of nowhere dense
sets, and so can the countable union G =⋃

j∈ω
⋃

x∈B Gj,x . So for any a �= 0, there is
an ultrafilter F ∈ Na ∩ (S \ H ∪ G) by the Baire category theorem. This induces a homo-
morphism fa : A→ Ca, Ca ∈ Csω that omits the given types, such that fa(a) �= 0. The
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map g : A→ Pa∈A\{0}Ca defined via x → (ga(x) : a ∈ A \ {0})(x ∈ A) is as required.
In case A is simple, then by properties of covK, S \ (H ∪ G) is non-empty, so if F ∈
S \ (H ∪ G), then F induces a non-zero homomorphism f with domain A into a Csω
omitting the given types. By simplicity of A, f is injective. �

Definition 3.8: Consider a consistent theory T in a first-order language L in a given
signature and let m be a finite ordinal> 0.

(1) An L-formula φ containing at most m free variables is said to be complete in T
iff for every formula ψ containing at most m free variables exactly one of T |=
φ→ ψ or T |= φ→ ¬ψ holds. In this case, we say that φ completes ψ .

(2) A formula θ having at most m variables is said to be completable in T if there
is a complete formula φ with at most m free variables such that T |= φ→ θ .
Otherwise, θ is said to be incompletable.

Next we define atomic theories and atomic models.

Definition 3.9: (1) A theory T is said to be atomic, if for every m < ω, for every
formula φ of L, containing at most m free variables and consistent with T, φ is
completable in T. Furthermore, if ψ is the formula completing φ, then ψ has at
most m free variables, too.

(2) A model M is said to be an atomic model if for every m < ω, every m-tuple
a1, . . . , am ∈ M, satisfies a complete formula having at most m free variables in
ThM which is the complete theory {φ : M |= φ}.

It is not hard to show that if T is an atomic theory, then for all n < ω, NrnFmT is an
atomic Boolean algebra.

Theorem 3.10 (Existence of atomic models to atomic countable theories
attributed to Vaught): Let T be a complete countable theory. Then T has a countable
atomic model if and only if T is atomic.

Proof: Cf. Chang and Keisler (1994, Theorem 2.3.2). We give a totally algebraic proof.
For a Boolean algebra D, write AtD for the set of all atoms of D; an atom being a
non-zero minimal element. Recall that a Boolean algebra D is atomic if below every
non-zero element of D there is an atom. Let A = FmT . Then A ∈ Lfω and since T is
atomic, then it follows from the definition for all i < ω NriA ∈ CAi is atomic. Indeed
below every non-zero element in NriA (consistent formula with T having at most i
free variables) there is a complete formula (atom in NriFmT). Then for each i < ω,
Xi = {¬x : x ∈ AtNriA} would be a non-principal type, so that also by definition that∏NriA Xi =

∏A Xi = 0. By a representation omitting the Xis, we mean an isomorphism
f : A→ B, where B ∈ Csω has top element nM, such that

⋂
x∈Xi

f (x) = ∅ for all i < ω.
Any representation f omitting X = 〈Xi : i ∈ ω〉 known to exist by the OTT, will provide
an atomic model M of the atomic theory T represented algebraically by A. This model
M say, can be extracted from the base of the representation which is countable. �



JOURNAL OF APPLIED NON-CLASSICAL LOGICS 15

From now on we refer to the above theorem as Vaught’s Theorem, briefly VT, for
first-order logic. The next result, which we formulate in the upcoming corollary is also
commonly referred to as Vaught’s Theorem in the literature2 which has to do with the
finite spectrum of countable theories. Sometimes it is also called Never two Vaught’s
Theorem. For undefined notions like countably saturated models, and for unproved
results that a countable complete first-order theory T has a countable saturated model
iff NrnFmT has countably many Boolean ultrafilters, we refer the reader to Chang
and Keisler (1994), cf. Chang and Keisler (1994, Theorems 2.3.7). It is known that any
Boolean algebra whose Stone space is countable is atomic, so that if T has a countably
saturated model, it has an atomic model by our VT.

Corollary 3.11 (Never two Vaught’s Theorem) (Chang & Keisler, 1994, 2.3.15): Any
countable complete theory having countably many m types in m variables for all m < ω,
cannot have exactly two models

Proof: Assume that T has exactly two models. The idea is to construct from these given
two models a third model reaching a contradiction. We will be sketchy giving only
the gist of the idea. One of the models is the atomic model M say, and the other N is
the countably saturated model. Since N is not atomic, then by definition there exists a
tuple a1, . . . an in N that does not satisfy a complete formula. Consider the theory T ′ =
Th N(a1, . . . an). Then T ′ is a finite extension of T, so it also has a countably saturated
model. Therefore T ’ has an atomic model N′, say. It can be proved that the reduct of N’
to the language of T cannot be isomorphic to either M nor N, contradiction, and we
are done. �

An interesting condition occurs when the atomic and countably saturated models
of a given complete theory T having infinite models coincide. This occurs iff NrmFmT

is finite, a fortiori atomic for all m < ω, in which T is ω-categorial. This means its count-
able models are all isomorphic to the unique atomic model which happens to be
simultaneously countably saturated, cf. Chang and Keisler (1994, Theorem 2.3.12).

4. Non-atom canonicity of any V between SNrnCA2n and RCAn

4.1. Clique guarded semantics

Fix 2 < n < ω, and K a variety between Scn and QEAn. We study two approaches to
approximating the class RK of representable Ks, existence of dilations and (locally well-
behaved) relativised representations, in analogy to the relation algebra case dealt with
in Hirsch and Hodkinson (2002, Chapter 13). Examples include m-flat and m-square
representations, where 2 < n < m < ω. It will always be the case, unless otherwise
explicitly indicated, that 1 < n < m < ω; n denotes the dimension. We identify nota-
tionally a set algebra with its universe. Let M be a relativised representation of A ∈ CAn,
that is, there exists an injective homomorphism f : A→ ℘(V) where V ⊆ nM and⋃

s∈V rng(s) = M. For s ∈ V and a ∈ A, we may write a(s) for s ∈ f (a). This notation
does not refer to f, but whenever used then either f will be clear from context, or
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immaterial in the context. We may also write 1M for V. Let L(A)m be the first-order sig-
nature using m variables and one n-ary relation symbol for each element of A. Allowing
infinitary conjunctions, we denote the resulting signature taken in L∞,ω by L(A)m∞,ω .

An n-clique, or simply a clique, is a set C ⊆ M such (a0, . . . , an−1) ∈ V = 1M for all
distinct a0, . . . , an−1 ∈ C. Let

Cm(M) = {s ∈ mM : rng(s) is an n clique}.
Then Cm(M) is called the n-Gaifman hypergraph, or simply Gaifman hypergraph of M,
with the n-hyperedge relation 1M. The n-clique guarded semantics, or simply clique
guarded semantics, |=c, are defined inductively. Let f be as above. For an atomic n-ary
formula a ∈ A, i ∈ nm, and s ∈ mM, M, s |=c a(xi0 , . . . xin−1) ⇐⇒ (si0 , . . . sin−1) ∈ f (a).
For equality, given i< j<m, M, s |=c xi = xj ⇐⇒ si = sj. Boolean connectives, and
infinitary disjunctions, are defined as expected. Semantics for existential quantifiers
(cylindrifiers) are defined inductively for φ ∈ L(A)m∞,ω as follows: For i<m and s ∈ mM,
M, s |=c ∃xiφ ⇐⇒ there is a t ∈ Cm(M), t ≡i s such that M, t |=c φ.

Definition 4.1: Let A ∈ CAn, M a relativised representation of A and L(A)m be as
above.

(1) Then M is said to be m -square, if witnesses for cylindrifiers can be found on n -
cliques. More precisely, for all s̄ ∈ Cm(M), a ∈ A, i<n, and for any injective map
l : n→ m, if M |= cia(sl(0) . . . , sl(n−1)), then there exists t̄ ∈ Cm(M) with t̄ ≡i s̄,
and M |= a(tl(0), . . . , tl(n−1)).

(2) M is said to be (infinitary) m -flat if it is m-square and for all φ ∈
(L(A)m∞,ω)L(A)

m, for all s̄ ∈ Cm(M), for all distinct i, j<m, we have M |=c

[∃xi∃xjφ←→ ∃xj∃xiφ](s̄).

We alert the reader to the fact that our generalisation of Gaifman graphs of dimen-
sion 2 to n dimensions differs from the usual definition of n-dimensional Gaifman
hypergraph.

Definition 4.2: An n-dimensional atomic network on an atomic algebra A ∈ QEAn is a
map N : n�→ AtA, where� is a non-empty finite set of nodes, denoted by nodes(N),
satisfying the following consistency conditions for all i< j<n:

(i) If x̄ ∈ nnodes(N) then N(x̄) ≤ dij ⇐⇒ x̄i = x̄j,
(ii) If x̄, ȳ ∈ nnodes(N), i<n and x̄ ≡i ȳ, then N(x̄) ≤ ciN(ȳ),

(iii) (Symmetry): if x̄ ∈ nnodes(N), then s[i,j]N(x̄) = N(x̄ ◦ [i, j]).

If A ∈ CAn, then an A network is a map defined like above satisfying only (i) and (ii).
If A ∈ QAn, then an A network satisfies (ii) and (iii) together with the condition that if
x̄ ∈ nnodes(N), then s[i | j]N(x̄) = N(x̄ ◦ [i | j]) (instead of (i)). Finally, if A ∈ Scn than an A
network satisfies the last condition together with (ii).

The proof of the following lemma can be distilled from its RA analogue (Hirsch
& Hodkinson, 2002, Theorem 13.20), by reformulating deep concepts originally intro-
duced by Hirsch and Hodkinson for RAs in the CA context, involving the notions of
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hypernetworks and hyperbasis. This can be done. In the coming proof, the main ideas
needed to perform such a transfer from RAs to CAs (Hirsch & Hodkinson, 2002, Defini-
tions 12.1, 12.9, 12.10, 12.25, Propositions 12.25, 12.27). In all cases, the m-dimensional
dilation stipulated in the statement of the theorem, will have top element Cm(M),
where M is the m-relativised representation of the given algebra, and the operations
of the dilation are induced by the n-clique guarded semantics. For a class K of BAOs,
K ∩ At denotes the class of atomic algebras in K.

A set V (⊆ nU) is diagonisable if s ∈ V =⇒ s ◦ [i|j] ∈ V . We write Sc for the operation
of forming complete subalgebras. That is to say, for a class K of BAOs, B ∈ ScK ⇐⇒
there is an A ∈ K such that A ⊆ B and for all X ⊆ A, if

∑A X = 1, then
∑B X = 1. For

two BAOs, A and B having the same signature, we write A ⊆c B, if A is a complete
subalgebra of B.

Lemma 4.3 (Hirsch & Hodkinson, 2002, Theorems 13.45, 13.36): Assume that 2 <
n < m < ω and let A be a BAO having the same signature as CAn and satisfying all the
CAn axioms except possibly for commutativity of cylindrifications.

(1) Then A ∈ SNrnCAm ⇐⇒ A has an infinitary m-flat representation ⇐⇒ A has
an m-flat representation. Furthermore, if A is atomic, then A has a complete
infinitary m-flat representation ⇐⇒ A ∈ ScNrn(CAm ∩ At).

(2) We can replace infinitary m-flat and CAm by m-square and Dm, respectively, where
Dm are set algebras having a diagonisable top element V with operations defined
like Csm restricted to V.

4.2. Non-atom-canonicity of subvarieties of RCAn and RRA

To violate a special case of OTT for the clique guarded fragments of Ln, we use a
blow up and blur construction applied to a finite extremely simple rainbow CAn (to be
defined below) to prove non-atom canonicity of several varieties of relation and cylin-
dric algebras. This subtle construction may be applied to any two classes L ⊆ K of com-
pletely additive BAOs. One takes an atomic A /∈ K (usually but not always finite), blows
it up, by splitting one or more of its atoms each to infinitely many subatoms, obtaining
an (infinite) countable atomic Bb(A) ∈ L, such that A is blurred in Bb(A) meaning
that A does not embed in Bb(A), but A embeds in the Dedekind–MacNeille com-
pletion of Bb(A), namely, CmAtBb(A). Then any class M say, between L and K that
is closed under forming subalgebras will not be atom-canonical, for Bb(A) ∈ L(⊆
M), but CmAtBb(A) /∈ K(⊇ M) because A /∈ M and SM = M. We say, in this case,
that L is not atom-canonical with respect to K. This method is applied to K = SRaCAl,
l ≥ 5 and L = RRA in Hirsch and Hodkinson (2002, § 17.7) and to K = RRA and
L = RRA ∩ RaCAk for all k ≥ 3 in Andréka et al. (2008), and will be applied below to
K = SNrnCAn+k , k ≥ 3 where Nrn denotes the operation of forming the n-neat reduct
(Henkin et al., 1985, Defintion 2.6.38) (to be defined below) and L = RCAn, where Ra
denotes the operator of forming relation algebra reducts (applied to classes) of CAs,
respectively, (Henkin et al., 1985, Definition 5.2.7).

In Andréka et al. (2008), a single blow up and blur construction was used to prove
non-atom-canonicity of RRA and RCAn for 2 < n < ω. To obtain finer results, we use
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two blow up and blur constructions applied to rainbow algebras. To put things into a
unified perspective, we formulate a definition:

Definition 4.4: Let M be a variety of completely additive BAOs.

(1) Let A ∈ M be a finite algebra. We say that D ∈ M is obtained by blowing up and
blurring A if D is atomic, A does not embed in D, but A embeds into CmAtD.

(2) Assume that K ⊆ L ⊆ M, such that SL = L.
(a) We say that K is not atom-canonical with respect to L if there exists an atomic

D ∈ K such that CmAtD /∈ L. In particular, K is not atom-canonical ⇐⇒
K not atom-canonical with respect to itself.

(b) We say that a finite algebra A ∈ M detects that K is not atom-canonical with
respect to L, if A /∈ L, and there is a(n atomic) D ∈ K obtained by blowing
up and blurring A.

The next proposition and its proof present the construction in Andréka et al. (2008)
in the framework of Definition 4.4.

Proposition 4.5: Let 2 < n < ω. Then for any finite j > 0, RRA ∩ RaCA2+j is not atom-
canonical with respect to RRA, and RCAn ∩ NrnCAn+j is not atom-canonical with respect
to RCAn.

