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ABSTRACT
In this paper, a comparison between the life distribution of a new
unit with that of a used unit in the increasing convex order is made
leading to a new class of life distributions which we call “new better
than used in convex ordering of second order”. This class includes as
subclasses the NBU and the NBUC and is a subclass of the NBUCA
class. Preservation properties under convolution, random maxima,
mixing and formation of coherent structures are established.
Stochastic comparisons of the excess lifetime when the inter-arrival
times belong to the NBUC(2) class are developed. Some applications
of Poisson shock models and a test of exponentiality against
NBUC(2) alternative are presented.
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1. Motivation and definitions

One of the most important approaches to study aging is based on the concept of add-
itional residual life. Let X be a lifetime random variable having a distribution function F
with F(0)¼ 0. Given a unit which has survived up to time t, its additional residual life
(see, e.g., Barlow and Proschan 1981) is given by

Xt ¼ X�tjX > t½ �; t 2 a; bð Þ
where a ¼ supfx : FðxÞ ¼ 0g and b ¼ inffx : FðxÞ ¼ 1g.
The comparison of the additional residual life at different times has been used to produce

several notions of aging. Below, we present some of the stochastic orderings and aging
classes considered in this paper (see, Shaked and Shanthikumar (1994) for a gen-
eral reference).

Definition 1.1. Let X and Y be two non-negative random variables with distribution
functions F and G, and survival functions �F :¼ 1�F and �G, respectively. Then X is said
to be smaller than Y in the
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i. usual stochastic order, denoted by X �st Y; if

�FðxÞ � �GðxÞ for all x;

ii. increasing convex order, denoted by X �icx Y; ifð1
x

�FðuÞdu �
ð1
x

�GðuÞdu for all x;

iii. increasing convex average order, denoted by X �icxaY; ifð1
0

ð1
x

�FðuÞdudx �
ð1
0

ð1
x

�GðuÞdudx for all x;

iv. increasing convex tail order (Ahmad et al. (2006)), denoted by X �icxt Y if

ð1
t

ð1
x

�FðuÞdudx �
ð1
t

ð1
x

�GðuÞdudx for all t � 0:

We note that the orderings (i)-(iii) have significant applications in economics, where
they are respectively named first-order stochastic dominance, denoted by X FSD Y,
second-order stochastic dominance, denoted by X SSD Y, and weak third-order stochastic
dominance, denoted by X WTSD Y. (For more details, see, e.g., Deshpande, Kochar,
and Singh (1986) and Kaur, Prakasa Rao, and Singh (1994)).

Definition 1.2. A random variable X is said to be

i. “new better than used”, denoted by X 2 NBU, if Xt �st X for all t � 0,
ii. “new better than used in the convex ordering”, denoted by X 2 NBUC; if

Xt�icxX for all t � 0; and

iii. “new better than used in the convex average ordering”, denoted by

X 2 NBUCA if Xt�icxaX for all t � 0:

The NBU class, introduced by Bryson and Siddiqui (1969) and independently by
Marshall and Proschan (1972), has grown to become one of the most studied classes of
life distributions. Several extensions of the NBU class have been proposed in the literature.
Cao and Wang (1991) suggested the NBUC class while Marshall and Proschan (1972)
introduced the new better than used in expectation (NBUE) class. The NBUCA class was
introduced by Ahmad et al. (2006). The classes NBU, NBUC, NBUCA and NBUE have
proven to be very useful in performing analyses of life lengths as well as usability in
many replacement policies hence a lot of related results have been obtained in the litera-
ture (see, e.g., Klar and M€uller (2003), Utkin and Gurov (2002), and Barlow (1999)).
The NBUE class, however, does not correspond to any of the orderings in Definition

1.1. The NBU class corresponds to Part (i) of Definition 1.1, the NBUC class corre-
sponds to Part (ii), while the NBUCA class corresponds to Part (iii). It is worth noting
that no class in the literature corresponds to Part (iv). This has motivated us to define a
new class to be named new better than used in convex ordering of order 2 (NBUC(2)).
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The new class is an extension of the NBU and ‘the NBUC classes and is contained in
the NBUCA class. Precisely, the following set of implications hold

