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Abstract
We take a magical tour in algebraic logic, which is the natural interface between universal
algebra and mathematical logic, starting from classical results on neat embeddings due to
Andreḱa, Henkin, Németi, Monk and Tarski, all the way to recent novel results in algebraic
logic using so-called rainbow constructions. Highlighting the connections with graph theory,
model theory, and finite combinatorics, this article aspires to present topics of broad interest
in a way that is hopefully accessible to a large audience. Other topics dealt with include
the interaction of algebraic and modal logic, the so-called (central still active) finitizability
problem, Gödels’s incompleteness Theorem in guarded fragments, counting the number of
subvarieties of RCAω which is reminiscent of Shelah’s classification theory and the interaction
of algebraic logic and descriptive set theory as means to approach Vaught’s conjecture in
model theory. The paper has a survey character but it contains new results and new approaches
to old ones (such as the interaction of algebraic logic and descriptive set theory).

Keywords Algebraic logic · Cylindric and relation algebras · Finite combinatorics ·
Omitting types · Vaught’s theorem · Vaught’s conjecture

Mathematics Subject Classification 05C15 · 05C30 · 03G15 · 03C05 · 03C55

1 Introduction

The topic of this paper is algebraic logic in a broad sense. Initiated at the beginning of the
20th century, formal logic and its study using mathematical machinery known as metamath-
ematical investigations, or simply metamathematics, is a crucial addition to the collection of
mathematical catalysts. Traced back to the works of Frege, Hilbert, Russell, Tarski, Gödel
and others, one of the branches of pure mathematics that metamathematics has precipitated
is algebraic logic. The continuous interplay between the specific and the general in alge-
braic logic brings a large array of new results for particular non-conventional approaches,
unifies several known results, produces new results in well-studied conventional areas, and
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382 T. S. Ahmed

finally reveals previously unknown causality relations. Algebraic logic can be viewed as a
playground where several actors, most notably model theory, set theory, finite combinatorics
and graph theory play. It is an interesting play which brought and is likely to bring more sig-
nificant changes and development to the actors, and in a way, it also revolutionized our way
of thinking about logic. Algebraizing predicate logic, a task primarly initiated by Tarski and
further pursued and substantially enriched by the pioneering work of Andréka and Németi
proved an extremely rewarding task.

We can find that the theory of cylindric-like algebras is explicated primarily in three sub-
stantial monographs: Henkin, Monk and Tarski [20], and Henkin, Monk, Tarski, Andréka
and Németi [21], the latter containing a sample of Andréka and Németi’s substantial contri-
bution to the subject up to the mid-eighties of the last century. The recent [6], referred to as
‘Cylindric Algebras, Part 3’ edited by Andréka et al, the notation of which we follow here,
gives a representative picture of the research in the area over the last thirty years, emphasizing
the bridges that cylindric algebra theory—in the wide sense—has built with other areas, like
combinatorics, graph theory, data base theory, stochastics and other fields. Not confined to
the walls of pure mathematics, algebraic logic has also found bridges to such apparently
remote areas as general relativity, and hyper-computation.

The temporal (historical) development of a certain topic (particularly in mathematics)
does not neccessarily coincide with the most logical one, for newly discovered results often
shed light on older ones, resulting in a deeper understanding of both. In (algebraic) logic new
paradigms usually present themselves in the form of new systems competing with old ones.
This suggests a fresh look at existing logical systems, rather than their speedy overthrow. Both
developments do not even necessarily coincide with the simplest, which we aspire to achieve
in this paper. The topics we focus on are mainstream Tarskian algebraic logic as developed
by Andréka and Németi and their students (including myself). An interesting omission (due
to the length of the paper) are the new connections between algebraic logic and algberaic
geometry developed in [50,51,53] and another omission is complete representations [44,55].
Many references are included for those who wish to dig deeper. Notation used is common
or/and self-explonatory; it is consistent with the notation in [6,20].

General layout: We survey, elaborate upon and add to quite a lot of material in the
literature concerning Tarskian algebraic logic:

1. Splitting atoms due to Andréka proving strong non-finite axiomatizabilty for RCAn 2 <

n ≤ ω, cf. Theorem 3.1. The idea of splitting one or more atoms in an algebra to get a
(bigger) superalgebra tailored to a certain purpose seems to originate with Henkin [20,
p. 378, footnote 1] to be later rediscovered by Andréka in a different form.

2. Fix 2 < n < ω. Blow up and blur constructions (in connection to splitting atoms) an
indicative term invented by Andréka and Németi, accompanied by a new application to
this technique solving an open problem in [23], cf. Theorem 3.5. In fact, we use blow up
and and blur constructions to show that a restricted version of the the celebrated Orey–
Henkin omitting types theorem, briefly OTT, referred to below as Vaught’s Theorem,
briefly VT1) fails ‘almost everywhere’ for first order logic restricted to the first n variables,
in symbols Ln . That VT fails ‘everywhere’ for Ln is reduced to finding a finite relation
algebra lacking a relational basis and having a so-called ’strong blur’. The last two results
are proved in Theorem3.8with the above notions defined before the proof of op.cit. Using
the blow up and blur construction in [7], we reprove results of Monk, Maddux, Biró and
Hirsch and Hodkinon on non-finite axiomatizability of RRA and RCAn , cf.Theorem 3.9.

1 Vaught’s theorem, an easy consequence of the Henkin–Orey OTT says that countable atomic theories have
countable models.
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3. Relativization leading up to decidability of guarded fragments of finite variable fragments
of first order logic, a task initiated by Németi, and ultimately leading Andréka, Ven
Benthem andNémeti to propose the guarded fragments of first order logic opening a huge
avenue of research, creating employment till the present moment, Theorem 3.13. The
algebraic treatment of Gödels incompleteness theorem expressed algebraically via non-
atomicity of free algebras in Df3s and several non-commutative cylindric-like algebras
such as Crsn , Dn and Gn , (2 < n < ω) (which are modal algebras corresponding to
various guarded fragments), a task initiated in Németi’s dissertation, and completed by
Mohammed Khaled a student of Andréka and Németi, cf Sect. 3.2.

4. Using rectangular density to prove representabilityof CAns, equivalently completeness of
Ln for 2 < n < ω, using non-orthodox rules inspired by modal logic like rules involving
the difference operator, cf. Sect. 3.3.

5. We cover general methods in constructing counterexamples in both modal and algebraic
logic, using finite combinatorics, graph theory, combinatorial game theory, orchestrated
by algebraic logic. In the process we use so called rainbow constructions. Rainbow
constructions are based on two player (zero-sum) games and as the name suggests they
involve ‘colours’. Such games happen to be simple Ehrenfeucht–Fraïssé forth games
where the two players ∃lloise and ∀belard, between them, use pebble pairs outside the
board, each player pebbling one of the two structures which she/he sticks to it during the
whole play. In the number of rounds played (that can be transfinite), ∃ tries to show that
two simple relational structures G (the greens) and R (the reds) have similar structures
while ∀ tries to show that they are essentially distinct. Such structures may include
ordered structures and complete irreflexive graphs, such as finite ordinals, ω1, N, Z or
R. A winning strategy for either player in the Ehrenfeucht–Fraïssé game can be lifted to
winning strategy in a rainbow game played on so-called atomic networks on a rainbow
atom structure (for both CAs and RAs ) based also on G and R. Once G and R are specified,
the rainbow atom structure is uniquely defined. Though more (rainbow) colours (like
whites and shades of yellow) are involved in the rainbow atom structure, the crucial thing
here is that the number of rounds and nodes in networks used in the rainbowgame, depend
recursively on the number of rounds and pebble pairs in the simple Ehrenfeucht–Fraïssé
forth two player game played onG andR. Due to the control onwinning strategy’s in terms
of the relational structures (G and R) chosen in advance, and the number of pebble pairs
used outside the board, rainbow constructions have proved highly efficient in providing
delicate counterexamples for both CAs and RAs, cf. [22,23,25,28,46].

6. The probabilisticmethods ofErdös [19] to show that there are finite graphswith arbitrarily
large chromatic number and girth arbitrariy large chromatic number and girth, cf. [23,
Corollary 14.14] and [25, Theorem 3.7.2] are used to show that the class of strongly
representable atom structures of cylindric algebra of finite dimension > 2 and relation
algebras is not elementary; an utterly amazingproof due toHirsch andHodkinson [24].An
atom structureAt is strongly representable if its complex algebra CmAt is representable;
At is weakly representable if the subalgebra of CmAt generated by the atoms (the term
algebra denoted by TmAt) is representable. For CAs of finite dimension at least these
notions are distinct [28]; in fact the lass of weakly representable atom structures is
elementary [23,Corollary 2.80]. From this, it easily follows that there exists 2 < n < m <

ω such that any axiomatization of the the l-clique guarded fragment, where semantics are
determined by l squaremodels, for any l ≥ m hasmodal formulaswhose correspondences
on Kripke frames are genuinely second order. (Such notions will be defined below). This
follows from Theorem 4.1.
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384 T. S. Ahmed

7. The outstanding result of Simon in [55] of ‘representing in some concrete sense’ non-
representable cylindric algebras of dimension 3, by various sophisticated methods of
passing from the atom structure of one cylindric algebra to another, like twising, dilation,
and splitting atoms are surveyed, cf. Sect. 3.4.

8. In Sect. 4, we highlight the essential techniques used to solve a long standing open prob-
lem in algebraic logic, namely, problem 2.12 in [20], solved by Hirsch, Hodkinson and
Maddux [26] for cylindric algebras, and generalized to other algebras, such as polyadic
algebras with and without equality, as well as to the infinite dimensional case by Robin
Hirsch and the present author in [27]. The aforementioned problem was raised by Monk
back in 1969, in his article [36] only to be solved by Hirsch, Hodkinson and Maddux in
[26] almost 30 years later. Worthy of note, is that [26,27,36] are all published in the same
journal, namely, the Journal of Symbolic Logic, with [27] appearing in 2014.

9. Counting the number of varieties of RCAαs, α an infinite ordinal, which is reminiscent
of Shelah’s stability theory, followed by recent work intermediate between algebraic
logic and descriptive set theory addressing the famous Vaught’s conjecture which is
a potentially rich area of research interdisciplinary between model theory, descriptive
set theory and algebraic logic, cf. Sect. 5. In 1961, Robert Vaught asked the following
question: Given a complete theory in a countable language, is it the case that it either
has countably many or 2ℵ0 non-isomorphic countable models? A positive answer to the
question is more commonly known as Vaught’s Conjecture which is widely considered as
one of themost important problems still open inmodel theory and indeed inmathematical
logic.2 Morley proved that the number of countable models is either less than or equal to
the first uncountable cardinal (≤ ℵ1) or else it has the power of the continuum. This is the
best known (general) answer toVaught’s question. Belowwegive a newproof ofMorley’s
celebrated result by applying fairly simple descriptive set theory to an analytic set of the
Stone space of the Boolean reduct of (countable) cylindric algebras of dimension ω.

2 Cylindric algebras

For a set V , B(V ) denotes the Boolean set algebra 〈℘(V ),∪,∩,∼,∅, V 〉. Let U be a set and
α an ordinal; α will be the dimension of the algebra. For s, t ∈ αU write s ≡i t if s( j) = t( j)
for all j �= i . For X ⊆ αU and i, j < α, let

Ci X = {s ∈ αU : ∃t ∈ X(t ≡i s)}
and

Di j = {s ∈ αU : si = s j }.
The algebra 〈B(αU ),Ci ,Di j 〉i, j<α is called the full cylindric set algebra of dimension α with
unit (or greatest element) αU . Examples of subalgebras of such set algebras arise naturally
from models of first order theories. Indeed, if M is a first order structure in a first order
signature L with α many variables, then one manufactures a cylindric set algebra based on
M as follows. Let

φM = {s ∈ αM : M |� φ[s]},
2 However, some logicians do not agree to this sweeping statement. Quoting Shelah on this: People say that
settling Vaught’s conjecture is the most important problem in Model theory, because it makes us understand
countable models of countable theories, which are the most important models. We disagree with all three
statements.
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(here M |� φ[s] means that s satisfies φ in M), then the set {φM : φ ∈ FmL } is a cylindric
set algebra of dimension α, where FmL denotes the set of first order formulas taken in the
signature L . To see why, we have:

φM ∩ ψM = (φ ∧ ψ)M,

αM ∼ φM = (¬φ)M,

Ci (φ
M) = ∃viφ

M,

Di j =: (xi = x j )
M.

Following [20], Csα denotes the class of all subalgebras of full set algebras of dimension α.
The (equationally defined) CAα class is obtained from cylindric set algebras by a process of
abstraction and is defined by a finite schema of equations given in [20, Definition 1.1.1] that
holds of course in the more concrete set algebras. (This is soundness condition).

Definition 2.1 Let α be an ordinal. By a cylindric algebra of dimension α, briefly a CAα , we
mean an algebra

A = 〈A,+, ·,−, 0, 1, ci ,di j 〉κ,λ<α

where 〈A,+, ·,−, 0, 1〉 is aBoolean algebra such that 0, 1, anddi j are distinguished elements
of A (for all j, i < α),− and ci are unary operations on A (for all i < α),+ and . are binary
operations on A, and such that the following equations are satisfied for any x, y ∈ A and any
i, j, μ < α:

(C1) ci0 = 0,
(C2) x ≤ ci x (i .e., x + ci x = ci x),
(C3) ci (x · ci y) = ci x · ci y,
(C4) cic j x = c jci x ,
(C5) di i = 1,
(C6) if i �= j, μ, then d jμ = ci (d j i · diμ),
(C7) if i �= j , then ci (di j · x) · ci (di j · −x) = 0.

For operators on classes of algebras, S stands for the operation of forming subalgebras, P
stands for that of forming products, andH stands for the operation of forming homomorphic
images. The varieties of representable algebras of dimension α, α an ordinalis is defined as
follows: RCAα = SPCsα, which turns out to be a variety, that is to say, closed under H, as
well. An algebra A ∈ CAω is locally finite, if the dimension set of every element x ∈ A
is finite. The dimension set of x , or 	x for short, is the set {i ∈ ω : ci x �= x}. Locally
finite algebras correspond to Tarski–Lindenbaum algebras of (first order) formulas; in such
algebras the dimension set of (an equivalence class of) a formula reflects the number of (finite)
set of free variables in this formula. Tarski proved that every locally finite ω-dimensional
cylindric algebra is representable, i.e. isomorphic to a subdirect product of set algebra each
of dimension ω. Let Lfω denote the class of locally finite cylindric algebras. Let RCAω stand
for the class of isomorphic copies of subdirect products of set algebras each of dimension ω,
or briefly, the class of ω dimensional representable cylindric algebras. Then Tarski’s theorem
reads Lfω ⊆ RCAω. This representation theorem is non-trivial; in fact it is equivalent to
Gödel’s celebrated Completeness Theorem [20, Sect. 4.3]. Completeness in the general case
is a huge subject that has provoked extensive research.