From now on, unless otherwise indicated, n is fixed to be a finite ordinal> 2.

Definition 4.6: (1) Let Kn be any variety between Scn and QEAn. Assume that
A ∈ Kn is atomic and that m, k ≤ ω. The atomic game Gm

k (AtA), or simply Gm
k , is

the game played on atomic networks of A using m nodes and having k rounds
(Hirsch & Hodkinson, 2013, Definition 3.3.2), where ∀ is offered only one move,
namely, a cylindrifier move: Suppose that we are at round t>0. Then ∀ picks a
previously played network Nt (nodes(Nt) ⊆ m), i < n, a ∈ AtA, x̄ ∈ nnodes(Nt),
such that Nt(x̄) ≤ cia. For her response, ∃ has to deliver a network M such that
nodes(M) ⊆ m, M ≡i N, and there is ȳ ∈ nnodes(M) that satisfies ȳ ≡i x̄ and
M(ȳ) = a.We write Gk(AtA), or simply Gk , for Gm

k (AtA) if m ≥ ω.
(2) The ω-rounded game Gm(AtA) or simply Gm is like the game Gm

ω (AtA) except
that ∀ has the option to reuse the m nodes in play.

Observe that for k, m ≤ ω, the games Gm
k (AtA) and Gm(AtA) depend on the signature

of A.
For a class K of BAOs, we denote by Kad the class of completely additive algebras

in K.

Lemma 4.7: Let 2 < n < ω, and assume that m>n. Let K be any variety between Scn

and QEAn. If A ∈ ScNrnKad
m is atomic, then ∃ has a winning strategy in Gm(AtA). If A ∈ K,

and A has a complete m-square representation then ∃ has a winning strategy in Gm
ω (AtA).

If A is finite, then A does not have an m-square representation.

Proof: Cf. Sayed Ahmed (2019, Lemma 4.3) and Sayed Ahmed (2015, Lemma 5.8). �
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4.3. Blowing up and blurring finite rainbow relation and cylindric algebras

Rainbow construction: The rainbow construction in algebraic logic, invented by Hirsch
and Hodkinson, reduces finding subtle differences between seemingly related notions
or concepts using a very simple Ehrenfeucht–Fraïssé forth pebble game between two
players ∀ and ∃ on two very simple structures. From those structures, a relation or
cylindric algebra can be constructed and a winning strategy for either player lifts to
a winning strategy on the atom structure of the algebra for the same player, though
the number of ‘pebble pairs’ and rounds may increase in the algebra. In the case of
relation algebras, the atoms are coloured, so that the games are played on colours. For
cylindric algebras, matters are a little bit more complicated because games are played
on so-called coloured graphs, which are models of the rainbow signature coded in an
Lω1,ω theory based on a graph � (which we denote by R) (Hirsch & Hodkinson, 2013,
Definition 3.6.9). The atom structure consists of finite-coloured graphs rather than
colours. Nevertheless, the essence of the two construction is very similar, because in
the cylindric algebra constructed from the relational structures G (the greens) and R
(the reds), the relation algebra atom structure based also on G and R is coded in the
cylindric atom structure, but the latter has additional ‘shades of yellow’ that are used
to label n−1 hyperedges coding the additional cylindric information. The strategy for
∃ in a rainbow game for relation algebras is try white, if it does not work try black, and
finally if it does not work try red. In the latter case she is kind of cornered, so it is the
hardest part in the game. She never uses green. In the cylindric algebra case, the most
difficult part for ∃ is to label the edge between apexes of two cones (a cone is a special
coloured graph) having a common base, when she is also forced a red. So in both cases
the choice of a red, when she is forced one, is the most difficult part for ∀ and if she suc-
ceeds to choose a suitable red label in every round then she wins. Indeed, it is always
the case that ∀ wins on a red clique, using his greens to force ∃ play an inconsistent
triple of reds.

The most general exposition of CA rainbow constructions is given in Hirsch
and Hodkinson (2013, Section 6.2, Definition 3.6.9) in the context of constructing atom
structures from classes of models. Our models are just coloured graphs (Hirsch & Hod-
kinson, 1997). Let G, R be two relational structures. Let 2 < n < ω. Then the colours
used are:

• greens: gi (1 ≤ i ≤ n− 2), gi
0, i ∈ G,

• whites: wi : i ≤ n− 2,
• reds: rij (i, j ∈ R),
• shades of yellow: yS : S a finite subset of B or S = B.

A coloured graph is a graph such that each of its edges is labelled by the colours in
the above first three items, greens, whites or reds, and some n−1 hyperedges are also
labelled by the shades of yellow. Certain coloured graphs will deserve special attention.

Definition 4.8: Let i ∈ G, and let M be a coloured graph consisting of n nodes
x0, . . . , xn−2, z. We call M an i-cone if M(x0, z) = gi

0 and for every 1 ≤ j ≤ n− 2,
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M(xj, z) = gj, and no other edge of M is coloured green. (x0, . . . , xn−2) is called the base
of the cone, z the apex of the cone and i the tint of the cone.

The rainbow algebra depending on G and R from the class K consisting of all
coloured graphs M such that:

(1) M is a complete graph and M contains no triangles (called forbidden triples) of
the following types:

(g, g′, g∗), (gi, gi, wi) any 1 ≤ i ≤ n− 2, (1)

(gj
0, gk

0, w0) any j, k ∈ G, (2)

(rij, rj′k′ , ri∗k∗) unless i = i∗, j = j′ and k′ = k∗ (3)

and no other triple of atoms is forbidden.
(2) If a0, . . . , an−2 ∈ M are distinct, and no edge (ai, aj) i< j<n is coloured green,

then the sequence (a0, . . . , an−2) is coloured a unique shade of yellow. No other
(n− 1) tuples are coloured shades of yellow. Finally, if D = {d0, . . . , dn−2, δ} ⊆ M
and M � D is an i cone with apex δ, inducing the order d0, . . . , dn−2 on its base,
and the tuple (d0, . . . , dn−2) is coloured by a unique shade yS then i ∈ S.

Let G and R be relational structures as above. Take the set J consisting of all surjec-
tive maps a : n→ �, where � ∈ K and define an equivalence relation ∼ on this set
relating two such maps iff they essentially define the same graph (Hirsch & Hodkin-
son, 1997); the nodes are possibly different but the graph structure is the same. Let At
be the atom structure with underlying set J ∼. We denote the equivalence class of a by
[a]. Then define, for i< j<n, the accessibility relations corresponding to ijth-diagonal
element, ith-cylindrifier, and substitution operator corresponding to the transposition
[i, j], as follows:

(1) [a] ∈ Eij iff a(i) = a(j),
(2) [a]Ti[b] iff a � n � {i} = b � n � {i},
(3) [a]S[i,j][b] iff a ◦ [i, j] = b.

This, as easily checked, defines a QEAn atom structure. The complex QEAn over this
atom structure will be denoted by AG, R. The dimension of AG, R, always finite and> 2,
will be clear from context. For rainbow atom structures, there is a one to one corre-
spondence between atomic networks and coloured graphs (Hirsch & Hodkinson, 1997,
Lemma 30), so for 2 < n < m ≤ ω, we use the graph versions of the games Gm

k , k ≤ ω,
and Gm played on rainbow atom structures of dimension m (Hirsch & Hodkinson, 1997,
pp. 841–842). We start by translating the atomic k rounded game Gm

k where the num-
ber of nodes are limited to n to games on coloured graphs (Hirsch & Hodkinson, 1997,
Lemma 30).

Let C be a rainbow algebra. Let N be an atomic C network. Let x, y be two distinct
nodes occurring in the n tuple z̄. N(z̄) is an atom of C which defines an edge colour
of x, y. Using the fact that the dimension is at least 3, the edge colour depends only
on x and y not on the other elements of z̄ or the positions of x and y in z̄. Similarly
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N defines shades of white for certain (n− 1) tuples. In this way, N translates into a
coloured graph. This translation has an inverse. More precisely, letting CRG be the
class of coloured graphs in a rainbow signature, we have:

Let M ∈ CRG be arbitrary. Define NM whose nodes are those of M as fol-
lows. For each a0, . . . , an−1 ∈ M, define NM(a0, . . . , an−1) = [α] where α : n→ M �
{a0, . . . , an−1} is given by α(i) = ai for all i<n. Then, as easily checked, NM is an atomic
C network. Conversely, let N be any non-empty atomic C network. Define a complete
coloured graph MN whose nodes are the nodes of N as follows:

• For all distinct x, y ∈ MN and edge colours η, MN(x, y) = η if and only if for some
z̄ ∈ nN, i, j<n, and atom [α], we have N(z̄) = [α], zi = x, zj = y and the edge
(α(i),α(j)) is coloured η in the graph α.

• For all x0, . . . , xn−2 ∈ n−1MN and all yellows yS, MN(x0, . . . , xn−2) = yS ⇐⇒ for
some z̄ in nN, i0, . . . , in−2 < n and some atom [α], we have N(z̄) = [α], zij = xj for
each j<n−1 and the n−1 tuple 〈α(i0), . . . ,α(in−2)〉 is coloured yS. Then MN is
well defined and is in CRG.

The following is then, though tedious and long, easy to check: For any M ∈ CGR, we
have MNM = M, and for any C network N, NMN = N. This translation makes the following
equivalent formulation of the games Gm

mk(AtC) originally defined on networks. The
new graph version of the game (Hirsch & Hodkinson, 1997, p. 27–29) builds a nested
sequence M0 ⊆ M1 ⊆ Mi . . . , i < k (k the number of rounds ≤ ω) of coloured graphs
such that nodes(Mi) ⊆ m. ∀ picks a graph M0 ∈ CRG with M0 ⊆ m and ∃ makes no
response to this move. In a subsequent round, let the last graph built be Mi (i < k). ∀
picks

• a graph� ∈ G with |�| = n,
• a single node t ∈ �,
• a coloured graph embedding θ : �� {t} → Mi. Let F = φ � {t}. Then ∃ must

respond by amalgamating Mi and � with the embedding θ . In other words,
she has to define a graph Mi+1 ∈ CRG and embeddings λ : Mi → Mi+1 μ : φ→
Mi+1, such that λ ◦ θ = μ � F.

Summarising we have:

Proposition 4.9: Let 2 < n < ω. Let k, m ≤ ω, and C be a rainbow CAn. Then ∃ has a
winning strategy in Gm

k (AtC) ⇐⇒ ∃has a winning strategy in the above k-rounded graph
game played on C where the size of graphs during the play is limited to m nodes.

The game Gm lifts to a game on coloured graphs, that is like the graph games Gm
ω

(Hirsch & Hodkinson, 1997), where the number of nodes of graphs played during the
ω rounded game does not exceed m, but ∀ has the option to re-use nodes. The typical
winning strategy for ∀ in the graph version of both atomic games is bombarding ∃with
cones having a common base and green tints until she runs out of (suitable) reds, that
is to say, reds whose indicies do not match (Hirsch & Hodkinson, 1997, 4.3).
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Let Kn be a variety between Scn and QEAn. A Kn atom structure At is weakly repre-
sentable if there is an atomic A ∈ RKn such that At = AtA; it is strongly representable
if CmAt ∈ RKn. These two notions are distinct, cf. Hodkinson (1997) and the following
Theorem 4.10; see also the forthcoming Theorem 4.17. With these preliminaries out of
the way, we are now ready to start digging deeper:

Theorem 4.10: Let 2 < n < ω.

(1) Hirsch and Hodkinson (2002) The variety RRA is not atom-canonical with respect
to SRaCAk , for any k ≥ 6,

(2) Let K be any variety between Sc and QEA. Then RKn is not-atom canonical with
respect to SNrnK2n. In fact, there is a countable atomic simple A ∈ RQEAn such that
RdscCmAtA does not have a 2n-square, a fortiori 2n-flat, representation.

Proof: For item (1), cf. Hirsch and Hodkinson (2013, Lemmata 17.32, 17.34, 17.35,
17.36)

The proof of the second item is divided into four parts:
1. Blowing up and blurring An+1,n forming a weakly representable atom structure At:

Take the finite rainbow QEAn, An+1,n where the reds R is the complete irreflexive
graph n, and the greens are {gi : 1 ≤ i < n− 1} ∪ {gi

0 : 1 ≤ i ≤ n+ 1}, endowed with
the quasipolyadic equality operations. We will show that for any variety Kn between
Scn and QEAn, the Kn reduct of An+1,n detects that RKn is not atom-canonical with
respect to SNrnKn+3. Denote the finite atom structure of An+1,n by Atf ; so that Atf =
At(An+1,n). One then replaces the red colours of the finite rainbow algebra of An+1,n

each by infinitely many reds (getting their superscripts from ω), obtaining this way
a weakly representable atom structure At. The cylindric reduct of the resulting atom
structure after ‘splitting the reds’, namely, At, is like the weakly (but not strongly) rep-
resentable atom structure of the atomic, countable and simple algebra A as defined in
Hodkinson (1997, Definition 4.1); the sole difference is that we have n+ 1 greens and
not ω-many as is the case in Hodkinson (1997); also we count it the polyadic opera-
tions of substitutions. We denote the resulting term QEAn, TmAt by Bb(An+1,n, r,ω)
short hand for blowing up and blurring An+1,n by splitting each red graph (atom) into
ω many. It can be shown exactly like in Hodkinson (1997) that ∃ can win the rainbow
ω-rounded game and build an n-homogeneous model M by using a shade of red ρ
outside the rainbow signature, when she is forced a red; Hodkinson (1997, Proposi-
tion 2.6, Lemma 2.7). The n-homogeneity entails that any subgraph (substructure) of M
of size≤ n, is independent of its location in M; it is uniquely determined by its isomor-
phism type. One proves like in Hodkinson (1997) that Bb(An+1,n, r,ω) is representable
as a set algebra having top element nM. We give more details. In the present con-
text, after the splitting ‘the finitely many red colours’ replacing each such red colour
rkl, k< l<n by ω many ri

kl, i ∈ ω, the rainbow signature for the resulting rainbow the-
ory as defined in Hirsch and Hodkinson (2002, Definition 3.6.9) call this theory Tra,
consists of gi : 1 ≤ i < n− 1, gi

0 : 1 ≤ i ≤ n+ 1, wi : i < n− 1, rt
kl : k < l < n, t ∈ ω,

binary relations, and n−1 ary relations yS, S ⊆ω n+ k − 2 or S = n+ 1. The set alge-
bra Bb(An+1,n, r,ω) of dimension n has base an n-homogeneous model M of another
theory T whose signature expands that of Tra by an additional binary relation (a shade
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of red) ρ. In this new signature, T is obtained from Tra by some axioms (consistency con-
ditions) extending Tra. Such axioms (consistency conditions) specify consistent triples
involving ρ. We call the models of T extended coloured graphs. In particular, M is an
extended coloured graph. To build M, the class of coloured graphs is considered in the
signature L ∪ {ρ} like in usual rainbow constructions as given above with the two addi-
tional forbidden triples (r, ρ, ρ) and (r, r∗, ρ), where r, r∗ are any reds. This model M is
constructed as a countable limit of finite models of T using a game played between
∃ and ∀. Here, unlike the extended Lω1,ω theory dealt with in Hodkinson (1997), T is
a first-order one because the number of greens used are finite. In the rainbow game
(Hirsch & Hodkinson, 1997, 2002), ∀ challenges ∃ with cones having green tints (gi

0),
and ∃ wins if she can respond to such moves. This is the only way that ∀ can force a
win. ∃ has to respond by labelling appexes of two successive cones, having the same
base played by ∀. By the rules of the game, she has to use a red label. She resorts to ρ
whenever she is forced a red while using the rainbow reds will lead to an inconsistent
triangle of reds (Hodkinson, 1997, Proposition 2.6, Lemma 2.7).