NBU ) NBUC ) NBUC 2ð Þ ) NBUCA

Definition 1.3. A random variable X is said to be NBUC(2) if

Xt�icxtX:

Equivalently, X 2 NBUCð2Þ ifð1
z

ð1
x

�F uþ tð Þdudx � �F tð Þ
ð1
z

ð1
x

�F uð Þdudx; for all t; z � 0: (1.1)

The above class expands the NBUC class to a much bigger one but in a direction differ-
ent from that of the NBUE class. There are no implications between our new class and that
of the NBUE. Its dual class is “new worse than used in convex ordering of second order”,
denoted by NWUC(2), which is defined by reversing the above inequality.
It is obvious that, X 2 NBUCð2Þ if X WTSD Xt for all t � 0

or
ð1
z

�v xþ tð Þdx � �F tð Þ
ð1
z

�v xð Þdx; for all z � 0 (1.2)

where �vðxÞ ¼ Ð1x �FðuÞdu.
Definition 1.4. A discrete distribution {Pk, k2N}, is said to be discrete NBUC(2) if,X1

i¼l

X1
j¼kþi

�Pj � �Pk

X1
i¼l

X1
j¼i

�Pj for all k; l ¼ 0; 1; 2; :::

2. Preservation properties

In this section, commonly used properties of aging classes, such as convolution, random
maxima, mixing, and preservation of some reversed orderings (see, e.g., Barlow and
Proschan (1981), Cao and Wang (1991), Hu and Xie (2002) and Ahmad et al. 2006) are
derived for the NBUC(2) class.

2.1. Convolutions

In the next theorem, we establish the closure property of the NBUC(2) class under the
convolution operation.

Theorem 2.1. Suppose that F1 and F2 are two independent NBUC(2) life distributions.
Then their convolution is also NBUC(2).
Proof. The survival function of the convolution of two life distributions F1 and F2 is given by

�F wð Þ ¼
ð1
0

F1 w � zð ÞdF2 zð Þ; for all w � 0

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS 3



for any fixed t, x � 0

ð1
z

ð1
x

�F t þ yð Þdydx ¼
ð1
z

ð1
0

ð1
0

�F1 x þ t þ y� uð ÞdF2 uð Þdydx

¼
ð1
z

ð1
0

ðx
0

�F1 x þ t þ y� uð ÞdF2 uð Þdydx

þ
ð1
z

ð1
0

ð1
x

�F1 x þ t þ y� uð ÞdF2 uð Þdydx

¼
ð1
z

ðx
0

ð1
0

�F1 x þ t þ y� uð Þdy

2
64

3
75dF2 uð Þdx

þ
ð1
z

ð1
0

ð1
0

�F1 t þ y� vð ÞdvF2 vþ xð Þ

2
64

3
75dydx

:¼ Aþ B:

Observe that

A � �F1 tð Þ
ð1
z

ðx
0

ð1
0

�F1 x þ y� uð Þdy

2
64

3
75dF2 uð Þdx

� �F1 tð Þ
ð1
z

ð1
0

ðx
0

�F1 xþ y� uð ÞdF2 uð Þdydx

where the first inequality follows from the NBUCA property and the second inequality
trivially follows from the fact that �FðtÞ � �FiðtÞ for all t and i¼ 1, 2. The rest of the
proof now is similar to that of Theorem 2.1 in Hu and Xie (2002).

2.2. Random maxima

Preservation properties of some stochastic orders and aging classes as well as their duals
under random minima and maxima have been studied by several authors. For details,
one may refer to Shaked (1975), Bartoszewicz (2001) and Li and Zuo (2004). In the fol-
lowing, we give a preservation result for the NBUC(2) class under formation of ran-
dom maxima.
For the proofs of Theorem 2.2 and Theorem 2.4 below, we will need the following

lemma. The proof is similar to Lemma 7.2(a) in Barlow and Proschan (1981).