The restrictive character of the dimensionω and local finiteness were removed in the early
course of the development of the subject, and the classCAα , of cylindric algebras of dimension
α, whereα is any ordinal, finite or transfinite,was introduced. Three pillars in the development
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of the subject, and even one can say the three pillars in the development of the subject
are Tarski’s representability result of loclly finite algebras, Henkin’s characterization of the
variety of representable algebras of any dimension via neat embeddings, in his celebratedNeat
EmbeddingTheorem [20,Theorem3.2.10], andMonk’s proof that the variety of representable
algebras of dimension > 2 cannot be axiomatized by a finite schema [36]. Monk’s result had
a shattering effect on the development of the subject. The last two results involve the central
notion of neat reducts:

Definition 2.2 Let α < β be ordinals andB ∈ CAβ . Then the α-neat reduct ofB, in symbols
NrαB, is the algebra obtained from B, by discarding cylindrifiers and diagonal elements
whose indices are in β ∼ α, and restricting the universe to the set Nrα B = {x ∈ B : {i ∈
β : ci x �= x} ⊆ α}.
Let α be any ordinal. If A ∈ CAα and A ⊆ NrαB, with B ∈ CAβ (β > α), then we say
that A neatly embeds in B, and that B is a β-dilation of A, or simply a dilation of A if β is
clear from context. For K ⊆ CAβ , and α < β, NrαK = {NrαB : B ∈ K} ⊆ CAα . One can
show that for any ordinal α, A ∈ RCAα ⇐⇒ A ∈ SNrαCAα+ω, cf. [20, Theorem 2.6.35].
The last equivalence is Henkin’s celebrated neat embedding theorem. For 2 < n < ω, what
Monk proved is that for any k ∈ ω, there is an algebra Ak ∈ SNrnCAn+k ∼ RCAn , such
that the ultraproduct �k/UAk/U ∈ RCAn for any non-principal ultrafilter on U . This implies
that RCAn is not finitely axiomatizable. If the variety of representable cylindric algebras of
dimension at least three had turned out to be axiomatized by a finite schema, algebraic logic
would have evolved along a significantly different path than it did in the past fifty years, or
so. This would have undoubtfully marked the end of the abstract class CAα (α an ordinal)
as a separate subject of research; after all why bother about abstract algebras, if a few nice
extra axioms can lead us from those to concrete algebras consisting of genuine relations,
with set theoretic operations uniformy defined over these relations. However, due to Monk’s
non-finitizability result, together with its improvements by various algebraic logicians (from
Andréka to Venema) CAα was here to stay and its “infinite distance” from RCAα , when α > 2,
became an important central research topic. Monk’s non-finite axiomatizability result marked
the end of an era and the beginning of a new one.

3 Non-finite axiomatizability of RCAn and its repercussions

3.1 First path: Andréka’s splitting [48]

Here we review Andréka’s methods of splitting [48] to obtain non finite aximatizability
results for varities of representable algebras. Let 2 < n < ω. Monk [36] proved his seminal
result thatRCAn is not finitely axiomatizable by constructing finite non-representable algebras
(referred to together with variations thereof in the literature as Monk-like algebras), whose
ultraproduct is representable. The idea involved in the construction of a non-representable
finite Monk (-like) A ∈ CAns is not so hard. Such A is finite, hence atomic, more precisely
its Boolean reduct is atomic. The algebra A is obtained by splitting some atoms in a finite
CAn each into one or more subatoms. The new atoms are given colours, and cylindrifications
and diagonals are re-defined by stating that monochromatic triangles are inconsistent. If
the atoms resulting after splitting are ‘enough’, that is, a Monk’s algebra has many more
atoms than colours, it follows by using a fairly standard form of Ramsey’s Theorem that any
representation of A will contain a monochromatic triangle, so A, by definition, cannot be
representable.
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In the cylindric paradigm, Andŕeka modified such splitting methods re-inventing
(Andréka’s) splitting. In this new setting, Andréka proved a plethora of relative non-finite
axiomatizability results. For example Andreka proved that RQEAn is not finitely axiomati-
zable over RQAn nor RCAn . In the former case Andréka went further excluding universal
axiomatizations containing only finitely many variables, is lifted to the transfinite in [48].
The theme in splitting methods is typically of the form: Split some (possibly all) atoms in an
algebra (that need not be finite nor even atomic) each into one or more subatoms forming a
bigger superalgebra that constitutes the starting point for a construction serving the purpose
at hand. For cylindric-like algebras of dimension α, α an ordinal, if the atom x ∈ A is split
to the subatoms X = (xi : i ∈ I ) in B ⊇ A, then X is a partition of x in the sense that
xl · xm = 0 for l �= m ∈ I , and

∑B
i∈I xi = x . Furthermore, for each i ∈ I , xi is cylindrically

equivalent to x , in the sense that for all j < α, cBj xi = cBj x . This roughly means that
cylindrifiers, the most prominent citizens in such algebras, cannot distinguish between an
atom and its splitted subatoms. So splitting, leading from A toB does not ruin the algebraic
structure dramatically, at least as far as cylindrifiers are concerned. But at the same time,
we show that the subtle technique of splitting, undetected by cylindrifiers, can lead from a
representable A to a non-representable B (Andréka’s splitting) and conversely from a non-
representable A to a representable B (blow up and blur constructions). Such construction
will be given below.We get more technical as far as Andréka’s spliting is concerned proving:

Theorem 3.1 (Andréka [1]) For any 2 < n ≤ ω, the variety RCAn cannot be axiomatized by
a set of universal formulas containing only finitely many variables

Proof We prove the Theorem for n = ω.
(1) Forming a non-representable algebra by splitting an atom in a set algebra: For

each k we construct a non-representable algebra, denoted by split(A, R, m) short for splitting
an atom R in a set algebraA intom abstract subatomswherem is a postive number depending
on k. This algebra has the same signature as CAω and we will show that all of its k generated
subalgebras (that is to say, subalgebras generated by at most k elements) are in RCAω. So
fix such a k and let m ≥ 2k + 1. Let 〈Ui : i ≤ ω〉 be a system of mutually disjoint
sets such that |Ui | = m − 1. Let U = ⋃

Ui , q ∈ �i∈ωUi be arbitary and R = {z ∈
�i∈ωUi : |{i ∈ I : zi �= qi }| < ω}. Let A = Sg℘(αU ){R}. Then R is an atom in A. One
forms the required algebra split(A, R, m) by splitting the atom R in the algebra A into m
abstract copies. R is partitioned into a family (Ri : i < m) of atoms in the bigger algebra
split(A, R, m)(⊇ A), so that R = ∑

i<m Ri , where (recalll that) m = |U0| + 1. We require
that A is a subalgebra of split(A, R, m), that the Ri s (i < m) are cylindrically equivalent to
R in split(A, R, m), each element of split(A, R, m) is a join of element ofA and some of the
the Ri s, and that the cylindrifcations in split(A, R, m) distribute over the Boolean join. An
algebra split(A, R, m) satisfying such properties exists and is unique up to isomorphism that
fixes A poinwise [1, Theorem 1]. But split(A, R, m) will not be in RCAn for the following
reasoning: define the term τ(x) = (

∧
i<m s0i c1 . . . cm x · ∧i< j<m −di j ) as in [1, Top of p.

157]. ThenA |� τ(R) = 0 hence split(An, R, m) |� τ(R) = 0 becauseA ⊆ split(A, R, m).
Identifying set algebras with their domain, for an algebra A and a non-zero a ∈ A, we say
that a representation h : A → ℘(ωU ) respects the non-zero element a if h(a) �= ∅. If
split(A, R, m) were representable, then it will have a representation that respects R. But any
such representation h will satisfy [1, Theorem 1] that τ(h(R)) �= 0 which is impossible.

(2) Representability of k-generated subalgebras: Now we show that the k-generated
subalgebras are representable. LetG ⊆ split(A, R, m), |G| ≤ k. LetP = (Rl : l < m) be the
abstract partition of R in the bigger algebra split(A, R, m) obtained by splitting R in A into
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m (abstract) subatoms (Rl : l < m). One defines the following relation on P: for l, t < m,
Rl ∼ Rt ⇐⇒ (∀g ∈ G))(Rl ≤ g ⇐⇒ Rt ≤ g). Then it is straightforward to check that
∼ is an equivalence relation onP having p < m many equivalence classes, because |G| ≤ k,
m ≥ 2k + 1. One next takes B = {a ∈ Ak : (∀l, t < m)(Rl ∼ Rt , Rl ≤ a �⇒ Rt ≤ a)},
then G ⊆ B, R ∈ B, and B is closed under the operations, so that A ⊆ B ⊆ split(A, R, m),
where B is the algebra with universe B. Furthermore, B is the smallest such subalgebra of
split(A, R, m), where for each i, j < n, R is partitioned into p < m many parts cylindrically
equivalent to R. The non-representability of the algebra split(A, R, m) can be pinned down
to the existence of ‘onemore extra atom’ leading to the incompatibilitycondition |U0| < m (=
number of subatoms) witnessed by the term τ using diagonal elements. Using that |P| = m,
we showed that a representation h of split(A, R, m) that respects R, has to respect the atoms
below it, and this forces that |U0| ≥ m, which contradicts the construction of A. But this
cannot happen with B, because p < m (by the condition |G| ≤ k)), so that this ‘one more
extra atom and possibly more’ vanish in B. Representing B is done by embedding it into a
representable algebra C having the same top element as A, namely, ωU (q), where R ∈ C is
partitioned concretely into m− 1 real atoms, that is, there exists Rl ⊆ ωU (q), l < m− 1 real
atoms in C such that R = ⋃

l<m−1 Rl = ⋃
l<m−1 Rl and Ci Rl = Ci R for all l < m − 1 and

i < ω. This concrete partition exists because |U0| = m − 1 and by the condition |G| ≤ k,
the value of p, which is the new number of subatoms of R in B (depending on G) cannot
exceed m − 1.

(3) Finishing the proof: We have constructed for each positive k, a non-representable
algebra having the same signature as CAn all of whose subalgebras generated by at most k
elements is representable. Using basic model theory [1] the required follows. ��

Andréka’s splitting argument in constructing split(A, R, m) (2 < n < ω) from A by
splitting one atom into m-many subatoms, where m is finite > 2k + 1, is in fact an ingenious
combination of Monk-like constructions with the concept of dilations in the sense of [20,
Construction 3.6.69]. Andréka’s construction avoids ‘colouring’ (expressed in Monk’s con-
struction by an application of Ramsey’s theorem.) Roughly, in dilations one adds atoms to
an atomic algebra, if it is not down right ‘impossible’ to do so, witness [20, Last paragraph p.
88]. The finite number |U0| plays the role of the number of colours used in Monk’s original
construction of ‘bad (non-representable) Monk algebras. Here too, in ‘Andréka’s splitting
argument’ the incompatibility condition between the number of atoms m and the number
of colours |U0| (m > |U0|), leads to an impossibility in case there is a representation of
split(A, R, m); for the existence of a representation concretely represents the m atoms below
R forcing |U0| ≥ m.

The methods of splitting atoms used to prove non-finite axiomatizability results, have
been used proving several results on non atom-canonicity of varieties of cylindric algebras
via so-called blow up and blow constructions. The term blow up and blur is due to Andréka
and Németi [7]. This subtle construction may be applied to any two classes L ⊆ K of
completely additive Boolean algebras with operators. One takes an atomic A /∈ K (usually
but not always finite), blows it up, by splitting one or more of its atoms each to infinitely many
subatoms, obtaining an (infinite) countable atomic Bb(A) ∈ L, such that A is blurred in
Bb(A)meaning thatA does not embed inBb(A), butA embeds in the Dedekind-MacNeille
completion of Bb(A), namely, CmAtBb(A). Then any class M say, between L and K that
is closed under forming subalgebras will not be atom-canonical, for Bb(A) ∈ L(⊆M), but
CmAtBb(A) /∈ K(⊇ M) because A /∈ M and SM = M. We say, in this case, that L is
not atom-canonical with respect to K. This method is applied to K = SRaCAl , l ≥ 5 and
L = RRA in [23] and toK = RRA and L = RRA∩RaCAk for all k ≥ 3 in [7], and was applied
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K = SNrnCAn+k , k ≥ 3 and L = RCAn in [46]. Hodkinson [28] showed that for 2 < n < ω,
RCAn is not atom-canonical answering a question posed in [4]. This result is reproved in
[42], where it is shown using relation algebras having n-dimensional cylindric basis in the
sense of [30] that both RRA and RCAn are not atom-canonical. By [59], it follows that Ln-as
a multimodal logic-is not Sahlqvist axiomatizable. Atom-canonicity in completely additive
varieties corresponds in modal logic to the notion of a formula being dipersistent [16, Sect.
5.6].

Definition 3.2 The atomic game Gm
k (AtA), or simply Gm

k , is the game played on atomic
networks of A using m nodes and having k rounds [25, Definition 3.3.2] We write Gk(AtA),
or simply Gk , for Gm

k (AtA) if m ≥ ω. The ω-rounded game Gm(AtA) or simply Gm is like
the game Gm

ω (AtA) except that ∀ has the option to reuse the m nodes in play.

For a classK of BAOs, we denote byKad the class of completely additive algebras inK. We
write A ⊆d B for A is a dense subalgebra of B and A ⊆c B for A a complete subalgebra
of B, and Sc denotes the operation (on classes of BAOs) of forming complete subalgebras.
The following Lemma is proved in [49, Lemma 4.3]:

Lemma 3.3 Let 2 < n < m. If A ∈ ScNrnCAm, then ∃ has a winning strategy in Gm(AtA).

For rainbow constructions for CAs we follow [22,25]. For 2 < n < ω, we use the graph
version of the games Gm

ω (β) and Gm(β) where β is a CAn rainbow atom structure, cf. [22,
4.3.3]. The (complex) rainbow algebra based onG and R is denoted byAG, R. Using essentially
the argument in [20, Lemma 5.1.50, Theorem 5.1.51] by considering closure under infinite
intersections instead of intersections, we get:

Lemma 3.4 Let 2 < n < ω. If A ∈ CAn is such that its diagonal free reduct is in RDfn, and
A is generated by {x ∈ A : 	x �= n} (with other CA operations) using infinite intersections,
then A ∈ RCAn.

Theorem 3.5 Let n be a finite ordinal > 2. Assume that m ≥ n + 3. Then the varieties
SNrnCAm and RDfn are not atom-canonical.

Proof Blowing up and blurring An+1,n forming a weakly representable atom structure
At: Take the finite cylindric algebra rainbow algebraAn+1,n where the reds R is the complete
irreflexive graph n, and the greens are G = {gi : 1 ≤ i < n − 1} ∪ {gi

0 : 1 ≤ i ≤
n + 1}, endowed with the polyadic operations. Denote its finite atom structure by At f ; so
that At f = At(An+1,n). One then replaces the red colours of the finite rainbow algebra of
An+1,n each by infinitely many reds (getting their superscripts from ω), obtaining this way a
weakly representable atom structureAt. The resulting atom structure after ‘splitting the reds’,
namely, At, is like the weakly (but not strongly) representable atom structure of the atomic,
countable and simple algebra A as defined in [28, Definition 4.1]; the sole difference is that
we have n + 1 greens and not ω-many as is the case in [28]. We denote the algebra TmAt
by split(An+1,n, r, ω) short hand for blowing upAn+1,n by splitting each red graphs (atoms)
intoω many. By a red graph is meant (an equivalence class of) a surjection a : n → 	, where
	 is a coloured graph in the rainbow signature of An+1,n with at least one edge labelled by a
red label (some ri j , i < j < n). It can be shown exactly like in [28] that ∃ canwin the rainbow
ω-rounded game and build an n-homogeneous modelM by using a shade of red ρ outside the
rainbow signature, when she is forced a red; [28, Proposition 2.6, Lemma 2.7]. Using this,
one proves like in op.cit that split(An+1,n, r, ω) is representable as a set algebra having top
element nM. In the present context, after the splitting ‘the finitely many red colours’ replacing
each such red colour rkl , k < l < n by ω many rikl , i ∈ ω, the rainbow signature for the
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resulting rainbow theory as defined in [23, Definition 3.6.9] consists of gi : 1 ≤ i < n − 1,
gi
0 : 1 ≤ i ≤ n + 1, wi : i < n − 1, rtkl : k < l < n, t ∈ ω, binary relations, and n − 1 ary

relations yS , S ⊆ω n + k − 2 or S = n + 1.
Embedding An+1,n into Cm(At(split(An+1,n, r, ω))): let CRG f be the class of coloured

graphs on At f and CRG be the class of coloured graph on At. We can assume that CRG f ⊆
CRG. Write Ma for the atom that is the (equivalence class of the) surjection a : n → M ,
M ∈ CGR. Here we identify a with [a]; no harm will ensue. We define the (equivalence)
relation ∼ on At by Ma ∼ Nb, (M, N ∈ CGR) ⇐⇒ they are identical everywhere except
at possibly at red edges:
Ma(a(i), a( j)) = rl ⇐⇒ Nb(b(i), b( j)) = rk, for some l, k ∈ ω.