2. Representing TmAtA (and its completion) as ( generalised) set algebras: From now
on, forget about ρ; having done its task as a colour to (weakly) represent At, it will
play no further role. Having M at hand, one constructs two atomic n-dimensional
set algebras based on M, sharing the same atom structure and having the same top
element. The atoms of each will be the set of coloured graphs, seeing as how, quot-
ing Hodkinson (1997) such coloured graphs are ‘literally indivisible’. Now Ln and Ln∞,ω
are taken in the rainbow signature (without ρ). Continuing like in Hodkinson (1997),
deleting the one available red shade, set W = {ā ∈ nM : M |= (∧i<j<n¬ρ(xi, xj))(ā)},
and for φ ∈ Ln∞,ω, let φW = {s ∈ W : M |= φ[s]}. Here W is the set of all n-ary assign-
ments in nM, that have no edge labelled by ρ. Let A be the relativised set algebra
with domain {ϕW : ϕ afirst− order Ln-formula and unit W, endowed with the usual
concrete quasipolyadic operations read off the connectives. Classical semantics for Ln

rainbow formulas and their semantics by relativising to W coincide (Hodkinson, 1997,
Proposition 3.13) but not with respect to Ln∞,ω rainbow formulas. This depends essen-
tially on Hodkinson (1997, Lemma 3.10), which is the heart and soul of the proof in
Hodkinson (1997), and for what matters this proof. The referred to lemma says that
any permutation χ of ω ∪ {ρ},�χ as defined in Hodkinson (1997, Definitions 3.9, 3.10)
is an n back-and-forth system induced by any permutation of ω ∪ {ρ}. Let χ be such
a permutation. The system �χ consists of isomorphisms between coloured graphs
such that superscripts of reds are ‘re-shuffled along χ ’, in such a way that rainbow
red labels are permuted, ρ is replaced by a red rainbow label, and all other colours
are preserved. One uses such n-back-and-forth systems mapping a tuple b̄ ∈ nM\W to
a tuple c̄ ∈ W preserving any formula in Lra containing the non-red symbols that are
‘moved’ by the system, so if b̄ ∈ nM refutes the Ln rainbow formula φ, then there is
a c̄ in W refuting φ. Hence the set algebra A is isomorphic to a quasipolyadic equal-
ity set algebra of dimension n having top element nM, so A is simple, in fact its Df
reduct is simple. Let E = {φW : φ ∈ Ln∞,ω} (Hodkinson, 1997, Definition 4.1) with the
operations defined like on A the usual way. CmAt is a complete QEAn and, so like
in Hodkinson (1997, Lemma 5.3) we have an isomorphism from CmAt to E defined
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via X → ∪X . Since AtA = AtTm(AtA) = At and TmAtA ⊆ A, hence TmAtA is repre-
sentable. The atoms of A, TmAtA and CmAtA = CmAt are the coloured graphs whose
edges are not labelled by ρ. These atoms are uniquely determined by the interpretation
in M of so-called MCA formulas in the rainbow signature of At as in Hodkinson (1997,
Definition 4.3).

3. Embedding An+1,n into Cm(At(Bb(An+1,n, r,ω))): Let CRGf be the class of
coloured graphs on Atf and CRG be the class of coloured graph on At. We can (and
will) assume that CRGf ⊆ CRG. Write Ma for the atom that is the (equivalence class of
the) surjection a : n→ M, M ∈ CGR. Here we identify a with [a]; no harm will ensue.
We define the (equivalence) relation ∼ on At by Mb ∼ Na, (M, N ∈ CGR):

• a(i) = a(j)⇐⇒ b(i) = b(j),
• Ma(a(i), a(j)) = rl ⇐⇒ Nb(b(i), b(j)) = rk , for some l, k ∈ ω,
• Ma(a(i), a(j)) = Nb(b(i), b(j)), if they are not red,
• Ma(a(k0), . . . , a(kn−2)) = Nb(b(k0), . . . , b(kn−2)), whenever defined.

We say that Ma is a copy of Nb if Ma ∼ Nb (by symmetry Nb is a copy of Ma.) Indeed,
the relation ‘copy of’ is an equivalence relation on At. An atom Ma is called a red atom,
if Ma has at least one red edge. Any red atom has ω many copies, that are cylindri-
cally equivalent, in the sense that, if Na ∼ Mb with one (equivalently both) red, with
a : n→ N and b : n→ M, then we can assume that nodes(N) = nodes(M) and that
for all i<n, a � n ∼ {i} = b � n ∼ {i}. In CmAt, we write Ma for {Ma} and we denote
suprema taken in CmAt, possibly finite, by

∑
. Define the map� from An+1,n = CmAtf

to CmAt, by specifying first its values on Atf , via Ma →
∑

j M(j)
a where M(j)

a is a copy
of Ma. So each atom maps to the suprema of its copies. This map is well defined
because CmAt is complete. We check that� is an injective homomorphism. Injectivity
follows from Ma ≤ �(Ma), hence �(x) �= 0 for every atom x ∈ At(An+1,n). We check
preservation of all the QEAn operations. The Boolean join is obvious.

• For complementation: It suffices to check preservation of complementation ‘at
atoms’ of Atf . So let Ma ∈ Atf with a : n→ M, M ∈ CGRf ⊆ CGR. Then:

�(∼ Ma) = �
⎛
⎝ ⋃

[b]�=[a]

Mb

⎞
⎠ = ⋃

[b]�=[a]

�(Mb) =
⋃

[b]�=[a]

∑
j

M(j)
b

=
⋃

[b]�=[a]

∼
∑

j

[∼ (Ma)
(j)] =

⋃
[b]�=[a]

∼
∑

j

[(∼ Mb)
j] =

⋃
[b]�=[a]

∧
j

M(j)
b

=
∧

j

⋃
[b]�=[a]

M(j)
b =

∧
j

(∼ Ma)
j =∼

(∑
Mj

a

)
=∼ �(a)

• Diagonal elements. Let l< k<n. Then:

Mx ≤ �(dCmAtf
lk ) ⇐⇒ Mx ≤

∑
j

⋃
al=ak

M(j)
a

⇐⇒ Mx ≤
⋃

al=ak

∑
j

M(j)
a
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⇐⇒ Mx = M(j)
a for some a : n→ M such that a(l) = a(k)

⇐⇒ Mx ∈ dCmAt
lk .

• Cylindrifiers. Let i<n. By additivity of cylindrifiers, we restrict our attention to
atoms Ma ∈ Atf with a : n→ M, and M ∈ CRGf ⊆ CRG. Then:

�(cCmAtf
i Ma) = �

⎛
⎝ ⋃

[c]≡i[a]

Mc

⎞
⎠ = ⋃

[c]≡i[a]

�(Mc)

=
⋃

[c]≡i[a]

∑
j

M(j)
c =

∑
j

⋃
[c]≡i[a]

M(j)
c =

∑
j

cCmAt
i M(j)

a

= cCmAt
i

⎛
⎝∑

j

M(j)
a

⎞
⎠ = cCmAt

i �(Ma).

• Substitutions: Let i, k<n. By additivity of the s[i,k]s, we again restrict our-
selves to atoms of the form Ma as specified in the previous items. Now com-
puting we get: �(sCmAtf

[i,k] Ma) = �(Ma◦[i,k]) =
∑CmAt

j (M(j)
a◦[i,k]) =

∑
j sCmAt

[i,k] M(j)
a =

sCmAt
[i,k] (

∑
j M(j)

a ) = sCmAt
[i,k] �(Ma).

4. ∀ has a winning strategy in Gn+3At(An+1,n); and the required result: It is straight-
forward to show that ∀ has winning strategy first in the Ehrenfeucht–Fraïssé forth
private game played between ∃ and ∀ on the complete irreflexive graphs n+ 1 and n
in n+ 1 rounds EFn+1

n+1(n+ 1, n) (Hirsch & Hodkinson, 2013, Definition 16.2) since n+ 1
is ‘longer’ than n. Here r is the number of rounds and p is the number of pairs of peb-
bles on board. Using (any) p>n many pairs of pebbles available on the board ∀ can
win this game in n+ 1 many rounds. In each round 0, 1 . . . n, ∃ places a new pebble on
a new element of n+ 1. The edge relation in n is irreflexive so to avoid losing ∃ must
respond by placing the other pebble of the pair on an unused element of n. After n
rounds, there will be no such element, so she loses in the next round. ∀ lifts his winning
strategy from the private Ehrenfeucht–Fraïssé forth game EFn+1

n+1(n+ 1, n) to the graph
game on Atf = At(An+1,n) (Hirsch & Hodkinson, 1997, p. 841) forcing a win using n+ 3
nodes. He bombards ∃ with cones having common base and distinct green tints until
∃ is forced to play an inconsistent red triangle (where indices of reds do not match).
He needs n−1 points for bases of cones plus n+ 1 apexes of cones played by Abelard,
abbreviated by ∀ to reveal that the reds coming from the complete irreflexive graph n,
are not enough; the total number being n−1+ n+ 1 = 2n.

Let Rdsc denote the ‘Sc reduct’. For brevity let D = RdscAn+1,n(∈ Scn). Then by
Lemma 4.7, D /∈ ScNrnScad

2n. Since D is finite, then D /∈ SNrnScad
2n, because D = D+

and D ∈ SNrnScad
2n =⇒ D+ ∈ ScNrnScad

2n. Also D /∈ SNrnSc2n. To see why, assume for
contradiction that D ⊆ NrnE, E ∈ Sc2n. Let E′ = SgED, then E′ is finite, hence com-
pletely additive and D ⊆ NrnE

′. The last condition is a possibility that we have already
excluded. But An+1,n embeds into CmAtA, hence CmRdScAtA is outside the variety
SNrnSc2n, as well. Since RdscA is completely additive because it is a reduct of a QEAn,
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then CmAtRdScA is the Dedekind–MacNeille completion of RdscA. By the second part
of Lemma 4.7, the required follows. �

In Hirsch and Sayed Ahmed (2014), it is proved that for any 2 < n < ω, for any variety
Kn (consisting of n-dimensional algebras) between Scn and QEAn, and for any k ≥ 1,
SNrnKn+k+1 � SNrnKn+k , and in fact the gap cannot be finitely axiomatised. Hence we
readily conclude:

Proposition 4.11: For 2 < n < ω, and any variety V between Scn and QEAn there are
infinitely many varieties containing (and including) RV and contained in V that are not
atom canonical.

4.4. An application on omitting types for the clique guarded fragment of Ln

Definition 4.12: Let R be an atomic relation algebra. An n-dimensional basic matrix,
or simply a matrix on R, is a map f : 2n→ AtR satisfying the following two con-
sistency conditions f (x, x) ≤ Id and f (x, y) ≤ f (x, z); f (z, y) for all x, y, z<n. For any
f, g basic matrices and x, y<m we write f ≡xy g if for all w, z ∈ m \ {x, y} we have
f (w, z) = g(w, z). We may write f ≡x g instead of f ≡xx g.

Definition 4.13: An n-dimensional cylindric basis for an atomic relation algebra R is a
set M of n-dimensional matrices on R with the following properties:

• If a, b, c ∈ AtR and a ≤ b; c, then there is an f ∈M with f (0, 1) = a, f (0, 2) = b
and f (2, 1) = c

• For all f , g ∈M and x, y<n, with f ≡xy g, there is h ∈M such that f ≡x h ≡y g.

For the next lemma, we refer the reader to Hirsch and Hodkinson (2002,
Definition 12.11) for the definition of hyperbasis for relation algebras as well as to
Hirsch and Hodkinson (2002, Chapter 13, Definitions 13.4, 13.6) for the notions of n-
flat and n-square representations for relation algebras (n>2) generalised above to
cylindric algebras, cf. Definition 4.1. For a relation algebra R, R+ denotes its canonical
extension.

Lemma 4.14: Let R be a relation algebra and 3 < n < ω. Then the following hold:

(1) R+ has an n-dimensional relational basis ⇐⇒ R has an n-square representa-
tion.

(2) R+ has an n-dimensional hyperbasis ⇐⇒ R has an n-flat representation.

Proof: Hirsch and Hodkinson (2002, Theorem 13.46, the equivalence (1) ⇐⇒ (5) for
basis, and the equivalence (7) ⇐⇒ (11) for hyperbasis). �

One can construct a CAn in a natural way from an n-dimensional cylindric basis
which can be viewed as an atom structure of a CAn (like in Hirsch & Hodkinson, 2002,
Definition 12.17 addressing hyperbasis). For an atomic relation algebra R and l>3, we
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denote by Matn(AtR) the set of all n-dimensional basic matrices on R. Matn(AtR) is
not always an n-dimensional cylindric basis, but sometimes it is, as will be the case
described next. On the other hand, Mat3(AtR) is always a 3-dimensional cylindric
basis; a result of Maddux’s, so that CmMat3(AtR) ∈ CA3.