Lemma 2.1. Assume that W(x) is a Lebesgue–Stieltjes measure, not necessarily positive.
If h(x) is non-negative and increasing, and

Ð1
a

Ð1
t dWðxÞdt � 0; for all a; t � 0,

then
Ð1
a

Ð1
t hðxÞdWðxÞdt � 0.
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Next, we present the following result, in which the following notation is used:
FN:Nð:Þdenotes the cdf of the largest order statistic in a sample of random size N.

Theorem 2.2. Let X1, X2, … , and Y1, Y2, … each be a sequence of non-negative i.i.d.
random variables, and let N be independent of the Xi and Yi. Then X1�icxtY1 implies

max X1;X2; :::;XNf g�icxt max Y1;Y2; :::;YNf g
Proof. By Definition 1.1(iv), the order X1�icxtY1 states thatð1

z

ð1
t

�G uð Þ � �F uð Þ� �
dudt ¼

ð1
z

ð1
t

F uð Þ � G uð Þ½ �dudt � 0; for all z � 0:

Since Fn�1ðxÞ þ Fn�2ðxÞGðxÞ þ :::þ FðxÞGn�2ðxÞ þ Gn�1ðxÞis increasing and positive
for all x> 0, it follows from Lemma 2.1 that, for all z� 0,

ð1
z

ð1
t

�GN:N uð Þ � �FN:N uð Þ� �
dudt ¼

ð1
z

ð1
t

FN:N uð Þ � GN:N uð Þ½ �dudt

¼
ð1
z

ð1
t

X1
n¼1

pN nð Þ Fn xð Þ � Gn xð Þ� �
dxdt

¼
ð1
z

ð1
t

X1
n¼1

pN nð Þ
Xn�1

k¼0

Fn�k�1 xð ÞGk xð Þ
" #

F xð Þ � G xð Þ½ �dxdt � 0

where pN is the discrete density function of N: The last equality follows from Lemma 2.1.
That is to say

max X1;X2; :::;XNf g�icxt max Y1;Y2; :::;YNf g

Theorem 2.3. Let X1, X2, … , XN be a sequence of i.i.d. random lives, and let N be inde-
pendent of the Xi.
If X1 is NBUC(2), then max{X1, X2, … , XN} is also NBUC(2).

Proof. X1 is NBUC(2); thus, for all t � 0,
ðXiÞt � icxtXi, i¼ 1, 2,… .
By Theorem 2.2, we have,

max X1ð Þt; :::; XNð Þt
� ��icxt max X1; :::;XNf g; t � 0:

According to Li and Zuo (2004), it holds that, for any random number N,

max X1; :::;XNf gð Þt�st max X1ð Þt; :::; XNð Þt
� �

; t � 0
�

From transitivity, it follows that

max X1; :::;XNf gð Þt�icxt max X1ð Þt; :::; XNð Þt
� �

; t � 0:
�

That is, maxfX1; :::;XNgis NBUC(2).
It is well known that some aging notions are preserved under formation of parallel

and/or series systems (see, for instance, Barlow and Proschan (1981), Abouammoh and
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El-Neweihi (1988), Hendi, Mashhour, and Montasser (1993), Li and Kochar (2001), and
Pellerey and Petakos (2002)). In this context, Corollary 2.1 below is an immediate appli-
cation of Theorem 2.3.

Corollary 2.1. Let X1, X2, … , Xn be a set of NBUC(2) i.i.d. component lives, and con-
sider Tn ¼ maxfX1;X2; :::;Xng: Then Tn 2 NBUCð2Þ.

2.3. Mixtures

The NBUC(2) class is not closed under mixtures. This is so, since mixtures of exponen-
tial life distributions often belong to the decreasing failure rate (DFR) class (see, e.g.,
Barlow and Proschan (1981)).