We say that Ma is a copy of Nb if Ma ∼ Nb (by symmetry Nb is a copy of Ma .) Indeed, the
relation ‘copy of’ is an equivalence relation on At. An atom Ma is called a red atom, if M
has at least one red edge. Any red atom has ω many copies that are cylindrically equivalent,
in the sense that, if Na ∼ Mb with one (equivalently both) red, with a : n → N and
b : n → M , then we can assume that nodes(N ) = nodes(M) and that for all i < n,
a � n ∼ {i} = b � n ∼ {i}. In CmAt, we write Ma for {Ma} and we denote suprema taken
in CmAt, possibly finite, by

∑
. Define the map � from An+1,n(= CmAt f ) to CmAt, by

specifying first its values on At f , via Ma �→ ∑
j M ( j)

a where M ( j)
a is a copy of Ma . So each

atom maps to the suprema of its copies. In [46] it is shown that � is an injective cylindric
homomorphim.
∀has a winning strategyin Gn+3At(An+1,n): it is straightforward to show that ∀ has

winning strategy first in the Ehrenfeucht–Fraïssé forth private EFn+1
n+1(n+1, n) [25, Definition

16.2] since n + 1 is ‘longer’ than n. Here r is the number of rounds and p is the number of
pairs of pebbles on board. Using (any) p > n many pairs of pebbles available on the board ∀
can win this game in n+ 1 many rounds. In each round 0, 1 . . . n, ∃ places a new pebble on a
new element of n + 1. The edge relation in n is irreflexive so to avoid losing ∃must respond
by placing the other pebble of the pair on an unused element of n. After n rounds there will
be no such element, so she loses in the next round. It is not hard to show that the winning
strategy of ∀ in the private Ehrenfeucht–Fraïssé game lifts to a winning strategy in the graph
game Gn+3

k (At(CAn+1,n)) [22, p. 841] for some finite k. ∀ lifts his winning strategy from
the private Ehrenfeucht–Fraïssé forth game, to the graph game on At f = At(An+1,n) [22,
p 841] forcing a win using n + 3 nodes. He bombards ∃ with cones having common base
and distinct green tints until ∃ is forced to play an inconsistent red triangle (where indicies
of reds do not match). Then by Lemma 3.3, An,+1,n /∈ ScNrnCAn+3, but An+1,n is finite, so
An+1,n /∈ SNrnCAn+3. Since An+1,n embeds into CmAtA, then CmAtA /∈ SNrnCAn+3 and
we are done.

RDfn is not atom-canonical: It is enough to show that CmAtA is generated by ele-
ments whose dimension sets have cardinality < n using infinite unions. We show that
for any rainbow atom [a], a : n → �, � a coloured graph, that [a] = ∏

i<n ci [a].
Clearly ≤ holds. Assume that b : n → 	, 	 a coloured graph, and [a] �= [b]. We
show that [b] /∈ ∏

i<n ci [a] by which we will be done. Because a is not equivalent to
b, we have one of two possibilities; either (∃i, j < n)(	(b(i), b( j) �= �(a(i), a( j)) or
(∃i1, . . . , in−1 < n)(	(bi1 , . . . , bin−1) �= �(ai1 , . . . , ain−1)). Assume the first possibility
(the second is similar): choose k /∈ {i, j}. This is possible because n > 2. Assume for
contradiction that [b] ∈ ck[a]. Then (∀i, j ∈ n \ {k})(	(b(i), b( j)) = �(a(i)a( j))). By
assumption and the choice of k, (∃i, j ∈ n \ k)(	(b(i), b( j)) �= �(a(i), a( j))), contradic-
tion. ��
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Metalogical repercussions: The reader is referred to [23, Definitions 13.4, 13.6] for the
notions ofm-flat andm-square representations for relation algebras (m > 2) that can routinely
generalized for CAns. [46, Sect. 5, p. 14]. The main ideas used in the next Theorem can be
found in [23, Definitions 12.1, 12.9, 12.10, 12.25, Propositions 12.25, 12.27] adapted to the
CA case. In all cases, the m-dimensional dilation stipulated in the statement of the Theorem,
will have top element Cm(M) as defined in op.cit, whereM is the m-relativized representation
of the given algebra, and the operations of the dilation are induced by the n-clique-guarded
semantics. A complete proof (and notation used) is in [46]. Let 2 < n < ω. The class of set
algebras Dn is defined in op.cit; it is the same class addressed in [9]. That is to say, Dn is
the class of set algebras whose top elements are of the form V ⊆ nU , where V satisfies the
following: if s ∈ V then s ◦ [i | j] ∈ V . For a class K of BAOs, K ∩ At denotes the class of
atomic algebras in K.

Theorem 3.6 [23, Theorems 13.45, 13.36] Assume that 2 < n < m < ω and let A be an
algebra having the signature of CAn and satisfying all CAn axioms except perhaps commu-
tativity of cylinrifications. Then A ∈ SNrnDm ⇐⇒ A has an m-square representation
⇐⇒ A has an m-flat representation. Furthermore, if A is atomic, then A has a complete
m-square representation ⇐⇒ A ∈ ScNrn(Dm ∩ At).

Fix 2 < n ≤ l < m ≤ ω. Consider the statement �(l, m): There is an atomic, countable
and complete Ln theory T , such that the type � consisting of co-atoms is realizable in every
m-square model, but any formula isolating this type has to contain more than l variables.
By an m-square model of T we understand an m-square representation of the algebra FmT .
Let VT(l, m)) = ¬�(l, m), short for Vaught’s theorem holds ‘at the parameters l and m’
where by definition, we stipulate that VT(ω, ω) is just Vaught’s theorem for Lω,ω: countable
first order atomic theories have countable atomic models. For 2 < n ≤ l < m ≤ ω and
l = m = ω, it is likely and plausible that

(**): VT(l, m) ⇐⇒ l = m = ω. In other words: Vaught’s theorem holds only in the
limiting case when l →∞ and m = ω and not ‘before’. The following definition to be used
next is taken from [7]:

Definition 3.7 [7, Definition 3.1] LetR be a relation algebra, with non-identity atoms I and
2 < n < ω. Assume that J ⊆ ℘(I ) and E ⊆ 3ω. We say that (J , E) is a strong n-blur,
if it (J , E) is an n-blur, such that the complex n-blur ( with notation as in op.cit) satisfies:
(∀V1, . . . Vn, W2, . . . Wn ∈ J )(∀T ∈ J )(∀2 ≤ i ≤ n)safe(Vi , Wi , T ).

From Theorems 3.5 and using the main construction in [7]) we get:

Corollary 3.8 For 2 < n < ω and n ≤ l < ω, �(n, n + 3) and �(l, ω) hold. Furthermore,
if for each n < m < ω, there exists a finite relation algebra Rm having m − 1 strong blur
and no m-dimensional relational basis, then (**) above holds.

Proof Only the last part deserves proof. Let Rm be as in the hypothesis with strong m − 1-
blur (J , E) and m-dimensional relational basis. We ‘blow up and blur’ Rm in place of the
Maddux algebra Ek(2, 3) blown up and blurred in [7, Lemma 5.1], where k < ω is the
number of non-identity atoms and k depends recursively on l, giving the desired strong l-
blurness, cf. [7, Lemmata 4.2, 4.3]. The relation algebra Rm is blown up by splitting all of
the atoms each to infinitely many giving a new infinite atom structure At denoted in [7, p.
73] by At . One proves that the blown up and blurred atomic relation algebra split(Rm, J , E)

(as denoted by Bb(Rm, J , E) in [7]) with atom structure At is representable; in fact this
representation is induced by a complete representation of its canonical extension, cf. [7, Item
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(1) of Theorem 3.2]. The change in notation here is to stress the fact that Bb(Rm, J , E) is
obtained from Rm by splitting atoms. Throughout the proof the same notation is used, we
always replace Bb by split. Because (J , E) is a strong l-blur, then, by its definition, it is a
strong j-blur for all n ≤ j ≤ l, so the atom structure At has a j-dimensional cylindric basis
for all n ≤ j ≤ l, namely, Mat j (At). For all such j , there is an RCA j which we denote by
split j (Rm, J , E) (denoted on [7, Top of p. 9] byBb j (Rm, J , E)) such that TmMat j (At) ⊆
split j (Rm, J , E) ⊆ CmMat j (At) and Atsplit j (Rm, J , E) is a weakly representable atom
structure of dimension j , cf. [7, Lemma 4.3]. Now take A = splitn(Rm, J , E). We claim
that A ∈ RCAn ∩ NrnCAl and thta A has no m-square representation. Since Rm has a strong
j-blur (J , E) for all n ≤ j ≤ m − 1, then A ∼= Nrnsplit j (Rm, J , E) for all n ≤ j ≤ m − 1
as proved in [7, item (3) p. 80]. In particular, taking j = m − 1, A ∈ RCAn ∩ NrnCAm−1.
Assume for contradicton that CmAtA does have an m-representation representationM. Then
M is infinite of course. Since Rm embeds into split(Rm, J , E) which in turn embeds into
RaCmAtA, then Rm has an m-square representation with base M. But since R is finite,
R = R+, so Rm has an m-dimensional relational basis, contradiction. A complete m-
square representation of an atomicB ∈ CAn induces an m-square representation of CmAtB
which implies by Theorem 3.6 that CmAtB ∈ SNrnDm . To see why, assume that B has
an m-square complete representation via f : B → D, where D = ℘(V ) and the base
of the representation M = ⋃

s∈V rng(s) is m-square. Let C = CmAtB. For c ∈ C , let
c ↓= {a ∈ AtC : a ≤ c} = {a ∈ AtB : a ≤ c}. Define, representing C, g : C → D by
g(c) = ∑

x∈c↓ f (x), then g is the required homomorphism into ℘(V ) having base M. We
prove �(m − 1, m), hence the required, namely (**). Now by [20, Sect. 4.3], we can (and
will) assume that A = FmT for a countable, simple and atomic theory Ln theory T . Let �

be the n-type consisting of co-atoms of T . Then � is realizable in every m-square model,
for ifM is an m-square model omitting �, thenM would be the base of a complete m-square
representation of A, and so by Theorem 3.6 A ∈ ScNrnDm which is impossible. Suppose
for contradiction that φ is an m − 1 witness, so that T |� φ → α, for all α ∈ �, where
recall that � is the set of coatoms. Then since A is simple, we can assume without loss that
A is a set algebra with base M say. Let M = (M, Ri )i∈ω be the corresponding model (in a
relational signature) to this set algebra in the sense of [20, Sect. 4.3]. Let φM denote the set
of all assignments satisfying φ inM. We haveM |� T and φM ∈ A, because A ∈ NrnCAm−1.
But T |� ∃xφ, hence φM �= 0, from which it follows that φM must intersect an atom α ∈ A

(recall that the latter is atomic). Let ψ be the formula, such that ψM = α. Then it cannot be
the case that T |� φ → ¬ψ , hence φ is not a witness, contradiction and we are done. ��

Coming back full circle we reprove strong non-finite axiomatizibility results refiningMonk’s
obtained by Maddux and Biro. Let 2 < n ≤ l < m ≤ ω. In VT(l, m), while the parameter
l measures how close we are to Lω,ω, m measures the ‘degree’ of squareness of permitted
models. Using elementary calculus terminology one can view liml→∞VT(l, ω) = VT(ω, ω)

algebraically using ultraproducts as follows. Fix 2 < n < ω. For each 2 < n ≤ l < ω,
let Rl be the finite Maddux algebra E f (l)(2, 3) with strong l-blur (Jl , El) and f (l) ≥ l as
specified in [7, Lemma 5.1] (denoted by k therein). LetRl = split(Rl , Jl , El) ∈ RRA and let
Al = Nrnsplitl(Rl , Jl , El) ∈ RCAn . Then (AtRl : l ∈ ω ∼ n), and (AtAl : l ∈ ω ∼ n) are
sequences of weakly representable atom structures that are not strongly representable with
a completely representable ultraproduct. Let LCAn denote the class of CAns satisfying the
Lyndon conditions.

Corollary 3.9 (Monk, Maddux, Biró, Hirsch and Hodkinson) Let 2 < n < ω. Then the set of
equations using only one variable that holds in each of the varieties RCAn and RRA, together
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with any finite first order definable expansion of each, cannot be derived from any finite set
of equations valid in the variety [15,30]. Furthermore, LCAn is not finitely axiomatizable.

Remark 3.10 Due to its importance we give an entirely different proof to Theorem 3.9. Let
2 < n < ω. We start off by proving a statement that could be of interest in itself giving atom
structures of relation and cylindric algebras of dimension n that are weakly but not strongly
representable in one go. We claim that here exists an atomic countable relation algebra R,
such that Matn(AtR) forms an n-dimensional cylindric basis, A = TmMatn(AtR) ∈ RCAn ,
while even the diagonal free reduct of the Dedekind-MacNeille completion of A, namely,
CmMatn(AtR) is not representable. To prove the alleged statement, let G be a graph. Let ρ

be a ‘shade of red’; we assume that ρ /∈ G. Let L+ be the signature consisting of the binary
relation symbols (a, i), for each a ∈ G ∪ {ρ} and i < n. Let T denote the following (Monk)
theory in this signature:M |� T ⇐⇒ for all a, b ∈ M, there is a unique p ∈ (G ∪ {ρ})× n,
such that (a, b) ∈ p and if M |� (a, i)(x, y) ∧ (b, j)(y, z) ∧ (c, k)(x, z), x, y, z ∈ M, then
|{i, j, k} > 1, or a, b, c ∈ G and {a, b, c} has at least one edge of G, or exactly one of a, b, c
- say, a—is ρ, and bc is an edge of G, or two or more of a, b, c are ρ.
We denote the class of models of T which can be seen as coloured undirected graphs (not
necessarily complete) with labels coming from (G ∪ {ρ}) × n by G. Now specify G to be
either:
(i) the graph with nodes N and edge relation E defined by (i, j) ∈ E if 0 < |i − j | < N ,
where N ≥ n(n − 1)/2 is a postive number,
(ii) the ω disjoint union of N cliques, same N .
In both cases the countably infinite graphs contain infinitely many N cliques. In the first they
overlap, in the second they do not. One shows that there is a countable (n-homogeneous)
coloured graph (model) M ∈ G with the following property [28, Proposition 2.6]:
If � ⊆ �′ ∈ G, |�′| ≤ n, and θ : � → M is an embedding, then θ extends to an
embedding θ ′ : �′ → M. Here the choice of N ≥ n(n − 1)/n is not haphazard of course;
it bounds the number of edges of any graph 	 of size ≤ n. This is crucial to show that
for any permutation χ of ω ∪ {ρ}, �χ is an n-back-and-forth system on M [42], so that
the countable atomic set algebra A based on M whose top element is obtained from nM by
discarding assignments whose edges are labelled by one of n-shaded of reds ((ρ, i) : i < n))
forming W �

nM, is classically representable. The classical semantics of Lω,ω formulas
and relativized semantics (restricting assignments to W ), coincide, so that A is isomorphic
to a set algebra with top element nM. Consider the following relation algebra atom structure
α(G) = ({Id} ∪ (G × n), RId, R̆, R;), where: the only identity atom is Id. All atoms are self
converse, so R̆ = {(a, a) : a an atom }.The colour of an atom (a, i) ∈ G×n is i . The identity
Id has no colour. A triple (a, b, c) of atoms in α(G) is consistent if R; (a, b, c) holds (R; is the
accessibility relation corresponding to composition). Then the consistent triples are (a, b, c)
where: one of a, b, c is Id and the other two are equal, or none of a, b, c is Id and they do not all
have the same colour, or a = (a′, i), b = (b′, i) and c = (c′, i) for some i < n and a′, b′, c′ ∈
G, and there exists at least one graph edge ofG in {a′, b′, c′}. The algebraC is not representable
because Cm(α(G)) is not representable and Matn(α(G)) ∼= AtA. To see why, for each m ∈
Matn(α(G)), let αm = ∧

i, j<n αi j .Here αi j is xi = x j if mi j = Id and R(xi , x j ) otherwise,

where R = mi j ∈ L . Then the map (m �→ αW
m )m∈Matn(α(G)) is a well-defined isomorphism

of n-dimensional cylindric algebra atom structures. Non-representability follows from the
fact that G is a ‘bad’ graph, that is, in the sense that its chromatic number, namely, χ(G) is
finite; in fact χ(G) = N (< ∞) [23, Definition 14.10, Theorem 14.11]. Non-representability
of the diagonal free reduct of C follows from Lemma 3.4. The relation algebra atom structure
specified above is exactly like the one in Definition 14.10 in op.cit, except that we have n
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colours rather than just three. Having the above construction at hand, let Al be the atomic
RCAn constructed from Gl , l ∈ ω where Gl is a disjoint countable union of Nl cliques, such
that for i < j ∈ ω, n(n− 1)/n ≤ Ni < N j . Then CmAl with Al based on Gl , as constructed
above is not representable. So (Cm(Al) : l ∈ ω) is a sequence of non-representable algebras,
whose ultraproduct B, being based on the ultraproduct of graphs having arbitrarily large
chromatic number, will have an infinite clique, and so B will be completely representable
[25, Theorem 3.6.11]. Applying Lós Theorem we get the required.