Consider the following statement: There exists a countable, complete and atomic Ln

first-order theory T in a signature L, meaning that the Tarski Lindenbuam quotient algebra
FmT is atomic, such that the type � consisting of co-atoms FmT is realisable in every m
-square model, but � cannot be isolated using≤ l variables, where n ≤ l < m ≤ ω.

A co-atom of FmT is the negation of an atom in FmT . An m-square model of T is
an m-square representation of FmT . The last italised statement is short for Vaught’s
Theorem (VT) fails at (the parameters) l and m.

Definition 4.15: We write VT(l, m) for the negation of the above italicised statement.

So VT(l, m) stand for VT holds at l and m. We also include l = ω in the equation
by defining VT(ω,ω) as VT holds for Lω,ω: Atomic countable first-order theories have
atomic countable models. We have shown that VT(ω,ω) is a direct consequence of
the Orey–Henkin OTT in Theorem 3.10.

Definition 4.16 (Andréka et al., 2008, Definition 3.1): Let R be a relation algebra,
with non-identity atoms I and 2 < n < ω. Assume that J ⊆ ℘(I) and E ⊆ 3ω.

(1) We say that (J, E) is an n -blur for R, if J is a complex n-blur defined as follows:
(a) Each element of J is non-empty,
(b) ∪J = I,
(c) (∀ P ∈ I)(∀W ∈ J)(I ⊆ P; W),
(d) (∀ V1, . . . Vn, W2, . . .Wn ∈ J)(∃T ∈ J)(∀ 2 ≤ i ≤ n)safe(Vi, Wi, T), that is to

say, for v ∈ Vi, w ∈ Wi and t ∈ T , v; w ≥ t,
(e) (∀ P2, . . . Pn, Q2, . . .Qn ∈ I)(∀W ∈ J)W ∩ P2; Qn ∩ · · · Pn; Qn �= ∅.
and the tenary relation E is an index blur defined as in item (ii) of Andréka
et al. (2008, Definition 3.1).

(2) We say that (J, E) is a strong n -blur, if it (J, E) is an n-blur, such that the complex
n-blur satisfies:

(∀ V1, . . . Vn, W2, . . .Wn ∈ J)(∀ T ∈ J)(∀ 2 ≤ i ≤ n)safe(Vi, Wi, T).

Theorem 4.17: For 2 < n < ω and n ≤ l < ω,¬VT(n, 2n)and¬VT(l,ω)hold. If for each
n < m < ω, there exists a finite relation algebra Rm having m−1 strong blur and no m-
dimensional relational basis, then for 2 < n ≤ l < m ≤ ω and l = m = ω, VT(l, m) ⇐⇒
l = m = ω.

Proof: We start by the last part. Let Rm be as in the hypothesis with strong m−1-blur
(J, E) and m-dimensional relational basis. We ‘blow up and blur’ Rm in place of the
Maddux algebra Ek(2, 3) blown up and blurred in Andréka et al. (2008, Lemma 5.1),
where k < ω is the number of non-identity atoms and k depends recursively on l, giv-
ing the desired‘strong’ l-blurriness, cf. Andréka et al. (2008, Lemmata 4.2, 4.3). Here we
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assume familiarity with the construction of atomic relation algebras from forbidden
(or their complement the consistent) triples of atoms, cf. Hirsch and Hodkinson (2002,
Definition 3. 25). In the case of Ek(2, 3) used in Andréka et al. (2008), the set of blurs
is the set of all subsets of non-identity atoms having the same size l < ω, where
k = f (l) ≥ l for some recursive function f from ω→ ω, so that k depends recursively
on l. One (but not the only) way to define the index blur E ⊆ 3ω is as follows Sayed
Ahmed (2013, Theorem 3.1.1): E(i, j, k) ⇐⇒ (∃p, q, r)({p, q, r} = {i, j, k}andr − q =
q− p. This is a concrete instance of an index blur as defined in Andréka et al. (2008,
Definition 3.1(iii)) (recalled in Definition 4.16), but defined uniformly, it does not
depends on the blurs. The underlying set of At, the atom structure of blowing up
and blurring Rm is the following set consisting of triplets: At = {(i, P, W) : i ∈ ω, P ∈
AtRm ∼ {Id}, W ∈ J} ∪ {Id}. When Rm = Ek(2, 3) (some finite k > 0), composition is
defined by singling out the following (together with their Peircian transforms), as the
consistent triples: (a, b, c) is consistent ⇐⇒ one of a, b, c is Id and the other two are
equal, or if a = (i, P, S), b = (j, Q, Z), c = (k, R, W)

S ∩ Z ∩W �= ∅ =⇒ E(i, j, k)&|{P, Q, R}| �= 1.

(We are avoiding monochromatic triangles). That is if for W ∈ J, EW = {(i, P, W) : i ∈
ω, P ∈ W}, then

(i, P, S); (j, Q, Z) = ∪{EW : S ∩ Z ∩W = ∅}
∪ {(k, R, W) : E(i, j, k), |{P, Q, R}| �= 1}.

More generally, for the Rm as postulated in the hypothesis, composition in At is
defined as follow. First the index blur E can be taken to be like above. Now the triple
((i, P, S), (j, Q, Z), (k, R, W)) in which no two entries are equal, is consistent if either S,
Z, W are safe, briefly safe(S, Z, W), witness item (4) in Definition 4.16 (which vacu-
ously hold if S ∩ Z ∩W = ∅), or E(i, j, k) and P; Q ≤ R in Rm. This generalises the above
definition of composition, because in Ek(2, 3), the triple of non-identity atoms (P, Q, R)
is consistent ⇐⇒ they do not have the same colour ⇐⇒ |{P, Q, R}| �= 1. The rela-
tion algebra Bb(Rm, J, E), obtained by blowing up and blurring Rm with respect to
(J, E), is TmAt (the term algebra). For brevity call it R. The universe of R is the set
{X ⊆ H ∪ {Id} : X ∩ EW ∈ Cof(EW), forallW ∈ J}, where Cof(EW) denotes the set of cofi-
nite subsets of EW , that is subsets of EW whose complement is infinite, with EW as
defined above. The relation algebra operations are lifted from At the usual way, cf.
Definition 2.9. It is proved in Andréka et al. (2008) that R is representable as shown
next. For a ∈ At, and W ∈ J, set Ua = {X ∈ R : a ∈ X}andUW = {X ∈ R : |X ∩ EW | ≥ ω}.
Then the principal ultrafilters of R are exactly Ua, a ∈ H and UW are non-principal ultra-
filters for W ∈ J when EW is infinite. Let J′ = {W ∈ J : |EW | ≥ ω}, and let Uf = {Ua : a ∈
F} ∪ {UW : W ∈ J′}. Uf is the set of ultrafilters of R which is used as colours to represent
R, cf. Andréka et al. (2008, pp. 75–77). The representation is built from coloured graphs
whose edges are labelled by elements in Uf in a fairly standard step-by-step construc-
tion. Now we show why the Dedekind–MacNeille completion CmAt does not have an
m-square representation. For P ∈ I, let HP = {(i, P, W) : i ∈ ω, W ∈ J, P ∈ W}. Let P1 =
{HP : P ∈ I} and P2 = {EW : W ∈ J}. These are two partitions of At. The partition P2 was



JOURNAL OF APPLIED NON-CLASSICAL LOGICS 29

used to represent, R, in the sense that the tenary relation corresponding to composi-
tion was defined on At, in a such a way so that the singletons generate the partition
(EW : W ∈ J) up to ‘finite deviations.’ The partition P1 will now be used to show that the
Dedekind–MacNeille completion of R, namely, CmAt(Bb(R, J, E)) = Cm(At) lacks an
m-square representation. This follows by observing that composition restricted to P1

satisfies: HP; HQ = ∪{HZ : Z; P ≤ QinR}which means that R embeds into the complex
algebra CmAt prohibiting the existence of an m-square representation because Rm

does not have an m-square representation by hypothesis. Now take A = Bbn(Rm, J, E)
as defined in Andréka et al. (2008) to be the CAn obtained after blowing up and blur-
ring Rm to a weakly representable relation algebra atom structure, namely, At = AtR.
Here by Andréka et al. (2008, Theorem 3.2 9(iii)), MatnAtR (the set of n-basic matrices
on AtR) is a CAn atom structure and A is an atomic subalgebra of CmMatn(AtR) con-
taining TmMatn(AtR), cf. Andréka et al. (2008). Then A ∈ RCAn ∩ NrnCAl, but A has
no complete m-square representation. In fact, by Andréka et al. (2008, item (3) pp. 80),
A ∼= NrnBbl(Rm, J, E). The last algebra Bbl(Rm, J, E) is defined and the isomorphism
holds because Rm has a strong l-blur. The embedding h : RdnBbl(Rm, J, E)→ A
defined via x → {M � n : M ∈ x} restricted to NrnBbl(Rm, J, E) is an isomorphism onto
A (Andréka et al., 2008, p. 80). Surjectiveness uses the condition (J5)l formulated in
the second item of Definition 4.16 of strong l-blurriness. A complete m-square repre-
sentation of an atomic B ∈ CAn induces an m-square representation of CmAtB. To
see why, assume that B has an m-square complete representation via f : B→ D,
where D = ℘(V) and the base of the representation M =⋃

s∈V rng(s) is m-square. Let
C = CmAtB. For c ∈ C, let c ↓= {a ∈ AtC : a ≤ c} = {a ∈ AtB : a ≤ c}. Define, repre-
senting C, g : C→ D by g(c) =∑

x∈c↓ f (x), then g is the required homomorphism
into ℘(V) having base M. But CmAtA does not have an m-square representation,
because R does not have an m-dimensional relational basis, and Rm ⊆ RaCmAtA. So
an m-square representation of CmAtA induces one of Rm which by Hirsch and Hod-
kinson (2002, Theorem 13.46, the equivalence (1) ⇐⇒ (5)) implies that Rm has no
m-dimensional relational basis, a contradiction. We prove �(m− 1, m), hence the
required. By Henkin et al. (1985, § 4.3), we can (and will) assume that A = FmT for a
countable, simple and atomic theory Ln theory T. Let � be the n-type consisting of
co-atoms of T. Then � is realisable in every m-square model, for if M is an m-square
model omitting �, then M would be the base of a complete m-square representation
of A, and so by Lemma 4.3 A ∈ ScNrnDm which is impossible. Suppose for contradic-
tion that φ is an m−1 witness, so that T |= φ→ α, for all α ∈ �, where recall that �
is the set of co-atoms. Then since A is simple, we can assume without loss that A is
a set algebra with base M say. Let M = (M, Ri)i∈ω be the corresponding model (in a
relational signature) to this set algebra in the sense of Henkin et al. (1985, § 4.3). Let
φM denote the set of all assignments satisfying φ in M. We have M |= T and φM ∈ A,
because A ∈ NrnCAm−1. But T |= ∃xφ, hence φM �= 0, from which it follows that φM

must intersect an atom α ∈ A (recall that the latter is atomic). Let ψ be the formula,
such that ψM = α. Then it cannot be the case that T |= φ→ ¬ψ , contradiction and
we are done. Observe that�(n, 2n) and�(l,ω) (n ≤ l < ω) follow from Theorems 4.10
and the above argument taking Rm to be Ek(2, 3), respectively. �
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Remark 1: Let 2 < n < ω. For any m>n, there exists an n-variable formula that cannot
be proved using m−1 variables, but can be proved using m variables (Hirsch & Hod-
kinson, 2002, Theorem 15.17), using any standard Hilbert style proof system (Henkin
et al., 1985, § 4.3). To prove this, for each m>n+ 1 Hirsch and Hodkinson constructed
a finite relation algebra, such that Rm has an m−1 dimensional hyperbasis, but no m-
dimensional hyperbasis (Hirsch & Hodkinson, 2002, § 15.2–15.4). To prove that VT fails
everywhere, as defined above, one needs to construct, for each n+ 1 < m < ω, a finite
relation algebra Rm having a strong m−1 blur, but no m-dimensional basis. In this case
blowing up and blurring Rm gives a(n infinite) relation algebra having an m−1 dimen-
sional cylindric basis, whose Dedekind–MacNeille completion has no m-dimensional
basis.

Proposition 4.18: Let 2 < n < ω and α < β be a pair of infinite ordinals.

(1) The varieties SNrnCAn+1 and SNrαPAβ and SNrαPEAβ are atom-canonical.
(2) For n < m < ω if there exists a finite RA with an n-blur (not necessarily strong)

and no infinite m-dimensional hyperbasis, then RCAn is not atom-canonical with
respect to SNrnCAm.

(3) There exists an atomic RCAn such that its Dedekind–MacNeille (minimal) comple-
tion does not embed into its canonical extension.

Proof: (1) The variety SNrnCAn+1 has a finite Sahlqvist axiomatisation; a result of
Andréka (1990). Also SNrαPAβ = PAβ has a Sahlqvist axiomatisation given in
Henkin et al. (1985, Definition 5.4.1). Same reasoning (and definition) for PEA

(2) Let R have an n-blur (J, E). Let B = Bbn(R, J, E). Then, since (J, E) is an n blur,
B ∈ RCAn. But CmAtB /∈ SNrnCAm, for otherwise, using the same reasoning in
Theorem 4.17 R will have an infinite m-dimensional hyperbasis.

(3) Let A ∈ RCAn such that CmAtA /∈ RCAn. Such an A exists by Theorem 4.10.
Since CmAtA /∈ RCAn it does not embed into the representable A+.