3. Stochastic comparisons of excess lifetimes of renewal processes

Let us consider a renewal process with i.i.d. nonnegative interarrival times Xi with com-

mon distribution F and F(0)¼ 0. Let So¼0 and Sk ¼
Pk

i¼1 Xi and consider the renewal
counting process NðtÞ ¼ Supfn : Sn � tg. Several papers have investigated some charac-
teristics of the renewal process related to aging properties of F (see, for instance, Brown
(1980 and 1981), Barlow and Proschan (1981), Shaked and Zhu (1992) and Belzunce
et al. (2008)).
Chen (1994) investigated the relationship between the behavior of the renewal func-

tion M(t)¼E(N(t)) and aging property of F. Some other results are given for the excess
lifetime at time t � 0, that is cðtÞ ¼ SnðtÞþ1�t which is the time of the next event at
time t. Some examples of such results are the following:

i. Chen (1994) showed that
i. if cðtÞ is stochastically decreasing in t � 0, then F 2 NBU;
ii. if E½cðtÞ� is stochastically decreasing in t � 0, then F 2 NBUE, and

ii. Li, Li, and Jing (2000) showed that, if cðtÞ is decreasing in t � 0 in the increas-
ing convex order, then F 2 NBUC:

Whereas these results give sufficient conditions for the aging property of F, in prac-
tical situations it would be more interesting to derive some properties for cðtÞ from the
aging property of F. In fact, given a renewal process it is more feasible to study it if F
has some aging property than if cðtÞ has some of the previous properties. Some results
in such a direction are the following ones:

i. Barlow and Proschan (1981, p. 169) showed that, ifF 2 NBU; then cðtÞ�stcð0Þ
for all t � 0.

ii. Belzunce, Ortega, and Ruiz (2001) showed that:
i. if F 2 NBUE, then E½cðtÞ� � E½cð0Þ� for all t � 0;
ii. if F 2 NBUC, then cðtÞ�icx cð0Þ for all t � 0, and

iii. Ahmad et al. (2006) showed that, if F is NBUCA, then cðtÞ�icxa cð0Þ.

6 T. H. M. ABOUELMAGD ET AL.



The following two theorems present parallel results for the NBUC(2) class. Since the
two results can be proved in a similar way to Theorem 7 of Li, Li, and Jing (2000) and
Theorem 2.2 of Belzunce, Ortega, and Ruiz (2001), respectively, the proofs are omitted.

Theorem 3.1. If cðtÞ is decreasing in t for all t � 0 in the increasing convex tail order,
then F 2 NBUCð2Þ.
Theorem 3.2. Given a renewal process as above, if F 2 NBUCð2Þ, then
½cðtÞ��icxt½cð0Þ� for all t � 0.

4. Applications to shock models

Suppose that a device is subjected to shocks occurring randomly as events in a Poisson
process with a constant rate k. Suppose further that the device has probability �Pk of sur-
viving the first k shocks. Then the survival function of the device is given by

�H tð Þ ¼
X1
k¼0

�Pk
e�kt ktð Þk

k!
; t � 0: (4.1)

For the discrete distribution fPk; k ¼ 0; 1; 2; :::g, it is well known that the properties
of Pkare reflected in corresponding properties of the continuous life distribution H(t).
For more details see for instance, Esary et al. (1973), Klefsj€o (1981, 1983) and Fagiuoli
and Pellerey (1993). Next, we give a similar result for the NBUC(2) class.
In the proof of the following theorem, we use the variation diminishing property of

the totally positive kernel kði; tÞ ¼ e�ktðktÞk=k!(see Karlin (1968, p. 576) for a discussion
of this property).