Theorem 3.1 implies that any complete axiomatization of any algebraizable (in the standard
Blok-Pigozzi sense) formalism of Lω,ω in a signature containing infinitely many relation
symbolsmust contain infinitelymany relational atomic formulas.Wemention another incom-
pleteness result. We denote by Lω the ‘classical’ more basic algebraizable typeless extension
of Lω,ω with usual Tarskian square semantics dealt with in [20, Sect. 4.3]. For provability
we use the basic proof system in [20, p. 157, Sect. 4.3] which is a natural extension of a
complete calculas for Lω,ω expressed in terms of so-called restricted formulas.

Theorem 3.11 For any k ≥ 1, there is no finite schemata of Lω whose set � of instances
satisfies �  ω+k φ ⇐⇒ ω+k+1 φ for all restricted formulus φ of Lω.

Proof It suffices to show that for any positive k ≥ 1, the variety SNrαCAα+k+1 is not axiom-
atizable by a finite schema over SNrαCAα+k . We start by the finite dimensional case, then
we lift the construction to the transfinite. Fix 2 < m < n < ω. Let C(m, n, r) be the algebra
Ca(H) where H = Hn+1

m (A(n, r), ω)), is the CAm atom structure consisting of all n + 1-
wide m-dimensional wide ω hypernetworks [23, Definition 12.21] on A(n, r) as defined in
[23, Definition 15.2]. Then C(m, n, r) ∈ CAm . Then for any r ∈ ω and 3 ≤ m ≤ n < ω,
C(m, n, r) ∈ NrmCAn , C(m, n, r) /∈ SNrmCAn+1 and �r/UC(m, n, r) ∈ RCAm , cf. [23,
Corollaries 15.7, 5.10, Exercise 2, pp. 484, Remark 15.13]. Take

xn = { f ∈ Hn+k+1
n (A(n, r), ω);m ≤ j < n → ∃i < m, f (i, j) = Id}.

Then xn ∈ C(n, n + k, r) and ci xn · c j xn = xn for distinct i, j < m. Furthermore (*),
In : C(m, m+k, r) ∼= RlxnRdmC(n, n+k, r) via the map, defined for S ⊆ Hm+k+1

m (A(m+
k, r), ω)), by

In(S) = { f ∈ Hn+k+1
n (A(n, r), ω) : f � ≤m+k+1m ∈ S,

∀ j(m ≤ j < n → ∃i < m, f (i, j) = Id)}.
We have proved the (known) result for finite ordinals > 2. To lift the result to the transfinite,
we proceed like in [27]. Let α be an infinite ordinal. Let I = {� : � ⊆ α, |�| < ω}.
For each � ∈ I , let M� = {	 ∈ I : � ⊆ 	}, and let F be an ultrafilter on I such
that ∀� ∈ I , M� ∈ F . For each � ∈ I , let ρ� be an injective function from |�| onto
�. Let Cr

� be an algebra similar to CAα such that Rdρ�Cr
� = C(|�|, |�| + k, r) and let

Br = ��/F∈IC
r
�. Then we have Br ∈ NrαCAα+k and Br /∈ SNrαCAα+k+1. These can be

proved exactly like the proof of the first two items in [27, Theorem 3.1]. The second part
uses that the element xn satisfies for all i �= j ∈ m, ci xn · c j xn = xn and s j

i xn x · si
j xn = xn .

This is crucial to guarantee that in the algebra obtained after relativizing to xn , we do not
lose commutativity of cylindrifiers; the relativized algebra stays inside CAn . We know from
the finite dimensional case that �r/URdρ�Cr

� = �r/UC(|�|, |�| + k, r) ⊆ Nr|�|A� , for
some A� ∈ CA|�|+ω = CAω. Let λ� : ω → α + ω extend ρ� : |�| → � (⊆ α) and satisfy
λ�(|�|+i) = α+i for i < ω. LetF� be aCAα+ω type algebra such thatRdλ�F� = A� . Then
��/FF� ∈ CAα+ω, and we have proceeding like in the proof of item 3 in [27, Theorem 3.1]:
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�r/UBr = �r/U ��/FC
r
�
∼= ��/F�r/UCr

� ⊆ ��/FNr|�|A� = ��/FNr|�|Rdλ�F� =
Nrα��/FF�. But B = �r/UBr ∈ SNrαCAα+ω because F = ��/FF� ∈ CAα+ω and
B ⊆ NrαF, hence it is representable (here we use the neat embedding theorem). The rest
follows using a standard Lós argument. ��

3.2 Second path; positive results

Finitizability attempts and guarding: The second path is to try and sidestep complex
axiomatizations of RCAα for α > 2, often referred to as taming methods. One seeks to find
a variety of ‘representable concrete algebras’ that is finitely axiomatizable by a recursive
set of equations, is known in the literature as the finitizability problem (FP) [[37,38,40,41,
46]. Henkin, Monk and Tarski formulated the FP this way: Devise an algebraic version of
predicate logic in which the class of representable algebras forms a finitely based variety
[1,9,14,20,23,37,41,46,48,58]. The solution for this problem for first order logic without
equality is due to Sain [37] using the so-called semigroup approach. A solution for first order
logic with equality is in [46]. An interesting approach due to Gabor Sági for Ln viewed
as a higher order logic can be found in [38]. Another highly fruitful and effective way of
getting rid of such ‘severe incompleteness’, resulting from non-finite axiomatizability results
is to relativize semantics and guard syntax. The following theorem relates the semantics of a
(possibly infinitary) formula φ in a generalized model to the semantics of its guarded version,
denoted by guard(φ), in the standard part of the model expanded with the guard. Let α ≤ ω.
Let Lα denote the algebriazable formalism corresponding to CAα as defined in [20].

Theorem 3.12 Let L be a signature taken in Lα . Let (M, V ) be a generalized model in L, that
is, M is an L-structure and V ⊆ αM is the set of admissible assignments. Assume that R is
an α-ary relation symbol outside L. For φ in L, let guard(φ) be the formula obtained from φ

by relativizing all quantifiers to one and the same atomic formula R(x̄) and let Guard(M, V )

be the model expanding M to L ∪ {R} by interpreting R via R(s) ⇐⇒ s ∈ V . Then the
following holds:

M, V , s |� φ ⇐⇒ Guard(M, V ), s |� guard(φ),

where s ∈ V and φ is a formula.

Proof By induction on complexity of formulas. ��
Thephilosophy of guarding [3] is to try and tame thewild and often unruly behavior of Ln with
standard semantics which manifests itself in a long list of negative results for RCAn to name
a few: infinite axiomatizability, any equational axiomatization must contain infinitely many
variables and infinitelymany non-canonical equations, a fortiori non-Sahlqvist ones [17], and
Theorem3.5, undecidability of tellingwhether a finiteCAn has a representation…, and the list
goes on [1,17,25,30,46]. The core of the idea of guarding is to find a semantics that give just
the right action while additional effects of square set-theoretic representations are separated
out as negotiable decisions of formulation that can threaten completeness and decidability.
Using square semantics is a voluntary commitment to one particularmathematical implication
whose complexity seems to be an overkill. An insidious term that often confuses this issue is
the ‘concreteness of set theoreticmodels’ and the pre-assumption of the canonicity of ‘simple’
square ones; guarding intriguingly reveals the exact opposite. The square ones are the most
complicated ‘concealing’ many far better well behaved multi-modal logics. In the guarded
fragment, put forward by Andréka, Van Benthem and Németi, one looks at quantification
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patterns. Only relativized quantification (along the accessibility relation of the Kripke frame)
is allowed.

Fix n < ω. The notion of guarding syntax accompanied by relativizing semantics can
be traced back to the classical Andréka–Resek–Thompson result [9] reproved in [34,46]
which says that every n-dimensional algebra that has the same signature as CAn , satisfying
a certain finite set of equations together with the the so-called merry go round identities, is
representable by set algebras whose top elements are diagonizable as defined above (in the
following sense: if V (⊆ nU ) is the top element of a given set algebra of dimension n, then
s ∈ V �⇒ s ◦ [i | j] ∈ V .). Those algebras are denoted by Dn in Theorem 3.6. We say that
V ⊆ nU is locally square if whenever s ∈ V and τ : n → n, then s ◦ τ ∈ V . Let Gn be the
class of set algebras whose top elements are locally square and operations are defined like
cylindric set algebra of dimension n relativized to the top element V .

Theorem 3.13 [5,9,34] Fix 2 < n < ω. Then Dn and Gn are finitely axiomatizable and have
a decidable universal (hence equational) theory.

Proving decidability for guarded fragments of first order logicwent historically via themosaic
method of Németi’s, later developed for guarded fragments to so-called quasi-models, which
is a mixture of filtration, a well known technique for proving decidability results in modal
logic, mosaics and semantic tableaus for first order logic. A more recent proof of decidability
depends on the decidability of the loosely guarded fragment of first order logic [46,48]. For
A ∈ Gn , let L(A) be the first order signature consisting of an n-ary relation symbol for each
element of A. Then it can be shown that for A ∈ Gn , for any ψ(x) a quantifier free formula
of the signature of Gn and ā ∈ A with |ā| = |x̄ |, there is a loosely guarded L(A) sentence
τA(ψ(ā)) whose relation symbols are among ā such that for any relativized representation
M of A, A |� ψ(ā) ⇐⇒ M |� τA(ψ(ā)). Yet another ingenious proof of decidability
given in [5] uses a subtle model theoretic combinatorial result of Herwig’s building on work
of Huroshovski. The thrust of this line of research suggests that the genuine logical core of
first order logic may well be decidable and that undecidability resulted from using ‘more than
needed’. One could trace such positive decidability results to the seminal result of Németi’s
that the universal theory of Crsn for any finite n is decidable.

Gödel’s incompleteness property in guarded decidable fragments: Guarding seman-
tics has led to the discovery of a whole landscape of multimodal logics having nice modal
behaviour (like decidability) with the multimodal logic whose modal algebras are the class
of relativized set algebras ‘at the bottom’ and Tarskian semantics whose modal algebras is
the variety RCAn with its undesirable properties (like undecidability) is only the top of an
iceberg. Below the surface a treasure of nicemultimodal logics was discovered. This dynamic
viewpoint enriches and unifies our view of a mutiplicity of disciplines sharing a cognitive
slant. However, recent research in algebraic logich as revealed that some guarded fragments
of first order logic, surviving undecidability and other undesirable properties, made contact
with a deep and subtle reformulation of G’́odel’s incompleteness theorem. This was proved
first by Németi for the ‘unguarded’ Ln (n ≥ 3)with square Tarskian semantics by translating
a form of Gödel’s incompleteness property to non-atomicity of the free algebras and then
proving for any finite m, FrmCAn is not atomic. The key idea is that if T is a finite consis-
tent complete Ln theory, then the equivalence class of

∧
T will be an atom in the formula

algebra of pure logic, built up of the symbols occurring in formulas in T . Here completeness
and consistency are defined with respect to provability using only n variables. Now if one
finds a formula that cannot be extended to such a theory then there will be no atoms below
the equivalence class of this formula, and here is where Gödel’s Theorem intervenes. The
idea in Német’s proof uses a translation function of Lω,ω into L3 together with the pairing
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technique of Tarski’s suitably re-defined to adapt the case of three variables rather than four;
the latter being the natural habitat of relation algebras. Using similar but more sophisticated
methods, Andréka and Németi later proved the analogous result for the FrmDfn free algebras,
solving a long standing open problem in algebraic logic, posed by Tarski, Maddux, Németi
and others. This was deduced from the fact that the whole of ZFC can be coded in Df3; in
other words, Df3, which is substantially weaker than CA3 a fiortiori strictly weaker than the
calculas of relations is an adequate vehicle for the whole of mathematics. Tarski and Givant
had formalized set theory in the calculas of relations establishing an intriguing ‘variable free’
approach to meta-mathematics. Their joint work in this fascinating topic is published in the
monograph [57] A formalization of Set Theory without variables. In op.cit it is shown that
in principle mathematics can be developed in the very simple framework of equations and
substitution of equals for equals rather than the customary basis using set theory formalized
in first order logic, which is, to say the least, an impressive tour de force with profound meta-
mathematical and philosophical repercussions. The first chapter of Andréka et al [6] gives
an excellent account of these results. Mohamed Khaled [31], another student of Andréka and
Németi, proved that the free Crsns with finitelymany generators are not atomic and developed
his proof to show that many guarded logics has a form of Gödel’s incompleteness property:
There is a formula φ (in the signature of the guarded logic under investigation) that cannot
be extended to a finite complete recursive theory. Such ‘incompletable formulas’ are called
inseparable formulas by Németi. This solves another long standing open problem in alge-
braic logic posed by Németi in the early eighties of the last century. This, in turn, shows that
after all ‘the taken for granted’ implication ‘Gödel’s incompleteness �⇒ undecidability’
does not always hold. Results of this kind are open to huge philosophical considerations,
revisions and repercussions, and are far from being fully understood. Indeed such results
tend to raise more questions than answers. The question that bears a lot of discussion and
reflection in this connection is how faithfull the algebraic translation to non-atomocity of the
free algebras, vis a vis the in built dependence of the proof of Gödel’s incompleteness The-
orem in Peano arithmetic (without the axiom of infinity) using Gödel numbering. Is Gödel’s
celebrated incompleteness theorem intrinsic to arithmetic (and richer formal systems like set
theory), or can it lend itself to different, possibly more general frameworks? Is the idea of
Gödel numbering-mirroring statements about numbers to statements about other statements
of numbers, possibly themselves—applicable only to the entities known as natural numbers?
The two ingenious components in Gödel’s proof are diagonalization and self-reference. Such
methods and antimonies were known before Gödel. Diagonalization is implemented in Can-
tor’s proof of the uncountability of R and self reference appeared (philosophically) with the
liar paradox, later getting a more mathematical manifestation in the famous hugely influ-
ential Russell’s parardox with several scattered re-incarnations in interdisciplinary literature
betweenmathematics, logic and philosophy [52]. But combining the two is certainly a master
stroke proving one of the most important Theorems in mathematics in the 20th century and
beyond. These two ingredients of Gödel’s proof simply vanish in the algebraic proofs for
Crsn proving the non-atomicity of their finitely generated free algebras. The new proofs use
an ingenious purely algebraic method [32]. Non-atomicity of finitely generated free algebras
are also proved for Dn and Gn [33]. The consistency of a form of Gödel’s incompleteness
theorem and decidability (for guarded fragments of Ln) is certainly an exciting and a telling
co-existence.
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3.3 Capturing the notion of representability via non-orthodox rules and games

Inspite of the infinite discrepancy between abstract and concrete algebras, there are (other)
means to control the ‘notion of a representation’. Representations of an algebra can be
described in a first order theory in a two-sorted language. The first sort in a model of this
defining theory is the algebra itself, while the second sort is a representation of it. The
defining theory specifies the relation between the two, and its axioms depend on what kind
of representation, be it relativized, ordinary, complete, etc, is considered.