�

Coming back full circle we reprove strong non-finite axiomatisibility results refin-
ing Monk’s obtained by Maddux and Biro. Let 2 < n ≤ l < m ≤ ω. In VT(l, m), while
the parameter l measures how close we are to Lω,ω, m measures the ‘degree’ of
squareness of permitted models. Using elementary calculus terminology, one can view
liml→∞VT(l,ω) = VT(ω,ω) algebraically using ultraproducts as follows. Fix 2 < n < ω.
For each 2 < n ≤ l < ω, let Rl be the finite Maddux algebra Ef (l)(2, 3), as defined on
Andréka et al. (2008, p. 83, § 5, in the proof of Theorem 5.1) with l-blur (Jl, El) as defined
in Andréka et al. (2008, Definition 3.1) and f (l) ≥ l as specified in Andréka et al. (2008,
Lemma 5.1) (denoted by k therein). LetRl = Bb(Rl, Jl, El) ∈ RRA whereRl is the rela-
tion algebra having atom structure denoted At in Andréka et al. (2008, p. 73) when the
blown up and blurred algebra denoted Rl happens to be the finite Maddux algebra
Ef (l)(2, 3) and let Al = NrnBbl(Rl, Jl, El) ∈ RCAn as defined in Andréka et al. (2008,
Top of p. 80) (with Rl = Ef (l)(2, 3)). Then (AtRl : l ∈ ω ∼ n), and (AtAl : l ∈ ω ∼ n) are
sequences of weakly representable atom structures that are not strongly representable
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with a completely representable ultraproduct. Let LCAn denote the class of CAns sat-
isfying the Lyndon conditions (Hirsch & Hodkinson, 2013), which is the elementary
closure of the class of completely representable CAns. We immediately get:

Corollary 4.19 (Monk, Maddux, Biro, Hirsch and Hodkinson): Let 2 < n < ω. Then
the set of equations using only one variable that holds in each of the varieties RCAn

and RRA, together with any finite first-order definable expansion of each, cannot be
derived from any finite set of equations valid in the variety (Biró, 1992; Maddux, 1989).
Furthermore, LCAn is not finitely axiomatisable.

Remark 2: Due to its importance we give an entirely different proof to Theorem 4.19.
Let 2 < n < ω. We start off by proving a statement that could be of interest itself
giving atom structures of relation and cylindric algebras of dimension n that are
weakly but not strongly representable in one go. We claim that here exists an atomic
countable relation algebra R, such that Matn(AtR) forms an n-dimensional cylin-
dric basis, A = TmMatn(AtR) ∈ RQEAn, while even the diagonal free reduct of the
Dedekind–MacNeille completion of A, namely, CmMatn(AtR) is not representable. To
prove the alleged statement, let G be a graph. Let ρ be a ‘shade of red’; we assume
that ρ /∈ G. Let L+ be the signature consisting of the binary relation symbols (a, i),
for each a ∈ G ∪ {ρ} and i<n. Let T denote the following (Monk) theory in this sig-
nature: M |= T ⇐⇒ for all a, b ∈ M, there is a unique p ∈ (G ∪ {ρ})× n, such that
(a, b) ∈ p and if M |= (a, i)(x, y) ∧ (b, j)(y, z) ∧ (c, k)(x, z), x, y, z ∈ M, then |{i, j, k} > 1,
or a, b, c ∈ G and {a, b, c} has at least one edge of G, or exactly one of a, b, c – say, a – is
ρ, and bc is an edge of G, or two or more of a, b, c are ρ.

We denote the class of models of T which can be seen as coloured undirected
graphs (not necessarily complete) with labels coming from (G ∪ {ρ})× n by G. Now
specify G to be either:

(i) the graph with nodes N and edge relation E defined by (i, j) ∈ E if 0 < |i − j| <
N, where N ≥ n(n− 1)/2 is a positive number,

(ii) the ω disjoint union of N cliques, same N.

In both cases, the countably infinite graphs contain infinitely many N cliques. In
the first they overlap, in the second they do not. One shows that there is a count-
able (n-homogeneous) coloured graph (model) M ∈ G with the following property
(Hodkinson, 1997, Proposition 2.6):

If � ⊆ �′ ∈ G, |�′| ≤ n, and θ : �→ M is an embedding, then θ extends to an
embedding θ ′ : �′ → M. Here the choice of N ≥ n(n− 1)/n is not haphazard of
course; it bounds the number of edges of any graph � of size ≤ n. This is crucial
to show that for any permutation χ of ω ∪ {ρ}, �χ is an n-back-and-forth system
on M (Sayed Ahmed, 2008), so that the countable atomic set algebra A based on
M whose top element is obtained from nM by discarding assignments whose edges
are labelled by one of n-shaded of reds ((ρ, i) : i < n)) forming W � nM, is classi-
cally representable. The classical semantics of Lω,ω formulas and relativised semantics
(restricting assignments to W), coincide, so that A is isomorphic to a set algebra
with top element nM. Consider the following relation algebra atom structure α(G) =
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({Id} ∪ (G × n), RId, R̆, R;), where: The only identity atom is Id. All atoms are self con-
verse, so R̆ = {(a, a) : aanatom}. The colour of an atom (a, i) ∈ G × n is i. The identity
Id has no colour. A triple (a, b, c) of atoms in α(G) is consistent if R; (a, b, c) holds
(R; is the accessibility relation corresponding to composition). Then the consistent
triples are (a, b, c) where: One of a, b, c is Id and the other two are equal, or none
of a, b, c is Id and they do not all have the same colour, or a = (a′, i), b = (b′, i) and
c = (c′, i) for some i<n and a′, b′, c′ ∈ G, and there exists at least one graph edge of G
in {a′, b′, c′}. The algebra C is not representable because Cm(α(G)) is not representable
and Matn(α(G)) ∼= AtA. To see why, for each m ∈ Matn(α(G)), let αm =

∧
i,j<n αij. Here

αij is xi = xj if mij = Id and R(xi, xj) otherwise, where R = mij ∈ L. Then the map (m →
αW

m )m∈Matn(α(G)) is a well-defined isomorphism of n-dimensional cylindric algebra atom
structures. Non-representability follows from the fact that G is a ‘bad’ graph, that is, in
the sense that its chromatic number, namely, χ(G) is finite; in fact χ(G) = N(<∞)
(Hirsch & Hodkinson, 2002, Definition 14.10, Theorem 14.11). We show that Cmα(G)
is not in RRA, where G is the graph whose underlying set is N with edge relation
defined via 0 < |i − j| < N (i, j ∈ N), where N is a fixed finite number ≥ n(n− 1)/n.
Assume for contradiction that Cmα(G) ∈ RRA. Let h : Cmα(G)→ C be a represen-
tation, where C is a relation set algebra, with top element an equivalence relation V,
having base N =⋃

(a0,a1)∈V{a0, a1}. For Y ⊆ N and s<n, set [Y , s] = {(l, s) : l ∈ Y}. For
r ∈ {0, . . . , N− 1}, NN+ r denotes the set {Nq+ r : q ∈ N}. Let J = {Id, [NN+ r, s] : r <
N, s < n}. Then

∑
J = 1 in Cmα(G). As J is finite, we have for any x, y ∈ X there is a

P ∈ J with (x, y) ∈ h(P). Since Cmα(G) is infinite then X is infinite. By Ramsey’s Theorem,
there are distinct xi ∈ X (i < ω), J ⊆ ω × ω infinite and P ∈ J such that (xi, xj) ∈ h(P)
for (i, j) ∈ J, i �= j. Then P �= Id. Also (P; P) · P �= 0. If x, y, z ∈ N, a, b, c ∈ Cmα(G), (x, y) ∈
h(a), (y, z) ∈ h(b), and (x, z) ∈ h(c), then (a; b) · c �= 0. Call a non-zero element a of
Cmα(G) monochromatic, if a ≤ Id, or a ≤ [N, s] for some s<n. Since P is monochro-
matic, it follows from the definition of composition in α that (P; P) · P = 0. This con-
tradiction shows that R = Cmα(G) is not representable, and so, C = CmMatnα(G) is
not representable, too. Because RRA =⋂

l>2 SRaCAl and RCAn =
⋂

l>n SNrnCAl, the
use of Ramsey’s theorem here tells us that R /∈ SRaCAk for some finite k>2 and that
C /∈ SNrnCAm for some finite m>n. Non-representability of the diagonal free reduct
of C follows from Lemma 5.7. Having the above construction at hand, let Al be the
atomic RCAn constructed from Gl, l ∈ ω where Gl is a disjoint countable union of Nl

cliques, such that for i < j ∈ ω, n(n− 1)/n ≤ Ni < Nj. Then CmAl with Al based on Gl,
as constructed above is not representable. So (Cm(Al) : l ∈ ω) is a sequence of non-
representable algebras, whose ultraproduct B, being based on the ultraproduct of
graphs having arbitrarily large chromatic number, will have an infinite clique, and so B
will be completely representable (Hirsch & Hodkinson, 2013, Theorem 3.6.11). Applying
Lós Theorem we get the required.

5. Applications in modal logic

By an n modal logic, we mean any set of n modal formulas that contains all proposi-
tional tautologies, the modal axioms for �i for each i and is closed under the derivation
rules of substitutions, modus ponens and generalisation for i<n. An n-modal logic is
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a propositional multi-modal logic having finitely many unary normal modal operators
♦i, i<n and their duals �i. Here, and elsewhere by an n modal logic we mean any set of
modal formulas (in the given signature) that contains all propositional tautologies, the
modal axioms for �i for each i and is closed under the derivation rules of substitutions,
modus ponens and generalisation.

Frames for n -modal logics are structures of the form F = (F, R0, . . . , Rn−1), where Ri

is a binary relation on F for each i<n. A model on an n frame F is a pair M = (F, v)
where v is a function mapping propositional variables into subsets of F. The inductive
definition of formula φ true at point x in a model M is the standard definition; and so
are the notions of satisfiability and validity.

Definition 5.1: L is called a Kripke complete n modal logic if there is some class K of n
frames such that L is the set of all n modal formulas which are valid in every member
of K.

One can view modal logics as fragments of the first-order logic. But one can also
turn the glass around and give the first-order logic a modal formalism, by viewing
assignments as worlds, and giving the existential quantifier the most prominent citizen
in the first-order logic the following familiar modal pattern:

M, s |= ∃xiφ ⇐⇒ (∃s)(s ≡i t)&M, s |= φ,

where s ∈ nM is a sequence from the perspective of first-order logic, while the same s
is a world from the modal point of view. Recall that s ≡i t, means that s and t agree off
of i, that is s(j) = t(j) for all j �= i. This view was initiated by Venema (2013) by introduc-
ing cylindric modal logic, giving n variable fragments of the first-order logic a modal
formalism, and viewing cylindric set algebras of dimension n as subalgebras of com-
plex algebras of n Kripke frames of the form (nU, Ti, Dij)i,j∈n called square frames defined
above. We next present our results in a modal setting.

Definition 5.2: Let K be a class of frames for a modal logic L. The algebraic counter-
part of K is defined to be the variety V obtained by taking algebraic closure of {CmF :
F ∈ K}, that is to say V = HSP{CmF : F ∈ K}, more concisely HSPCmK.

Definition 5.3: (1) Let L be an n modal logic. Let K be a class of frames (for exam-
ple square frames) for L (Ln), V be the corresponding class of modal algebras
(RCAn). Let A ∈ V be countable and F ∈ K. Then a model M = (F, v), with
v : ω→ ℘(F), based on F, is a representation of A, if there exists a bijection
s : ω→ A and an injective homomorphism f : A→ CmF such that f ◦ s = v.
In this case, we say that f is a representing function.

(2) If A is atomic, then the representing function f is called a complete representa-
tion of A if furthermore

⋃
x∈AtA f (x) = F.

(3) If L is a modal logic, then we say that L has VT if every atomic algebra A ∈ V(K),
where K is the class of all frames for L has a complete representation.

Definition 5.4: Let L be a modal logic and K be a class of frames for L. L enjoys an
omitting types Theorem, briefly OTT, with respect to K, if for every countable L theory
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T, for any non-principal type � (defined like for the modal formalism of Ln), there is a
frame F ∈ K and a model M = (F, v)with v : ω→ ℘(F) that omits�, in the sense that
for any s ∈ F, there exists φ ∈ � such that not M, s |=v φ.

The connection with the VT for Lω,ω is that the function f used in the proof of
Theorem 3.10, satisfies using the notation in Venema (2013) the following: g = f �
NrnA completely represents the atomic algebra NrnA. Since a complete representation
is an atomic one (Hirsch & Hodkinson, 1997), this implies that

⋃
x∈AtNrnA g(x) = nM.

Let F be a frame. We say that F is m-square, if CmF ∈ CAn and it has an m-square
representation.

Theorem 5.5: The OTT, a fortiori VT fails for Ln with respect to 2n-square frames.

Proof: The failure of OTT follows from Theorem 4.10. VT is a special case of the OTT
when one restricts non-principal types to be omitted, to the set of co-atoms in the
corresponding class of modal atomic algebras. �

Summary of results on VT: In the coming table 2 < n < ω. For any finite j, ‘j-hyp’
is short hand for infinite j-dimensional hyperbasis, and j-basis is short hand for j-
dimensional relational basis; both are defined in Hirsch and Hodkinson (2002). VT(l, m)
for n ≤ l < m ≤ ω and VT(ω,ω) are defined as before VT(l, m)f is obtained from
VT(l, m) be replacing square by flat. We formulate the negation of VT(l, m) in modal
terminology. For any 2 < m < ω, give Lm its modal formalism as is in Venema (2013).
For any 2 < m < ω, give Lm its modal formalism as is in Venema (2013). Then we can
consider that for 2 < n ≤ l < m ≤ ω, Ll is a sublogic of Lm.

Let K = {F : CmFhas anm− square representation}. Now translating VT(l, m) to its
modal version: VT(l, m)modal: Let 2 < n ≤ l < m ≤ ω. Then there is an atomic Ln theory
T, meaning that FmT is atomic, such that the non-principal type consisting of co-atoms
is realisable in every m-square model N of T but there no Ll formula φ, such that
T |= φ→ � in Ll given its modal formalism. Here N is of the form (F, v), with CmF ∈ K
having top element V ⊆ nM, where

⋃
t∈V rng(t) = M and v : ω→ ℘(F). Furthermore,

there exists a world s ∈ V , such that for every φ ∈ �, M, s |=c φ, where (recall that) |=c

denotes clique guarded semantics.
All conditional statements can be recovered from the proof of Theorem 4.17.

VT(n,ω) no, Andréka et al. (2008) and Theorem 4.10
VT(n, n+ 3) no, Theorem 4.10
VT(n, n+ 2)f no, if ∃Rwith n-blur and no n+ 2-hyp
VT(l,ω) no,Ek(2, 3) has strong l-blur, and no ω-hyp
VT(l,m)f , l ≤ m− 1 no, if ∃Rwith strong l-blur, and nom-hyp
VT(l,m), l ≤ m− 1 no, if ∃Rwith strong l-blur, and nom-bases
VT(ω,ω) yes, VT for Lω,ω .