Theorem 4.1. The survival function �H(t) in Equation (4.1) is NBUC(2) if and only if
fPk; k ¼ 0; 1; 2; :::g is discrete NBUC(2).
Proof. Observe the following relations, which can be easily verified:

ð1
z

ð1
t

�H sð Þdsdt ¼ 1

k2
X1
k¼l

X1
j¼k

�Pj (4.2)

and

ð1
z

ð1
t

�H xþ sð Þdsdt ¼ 1

k2
X1
i¼l

X1
k¼0

X1
j¼kþi

�Pj

 !
e�kt ktð Þi

i!
(4.3)

By assumption, from Definition 1.4 we have

�Pk

X1
i¼0

X1
j¼i

�Pj�
X1
i¼0

X1
j¼kþi

�Pj � 0

Since this holds for every i, k 2 N, it follows that, for every x � 0,

X1
k¼l

X1
i¼0

X1
j¼i

�Pk�Pj �
X1
i¼0

X1
j¼kþi

�Pj

" #
e�kt ktð Þi

i!
� 0

By Equations (4.2) and (4.3) this means that �HðtÞis NBUC(2).
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Let N(t) be the number of shocks in interval (0, t]. The kth shock arrives at time Tk,
Ukþ1¼Tkþ1- Tk, k¼ 0, 1, … . We assume that U1, U2,… are mutually independent
and limn!1 Tn ¼ þ1 with probability 1.
Let akðtÞ ¼ P½NðtÞ ¼ k�; k ¼ 0; 1; :::, and

Ak xð Þ ¼
ð1
z

ak tð Þdt

Proposition 4.1. H 2 NBUCð2Þ if the following conditions hold,

i. �Pk
P1
j¼0

�Pj
Ð1
z
AjðxÞdx �P1

j¼k

�Pj
Ð1
z
AjðxÞdx 8z � 0; k ¼ 0; 1; 2; :::, and

ii. AkðxÞ
Pk
j¼0

ajðtÞ � AkðxþtÞ8x; t � 0; k ¼ 0; 1; 2; :::.

Theorem 4.2. Let Uk 2 NBUCð2Þ,Ð1z AkðxÞdx is decreasing and bounded in k for every
z� 0. If �Pk is discrete NBUC(2), then the Condition (i) of Proposition 4.1 holds.
Proof. The theorem is obviously true for k¼ 0.
For k � 1, let ð1

z

A xð Þdx ¼ lim
k!1

ð1
z

Ak xð Þdx:
We have

�Pk

X1
j¼0

�Pj

ð1
z

Aj xð Þdx�
X1
j¼k

�Pj

ð1
z

Aj xð Þdx

¼ �Pk

X1
j¼0

�Pj

ð1
z

Aj xð Þ � A xð Þ� �
dx �

X1
j¼k

�Pj

ð1
z

Aj xð Þ � A xð Þ� �
dx

¼ �Pk

X1
j¼i

�Pj

X1
j¼i

ð1
z

Aj xð Þ � Aiþ1 xð Þ� �
dx�

X1
j¼k

�Pj

X1
l¼j

ð1
z

Al xð Þ � Alþ1 xð Þ½ �dx

¼ �Pk

X1
l¼0

ð1
z

Al xð Þ � Alþ1 xð Þ½ �dx �
Xl
j¼0

ð1
z

Al xð Þ � Alþ1 xð Þ½ �dx
Xl
j¼k

�Pj

¼ �Pk

Xk�1

l¼0

ð1
z

Al xð Þ � Alþ1 xð Þ½ �dx

2
64

3
75Xl

j¼k

�Pj

�
X1
l¼k

ð1
z

Al xð Þ � Alþ1 xð Þ½ �dx �Pk

Xl
j¼0

�Pj �
Xl
j¼k

�Pj

2
4

3
5 � 0:

5. Testing in the NBUC(2) class

In the context of reliability and life testing, the failure rate of a life distribution plays an
important role for stochastic modeling and classification. Being a ratio of probability density
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function and the corresponding survival function, it uniquely determines the underlying
distribution and exhibits different monotonic behaviors. The concept of the ageless notion
is equivalent to the phenomenon that age has no effect on the failure rate. Thus, the ageless
property is equal to constant failure rate, that is, the distribution is exponential. Hence test-
ing non-parametric classes is done by testing exponentially versus some kind of classes.
This applies to many nonparametric classes such as NBU, NBUC, NBUE, among others.
For a recent literature on testing the above classes as well as others, we refer the readers to
Ahmad (2001) and Ahmad et al. (2006) and the references cited therein. Much of the ear-
lier literature is cited in those papers where definitions, inter-relations and discussion of the
above classes and others are presented.
The problem we propose in this section is that we want to test H0 : F is exponential

against H1 : F is NBUC(2) and not exponential. The following result gives a measure of
departure from H0 in favor of H1.