Thus the representable algebras are those models of the first sort of the defining theory,
with the second sort providing the representation.

Many classes in algebraic logic can be seen this way. The defining theory is usually
finite, simple and essentially recursively enumerable; and if we are lucky it will be recursive.
The class of all structures that arise as the first sort of a model of a two-sorted first order
theory is an old venerable notion in model theory introduced by Maltsev in the forties of
the 20th century. Ever since it was studied by Makkai and others. It is known as a pseudo-
elementary class. What is meant here is a PC	 class [23] but expressed in a two sorted
language. The term pseudo-elementary class strictly means PC	 when the second sort is
empty, but the two notions were proved to be equivalent by Makkai [23]. Any elementary
class is pseudo-elementary, but the converse is not true; the class of α-dimensional neat
reducts of β-dimensional cylindric algebras for 1 < α < β ∩ ω is an example [44]. Other
examples are the class of strongly representable atom structures and the class of completely
representable algebras, both of finite dimension > 2, as proved by Hirsch and Hodkinson
[22,24,44],

According to Hirsch and Hodkinson [23] a fairly but not completely general definition
of ’a notion of representation’ is just the second sort of a model of a two-sorted (more
often than not recursively enumerable) first order theory, where the first sort of the theory
is the algebra. Put in this form, Hirsch and Hodkinson apply model-theoretic finite forcing
to representing various abstract classes of algebras, using possibly relativized representa-
tions. Model-theoretic forcing, with precursors Henkin’s proof of the classical completeness
theorem for first order logic and its algebraic version; the neat embedding theorem (proved
also by Henkin), typically involves constructing a model of a first order theory by a game.
Games are a highly structured activity with powerful concrete intuitions concerning moves
and strategies. This view has been around as an undercurrent in logic for quite some time,
emerging often in various contexts. The game builds themodel with elements being produced
by the second player called ∃ (verifier), in his response to criticism by the first player, called
∀ (falsfier). The falsifier draws objects from the domain of discourse which can be tested
for certain facts. Semantical notions of validity serve as a touch-stone of adequacy for proof
theoretic or game theoretic proposals, but the latter provides more vivid ideas and elaborate
concepts about structuring of arguments and procedures of reasoning. The analysis of win-
ning strategies of the players involved during the play gives fine and delicate information,
and allows one to delve deeper into the analysis. The approach of Hirsch and Hodkinson is
basically to combine the forcing games with the two sorted approach mentioned above to
representations.

For example, games can be used to give an explicit (necessarily infinite) recursive axiom-
atization of the class RCAn for 2 < n < ω. We give a rough outline now. The idea is that
a winning strategy for ∃ in a k-rounded game for k < ω, call it Gk , can be coded in a
first order sentence ρk in the signature of CAn . This game is played on so-called networks
on A. A pre-network N on A is a map N : n	 → A, where 	 is a finite set of nodes,
denoted by nodes(N ). A network is roughly a ‘finite approximation to a representation’ so
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it is a pre-network that satisfies certain consistency conditions. For example, for x̄, ȳ ∈ n	,
N (x̄) ≤ di j ⇐⇒ xi = x j and x̄ ≡i ȳ �⇒ N (x̄) · ci N (ȳ) �= 0. The k-rounded game
between ∀ and ∃where the board of play consists of networks onA is denoted byGk(A). Sup-
pose that we are at round 0 < t < ω and t < k. Then ∀ challenges ∃ by choosing a previously
played network Nt an edge x̄ of Nt an index i < n and a ∈ A. ∃ can either reject this move
by playing the pre-network Nt+1 that is like Nt except that Nt+1(x̄) = Nt (x̄) · −ci a. If she
accepts, then ∃ has to respond with a network Nt+1 refining Nt ; in this respect being a finer
finite approximation to a representation. In particular, Nt+1 ⊇ Nt (as maps). In her response,
∃ plays a pre-network defined as follows: nodes(Nt+1) = nodes(Nt ) plus a new node z. Let
z̄ be given by z̄ ≡i x̄ , zi = z. The labels of the n-tuples (hyperedges) of nodes(Nt+1) are
given by

• Nt+1(z̄) = a ·∏ j,k<n,z j=zk
d jk

• Nt+1(x̄) = Nt (x̄) · ci a
• Nt+1(ȳ) = Nt (ȳ) for all y ∈ n Nt ∼ {x̄}
• Nt+1(ȳ) = ∏

j,k<d,y j=yk
d jk for all y ∈ n Nt+1 ∼ ({z̄} ∪ n Nt ).

If Nt+1 is a network, in this casewe say that∃ survives round t . If∃ survives every round t < k,
then ∃wins; otherwise ∀wins. There are no draws. For a countable algebraA,A |� ρk ⇐⇒
∃ has a winning strategy inGk(A). One can translate the set of such sentences {ρk : k ∈ ω} to
a set of equations � using that RCAn is a discriminator variety. IfA is countable andA |� �,
then this means that ∃ has a winning strategy (expressed by) ρk inGk(A) for all k ∈ ω. Using
a compactness argument, one shows that ∃ has a winning strategy inGω(A). Then ∃ can use
her winning strategy in Gω(A), to build a representation of A. The countability condition
here is essential, so that all possible moves by ∀ can be scheduled and it can be assumed that
∃ has succeeded to respond to every possible move (challenge) by ∀.
∃ builds the required representation as the ‘limit’ of the play follows: consider a play

N0 ⊆ N1 ⊆ . . . of Gω(A) in which ∃ uses his winning strategy and ∀ plays every possible
legal move. The limit of the play is a representation ofA defined as follows: let N = ⋃

t<ω Nt

and define h : A→ ℘(N ) as follows:

h(a) = {x̄ ∈ N : ∃t < ω(x̄ ∈ Nt&Nt (x̄) ≤ a)}.
One then readily deduces that Mod� = RCAn , for if C |� �, then by the downward

Tarski- Löwenheim–Skolem theorem there is an elementary subalgebra of C, A say, such
that A |� �. By the above reasoning A is representable. But RCAn is a variety, hence closed
under elementary equivalence, so C is representable, too, cf. [23, Sect. 8.3]. A concrete
instance of such games will be encountered in theorem 3.17.

The interaction with modal logic to obtain non-orthodox completeness theorems
for unguarded logics: Standard Hilbert style axiomatizations, being excluded by Monk’s
result, Venema succeeded to obtain a sound and complete proof system for finite variable
fragments of first order logic (disguised in a modal formalism) with at least three variables;
using instead non-orthodox derivation rules, cf. Venema’ chapter entitled Cylindric Modal
Logic in [6]. There is another algebraic expression of such non-orthodox derivation rules by
so-called density conditions. This approach also has its roots in the prophetic monograph
[20], cf. [20, Theorem 3.2.14]. Removing the condition of atomicity, Andréka et al. [4] show
that every rectangulary dense algebra is representable, where by rectangularly density is
meant that below every element there is a rectangle, that is not necessarily an atom. The
rectangles in a rectangular dense algebra can be associated with so-called 0-thin elements
[20, Definition 3.2.1]. Such elements have a double facet, a geometric one and a metalogical
one. The metalogical interpretation is that these elements abstract the notion of individual
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constants [20, Remark 3.2.2]. Geometrically, in a set algebra 0-thin elements are obtained by
fixing the first component of assignments by a constant. That is, if A is a set algebra with top
element nU say, and X ∈ A is 0 thin, then X = {s ∈ αU : s0 = u} for some u ∈ U . Thinnes
here means that literally there is a thin line between the dimension of X and the dimension
of A. There is ‘enough supply’ of such elements in a rectangularly dense algebra. This
algebraic notion of richness actually reflects the notion of so-called rich theories in Henkin
constructions. Rich theories occurring in Henkin’s completeness proof eliminate existential
quantifiers in existential formulas via individual constants more commonly referred to as
witnesses. Algebraically, every cylindrifier is eliminated, or witnessed by a 0-thin element
[20, Definition 3.2.1]. But then by algebraising the rest of Henkin’s proof, we get that rich
algebras are representable. This connection manifests itself blatantly in the proof of [20,
Theorem 3.2.5] where the base of the representation actually consists only of 0-thin elements,
whereas the generic canonicalmodels inHenkin constructions consist of individual constants.

More succinctly, richness and rectangular density are saturation conditions. Geometri-
cally: rectangular density means that below every non-zero element there is a rectangle,
while richness means that below every element there is a square, a special kind of rect-
angle as the name suggests. The latter notion strikes one as weaker, but both notions are
sufficiently strong to enforce representability, and both notions can be transferred to non-
orthodox derivation rules using the difference operator achieving completeness when added
to the cylindric (modal) axioms. In fact, it can (and was) proved in [4] that both notions are
essentially equivalent. In op.cit it is proved that A is rectangularly dense (and quasi-atomic)
⇐⇒ A is rich. For diagonal free cylindric algebras, Dfn for short, one cannot express the
difference operator because there is no ‘equality’ in the signature, so that we cannot express
non-equality. Rectangular density can be formulated in the language of Dfn but richness
cannot be. So here one uses rectangular density to prove representability. These ideas were
implemented byVenema [58] extending the results in [4] toDfns. The required representation
(completeness theorem) was attained using Rectangular games played on so-called crystal
networks. In the present ‘diagonal-free’ context the technique used by Andréka et al. [4]
based on [20, Theorem 3.2.16] does not work.

Dually, from the (multi) modal logic perspective one takes the non-orthodox Gabbay-like
irreflexive (density) rule: p ∧ τ(¬φ ∧ p)) → φ, if p /∈ φ, then deduce φ, [14, p. 1563],
where

τ(χ) = ¬♦0 . . .¬♦n−1

[(
∧

i∈n

♦0 . . . ♦i−1♦i+1 . . . ∃♦n−1χ
)

∧ ¬χ,

χ a formula. Together with the S5 axioms for each i < n this gives a complete and sound
(non-orthodox) proof system  . This is a translation of the algebraic property rectangular
density, in the sense that if T is a theory, then the Tarski–Lindenbaum quotient algebra FmT ,
where the quotient is taken with respect to  is rectangularly dense, hence representable.

The representability result ‘rectangular density in aDfn �⇒ representability’was proved
using games played on networks defined next:

Definition 3.14 Let 2 < n < ω and A ∈ Dfn .

1. An A pre-network is a pair N = (N1, N2) where N1 is a finite set of nodes, and N2 :
N n
1 → A is a total map. N is atomic if rngN ⊆ AtA. We write N for any of N , N1, N2

relying on context, we write nodes(N ) for N1.
2. A pre-network N is said to be a network if it satisfies the following consistency condition:

for x̄, ȳ ∈ N and i < n, x̄ ≡i ȳ �⇒ N (x̄) · ci N (ȳ) �= 0.
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We define a game. But first a piece of notation. For a function f and i ∈ dom( f ), g = f u
i

denotes the function with the same domain as f , such that f � dom( f ) ∼ {i} = g �
dom( f ) ∼ {i} and g(i) = u. A play of the game consists of a sequence N0 ⊆ N1 ⊆ . . .

of networks so that there are ω rounds. Suppose we are at round t , with the network Nt the
outcome of the play so far. ∀ makes a move by

1. Choosing a ∈ A. ∃must respondwith a network Nt+1 ⊇ Nt such that either Nt+1(x̄) ≤ a
or Nt+1(x̄) ≤ −a,

2. ∀ may choose an edge x̄ of Nt an index i < n and b ∈ A with Nt (x̄) ≤ ci b. ∃ must
respond with a network Nt+1 ⊇ Nt such that for some z ∈ Nt+1, Nt+1(x̄ i

z) = b.

Fix 2 < n < ω. Our aim is to show that if A is countable and rectangularly dense then ∃ has
a winning strategy and so A is representable. A rectangle in an A ∈ Dfn , and a rectangularly
dense Dfn are defined like above (the definitions are free from diagonal elements).

Definition 3.15 A network N is said to be rectangular if N (x̄) is a non-zero rectangle for
every s ∈ n M . M is a crystal network if ci M(s) = ci M(t) whenever s ≡i t for any i < n.

Lemma 3.16 [58, Lemmas 1, 2, p. 1557, p. 1560]LetA ∈ Dfn be countable and rectangularly
dense.

1. If M is a crystal network, and r ∈ A is a non-zero rectangle below M(t) for some t ∈ n M,
then there is a crystal extension M ′ of M such that M ′(t) = r .

2. If M is crystal network and ci M(t) = ci r for some t ∈ n M and some rectangle r ∈ A,
r > 0, then there is a crystal extension M ′ of M and an element t ′ ∈ n M ′ such that
t ≡i t ′ and M ′(t) = r .

Proof For thefirst part define like on [14, p. 1558], M ′(t) = M(t)·c(	(t,u))r ,where	(t, u) =
{i < n : ti �= ui }. Then nodes(M ′) = nodes(N ′). For the second part: if there is already a
tuple in n M such that t ≡i u and M(u) = ci r , then M is as required. Else, choose k /∈ M
and let K = M ∪ {k} be defined as in [14, p. 1560]. ��
Then it can be shown [58, Lemma 3], that in any round of the game, if the last network played
is a crystal network then ∃ can survive this round responding with a crystal network. From
this we conclude using the arguments in [58] having at our disposal lemma 3.16:.

Theorem 3.17 Let 2 < n < ω. Let A be a countable rectangularly dense Dfn. Then ∃ has a
winning strategy in Gω, hence A ∈ RDfn.

Proof Like the arguments used above in constructing a representation as a limit of the play
on networks cf. [58, Theorem 2, Lemma 3] using the crucial Lemma 3.16. ��

The notions of density can be retrieved ‘modally’ using the difference operator, but they
cannot be retrieved by finite Hilbert style axiomatizations. Such non-orthodox derivation
rules can be traced back to the work of Gabbay and ever since have been frequently used by
modal logicians, though some people argue that they capture extra variables or‘ witnesses’
from the back door and this is inimical to the modal nature. These extremely liberal Gabbay-
style inference systems typically correspond to classes that are inductive, i.e., axiomatized
by ∀∃-formulas. like the class of rectangularly dense cylindric algebras [4] and its diagonal
free reducts.

We hasten to add that the ‘game technique’ used by Venema [58] works for all other
cylindric-like algebras dealt with in [4] like Pinter’s substitution algebras and quasi-polyadic
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algebras with and without equality, but not ‘the other way round.’ The main technique in
[4] which reduces the problem to the ‘atomic case’ already proved by Henkin et al. [20] (for
cylindric algebras), does not settle the Df case.

But in any case the important thing here is that we have a sound and complete proof system,
involving finite many axioms (and non-orthodox rules) achieving completeness relative to
square semantics. Such a a completeness theorem circumvents the dominating so resilient
non-completeness theorems (obtained algebraically) by Monk, and considerably sharpened
and refined by pioneers, to name a few, Andréka, Biro, Hirsch, Hodkinson and Maddux
[1,14,23,30,41].