Fix 2 < n < ω. Then Theorem 4.10 says that Vaught’s Theorem fails for the packed
fragment of Ln:
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Theorem 5.6: Assume that 2 < n < m < ω. Let A ∈ CAn and M be an m-flat representa-
tion of A. Then

M, s |=c φ ⇐⇒ M, s |= packed(φ),

for all s ∈ Cn(M) and every φ ∈ L(A)n, where packed(φ) denotes the translation of φ to
the packed fragment (Hirsch & Hodkinson, 2002, Definition 19.3).

In the sense of the previous Theorem, the the clique guarded fragments, which are
the n-variable fragments of first-order with clique (locally) guarded semantics are an
alternative formulation of the n-variable packed fragments of first-order logic (Hirsch
& Hodkinson, 2002, § 19.2.3).

Let 2 < n < ω. We approach the modal version of Ln without equality, namely, S5n.
The corresponding class of modal algebras is the variety RDfn of diagonal free RCAns
(Henkin et al., 1985; Hirsch et al., 2012). Let Rddf denote ‘diagonal free reduct’.

Lemma 5.7: Let 2 < n < ω. If A ∈ CAn is such that Rddf A ∈ RDfn, and A is the smallest
subalgebra of itself containing J = {x ∈ A : �x �= n} and closed under complementation,
infinite intersection, cylindrifications and diagonal elements, then A ∈ RCAn.

Proof: Easily follows from Henkin et al. (1985, Lemma 5.1.50, Theorem 5.1.51). Assume
that A ∈ CAn, Rddf A is a set algebra (of dimension n) with base U, and R ⊆ U×
U are as in the hypothesis of Henkin et al. (1985, Theorem 5.1.49). Let E = {x ∈
A : (∀x, y ∈ nU)(∀i < n)(xiRyi =⇒ (x ∈ X ⇐⇒ y ∈ X))}. Then {x ∈ A : �x �= n} ⊆ E
and E ∈ CAn is closed under infinite intersections. The required follows. �

If A ∈ RCAn and f : A→ B is complete representation, we say that A is completely
representable via f

Lemma 5.8: Let V be a variety between Dfn and QEAn. If A ∈ RV has a complete repre-
sentation, then CmAtA ∈ RV.

Proof: Assume that A has a complete representable via f : B→ D, where D ⊆
℘(V), with the top element V where V is a disjoint union of Cartesian squares.
Let C = CmAtA. For c ∈ C, let c ↓= {a ∈ AtC : a ≤ c} = {a ∈ AtB : a ≤ c}; the last
equality holds because AtA = AtC. Define, representing C, g : C→ D by g(c) =∑

x∈c↓ f (x). The map g is well defined because C is complete so arbitrary suprema
exist in C. Furthermore, it can be easily checked that g is a homomorphism into ℘(V)
(basically because by assumption f is a homomorphism). �

Theorem 5.9: For 2 < n < ω, RDfn is not atom-canonical. Thus VT, a fortiori OTT, fails
for S5n.

Proof: It is enough to show that CmAtRdcaA, where A is constructed in Theorem 4.10
is generated by elements whose dimension sets have cardinality < n using infi-
nite unions, for in this case Rddf A will be atomic, countable and representable,
but having no complete representation. Indeed, by Lemma 5.7 and Theorem 4.10,
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Rddf CmAtA = CmAtRddf A will not be representable. We show that for any rain-
bow atom [a], a : n→ �, � a coloured graph, that [a] =∏

i<n ci[a]. Clearly ≤ holds.
Assume that b : n→ �, � a coloured graph, and [a] �= [b]. We show that [b] /∈∏

i<n ci[a] by which we will be done. Because a is not equivalent to b, we have
one of two possibilities; either (∃i, j < n)(�(b(i), b(j) �= �(a(i), a(j)) or (∃i1, . . . , in−1 <

n)(�(bi1 , . . . , bin−1) �= �(ai1 , . . . , ain−1)). Assume the first possibility: Choose k /∈ {i, j}.
This is possible because n>2. Assume for contradiction that [b] ∈ ck[a]. Then (∀i, j ∈
n \ {k})(�(b(i), b(j)) = �(a(i)a(j))). By assumption and the choice of k, (∃i, j ∈ n \
k)(�(b(i), b(j)) �= �(a(i), a(j))), contradiction. For the second possibility, one chooses
k /∈ {i1, . . . in−1} and proceeds like the first case deriving an analogous contradic-
tion. Plainly each ci[a] has dimension set of cardinality < n. Thus the set {ci[a] :
a is an atom and i < n} is the required set of generators because it generates the
atoms, and the atoms, in turn, using infinite unions generate CmAtA. Let B = Rddf A.
Then B cannot have a complete hence atomic representation, else CmAtB would be
representable. Assume that B = FmT . Then T is an atomic theory having no atomic
models, for any such model induces a representation of CmAtFmT using the same
argument in Lemma 5.8. �

Sahlqvist equations are the algebraic translations of Sahlqvist formulas (Hirsch
& Hodkinson, 2002, Definition 2.92). Any Sahlqvist equation (formula) is a canonical
one, i.e. preserved in canonical extensions, but the converse is not true. Sahlqvist for-
mulas are a kind of modal formula with remarkable properties (Blackburn et al., 2001).
Using 1977, upon observing that RDfn is the variety of modal algebras corresponding
to S5n, we immediately get:

Corollary 5.10: Let 2 < n < ω and m ≥ 2n. Then the n-dimensional multi-modal logics
S5n and the m-clique guarded fragment of Ln determined by m-square models or m-flat
models are not Sahlqvist.

Kn is the logic of n-ary product frames, of the form (Wi, Ri)i<n where for each i<n, Ri

is any relation on Wi. On the other hand, S5n can be regarded as the logic of n-ary prod-
uct frames of the form (Wi, Ri)i<n such that for each i<n, Ri is an equivalence relation.
It is known that logics between Kn and S5n are quite complicated, cf. Kurucz (2013) for
a detailed overview. Theorem 5.11 to be proved in a moment adds to their complexity.
It is known that modal languages can come to grips with a strong fragment of second-
order logic. Modal formulas translate to second-order formulas, their correspondents
on frames. Some of these formulas can be genuinely second order; they are not equiv-
alent to the first-order formulas. An example is the McKinsey formula: �♦p→ ♦�p.
This can be proved by showing that its correspondent violates the downward Löwen-
heim–Skolem Theorem. The next proposition bears on the last two issues. For a class L
of frames, let L(L)be the class of modal formulas valid in L. It is difficult to find explicitly
(necessarily) infinite axiomatisations for S5n as well:

Theorem 5.11: Let 2 < n < ω. There is no axiomatisation of S5n with formulas having
first-order correspondents. For any canonical logic L between Kn and S5n, it is undecid-
able to tell whether a finite frame is a frame for L, L cannot be finitely axiomatised in
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kth-order logic (for any finite k), and L cannot be axiomatised by canonical formulas, a
fortiori Sahlqvist formulas.

Proof: Let L be the class of square frames for S5n. Then L(L) = S5n (Kurucz, 2013,
p. 192). But the class of frames F valid in L(L) coincides with the class of strongly
representable Dfn atom structures which is not elementary as proved in Bulian and Hod-
kinson (2013). This gives the first required result for S5n. With Lemma 5.7 at our dis-
posal, a slightly different proof can be easily distilled from the construction addressing
CAs in Hirsch and Hodkinson (2013) or Hirsch et al. (2012). We adopt the construc-
tion in the former reference, using the Monk-like CAns M(�), � a graph, as defined
in Hirsch and Hodkinson (2013, Top of p. 78). For a graph G, let χ(G) denote it chro-
matic number. Then it is proved in Hirsch and Hodkinson (2013) that for any graph �,
M(�) ∈ RCAn ⇐⇒ χ(�) = ∞. By Lemma 5.7, Rddf M(�) ∈ RDfn ⇐⇒ χ(�) = ∞,
because M(�) is generated by the set {x ∈M(�) : �x �= n} using infinite unions. Now
we adopt the argument in Hirsch and Hodkinson (2013). Using Erdos’ probabilistic
graphs (Erdös, 1959), for each finite κ , there is a finite graph Gκ with χ(Gκ) > κ and
with no cycles of length < κ . Let �κ be the disjoint union of the Gl for l > κ . Then
χ(�κ) = ∞, and so Rddf M(�κ) is representable. Now let � be a non-principal ultra-
product 	D�κ for the �κs. For κ < ω, let σκ be a first-order sentence of the signature
of the graphs stating that there are no cycles of length less than κ . Then �l |= σκ for all
l ≥ κ . By Loś’s Theorem, � |= σκ for all κ . So � has no cycles, and hence by χ(�) ≤ 2.
Thus Rddf M(�) is not representable. (Observe that the term algebra TmAt(M(�)) is
representable (as a CAn), because the class of weakly representable atom structures is
elementary Hirsch & Hodkinson, 2002, Theorem 2.84.) Since Sahlqvist formulas have
the first-order correspondents, then S5n is not Sahlqvist. In Hirsch et al. (2012), it is
proved that it is undecidable to tell whether a finite frame is a frame for L, and this gives
the non-finite axiomatisability result required as indicated in Hirsch et al. (2012), and
obviously implies undecidability. The rest follows by transferring the required results
holding for S5n (Bulian & Hodkinson, 2013; Hirsch et al., 2012) to L since S5n is finitely
axiomatisable over L, and any axiomatisation of RDfn must contain infinitely many
non-canonical equations. �

In products negative properties of its components persist. The reason basically is
that products reflect the interaction of modalities; which is to be blamed for the nega-
tive result. If they miss on anything, then they miss only on the uni-dimensional aspects
of modalities and these do not really contribute to negative results. For example, in a
product of two uni-modal logics, a precarious Church Rosser conditions on modali-
ties is created via ♦i�jp = �j♦ip (i, j<n), threatening decidability (Shetman, 1978).
Indeed, it is known that the theory of two commuting confluence closure operators is
undecidable. Nevertheless, commuting closure operations alone can be harmless like in
the case of many cylindric-like algebras of dimension 2 (Henkin et al., 1985), but the
interaction of the two modalities expressed by the confluence is potentially harmful.
The product logic of two countable time flows is not even recursively enumerable, fur-
thermore the modal logic of (N,<) is undecidable. There are very few general transfer
results for products, in fact here the exact opposite occurs. Nice properties do not trans-
fer, rather the lack of transfer is the norm, particularly concerning finite axiomatisability
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and decidability. For more subtle issues concerning decidability and axiomatisations of
modal logic, the reader is referred to Hampson et al. (2020).

5.1. A positive OTT for Ln theories

Unless otherwise indicated n is a finite ordinal > 1. Here we prove a positive OTT for
Ln theories by imposing extra conditions on theories such as elimination of quantifiers
and maximality conditions on non-principal types we wish to omit, such as being com-
plete. If T is a first-order theory in a language L, then a set of formulas each using at
most m variables) � say, is complete, if for any L-formula φ having at most m variables,
either T ∪ � � φ or T ∪ �¬φ.

Lemma 5.12: Assume that λ is an infinite regular cardinal. Suppose that T is a first-order
theory, |T| ≤ λ and φ is a formula consistent with T, then there exist models Mi : i < λ2,
each of cardinality λ, such that φ is satisfiable in each, and if i(1) �= i(2), āi(l) ∈ Mi(l),
l = 1, 2, tp(āl(1)) = tp(āl(2)), then there are pi ⊆ tp(āl(i)), |pi| < λand pi � tp(āl(i)) (tp(ā)
denotes the complete type realised by the tuple ā)

Proof: Shelah (1990, Theorem 5.16, Chapter IV). �

In Lω,ω an atomic model for a countable atomic theory (which exists by VT) omits
all non-principal types. The last item in the next theorem is the ‘Ln version (expressed
algebraically)’ of this property. The condition of maximality expressed in ‘ultrafilters’
meaning ‘maximal filters’ delineates the edge of an independent statement to a
provable one, cf. Sayed Ahmed (2013, Theorem 3.2.8).

Theorem 5.13: Let n < ω. Let A ∈ ScNrnCAω be countable. Let λ < 2ℵ0 and let X = (Xi :
i < λ) be a family of non-principal types of A. Then the following hold:

(1) If A ∈ NrnCAω and the Xis are non-principal ultrafilters, then X can be omitted in a
Gsn.

(2) Every subfamily of X of cardinality < p can be omitted in a Gsn; in particular,
every countable subfamily of X can be omitted in a Gsn, If A is simple, then every
subfamily of X of cardinality< covK can be omitted in a Csn.

Proof: To substantially simplify the proof while retaining the gist of ideas used in
the more general case for the first item we assume that A is countable and sim-
ple, that is to say, has no proper ideal. This means that A ‘algebraically represents’
a complete countable theory. We have

∏B Xi = 0 for all i < κ because, A is a com-
plete subalgebra of B. To see why, assume that S ⊆ A and

∑A S = y, and for con-
tradiction that there exists d ∈ B such that s ≤ d < y for all s ∈ S. Then, assuming
that A generates B, we can infer that d uses finitely many dimensions in ω ∼ n,
m1, . . . , mn, say. Now let t = y · −cm1 · · · cmn(−d). We claim that t ∈ A = NrnB and
s ≤ t < y for all s ∈ S. This contradicts y =∑A S. The first required follows from the
fact that �y ⊆ n and that all indices in ω ∼ n that occur in d are cylindrified. In
more detail, put J = {m1, . . . , mn} and let i ∈ ω ∼ n, then cit = ci(−c(J)(−d)) = ci −
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c(J)(−d) = ci − cic(J)(−d) = −cic(J)(−d) = −c(J)(−d) = t. We have shown that cit =
t for all i ∈ ω ∼ n, thus t ∈ NrnB = A. If s ∈ S, we show that s ≤ t. We know that
s ≤ y. Also s ≤ d, so s · −d = 0. Hence 0 = cm1 · · · cmn(s · −d) = s · cm1 · · · cmn(−d),
so s ≤ −cm1 . . . cmn(−d), hence s ≤ t as required. We finally check that t< y. If
not, then t = y so y ≤ −cm1 · · · cmn(−d) and so y · cm · · · cmn(−d) = 0. But −d ≤
cm · · · cmn(−d), hence y · −d ≤ y · cm · · · cmn(−d) = 0. Hence y · −d = 0 and this con-
tradicts that d< y. We have proved that

∑B X = 1 showing that A is indeed a
complete subalgebra of B. Since B is a locally finite, we can assume that B = FmT

for some countable consistent theory T. For each i < κ , let �i = {φ/T : φ ∈ Xi}. Let
F = (�j : j < κ) be the corresponding set of types in T. Then each �j (j < κ) is a non-
principal and complete n-type in T, because each Xj is a maximal filter in A = NrnB.
(*) Let (Mi : i < 2ω) be a set of countable models for T that overlap only on princi-
pal maximal types; these exist by Lemma 5.12. Assume for contradiction that for all
i < 2ω , there exists � ∈ F, such that � is realised in Mi. Let ψ : 2ω → ℘(F), be defined
byψ(i) = {F ∈ F : FisrealisedinMi}. Then for all i < 2ω ,ψ(i) �= ∅. Furthermore, for i �= j,
ψ(i) ∩ ψ(j) = ∅, for if F ∈ ψ(i) ∩ ψ(j), then it will be realised in Mi and Mj, and so it will
be principal. This implies that |F| = 2ω which is impossible. Hence we obtain a model
M |= T omitting X in which φ is satisfiable. The map f defined from A = FmT to CsM

n
(the set algebra based on M Henkin et al., 1985, 4.3.4) via φT → φM, where the lat-
ter is the set of n-ary assignments in M satisfying φ, omits X. Injectivity follows from
the facts that f is non-zero and A is simple. The second item: We can assume that
A ⊆c NrnB, and A generates B, thus we can assume that B ∈ Lfω is countable. Since
A ⊆c NrnB ⊆c B, then A ⊆c B, so that the non-principal types in A remain so in B.
By Theorem 3.7, there exists f : B→ C, with C ∈ Csω , such that f omitting X. Then
g = f � A will omit X in NrnC(∈ Csn). �

If A as above happens to be atomic, then X, and in fact any family of non-principal
types, will be omitted in a complete representation of A which exists by Sayed
Ahmed (2013, Theorem 5.3.6). This is an Ln version of the fact that in Lω,ω, atomic mod-
els of atomic theories omit any given family of non-principle types (regardless of their
cardinality) which in turn is a model-theoretic expression that atomic and complete
representations in the CAn context are the same.