Theorem 5.1. Suppose that F is NBUC(2) life distribution such that its lðrþsþ4Þ, the
(rþ sþ 4)th moment, is finite for some integers r and s. Then the following moment
inequality holds:

l rþ3ð Þl sþ1ð Þ
r þ 3ð Þ! sþ 1ð Þ! �

l rþsþ4ð Þ
r þ sþ 4ð Þ! ;where l rð Þ ¼ E Xrð Þ (5.1)

Proof. We have, for any integer s � 0:ð1
0

xs�F xð Þdx ¼ 1
sþ 1

E Xsþ1ð Þ ¼ lsþ1

sþ 1

Now consider the right-side of Equation (1.2)ð1
0

xr
ð1
x

�v uð Þdu ¼
ð1
0

�v xð Þ
ðx
0

urdudx; r � 0

¼
ð1
x

�v xð Þ xrþ1

r þ 1
dx

¼ 1
r þ 1

ð1
0

xrþ1
ð1
x

�F uð Þdudx

¼ 1
r þ 1

ð1
0

�F xð Þ
ðx
0

urþ1dudx

¼ 1
r þ 1ð Þ r þ 2ð Þ

ð1
0

xrþ2�F xð Þdx

¼ 1
r þ 1ð Þ r þ 2ð Þ r þ 3ð Þ l rþ3ð Þ:
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Hence ð1
0

ð1
0

zrts�F tð Þ
ð1
z

�v xð Þdxdzdt ¼ l rþ3ð Þl sþ1ð Þ
r þ 1ð Þ r þ 2ð Þ r þ 3ð Þ sþ 1ð Þ (5.2)

Using methods similar to those used in proving Theorem 10 of Mugdadi and Ahmad
(2005), it can be shown that the right-hand side of Equation (5.2) is equal to

r!s!
ðr þ sþ 4Þ! lðrþsþ4Þ: (5.3)

The proof follows from Equations (5.2) and (5.3).
According to the above theorem, we set the following measure of departure fromH0:

dðr; sÞ lðrþ3Þlðsþ1Þ
ðr þ 3Þðsþ 1Þ!�

lðrþsþ4Þ
ðr þ sþ 4Þ! :

Note that d(r, s)¼ 0 under H0 and is positive for H1. To make the test scale invariant,
we adjust it by lrþsþ4 and define the measure

D r; sð Þ ¼
d r; sð Þ
lrþsþ4

;where l ¼ l 1ð Þ

To estimate Dðr; sÞ, let X1, … , Xn be a random sample from the life distribution
F. Let

�X ¼ 1=n
Pn

i¼1 Xi be the sample mean. We estimate Dðr; sÞ by:

D̂ðr; sÞ ¼ 1
�Xrþsþ4

X
i

X
6¼j

Xrþ3
i Xsþ3

i

ðr þ 3Þ!ðsþ 1Þ!�
Xrþsþ3
i

ðr þ sþ 4Þ

" #

Theorem 5.2. As n ! 1,
ffiffiffi
n

p ðD̂ðr; sÞ�Dðr; sÞÞ is asymptotically normal with mean zero
and asymptotic variance s2ðr; sÞ given in Equation (5.4). UnderH0, the variance is given
by Equation (5.5).
Proof. The result follows directly from the central limit theory of U-statistics, see Lee

(1989). We only need to calculate the variance. Let us evaluate the variance of d̂ðr; sÞ
where

d̂ðr; sÞ ¼ 1
nð1� 1Þ

X
i

X
6¼j

/ðXi;XjÞ

and

/ðX1;X2Þ ¼ Xrþ3
1 Xsþ1

2

ðr þ 3Þ!ðsþ 1Þ!�
Xrþsþ4
2

ðr þ sþ 4Þ! :