Representing all CAns (after all) by twisting set algebras? To understand the “essence”
of representable algebras, one often deals with the non-representable ones, the “distorted
images” so to speak. Simon’s result in [55], of “representing” non-representable algebras,
seems to point out that this distortion is, after all, not completely chaotic. This is similar to
studying non-standard models of arithmetic, that do shed light on the standard model. From
the main result in [9] (the famous Andréka–Resek–Thompson theorem), it follows that if
2 < n < ω, and A ∈ CAn satisfies the so-called merry go round identities, MGR for short,
then A is representable as a relativized set algebra having top element a set V ⊆ nU such
that if s ∈ V , and i, j < n then s ◦ [i | j] ∈ V .

Let α be an ordinal ≥ 3. Instead of asking “What is missing from CA’s to be repre-
sentable?”, Henkin turned around the question and asked how much set algebras needed to
be distorted to provide a representation of all CAα’s. And, strikingly, the answer provided
by Simon is “not very much”, at least for the lowest value of α, for which Monk’s semi-
nal result and its improvements apply, namely, α = 3. Simon [55] proved that any abstract
3-dimensional cylindric algebra satisfying MGR can be obtained from a Cs3 (a cylindric set
algebra of dimension 3) by the methods called twisting and dilation, studied in [20, pp.
86–91]. This, in a way, does add to our understanding of the distance between the abstract
notion of cylindric algebra and its concrete one, at least in the case of dimension 3. However,
Simon had to broaden Henkin’s notion of twisting to exhaust the class CA3. He also showed
that Henkin’s more restrictive notion of twisting does not fit the bill; there are abstract CA3’s
satisfying the MGR that cannot be obtained by the methods of relativization, dilation and
twisting, the latter understood in the sense of Henkin. Simon’s twisting is a stronger “dis-
tortion” of the original algebra, and so its scope is wider, it can “reach” more algebras. The
analogous problem for higher dimension is still an intriguing open problem. The idea is that
given any abstract A ∈ CA3 then there is a set algebra C ∈ Cs3, such that A can be obtained
from C by applying a finite number of operations among twisting, dilating, relativizing and
forming subalgebras, not necessarily all (e.g. if A ∈ Cs3), and not necessarily in this order.

Let Caα denote the class of CAα atom structures. Recall that the the idea behind dilations
is that in a CA if it is an atom can be inserted in a certain position, as long as its addition
does not contradict the CA axioms. Twisting, originally, consists of starting from a complete
atomic CAα A, selecting atoms a, b ∈ A and an ordinal k < α and then redefining ck on a
and b by interchanging the action of ck on a and b, in part, “twisting”. Twisting is used to
“distort” atom structures. It produces Caα’s from Caα’s, and it typically killsMGR. However,
in some circumstances it can reproduce MGR!. In both dilation and twising, one starts out
with a complete and atomic CAαs, adjoins new elements and /or changes the operations to
get a new, complete atomic CAα with certain prescribed properties.

Now here is an outine of how to ‘represent’ every CA3 [55]: one starts with a CA3 A and
checks ifMGR holds in it. If it does then by the Andréka–Resek–Thompson theorem [9],A is
a subalgebra of a relativized Cs3, and we are done. Else, one embeds A into its complete and
atomic canonical extension A+ in order to be able to repair the failure of MGR by twisting
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the atom structure of A+. But one has to apply dilation first by inserting atoms to adjust the
twisting parameters, so that twisting can be applied in the first place. Twisting is then applied
to the algebraB obtained by dilatingA+ to get a CA3,A3 in whichMGR holds. Then one uses
the Andréka–Resek–Thompson result to represent A3 as a relativized Cs3. So here twising
is used in a more constructive way; by twisting an algebra in which MGR does not hold, we
get one where MGR holds.
Since the effect of twisting can always be undone by twisting the twisted algebra, the procedure
we have described shows that A can be obtained from a subalgebra of a relativized set
algebra A3 ∈ CA3 by applying dilation, twisting, relativization and the operation of forming
subalgebras, not necessarily in this order.

We are not quite certain that Simon’s result is some form of a ‘completeness theorem’; it
is certainly not a ‘standard’ one, to say the least, because, by definition, non representable
algebras should not be represented concretely!Having said that, an extremely interesting com-
pleteness theorem for finite variable fragments, viewed as higher order logics, is obtained by
Gabor Sági [38]. The techniques used are a metalogical disguise of Tarski’s ‘pairing tech-
nique’ implemented by Tarski and Givant in [57], translated to cylindric algebras, obtaining
the class of so-called directed cylindric algebras originally invented by Németi. The alge-
braic version of Sági’s theorem is proved by Németi and Simon [55], namely, that every
directed CAn is representable. Sági’s proof is entirely different; its highly technical, with
the details impressively and meticulously worked out. Depending less explicitly on Tarski’s
pairing technique, Sági works more on the ‘logic side’ rather than its ‘algebraic version’,
namely, the directed cylindric algebras.

4 Constructing counterexamples in modal and algebraic logic

Kn is the logic of n-ary product frames, of the form (Wi , Ri )i<n where for each i < n, Ri is
any any relation on Wi . On the other hand, S5n can be regarded as the logic of n-ary product
frames of the form (Wi , Ri )i<n such that for each i < n, Ri is an equivalence relation. It is
known that logics betweenKn and S5n are quite complicated, cf. [35] for a detailed overview.
Theorem 4.1 to be proved in a moment adds to their complexity.

It is known that modal languages can come to grips with a strong fragment of second order
logic. Modal formulas translate to second order formulas, their correspondents on frames.
Some of these formulas can be genuinely second order; they are not equivalent to first order
formulas. An example is the McKinsey formula: �♦p → ♦�p. This can be proved by
showing that its correspondent violates the downward Löwenheim- Skolem Theorem. The
next proposition bears on the last two issues. It is difficult to find explicity (necessarily)
infinite axiomatizations for S5n as well:

Theorem 4.1 Let 2 < n < ω. There is no axiomatization of S5n with formulas having first
order correspondence. For any canonical logic L between Kn and S5n, it is undecidable to
tell whether a finite frame is a frame for L, L cannot be finitely axiomatized in kth order logic
(for any finite k), and L cannot be axiomatized by canonical formulas, a fortiori Sahlqvist
formulas. In fact any axiomatization of L must contain infinitely many non-canonical formu-
las.

Proof The first part follows from that the class of strongly representable Dfn atom structures
is not elementary [17].With Lemma 3.4 at our disposal, a slightly different proof can be easily
distilled from the construction addressing CAs in [25] or [2]. We adopt the construction in
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the former reference, using the Monk-like CAns M(�), � a graph, as defined in [25, Top
of p. 78]. For a graph G, let χ(G) denote it chromatic number. Then it is proved in op.cit
that for any graph �, M(�) ∈ RCAn ⇐⇒ χ(�) = ∞. By Lemma 3.4, Rdd f M(�) ∈
RDfn ⇐⇒ χ(�) = ∞, because M(�) is generated by the set {x ∈ M(�) : 	x �= n}
using infinite unions. Now we adopt the argument in [25]. Using Erdos’ probabilistic graphs
[19], for each finite κ , there is a finite graph Gκ with χ(Gκ ) > κ and with no cycles of
length < κ . Let �κ be the disjoint union of the Gl for l > κ . Then χ(�κ) = ∞, and so
Rdd f M(�κ) is representable. Now let � be a non-principal ultraproduct �D�κ for the �κs.
For κ < ω, let σκ be a first-order sentence of the signature of the graphs stating that there
are no cycles of length less than κ . Then �l |� σκ for all l ≥ κ . By Loś’s Theorem, � |� σκ

for all κ . So � has no cycles, and hence by χ(�) ≤ 2. ThusRdd f M(�) is not representable.
(Observe that the the term algebraTmAt(M(�)) is representable (as aCAn), because the class
of weakly representable atom structures is elementary [23, Theorem 2.84].) Since Sahlqvist
formulas have first order correspondants, then S5n is not Sahlqvist. In [2], it is proved that
it is undecidable to tell whether a finite frame is a frame for L, and this gives the non-finite
axiomatizability result required as indicated in op.cit, and obviously implies undecidability.
The rest follows by transferring the required results holding for S5n [2,17] to L since S5n is
finitely axiomatizable over L, and any axiomatization of RDfn must contain infinitely many
non-canonical equations. ��

4.1 Monk algebras, the good and the bad

From good to bad: Fix 2 < n < ω. Because RCAn is a variety, an atomic algebra A ∈
RCAn ⇐⇒ all equations axiomatizing RCAn holds in A. From the point of view of AtA, the
atom structure ofA, each equation in the signature of RCAn corresponds to a certain universal
monadic second-order statement, in the signature of AtA where the universal quantifiers are
restricted to ranging over the set of atoms that lie below elements of A. Such a statement
fails ⇐⇒ AtA is partitioned into finitely manyA-definable sets (sets definable using atoms
of A as parameters) with certain ‘bad’ properties. Call this a bad partition. A bad partition
of a graph is a finite colouring, namely, a partition of its sets of nodes into finitely many
independent sets.A typicalMonk argument is to construct for finite dimension> 2 a sequence
of non-representable algebras based on graphs with bad partitions (having finite chromatic
number) converging to one that is based on a graph having infinite chromatic number, hence,
representable. It follows immediately that the variety of representable algebras of dimension
> 2 is not finitely axiomatizable. We call the non-representable algebras in the sequence bad
Monk algebras. Based on graphs having finite chromatic number, they are not representable
as subdirect products of set algebras. This is proved by an application of Ramsey’s theorem.
But these bad algebras converge to a good infinite Monk algebra that is based on a graph
that has infinite chromatic number. This (limit) algebra is good in the sense that it permits
a representation; it is a subdirect product of set algebras. We borrow the terminology ‘bad
and good’ from [24] where such notions are applied to the graph used in the construction
of the Monk algebra. A graph is good if it has infinite chromatic number, otherwise it is, as
mentioned above, bad, that is, it has a finite colouring. Constructing algebras based on graphs
having arbitrarily large chromatic number converging to one that is based on a graph having
infinite chromatic number seems a plausible thing to do, and indeed it can be done, witnessing
non-finite axiomatizability of the class of representable algebras of finite dimension > 2.
Monk’s original proof [36], and Maddux’s proof in [30], as well as the proofs presented in
Theorem 3.9 and Remark 3.10 can be seen this way. Monk used finite bad Monk algebras
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converging to a good infinite one. The idea involved in the construction of a bad finite Monk
algebra,whichweused inTheorem3.9 and remark 3.10 is not so hard. Such algebras are finite,
hence atomic. The atoms are given colours, and cylindrifications and diagonals are defined
by stating that monochromatic triangles are inconsistent. If a Monk’s algebra has many
more atoms than colours, it follows from Ramsey’s Theorem that any representation of the
algebra must contain a monochromatic triangle, so the algebra is not representable. Maddux
[30] modified Monk’s algebras using CAns based on atomic relation algebras generated by
a single element having an n-dimensional cylindric basis which we also did in our proof
of Theorem 3.9 and in Remark 3.10. This improvement is highly rewarding for it transfers
incompleteness theorems for n-variable first order logic from languages having countably
many n-ary relation symbols to incompleteness theorems for languages in a signature having
only one binary relation symbol. Furthermore, the modification is far from being trivial for
one generation makes the automorphism group of the algebra rigid.

From bad to good: Conversely, one can form an anti-Monk ultraproduct, of a sequence
(Ai : i ∈ ω) of good infiniteMonk algebras (based on graphswith infinite chromatic number)
converging to an infinite bad atomic algebra A, namely, one that is based on a graph that is
only 2-colourable [24]. This last algebra is representable, but only weakly. This means that
its subalgebra generated by the atoms is representable, but its Dedekind-MacNeille minimal
completion, which is the complex algebra of its atom structure, namely, CmAtA, is not. In
this sense, this limit A is not strongly representable. But every element of the sequence Ai

(i ∈ ω) is strongly representable, in the same sense, meaning that CmAtAi is representable,
The aforementioned technique of proof, showing that the class of strongly representable
cylindric algebras is not elementary is due to Hirsch and Hodkinson [24]. The ultraproduct
that Monk used in his 1969 seminal result is a ‘reverse’ to this one, and is more intuitive,
since as indicated it is plausible that a sequence of graphs having arbitrarily finite chromatic
numbers getting larger and larger, converges to one that has infinite chromatic number, but
the ‘other way round’ is hard to visualize, let alone implement. So how did Hirsch and
Hodkinson prove their result? Fix 2 < n < ω. Recall that a CAn atom structure At strongly
representable ⇐⇒ the complex algebra CmAt is representable. So that an atomic algebra
A is strongly representable (in the sense that CmAtA ∈ RCAn) ⇐⇒ its atom structure is
strongly representable. One shows that an atom structure is strongly representable ⇐⇒ it
has no bad partition using any sets at all. So, here, we want to find atom structures, with
no bad partitions, with an ultraproduct that does have a bad partition. From a graph �,
one can create an atom structure that is strongly representable ⇐⇒ the graph is good,
namely, it has no finite colouring; this atom structure is denoted by ρ(I(�)) in [25] and its
complex algebra Cm(ρ(�)) is denoted byM(�) in [25, Proposition 3.6.8]. These structures
were used in Theorem 4.1. So the problem reduces to finding a sequence of graphs with
no finite colouring, with an ultraproduct that does have a finite colouring. We want graphs
of infinite chromatic numbers, having an ultraproduct with finite chromatic number. It is
not obvious, a priori, that such graphs actually exist. And here Erdös’ probabilistic methods
offer solace. Graphs like this can be found using the probabilistic methods of Erdös, for
those methods render finite graphs of arbitrarily large chromatic number and girth [19,24].
By taking disjoint unions, we obtain graphs of infinite chromatic number (no bad partitions)
and arbitarly large girth. A non-principal ultraproduct of these has no cycles, so has chromatic
number 2 (bad partition), cf. Theorem 4.1 and the proof of [25, Corollary 3.7.2]. Now let
G be a graph. Consider the relation algebra atom structure α(G) defined exactly like in the
proof of Theorem 3.10. Then the relation complex algebra based on this atom structure will
have an n-dimensional cylindric basis and, in fact, the cylindric atom structure of M(G) is
isomorphic (as a cylindric algebra atom structure) to the atom structure Matn(α(G)) of all
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n-dimensional basicmatrices over the relation algebra atom structureα(G). It is plausible that
one can prove that α(G) is strongly representable ⇐⇒ M(G) is representable ⇐⇒ G has
infinite chromatic number, so that one gets the result, that the class of strongly representable
atom structure both RAs and CAs of finite dimension at least three, is not elementary in one
go. The underlying idea here is that shade of red ρ will appear in the ultrafilter extension
of G, if it has infinite chromatic number, as a reflexive node [25, Definition 3.6.5] and its
n-copies (ρ, i), i < n, can be used to completely representM(G)+.

4.2 Rainbow algebras vs Monk-like algebras; pros and cons

The model-theoretic ideas used in Theorem 3.5 and the construction in [42] recalled in
Remark 3.10 are quite similar. In the overall structure; they follow closely themodel-theoretic
framework in [28]. In both cases, we have finitely many shades of red outside a Monk-like
and rainbow signature, that were used as labels to construct an n- homogeneous modelM in
the expanded signature. Though the shades of reds are outside the signature, they were used
as labels during an ω-rounded game played on labelled finite graphs-which can be seen as
finite models in the extended signature having size ≤ n—in which ∃ had a winning strategy,
enabling her to construct the requiredM as a countable limit of the finite graphs played during
the game. The construction, in both cases, entailed that any subgraph (substructure) of M of
size ≤ n, is independent of its location in M ; it is uniquely determined by its isomorphism
type. A relativized set algebra A based on M was constructed by discarding all assignments
whose edges are labelled by these shades of reds, getting a set of n-ary sequences W ⊆ nM.
This W is definable in nM by an L∞,ω formula and the semantics with respect to W coincides
with classical Tarskian semantics (on nM) for formulas of the signature taken in Ln (but not
for formulas taken in Ln∞,ω). This was proved in both cases using certain n back-and-forth
systems, thus A is representable classically, in fact it (is isomorphic to a set algebra that)
has base M. The heart and soul of both proofs is to replace the reds label by suitable non-
red binary relation symbols within an n back-and-forth system, so that one can adjust that
the system maps a tuple b̄ ∈ nM\W to a tuple c̄ ∈ W and this will preserve any formula
containing the non-red symbols that are ‘moved’ by the system. In fact, all injective maps
of size ≤ n defined on M modulo an appropriate permutation of the reds will form an n
back-and-forth system.