Corollary 5.14: If T is a countable theory that admits elimination of quantifiers, and λ is
a cardinal < 2ℵ0 , and F = 〈�i : i < λ〉 is a family of complete non-principal types, then F
can be omitted in a countable model of T.

Proof: Let T be as given in a signature L having n variables. Let A = FmT , and Gi =
{φT : φ ∈ �i}. Then Gi is a non-principal ultrafilter; maximality follows from the com-
pleteness of types considered. By completeness of T, A is simple. Since T admits
elimination of quantifiers, then FmT ∈ NrnCAω. Indeed, let Tω be the theory in the
same signature L but usingωmany variables. Let C = FmTω be the Tarski–Lindenbaum
quotient cylindric algebra. Then C ∈ CAω (because we have ω many variables); in fact
C ∈ ICsω , and the map� defined from A to NrnC via φ/ ≡T → φ/ ≡Tω is injective and
bijective, that is to say, � having domain A and codomain NrnC is in fact onto NrnC
due to quantifier elimination. An application of Theorem 5.13 finishes the proof. �
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Using the full power of Lemma 5.12, one can prove cf. Sayed Ahmed (2013,
Theorem 3.2.9):

Theorem 5.15: Let κ be a regular infinite cardinal and n < ω. Assume that A ∈ NrnCAω
with |A| ≤ κ , thatλ is a cardinal< 2κ , and that X = 〈Xi : i < λ〉 is a family of non-principal
types of A. If the Xis are non-principal ultrafilters of A, then X can be omitted in a Gsn.

The maximality condition in the last theorem cannot be removed by the following
result that can be easily destilled from the construction in Sayed Ahmed (2007).

Theorem 5.16: Let κ be an infinite cardinal. Then there exists an atomless C ∈ CAω such
that for all n < ω, NrnC(∈ RCAn) is atomic, has 2κ many atoms, but is not completely
representable. In other words, the non-principal type (that is not maximal) consisting of
co-atoms of NrnC cannot be omitted.

Proof: We use the following uncountable version of Ramsey’s theorem due to
Erdos and Rado: If r ≥ 2 is finite, k an infinite cardinal, then expr(k)

+ → (k+)r+1
k ,

where exp0(k) = k and inductively expr+1(k) = 2expr(k). The above partition symbol
describes the following statement. If f is a colouring of the r+ 1 element subsets of
a set of cardinality expr(k)

+ in k many colours, then there is a homogeneous set of
cardinality k+ (a set, all whose r+ 1 element subsets get the same f -value). We will
construct the required C ∈ CAω from a relation algebra (to be denoted in a while by
A) having an ‘ω-dimensional cylindric basis ’. To define the relation algebra, we specify
its atoms and forbidden triples. Let κ be the given cardinal in the hypothesis of the
Theorem. The atoms are Id, gi

0 : i < 2κ and rj : 1 ≤ j < κ , all symmetric. The forbidden
triples of atoms are all permutations of (Id, x, y) for x �= y, (rj, rj, rj) for 1 ≤ j < κ and

(gi
0, gi′

0, gi∗
0 ) for i, i′, i∗ < 2κ . Write g0 for {gi

0 : i < 2κ} and r+ for {rj : 1 ≤ j < κ}. Call this
atom structure α. Consider the term algebra A defined to be the subalgebra of the
complex algebra of this atom structure generated by the atoms. We claim that A, as a
relation algebra, has no complete representation, hence any algebra sharing this atom
structure is not completely representable, too. Indeed, it is easy to show that if A and
B are atomic relation algebras sharing the same atom structure, so that AtA = AtB,
then A is completely representable ⇐⇒ B is completely representable.

Assume for contradiction that A has a complete representation with base M. Let x,
y be points in the representation with M |= r1(x, y). For each i < 2κ , there is a point
zi ∈ M such that M |= gi

0(x, zi) ∧ r1(zi, y). Let Z = {zi : i < 2κ}. Within Z, each edge is
labelled by one of the κ atoms in r+. The Erdos–Rado theorem forces the existence
of three points z1, z2, z3 ∈ Z such that M |= rj(z1, z2) ∧ rj(z2, z3) ∧ rj(z3, z1), for some
single j < κ . This contradicts the definition of composition in A (since we avoided
monochromatic triangles). Let S be the set of all atomic A-networks N with nodes
ω such that {ri : 1 ≤ i < κ : riis the label of an edge in N} is finite. Then it is straight-
forward to show S is an amalgamation class, that is for all M, N ∈ S if M ≡ij N then
there is L ∈ S with M ≡i L ≡j N, witness (Hirsch & Hodkinson, 2002, Definition 12.8) for
notation. Now let X be the set of finite A-networks N with nodes⊆ κ such that:

(1) each edge of N is either (a) an atom of A or (b) a cofinite subset of r+ = {rj : 1 ≤
j < κ} or (c) a cofinite subset of g0 = {gi

0 : i < 2κ} and
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(2) N is ‘triangle-closed’, i.e. for all l, m, n ∈ nodes(N) we have N(l, n) ≤ N(l, m);
N(m, n). That means if an edge (l, m) is labelled by Id then N(l, n) = N(m, n) and
if N(l, m), N(m, n) ≤ g0 then N(l, n) · g0 = 0 and if N(l, m) = N(m, n) = rj (some
1 ≤ j < ω) then N(l, n) · rj = 0.

For N ∈ X let N̂ ∈ Ca(S) be defined by

{L ∈ S : L(m, n) ≤ N(m, n) for m, n ∈ nodes(N)}.
For i ∈ ω, let N�−i be the subgraph of N obtained by deleting the node i. Then if N ∈
X , i < ω then ĉiN = N̂�−i. The inclusion ĉiN ⊆ (N̂�−i) is clear. Conversely, let L ∈ (̂N�−i).
We seek M ≡i L with M ∈ N̂. This will prove that L ∈ ĉiN, as required. Since L ∈ S the set
T = {ri /∈ L} is infinite. Let T be the disjoint union of two infinite sets Y ∪ Y ′, say. To
define the ω-network M we must define the labels of all edges involving the node i
(other labels are given by M ≡i L). We define these labels by enumerating the edges
and labelling them one at a time. So let j �= i < κ . Suppose j ∈ nodes(N). We must
choose M(i, j) ≤ N(i, j). If N(i, j) is an atom then of course M(i, j) = N(i, j). Since N is finite,
this defines only finitely many labels of M. If N(i, j) is a cofinite subset of g0 then we let
M(i, j) be an arbitrary atom in N(i, j). And if N(i, j) is a cofinite subset of r+ then let M(i, j)
be an element of N(i, j) ∩ Y which has not been used as the label of any edge of M
which has already been chosen (possible, since at each stage only finitely many have
been chosen so far). If j /∈ nodes(N) then we can let M(i, j) = rk ∈ Y some 1 ≤ k < κ

such that no edge of M has already been labelled by rk . It is not hard to check that
each triangle of M is consistent (we have avoided all monochromatic triangles) and
clearly M ∈ N̂ and M ≡i L. The labelling avoided all but finitely many elements of Y ′,
so M ∈ S. So (̂N�−i) ⊆ ĉiN. Now let X̂ = {N̂ : N ∈ X} ⊆ Ca(S). Then we claim that the
subalgebra of Ca(S) generated by X̂ is simply obtained from X̂ by closing under finite
unions. Clearly, all these finite unions are generated by X̂ . We must show that the set of
finite unions of X̂ is closed under all cylindric operations. Closure under unions is given.
For N̂ ∈ X we have−N̂ =⋃

m,n∈nodes(N) N̂mn where Nmn is a network with nodes {m, n}
and labelling Nmn(m, n) = −N(m, n). Nmn may not belong to X but it is equivalent to
a union of at most finitely many members of X̂ . The diagonal dij ∈ Ca(S) is equal to N̂
where N is a network with nodes {i, j} and labelling N(i, j) = Id. Closure under cylindri-
fication is given. Let C be the subalgebra of Ca(S) generated by X̂ . Then A = RC. To
see why, each element of A is a union of a finite number of atoms, possibly a cofinite
subset of g0 and possibly a cofinite subset of r+. Clearly A ⊆ RC. Conversely, each ele-
ment z ∈ RC is a finite union

⋃
N∈F N̂, for some finite subset F of X, satisfying ciz = z,

for i>1. Let i0, . . . , ik be an enumeration of all the nodes, other than 0 and 1, that occur

as nodes of networks in F. Then, ci0 . . . cik z =⋃
N∈F ci0 . . . cik N̂ =⋃

N∈F
̂(N�{0,1}) ∈ A.

So RC ⊆ A. Thus A is the relation algebra reduct of C ∈ CAω , but A has no complete
representation. Let n>2. Let B = NrnC. Then B ∈ NrnCAω, is atomic, but has no com-
plete representation for plainly a complete representation of B induces one of A. It
remains to show that the ω-dilation C is atomless. For any N ∈ X , we can add an extra
node extending N to M such that ∅ � M′ � N′, so that N′ cannot be an atom in C. �

Reproving the main results in Hirsch and Hodkinson (1997) in a completely different
way using Monk-like algebras rather than rainbow ones, we get:
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Corollary 5.17: For 2 < n < ω, the classes CRCAn and the class of completely repre-
sentable relation algebras are not elementary.

Proof: The algebra B constructed in Theorem 5.16 satisfies that B ∈ NrnCAω ⊆
LCAn = ElCRCAn. To see why, B ∈ ScNrnCAω is atomic, then by Lemma 4.7, ∃ has
a winning strategy in Gω(AtB), hence in Gω(AtB), a fortiori, ∃ has a winning strat-
egy in Gk(AtB) for all k < ω, so (by definition) B ∈ LCAn. For relation algebras, we
use the algebra A constructed in the previous Theorem, too using exactly the same
reasoning. �

6. Further research: applying combinatorial game theory in modal and
algebraic logic

We used a rainbow construction to show ultimately that the m-clique guarded-
fragments of Ln with respect to m-square and m flat models, equivalently the m-packed
fragments of Ln are not Sahlqvist. Also we proved VT fails for the aforementioned
modal logics almost everywhere, that is to say, for 2 < n ≤ l < m ≤ ω, we proved
�(l,ω) and �(n, 2n) as specified in Theorem 4.10. Recall that �(l, m), as defined right
before Theorem 4.17, is the negation of VT(l, m), Vaught’s theorem at the parame-
ters l and m. Here l measures the number needed for finding the isolating formulas,
while m determines the degree of squareness of models allowed to omit types. That
is to say, for the permitted values of l and m, �(l, m) fails on the ‘horizontal x -
axis’ and the ‘vertical y-axis.’ To show that VTfails everywhere, that is to prove that
VT(l, m) ⇐⇒ l = m = ω, we reduced the problem in Theorem 4.17 to finding a finite
relation algebra having a strong l blur and no m-dimensional relational basis. Using ele-
mentary Calculus terminology, we can express this fact via the following double limit.
liml→ω,m→ωVT(l, m) = VT(l→ ω, m→ ω) = VT(ω,ω) = VT. This notation admittedly
may be misleading, since it can be interpreted as that the limit of a constant sequence
whose every term is False is True. This course is blatantly absurd. What is meant by this
double limit is rather the following: For l < l′ ≤ ω and m ≤ m′ with m< l and m′ < l′,
VT(l, m) and VT(l′, m′) are both false, but the last is closer to the truth. At the limit, it
becomes actually true. For 2 < n ≤ l < m < ω, VT(l, m) is not regarded in this context
as False nor True, but rather having a ‘fuzzy’ value if you like, or VT(l, m) is a prob-
ability function whose values are between 0 and 1. The fuzziness decreases and the
probability increases to reach certainty, namely, probability 1, asserting that Atomic
countable theories have countable models, namely, that VT holds for Lω,ω. In fact, this
limit was expressed algebraically using ultraproducts proving Theorem 4.19 which is
one of the most important turning points in the history of the development of alge-
braic logic. It started by what Monk (Monk, 1969) proved in 1969. For any k ∈ ω, there
is an algebra Ak ∈ SNrnCAn+k ∼ RCAn, such that the ultraproduct 	k/UAk/U ∈ RCAn