But

E / X1;X2jX1ð � ¼ Xrþ3
1 l sþ1ð Þ

r þ 3ð Þ! sþ 1ð Þ!�
Xrþsþ4
1

r þ sþ 4ð Þ! ¼ /1 X1ð Þ; say
"

and
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E / X2;X1jX1ð � ¼ Xsþ1
1 l rþ3ð Þ

r þ 3ð Þ! sþ 1ð Þ!�
l rþsþ4ð Þ
r þ sþ 4ð Þ! ¼ /2 X1ð Þ; say

"

Hence

s2ðr; sÞ ¼ l�2ðrþsþ4ÞV½/ðX1Þ þ /2ðX1Þ� (5.4)

Under H0, and by direct calculation, the null variance is equal to

s20 r; sð Þ ¼ 2r þ 6ð Þ!
r þ 3ð Þ!½ �2 þ

2sþ 2ð Þ!
sþ 1ð Þ!½ �2 þ

2r þ 2sþ 8ð Þ!
r þ sþ 4ð Þ!½ �2 þ

2 sþ r þ 4ð Þ!
r þ 3ð Þ! sþ 1ð Þ!

� 2 r þ 2sþ 5ð Þ
sþ 1ð Þ! r þ sþ 4ð Þ�

2 2rþ sþ 7ð Þ!
rþ 3ð Þ! sþ rþ 4ð Þ!�1

(5.5)

and s20ð0; 0Þ ¼ 19.

To carry out this test, we calculate
ffiffiffi
n

p
D̂ðr; sÞ=s0ðr; sÞ and reject H0 if it is larger than

Za; the a- upper point of the standard normal variate. The choice of r is a question that
needs to be addressed. There are two possible routes. Either to choose a small value like
r¼ 0 or r¼ 1 to make calculations simple or to try to find the value of r that gives the
maximum power or efficiency if we have some belief about an alternative. To choose r
which maximizes the power, one can use simulated samples from an alternative and get
numerical estimates of the empirical powers for various sample sizes at r¼ 0, 1, … etc.,
and finally chooses the value of r that gives the best power.
However, choosing the r that maximizes the efficiency is easy to do theoretically if

we use the Pitman asymptotic efficiency (PAE) as an index of the relative performance
in large samples of two sequences of test statistics or estimators (see, e.g., Zacks (1985)).
Let us consider two alternatives that are commonly used in both the NBU and NBUC,
therefore they belong to the NBUC(2) class too:

i. The linear failure rate: �F ð1Þ
h ðxÞ ¼ e�x�h

2x
2
; x � 0; h � 0;

ii. The Makeham: �F ð2Þ
h ðxÞ ¼ e�x�hðxþe�x�1Þ; x � 0; h � 0:

Note that the null is at h ¼ 0 for these alternatives. The PAE of the test based on
Dðr; sÞ is given by

PAE D r; sð Þ� � ¼ l0r;s;h0
s0 r; sð Þ

where

l0r;h0 ¼
				 ddh lr;h

				
h!h0

Working with the above two alternatives we get:

PAE Linear failure rateð Þ ¼ j� sþ 1ð Þ sþ 2ð Þ� r þ 3ð Þ r þ 4ð Þ þ r þ sþ 4ð Þ r þ sþ 5ð Þj
2s0 r; sð Þ

(5.6)
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and

PAE Makehamð Þ ¼ j1þ 2� rþsþ4ð Þ�2� sþ1ð Þ�2� rþ3ð Þj
s0 r; sð Þ (5.7)

Both Equations (5.6) and (5.7) are decreasing in r. Hence, r¼ 0 is chosen.
In this case the PAEs are respectively equal to 0.688 and 0.16. Our values are better

than the corresponding values for the NBU test presented in Hollander and
Proschan (1975).
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