This set algebra A was further atomic, countable, and simple (with top element nM). The
subgraphs of size ≤ n of M whose edges are not labelled by any shade of red are the atoms
of A, expressed syntactically by MCA formulas. The Dedekind-MacNeille of A, in symbols
CmAtA, has top element W , but it is not in SNrnCAn+3 in case of the rainbow construction,
least representable, and it is (only) not representable in the case of the Monk-like algebra.
In case of both constructions ‘the shades of red’—which can be intrinsically identified with
non-principal ultrafilters inA, were used as colours, together with the principal ultrafilters to
represent completely A+, inducing a representation of A. Non-representability of CmAtA in
the Monk case, used Ramsey’s theory. The non neat-embeddability of CmAtA in the rainbow
case, used the finite number of greens that gave us information on when CmAtA stops to
be representable. The reds in both cases have to do with representing A. The model theory
used for both constructions is almost identical. Nevertheless, from the algebraic point of
view, there is a crucial difference. The non-representability of CmAtA was tested by a game
between the two players ∀ and ∃. The winning strategy’s of the two players are independent,
this is reflected by the fact that we have two ‘independent parameters’ G (the greens) and R
(the reds) that are more were finite irreflexive complete graphs. In Monk-like constructions
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like the one used in [42] to show that RCAn is not atom-canonical by constructing a countable
atomic A the non representability of CmAtA was also tested by a game between ∃ and ∀.
But in op.cit winning strategy’s are interlinked, one operates through the other; hence only
one parameter is the source of colours. This parameter is a graph G (a countable disjoint
union of N cliques n(n − 1)/2 ≤ N < ω). Representability of the complex algebra CmAtA
in this case depends only on the chromatic number of G, via an application of Ramseys’
theorem. In both cases two players operate using ‘cardinality of a labelled graph’. ∀trying
to make this graph too large for ∃to cope, colouring some of its edges suitably. For the
rainbow case, it is a red clique formed during the play as we have seen in Theorem 3.5.
It might be clear in both cases (rainbow and Monk-like algebras), to see that ∃ cannot
win the infinite game, but what might not be clear is when does this happens; we know it
eventually does happen in finitely many round, but till which round ∃has not lost yet. The
non-representability of CmAtA amounts to that CmAtA /∈ SNrnCAn+k for some finite k
because RCAn = ⋂

k<ω SNrnCAn+k . Can we pin down the value of k? getting an estimate
that is not ‘infinitely’ loose which is the case with the constructions in [28,42]. We say that
an algebra A ∈ CAn does not stop to be representable ⇐⇒ A can be neatly embedded into
an cylindric algebra having arbitrary finite extra dimensions ⇐⇒ A ∈ SNrnCAn+k for all
k ≥ 0 ⇐⇒ A ∈ SNrnCAn+ω ⇐⇒ A ∈ RCAn ⇐⇒ A is simply representable. By
adjusting the number of greens in the proof of Theorem 3.5 to be n+ 1 one gets a finer result
than Hodkinson’s [28] where there were infinitely many greens. By truncating the greens to
be n + 1, we could tell when SNrnCAn+k , 3 ≤ k ≤ ω is not atom-canonical; this occurred
when CmAtA /∈ SNrnCAn+3, that is to say, when CmAtA stopped to be representable.

4.3 The neat embedding problem

SometimesMonk-like algebras, without a rainbow intervention using the independent param-
eter (of greens) G are efficient in controlling ‘ excluding a pre-assigned number of spare
dimensions ’ in a certain construction. Let us elaborate some more: Hirsch and Hodkinson
[23, Theorem 15.1] solve [20, Problem 2.12] which was referred to in the literature (origi-
nally by Monk) : The neat embedding problem. In [27], the analogue of the neat embedding
problem is approached for diagonal free cylindric algebras Dfs, Pinter’s substitution alge-
bras Scs, polyadic algebras PAs, quasi-polyadic algebras QA, PAs with equality PEAs, and
QAs with equality QEAs. The exact definition of such algebras are scattered in the literature
occuring mostly in [20], but they are collected in the appendix of [27] in a slightly different
(essentially equivalent) way. Such algebras are typical cylindric-like algebras as meant in
[6]. It is proved in op. cit that (like the CA case recalled in Theorem 3.11) and settled by
Hirsch and Hodkinson) for any class K between Sc and QEA, for any positive k, and for
any ordinal α > 2, the variety SNrαKα+k+1 is not axiomatizable by a finite schema over
SNrnKα+k . The case CAα for infinite α was not tackled Hirsch and Hodkinson. Recall that
for an atomic relation algebra R and l > 3, recall that we denote by Matl(AtR) the set
of all l-dimensional basic matrices on R. For τ : l → l we write ( f τ) for the function
defined by ( f τ)(x, y) = f (τ (x), τ (y)). It is always the case that f τ ∈ Matl(AtR) for any
f ∈ Matl(AtR) and any τ : l → l, so if Matl(AtR) is an l-dimensional cylindric basis,
then CmMatl(AtR) can be expanded to a QEAl , by defining for X ⊆ Matl(AtR) and trans-
position τ : l → l: sτ (X) = { f ∈ Matl(AtR) : f τ ∈ X}. It is not hard to adapt the proof
of Theorem 3.11 to QEAs as follows: fix 2 < m < n < ω. Let C(m, n, r) be the algebra
Ca(H) where H = Hn+1

m (A(n, r), ω)), is the CAm atom structure consisting of all n + 1-
wide m-dimensional wide ω hypernetworks [23, Definition 12.21] on A(n, r) as defined in

123

Author's personal copy



408 T. S. Ahmed

[23, Definition 15.2]. Then C(m, n, r) ∈ CAm , and it can be easily expanded to a QEAm ,
since C(m, n, r) is ‘symmetric’, in the sense that it allows a polyadic equality expansion by
defining substitution operations corresponding to transpositions. This follows by observing
that H is obviously symmetric in the following exact sense: for θ : m → m and N ∈ H,
Nθ ∈ H, where Nθ is defined by (Nθ)(x, y) = N (θ(x), θ(y)). Hence, the binary polyadic
operations defined on the atom structureH the obvious way (by swapping co-ordinates) lifts
to polyadic operations of its complex algebra C(m, n, r). In more detail, for a transposition
τ : m → m, and X ⊆ H, define sτ (X) = {N ∈ H : Nτ ∈ X}. Furthermore, for any
r ∈ ω and 3 ≤ m ≤ n < ω, C(m, n, r) ∈ NrmQEAn , RdcaC(m, n, r) /∈ SNrmCAn+1 and
�r/UC(m, n, r) ∈ RQEAm by easily adapting [23, Corollaries 15.7, 5.10, Exercise 2, pp.
484, Remark 15.13] to the QEA context.

Theorem 4.2 Let 2 < m < n < ω.

1. For any K any variety between CA and QEA, any positive k ≥ 1, and any finite l ≥ 0, the
variety SNrmKm+k+1 is not finitely axiomatizable over the variety SNrmKm+k and RKm is
not finitely axiomatizable over SNrmKm+l for any 0 < l < ω.

2. The variety of CAms having n-flat representations is not finitely axiomatizable over the
variety of CAms having n-square representations.

Proof Item (1) follows from the discussion preceding the theorem. We prove item (2). Write
Cr for C(m, n, r) ∈ CAm (used in the proof of theorem 4.2) not to clutter notation. The
parameters m and n will be clear from context. Given positive k, then for any r ≥ k2, ∃ has
a winning strategy in Gk

r (At(A(n, r)) [23, Remark 15.13]. This implies using ultraproducts
and an elementary chain argument that ∃ has a winning strategy in the ω-rounded game,
in an elementary substructure of �r/UA(n, r)/F , hence the former is representable, and
then so is the latter because RRA is a variety. Now ∃ has a winning strategy in Gk

ω(A(n, r))

when r ≥ k2, hence, A(n, r) embeds into a complete atomic relation algebra having a k-
dimensional relational basis by [23, Theorem 12.25]. But this induces a winning strategy
for ∃ in the game Gk′

ω (At(Cr )) with k′ nodes and ω rounds, for k′ ≥ k, k′ ∈ ω so that Cr

has a k′ -square represenation, when r ≥ k′2. So if n ≥ m + 2, k ≥ 3, and r ≥ k′2, then
Cr has an n + 1-square representation, an n-flat one but does not have an n + 1-flat one.
But �r/UCr/F ∈ RCAm(⊇ SNrmCAn+1) by [23, Corollaries 15.7, 5.10, Exercise 2, pp. 484,
Remark 15.13] and we are done. ��
We now outline a similar construction; but due to the absence of diagonal elements here
(the analogue of) r appearing in A(n, r) above is not merely a number, but it carries a linear
order. Things here are a little bit more complicated technically but the idea in essence is very
similar to that used for CAs. But the above result for CAs andQEAs is not re-obtained in its full
strength for diagonal free algebras. In this respect, the third item in our coming Theorem 4.3,
which is (the main theorem) [27, Theorem 1.1] is strictly weaker than the result obtained in
Theorem 4.2, namely (using the notation preceding op.cit), that �r/UC(m, n, r) ∈ RQEAm

(upon replacing C(m, n, r) by D(m, n, r).)

Theorem 4.3 For 3 ≤ m ≤ n and r < ω there exists finite algebras D(m, n, r) ∈ QEAm.

I. D(m, n, r) ∈ NrmQEAn,
II. RdScD(m, n, r) /∈ SNrmScn+1,
III. �r/UD(m, n, r) is elementarily equivalent to a polyadic equality algebra C ∈

NrmQEAn+1.

We define the algebras D(m, n, r) for 3 ≤ m ≤ n < ω and r and then give a sketch of (II)
given in detail in [27, pp. 211–215]. We start with.
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Definition 4.4 Define a function κ : ω×ω → ω by κ(x, 0) = 0 (all x < ω) and κ(x, y+1) =
1+ x × κ(x, y)) (all x, y < ω). For n, r < ω let

ψ(n, r) = κ((n − 1)r , (n − 1)r)+ 1.

This is to ensure that ψ(n, r) is sufficiently big compared to n, r for the proof of non-
embeddability to work. The second parameter r < ω may be considered as a finite linear
order of length r . For any n < ω and any linear order r , let

B(n, r) = {Id} ∪ {ak(i, j) : i < n − 1; j ∈ r , k < ψ(n, r)}
where Id, ak(i, j) are distinct objects indexed by k, i, j . (So here every atom a(i, j) is split
into ψ(n, r) subatoms). The forbidden triples) are:

{(Id, b, c) : b �= c ∈ B(n, r)}
∪

{(ak(i, j), ak′(i, j), ak∗(i, j ′)) : k, k′, k∗ < ψ(n, r), i < n − 1, j ′ ≤ j ∈ r}.
Let 3 ≤ m ≤ n < ω. The set of m-basic matrices on R is is a QEAm atom structure
Matm(AtR). D(m, n, r) is defined to be the complex algebra of the m-dimensional atom
structure Matm(AtR), that is, D(m, n, r) = CmMatm(AtR). Unlike the algebras C(m, n, r)

used to prove Theorem 4.2, the algebras D(m, n, r) are now finite. It is not hard to see that
3 ≤ m, 2 ≤ n and r < ω the algebra D(m, n, r) satisfies all of the axioms defining QEAm

except, perhaps, the commutativity of cylindrifiers which it satisfies because Matm(AtR) is
a (symmetric) cylindric basis, so that overlapping matrices amalgamate. Furthermore, if 3 ≤
m ≤ m′, then D(m, n, r) ∼= NrmD(m′, n, r) via X �→ { f ∈ Matm′(AtR) : f �m×m ∈ X}.

We give a sketch of proof of 4.3(II), which is the heart and soul of the proof. Assume
hoping for a contradiction that RdScD(m, n, r) ⊆ NrmC for some C ∈ Scn+1, some finite
m, n, r . Then for 1 ≤ t ≤ n + 1, it can be shown inductively that there must be a ‘large set’
St of distinct elements of C, satisfying certain inductive assumptions, which we outline next.
Here largness depends on t andweakens as t increases; for example Sn has only two elements.
For each s ∈ St and i, j < n+ 2 there is an element α(s, i, j) ∈ B(n, r) obtained from s by
cylindrifying all dimensions in (n+1)\{i, j}, then using substitutions to replace i, j by 0, 1.
It can be shown that the triple (α(s, i, j), α(s, j, k), α(s, i, k)) is consistent (not forbidden).
The induction hypothesis says chiefly that cns is constant, for s ∈ St , and for l < n there are
fixed i < n − 1, j < r such that for all s ∈ St , α(s, l, n) ≤ a(i, j). This defines, like in the
proof of theorem 15.8 in [25] p. 471, two functions I : n → (n − 1), J : n → r such that
α(s, l, n) ≤ a(I (l), J (l)) for all s ∈ St . The rank rk(I , J ) of (I , J ) (as defined in definition
15.9 in [25]) is the sum (over i < n − 1) of the maximum j with I (l) = i, J (l) = j (some
l < n) or −1 if there is no such j . From St one constructs a set St+1 with index functions
(I ′, J ′), still relatively large (large in terms of the number of times we need to repeat the
induction step) where the same induction hypotheses hold but where rk(I ′, J ′) > rk(I , J ).
By repeating this enough times (more than nr times) we obtain a non-empty set T with
index functions of rank strictly greater than (n − 1) × (r − 1), an impossibility. We sketch
the induction step. Since I cannot be injective there must be distinct l1, l2 < n such that
I (l1) = I (l2) and J (l1) ≤ J (l2). We may use l1 as a “spare dimension” (changing the index
functions on l will not reduce the rank). Since cns is constant,wemayfix s0 ∈ St−1 and choose
a new element s′ below cl s0 · sn

l cl s, with certain properties. Let St+1 = {s′ : s ∈ St \ {s0}}.
Re-establishing many of the induction hypotheses for St+1 is not too hard. Also, it can be
shown that J ′(l) ≥ J (l) for all l < n. Since (α(s, i, j), α(s, j, k), α(s, i, k)) is consistent
and by the definition of the forbidden triples either rng(I ′) properly extends rng(I ) or there
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is l < n such that J ′(l) > J (l), hence rk(I ′, J ′) > rk(I , J ). The idea of constructing St+1
from St is given pictorially on [26, Figure 2, p. 8] in the context of CAs. The essence of the
ideas used in [26,27] is the same. Suppose we are at stage t . Then every x ∈ St gives a set
of colours (atoms) denoted in [26] by x(i, t)( i < t). One gets St+1 from St by first ‘glueing
together’ any two elements x, z of St , using t + 1 as a spare dimension, first moving the t th
co-ordinate of x to t + 1 forming st

t+1x . By fixing z and varying x one gets a huge number
of different elements. Their (t, t +1)th colours cannot be controlled yet; they may not be the
same. To get over this hurdle, one uses the pigeon-hole principal to pick the still large set
St+1 in which the (t, t + 1)th colour is fixed to be the same. ‘Largness’ enables one to do so.

We summarize next the essence of the idea used in the solution of [20, Problem 2.12]:
In figure 2 in [26] there is a top element that is connected by coloured edges to the

intermediate elements that are all connected to a bottom element. The number of elements
(in this figure) is the number of colours plus one. So one gets the same control as rainbow
algebras provided by (the second independent parameter) G. The key idea here is that the
proof of Ramsey in this context does not require an uncontrollable Ramsey number of ‘spare
dimensions’, which were the versions used by Monk and Maddux before proving non finite
axiomatizability [30,36], but only one more than the number of colours used.