for any non-principal ultrafilter on U. This implies that RCAn is not finitely axiomatis-
able, cf. Theorem 2.7. If the variety of representable cylindric algebras of dimension at
least three had turned out to be axiomatised by a finite schema, algebraic logic would
have evolved along a significantly different path than it did in the past 50 years, or so.
This would have undoubtfully marked the end of the abstract class CAα (α an ordinal)
as a separate subject of research; after all why bother about abstract algebras, if a few
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nice extra axioms can lead us from those to concrete algebras consisting of genuine
relations, with set-theoretic operations uniformly defined over these relations. How-
ever, due to Monk’s non-finitisability result, together with its improvements by various
algebraic logicians (from Andréka to Venema) CAα was here to stay and its ‘infinite dis-
tance’ from RCAα , when α > 2, became an important central research topic. Monk’s
non-finite axiomatisability result marked the end of an era and the beginning of a new
one dominated by negative results. However, in recent years the tide with dozens of
publications has been turning so that these negative results are being circumvented.
Some of these efforts culminated ultimately in proposing the guarded fragments of
Ln and Lω,ω, for n < ω by Andreka et al. (1998). To show that VT fails for S5n, this can
be inferred as well from Theorem 4.10, but it can also be proved using Monk-like alge-
bras as described in Remark 2. Having said that, a question that crosses one’s mind is:
Are rainbow constructions, more concisely just rainbows, more effective than Monk-
like constructions (sometimes referred to in the literature as Maddcux’s algebras). It
is certain that both of these constructions have been used to solve numerous open
problem in both modal and algebraic logic published in dozens of prestigious jour-
nals in the last two decades, or so. Therefore it might be useful to compare the two,
and highlight similarities and differences. The ‘general intuition’ among algebraic and
modal logicians is that ‘anything’ that can be proved used Monk-like algebra can be
proved using rainbows. There is no meta theorem to this effect, yet. However, after
a moment’s reflection, it seems impossible to prove that ‘rainbows’ are stronger than
‘Monk–Maddux like constructions’, because ‘everything’ cannot be rigorously (math-
ematically) defined. In fact, it might not be true, because Theorem 5.11 was proved
using Monk-like algebras, and it is not easy to see how rainbows can settle it. Another
important problem solved by Maddux–Monk-like algebras is Henkin et al. (1985, Prob-
lem 2.12) that remained open for almost 30 years, finally to be solved by Hirsch and
Hodkinson in Hirsch et al. (2002), cf. the last paragraph of this paper.

6.1. Monk algebras, the good and the bad

From good to bad: Fix 2 < n < ω. Because RCAn is a variety, an atomic algebra A ∈
RCAn iff all equations axiomatising RCAn holds in A. From the point of view of AtA, the
atom structure of A, each equation in the signature of RCAn corresponds to a certain
universal monadic second-order statement, in the signature of AtA where the univer-
sal quantifiers are restricted to ranging over the set of atoms that lie below elements
of A. The atom structure AtA is partitioned into finitely many A-definable sets (sets
definable using atoms of A as parameters) with certain ‘bad’ properties. Call this a bad
partition. A bad partition of a graph is a finite colouring, namely, a partition of its sets of
nodes into finitely many independent sets. A typical Monk argument is to construct for
finite dimension >2 a sequence of non-representable algebras based on graphs with
bad partitions (having finite chromatic number) converging to one that is based on
a graph having infinite chromatic number, hence, representable. It follows immediately
that the variety of representable algebras of dimension>2 is not finitely axiomatisable.
We call the non-representable algebras in the sequence bad Monk algebras. Based on
graphs having finite chromatic number, they are not representable as subdirect prod-
ucts of set algebras. This is proved by an application of Ramsey’s theorem, cf. the proof



44 T. SAYED AHMED

in Remark 2 But these bad algebras converge to a good infinite Monk algebra that is
based on a graph that has infinite chromatic number. This (limit) algebra is good in the
sense that it permits a representation; it is a subdirect product of set algebras. We borrow
the terminology ‘bad and good’ from Hirsch and Hodkinson (2009) where such notions
are applied to the graph used in the construction of the Monk algebra. A graph is good
if it has infinite chromatic number, otherwise it is, as mentioned above, bad, that is, it
has a finite colouring. Constructing algebras based on graphs having arbitrarily large
chromatic number converging to one that is based on a graph having infinite chro-
matic number seems a plausible thing to do, and indeed it can be done, witnessing
non-finite axiomatisability of the class of representable algebras of finite dimension
> 2. Monk’s original proof (Monk, 1969) and Maddux’s proof in Maddux (1989), as well
as the proofs presented in Theorem 4.19 and Remark 2 can be seen this way. Monk
used finite bad Monk algebras converging to a good infinite one. This is easy to visu-
alise; graphs having larger and larger chromatic number ‘converging’ to one with an
infinite chromatic number.

From bad to good: Conversely, one can form an anti-Monk ultraproduct, of a sequence
(Ai : i ∈ ω) of good infinite Monk algebras (based on graphs with infinite chromatic
number) converging to an infinite bad atomic algebra A, namely, one that is based on
a graph that is only 2-colourable (Hirsch & Hodkinson, 2009), cf Theorem 5.11. This last
algebra is representable, but only weakly. This means that its subalgebra generated by
the atoms is representable, but its Dedekind–MacNeille minimal completion, which is
the complex algebra of its atom structure, namely, CmAtA, is not. In this sense, this
limit A is not strongly representable. But every element of the sequence Ai (i ∈ ω) is
strongly representable, in the same sense, meaning that CmAtAi is representable, The
aforementioned technique of proof, showing that the class of strongly representable
cylindric algebras is not elementary is due to Hirsch and Hodkinson (2009). The ultra-
product that Monk used in his 1969 seminal result is a ‘reverse’ to this one, and is more
intuitive, since as indicated it is plausible that a sequence of graphs having arbitrarily
finite chromatic numbers getting larger and larger, converges to one that has infinite
chromatic number, but the ‘other way round’ is hard to visualise, let alone implement.
So how did Hirsch and Hodkinson prove their result? Fix 2 < n < ω. One shows that an
atom structure is strongly representable iff it has no bad partition using any sets at all.
So, here, we want to find atom structures, with no bad partitions, with an ultraprod-
uct that does have a bad partition. From a graph �, one can create an atom structure
that is strongly representable iff the graph is good, namely, it has no finite colour-
ing; this atom structure is denoted by ρ(I(�)) in Hirsch and Hodkinson (2013) and its
complex algebra Cm(ρ(�)) is denoted by M(�) in Hirsch and Hodkinson (2013, Propo-
sition 3.6.8). These structures were used in Theorem 5.11. So the problem reduces
to finding a sequence of graphs with no finite colouring, with an ultraproduct that
does have a finite colouring. We want graphs of infinite chromatic numbers, having an
ultraproduct with finite chromatic number. It is not obvious, a priori, that such graphs
actually exist. And here Erdös’ probabilistic methods offer solace. Graphs like this can
be found using the probabilistic methods of Erdös, for those methods render finite
graphs of arbitrarily large chromatic number and girth (Erdös, 1959; Hirsch & Hodkin-
son, 2009). By taking disjoint unions, we obtain graphs of infinite chromatic number
(no bad partitions) and arbitarily large girth. A non-principal ultraproduct of these has
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no cycles, so has chromatic number 2 (bad partition), cf. Theorem 5.11 and the proof of
Hirsch and Hodkinson (2013, Corollary 3.7.2). Now let G be a graph. Consider the rela-
tion algebra atom structure α(G) defined exactly like in the proof of Theorem 2. Then
the relation complex algebra based on this atom structure will have an n-dimensional
cylindric basis and, in fact, the cylindric atom structure of M(G) is isomorphic (as a
cylindric algebra atom structure) to the atom structure Matn(α(G)) of all n-dimensional
basic matrices over the relation algebra atom structure α(G). It is plausible that one
can prove that α(G) is strongly representable iff M(G) is representable G has infinite
chromatic number, so that one gets the result, that the class of strongly representable
atom structure both RAs and CAs of finite dimension at least three, is not elementary
in one go. The underlying idea here is that shade of red ρ will appear in the ultrafilter
extension of G, if it has infinite chromatic number, as a reflexive node (Hirsch & Hod-
kinson, 2013, Definition 3.6.5) and its n-copies (ρ, i), i<n, can be used to completely
represent M(G)+. This technique of Erdös probabilistic graphs can be used o show the
following which is stronger than Theorem 5.11. We defer the proof of the second part
to another paper. The first part follows from that SNrnCA2n is not finitely axiomatisable
(Andréka, 1997).

Theorem 6.1: Let 2 < n < ω. Then the m clique guarded fragment of Ln determined
by m-flat models with m ≥ 2n is not finitely axiomatisable. Furthermore, it cannot be
axiomatised by any set of modal formulas having first-order correspondents.

6.2. Rainbow algebras vs Monk-like algebras: pros and cons

The model-theoretic ideas used in Theorem 4.10 and the construction in Sayed
Ahmed (2008) recalled in Remark 2 are quite similar. In the overall structure, they fol-
low closely the model-theoretic framework in Hodkinson (1997). In both cases, we have
finitely many shades of red outside a Monk-like and rainbow signature, that were used
as labels to construct an n-homogeneous model M in the expanded signature. Though
the shades of reds are outside the signature, they were used as labels during an ω-
rounded game played on labelled finite graphs – which can be seen as finite models in
the extended signature having size ≤ n– in which ∃ had a winning strategy, enabling
her to construct the required M as a countable limit of the finite graphs played during
the game. The construction, in both cases, entailed that any subgraph (substructure)
of M of size ≤ n, is independent of its location in M; it is uniquely determined by its
isomorphism type. A relativised set algebra A based on M was constructed by discard-
ing all assignments whose edges are labelled by these shades of reds, getting a set
of n-ary sequences W ⊆ nM. This W is definable in nM by an L∞,ω formula and the
semantics with respect to W coincides with classical Tarskian semantics (on nM) for
formulas of the signature taken in Ln (but not for formulas taken in Ln∞,ω). This was
proved in both cases using certain n back-and-forth systems, thus A is representable
classically, in fact it (is isomorphic to a set algebra that) has base M. The heart and
soul of both proofs is to replace the reds label by suitable non-red binary relation sym-
bols within an n back-and-forth system, so that one can adjust that the system maps a
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Figure 1. Non-Boolean operators for the classes.

tuple b̄ ∈ nM\W to a tuple c̄ ∈ W and this will preserve any formula containing the non-
red symbols that are ‘moved’ by the system. In fact, all injective maps of size≤ n defined on
M modulo an appropriate permutation of the reds will form an n back-and-forth system.
This set algebra A was further atomic, countable, and simple (with top element nM).
The subgraphs of size ≤ n of M whose edges are not labelled by any shade of red are
the atoms of A, expressed syntactically by MCA formulas. The Dedekind–MacNeille of
A, in symbols CmAtA, has top element W, but it is not in SNrnCAn+3 in case of the
rainbow construction, let alone representable, and it is (only) not representable in the
case of the Monk-like algebra. In case of both constructions ‘the shades of red’ – which
can be intrinsically identified with non-principal ultrafilters in A, were used as colours,
together with the principal ultrafilters to represent completely A+, inducing a repre-
sentation of A. Non-representability of CmAtA in the Monk case, used Ramsey’s theory.
The non neat-embeddability of CmAtA in the rainbow case, used the finite number of
greens that gave us information on when CmAtA stops to be representable. The reds
in both cases have to do with representing A.

The model theory used for both constructions is almost identical. Nevertheless, from
the algebraic point of view, there is a crucial difference. The non-representability of
CmAtA was tested by a game between the two players ∀ and ∃. The winning strat-
egy’s of the two players are independent, this is reflected by the fact that we have two
‘independent parameters’ G (the greens) and R (the reds) that are more were finite
irreflexive complete graphs. In Monk-like constructions like the one used in Sayed
Ahmed (2008) to show that RCAn is not atom-canonical by constructing a countable
atomic A the non-representability of CmAtA was also tested by a game between ∃ and
∀. But in Sayed Ahmed (2008) winning strategy’s are interlinked, one operates through
the other; hence only one parameter is the source of colours. This parameter is a graph
G (a countable disjoint union of N cliques n(n− 1)/2 ≤ N < ω). Representability of the
complex algebra CmAtA in this case depends only on the chromatic number of G, via
an application of Ramseys’ theorem. In both cases two players operate using ‘cardinality
of a labelled graph’. ∀ trying to make this graph too large for ∃ to cope, colouring some
of its edges suitably. For the rainbow case, it is a red clique formed during the play as
we have seen in Theorem 4.10. It might be clear in both cases (rainbow and Monk-like
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algebras), to see that ∃ cannot win the infinite game, but what might not be clear is
when does this happens; we know it eventually does happen in finitely many round, but
till which round ∃ has not lost yet. The non-representability of CmAtA amounts to that
CmAtA /∈ SNrnCAn+k for some finite k because RCAn =

⋂
k<ω SNrnCAn+k . Can we pin

down the value of k? getting an estimate that is not ‘infinitely’ loose which is the case
with the constructions in Sayed Ahmed (2008) and Hodkinson (1997). We say that an
algebra A ∈ CAn does not stop to be representable iff A can be neatly embedded into
an cylindric algebra having arbitrary finite extra dimensions iff A ∈ SNrnCAn+k for all
k ≥ 0 iff A ∈ SNrnCAn+ω iff A ∈ RCAn iff A is simply representable. By adjusting the
number of greens in the proof of Theorem 4.10 to be 2n one gets a finer result than
Hodkinson’s (1997) where there were infinitely many greens. By truncating the greens
to be n+ 1, we could tell when SNrnCAm for finite m>n is not atom-canonical; this
occurred when CmAtA /∈ SNrnCA2n, that is to say, when CmAtA stopped to be repre-
sentable. However, sometimes (in the presence of so-called amalgamation basis) one
can control Ramsey numbers in Monk-like algebras. In Figure 2 in Hirsch et al. (2002),
there is a top element that is connected by coloured edges to the intermediate ele-
ments that are all connected to a bottom element. The number of elements (in this
figure) is the number of colours plus one. So one gets the same control as rainbow
algebras provided by (the second independent parameter) G. The key idea here is that
the proof of Ramsey in this context does not require an uncontrollable Ramsey num-
ber of ‘spare dimensions’, which were the versions used by Monk and Maddux before
proving non-finite axiomatisability (Maddux, 1989; Monk, 1969), but only one more
than the number of colours used.

Notes

1. It can well happen that a variable is free in formula that is equivalent to another formula
in which this same variable is not free.

2. In Wikipidea for example
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