For the above non-representableMonk-style algebras denoted byA(n, r), 3 ≤ m < n < ω

and r ∈ ω, it is easy to see that ∃ cannot win the usual infinite atomic game. But this time one
can use ‘a hyperbasis game’ denoted by Gm,n+1

r in [23] with r denoting the number of rounds,
to pin point the leask k > n for which A(n, r) ‘stops to be representable’ getting the sharper
result we want. The game Gm,n+1

r is stronger than Gω, involving additional amalgamation
moves played on n + 1-dimensional m-wide hypernetworks. One can show that ∀ has a
winning strategy in Gm,n+1

r (AtA(n, r)), using exactly n + 1 nodes (for any r < ω), getting
the same control we get from rainbows using the parameter G, and in fact the best possible.
This is the approach adopted in [25]. Here A(n, r) has an n-dimensional cylindric basis,
but no n + 1-dimensional hypebasis. Worthy of note, is that the last condition is strictly
stronger than ‘not having an n + 1-dimensional cylindric basis’. Relation algebras having
n-dimensional cylindric basis but no n + 1-dimensional cylindric basis were constructed by
Maddux. We refer to [26] for more.

In the proof of Theorem 4.2, one uses that �r/UC(m, n, r) ∈ RQEAm . As stated in the
last item of Theorem 4.3, we do not guarantee that the ultraproduct on r of the D(m, n, r)s
(2 < m < n < ω) is representable. A standard Lös argument shows that �r/UC(m, n, r) ∼=
C(m, n,�r/U r) and �r/U r contains an infinite ascending sequence. Here one extends the
definition of ψ by letting ψ(n, r) = ω, for any infinite linear order r . The infinite algebra
D(m, n, J ) ∈ ElNrnQEAn+1 when J is the infinite linear order as above. Since�r/U r is such,
then we get �r/UD(m, n, r) ∈ ElNrmQEAn+1(⊆ SNrmQEAn+1), cf. [27, pp. 216–217]. This
suffices to show that for any K having signature between Sc and QEA, for any 2 < m < ω,
and for any positive k, the variety SNrmKm+k+1 is not finitely axiomatizable over the variety
SNrmKm+k .

The lifting technique via ultraproducts used in Theorem 3.11 can be used to show the
following by lifting the result in Theorem 4.2 to the transfinite.

Theorem 4.5 Let α be any ordinal > 2 possibly infinite. Then for any r ∈ ω, and k ≥ 1,
there exists Ar ∈ SNrαQEAα+k such that RdcaAr /∈ SNrαCAα+k+1 and �r/UAr ∈ RQEAα

for any non-principal ultrafilter U on ω.

On the other hand, including diagonal free algebras like Scs, in [27, Theorem 3.1] only the
following is proved lifting the (weaker) result in theorem 4.3 to the transfinite:
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Theorem 4.6 Let α > 2. Then for any r ∈ ω, for any finite k ≥ 1, there exist Br ∈
SNrαQEAα+k, and RdScB

r /∈ SNrαScα+k+1 such �r/UBr ∈ SNrαQEAα+k+1.

Next we formulate the logical counterpart of [20, Problem 2.12] and Theorem 3.8 against
each other.

Theorem 4.7 1. For any m > 3 there exists a 3 variable formula that cannot be proved
using m − 1 variables, but can be proved using m variables.

2. Let m > 3. If Rm as in Theorem 3.8 exists, then there is an L3 atomic countable theory
T such that the non-principal type consisting of co-atoms is realizable in every m-flat
model, of T but cannot be isolated using m-variables. That is any witness must contain
more than m variables.

Both items depend on the existence of certain finite relation algebras. For the first item certain
finite relation algebras, namely the algebra A(m − 1, r) (r ∈ ω) with an m − 1-dimensional
hyperbasis but no m-dimensional hyperbasis were used, cf. [23, Theorem 15.1] and [26] (the
latter reference for drawing the metalogical conclusion). For the second item, one still needs
to find a relation algebra Rm with a strong m − 1 blur (J , E), so that split(Rm, J , E) has
an m − 1-dimensional cylindric basis, but CmAtsplit(Rm, J , E) does no have an infinite
m-dimensional hyperbasis, seeing as howRm embeds into CmAtsplit(Rm, J , E). If there is
such an Rm , then the algebra split3(Rm, J , E) ∈ RCA3 will give the required theory. Any
atomic and countable (consistent) theory T such that FmT

∼= split3(Rm, J , E) will fit the
bill. So here modulo the existence of Rm , we have the metalogical conclusion, which can
be seen (using metalogical jargon) an ‘omitting types analogue’ of [20, Problem 2.12] by
replacing the number of variables needed for provability to the number of variables needed to
isolate certain types realizable in (locally) relativized models We refer the reader to [44,45]
for an overview on neat reducts.

5 Recent results: counting varieties andmodels

Let α be an infinite ordinal. In [10] Andréka and Németi, among so many other things,
count the number of varieties of RCAα obtaining their infinitary combinatorial results in
ZFC. This paper that appeared in the Transaction of the American Mathematical Society in
August 2017, solves a long standing open problem in algebraic logic [20, Problem 4.2]. As a
byproduct it solves another longstanding open problem [20, Problem 2.13], and provides yet
another solution to the central problem in algebraic logic, namely, [20, Problem 4.1]. The
first problem asks for the number of subvarieties of RCAα , the second asks whether the class
described in item (iii) of [20, Theorem 2.6.50], exhausts the variety RCAα . Algebras in this
class are given a new name in this paper, namely, Endo dimension-complemented algebras,
and the class consisting of all such algebras of dimension α is denoted by Edcα . There are
at least continuum many subvarieties of RCAα and because there are |α| many equations in
its signature, there are at most 2|α| many varieties. In [10] it is proved that this maximum is
attained. But there is another evenmore intriguing part of the results, and that is the number of
varieties of some distinguished classes of cylindric algebras such as Lfα (the class of locally
finiteCAαs) is the continuum, even if |α| > ω. Thismeans that the theories allowing infinitary
predicates are ‘much more’ than the ordinary ones (in Lω,ω). In contrast, for the class QEAα ,
α any infinite ordinal, the number of varieties is the lowest bound, namely, 2ℵ0 . So if we
add substitution operations corresponding to transpositions, then for any infinite ordinal α,
the number of (ordinary) first order theories using α many variables is the same as those in
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first order logic with infinitary predicates using the same number of variables! Though the
number of first order theories expressed algebraically by (locally finite) QEAα and CAα for
|α| > ω are the same; this result informs us that the number of theories of so-called infinitary
restricted formulas in which the pi j (i < j < α), are introduced as unary connectives whose
semantics coincide with that of swapping the variables xi and x j , is far less than the number
of theories of restricted infinitary formulas without these connectives. The independence of
the last substitution operators from the CA operations is proved in [8] and in [46] it is further
proved that RQEAα cannot be axiomatized by a finite schema over RCAα [48]. In [10], splitting
atoms is yet again adopted to construct the so-called witness non-symmetric representable
CAα , denoted by A, detecting together with a master equation denoted by e, the number of
subvarieties in question. This A is proved not to be outside Edcα , hence the strictness of
the inclusion Edcα � RCAα , solving [20, Problem 2.13]. This is done by proving that every
A ∈ Edcα is symmetric (whileA is not). The variety generated by Edcα turns out to be RCAα;
in fact this is the case with any class containing Lfα , but for Edcα this variety is obtained by
closing it only under S (without the help of P andH). Another class introduced and proved to
be strictly between Edcα and RCAα is the class of α-dimensional inductive algebras. It is also
proved that an algebra A is inductive ⇐⇒ A has the same equational theory as a locally
finite algebra. A variation on the construction is used to show that there are 2|α| subvarieties
of CAα containing RCAα . One can obtain from any non-representable algebra a symmetric
non-representable one (by making it so using permutations on the dimension α) hence there
are non-representable algebras that are symmetric. Unlike symmetric algebras, all inductive
algebras are representable and for that matter, symmetric. The solution of [20, Problem 4.1]
in [10] paper is quite original. The class of inductive algebras is proved to be equationally
indistinguishable from Lfα . From the last result a recursive enumeration of the equational
theory of RCAα is extracted. The repercussions of the main result on ‘plain first order logic’
(Lω,ω) are certainly novel and of value. (This is similar to the impact of the theory of large
cardinals on R).

The kind of investigation in [10] is blatantly reminiscent of Shelah’s investigation inmodel
theory of counting models of a first order theory (better known as stability theory). The idea
of stability theory is to find dichotomy between theories. There are two cases; in the first
class we can find a classification theorem of the number of models of the theory, and in the
second we convince ourselves that are the theories with no reasonable characterization. The
first case includes κ-stable, stable, superstable and so-called totally trancendental theories.3

Peano arithmetic, Set Theory are unstable; they belong to the second category. A branch that
is wide open, is the interaction of stability theory and algebraic logic. In what follows we
present briefly recent results in this direction [12]: an instance of this kind of investigations
was recently applied to Vaught’ conjecture which states tat the number of countable models
of a complete countable theory is either countable or the continuum. Recent work in algebraic
logic has found contact with Vaught’s conjecture [11,39]; we give only a tiny sample. We
assume familiarity with basic descriptive set theory, notions like Polish spaces, Gδ sets, Borel
sets, analytic sets will be used without warning. Let A be any Boolean algebra, we denote
its Stone space by A∗. It is easy to see that if A is countable, then A∗ (its Stone space) is

3 A theory is defined to be totally transcendental ⇐⇒ every formula has a Morley rank; furthermore, one
can prove that in a stable totally transcendental theory each formula has finite Morely rank. IfL is a countable
first order language, then totally transcendental theories are precisely the ℵ0 stable ones. However, if L is
uncountable, then for an L theory, “being totally transcaendtal ” is not equivalent with “being ℵ0 stable”. In
other words, these two notions are in general distinct. In fact a totally transcendental theory T is stable, if T
is stable for every λ ≥ |T |. For related definitions and further results, cf. [56, Theorem II.3.1 and Conclusion
II.3.3 (2) on p. 41–42].
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Polish, (i.e., separable and completely metrizable). Now, suppose A ∈ Lfω is countable. Let
H′(A) = ⋂

i<ω,x∈A(N−ci x ∪⋃
j<ω Nsi

j x ) and let H(A) = H′(A) ∩⋂
i �= j∈ω N−di j . Recall

that Nx is the clopen set {F ∈ Uf(A) : x ∈ F} in the Stone topology. Observe that H(A)

are is a Gδ dense subset of A∗ and is therefore a Polish space, too. For B ∈ Lfω, x ∈ B

and τ : ω → ω, the substitution operator s+τ x is defined as in [20, Definition 1.11.13]; so
that particular s+τ is a Boolean endomorphism. Assume F ∈ A∗. For any x ∈ A, define the
function repF to be repF (x) = {τ ∈ ωω : s+τ x ∈ F}. For a theory T , (recall that) FmT ∈ L fω
denotes the Lindenbaum–Tarski quotient algebra corresponding to T . We have the following
results due to G. Sági and D. Sziráki [39]:

Theorem 5.1 1. If F ∈ A∗ then repF is a homomorphism from A onto an element of
Lfω ∩ Csregω , with base ω. Conversely, if h is a homomorphism from A onto an element of
Lfω ∩ Csregω with base ω, then there is a unique F ∈ A∗ such that h = repF .

2. Let T be a consistent first order theory in a countable language. Let M0 and M1 be two
models of T whose universe is ω. Suppose F0, F1 ∈ (FmT )∗ are such that repFi

are

homomorphisms from FmT onto CsMi
ω , for i = 0, 1. If ρ : ω −→ ω is a bijection, then

the following are equivalent:

(i) ρ : M0 −→ M1 is an isomorphism.
(ii) F1 = s+ρ F0 = {s+ρ x : x ∈ F0}.

This last theorem allows us to study models and count them via corresponding ultrafilters.
Consider the following action of S∞ on the space H(A), (τ, F) �−→ s+τ F . Then Vaught’s
conjecture [29] states that the previous action has either countably many orbits or else con-
tinuum many. Let A ∈ Lfω be countable. For an ultrafilter F of A and a ∈ A, define
SatF (a) = {t |	a : t ∈ ωω : s+t a ∈ F}. Let E be the following equivalence relation onH(A)

:

E = {(F0, F1) : (∀a ∈ A)(|SatF0(a)| = |SatF1(a)|)}.
Then it is proved in [11] that E is Borel in the product space H(A) × H(A). We say that
F0, F1 ∈ H(A) are distinguishable if (F0, F1) /∈ E . We also say that two models of a theory
T are distinguishable if their corresponding ultrafilters in FmT are distinguishable. That is,
two models are distinguishable if they disagree in the number of realizations they have for
some formula.

Theorem 5.2 (Harrington–Kechris–Louveau [29]) Let X be a Polish space and E a Borel
equivalence relation on X. Then E has at most countably many orbits or perfectly many.

Corollary 5.3 Let T be a first order complete theory in a countable language. If T has an
uncountable set of countable models that are pairwise distinguishable, then actually it has
such a set of size 2ω.

We next give a new proof of Morley’s theorem.4

Theorem 5.4 (Morley) Suppose T is a first order complete theory in a countable language
with equality. If T has more than ω1 countable models, then it has 2ω countable models.

Proof Let T be a first order theory in a countable language with equality, and let A = FmT .
Then S∞ is a Polish groupwith respect to composition of functions and the topology it inherits

4 An analogous proof is obtained independently by Gabor Sági.
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from the Baire space ωω. Consider the map J : S∞×H(A) −→ H(A) defined by J (ρ, F) =
s+ρ F for all ρ ∈ S∞, F ∈ H(A). Then J is a well defined action of S∞ onH(A). Also J is a
continuousmap from S∞×H(A) (with the product topology) toH(A) because for an arbitrary

a ∈ A, J−1(Na∩H(A)) = ⋃
τ∈S∞

(
{μ−1 : μ ∈ S∞, μ|	a = τ |	a} × [Ns+τ a ∩H(A)]

)
.To

see why, let f : S∞ −→ S∞ be the map given by f (τ ) = τ−1. Observe that f is continuous
and open. Hence, {μ−1 : μ ∈ S∞, μ|	a = τ |	a} = f ∗({μ ∈ S∞ : μ|	a = τ |	a}) is the
image of an open set via an open map, and is therefore open. Now, let (ρ, F) be an arbitrary
element in S∞ ×H(A). We have the following:

(ρ, F) ∈
⋃

τ∈S∞

(
{μ−1 : μ ∈ S∞, μ|	a = τ |	a} × [Ns+τ a ∩H(A)]

)

⇐⇒ (∃τ ∈ S∞)[(∃μ ∈ S∞)(μ|	a = τ |	a ∧ ρ = μ−1) ∧ s+τ a ∈ F]
⇐⇒ (∃τ ∈ S∞)[(∃μ ∈ S∞)(μ|	a = τ |	a ∧ ρ−1 = μ) ∧ s+τ a ∈ F]
⇐⇒ (∃τ ∈ S∞)[ρ−1|	a = τ |	a ∧ s+τ a ∈ F]
⇐⇒ (s+ρ )−1a = s+

ρ−1a ∈ F

⇐⇒ a ∈ s+ρ F

⇐⇒ J (ρ, F) = s+ρ F ∈ Na ∩H(A)

⇐⇒ (ρ, F) ∈ J−1(Na ∩H(A)).

It follows that the the orbit equivalence relation is analytic [13, Theorem 3.2]. By Burgess’
Theorem [18] if there are more than ω1 orbits, then there are 2ω orbits. But the number of
orbits here is exactly the number of non-isomorphic countably infinite models of T . This
completes the proof. ��
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