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Abstract— Brain Computer Interface (BCI) is a channel of 

communication between the human brain and an external device 

through brain electrical activity. In this paper, we extracted 

different features to boost the classification accuracy as well as 

the mutual information of BCI systems. The extracted features 

include the magnitude of the discrete Fourier transform and the 

wavelet coefficients for the EEG signals in addition to distance 

series values and invariant moments calculated for the 

reconstructed phase space of the EEG measurements. Different 

preprocessing, feature selection, and classification schemes were 

utilized to evaluate the performance of the proposed system for 

dataset III from BCI competition II. The maximum accuracy 

achieved was 90.7% while the maximum mutual information 

was 0.76 bit obtained using the distance series features. 

 
Index Terms - Brain Computer Interface (BCI), Distance 

Series (DS), Motor Imagery, Nonlinear Dynamical Modelling, 

Phase Space Reconstruction. 

I. INTRODUCTION 

Brain Computer Interface (BCI) is a device, which provides 
a non-muscular communication pathway between the brain 
and the external environment. The current trends in BCI focus 
on neuroprosthetics applications, which aim to restore 
damaged hearing, sight and movement. Artificial prosthesis 
can be used to replace the impaired functions of nervous 
system and brain related problems as well as sensory organs 
[1]. Moreover, BCI systems could be used for more advanced 
nonmedical applications such as gamming. 

There are four types of EEG signals that can be used in BCI 
systems; Visual Evoked Potentials (VEP) [2], P300 Evoked 
Potentials [3], Slow Cortical Potentials (SCPs) and sensory 
rhythm (motor imagery) . In this study, we deal with motor 
imagery signals. Motor imagery based BCI systems translate 
subject’s intention into a control signal that may be used by an 
external device. Researchers have developed many algorithms 
to classify motor imagery signals like in Lemm et al. [4] where 
they utilized the accompanying EEG µ-rhythm perturbation in 
order to distinguish between EEG signals while Baig et al. [5] 
used self-organizing maps (SOM) method to classify motor 
imagery EEG signals. Lee et al. [6] employed nonnegative 
tensor factorization (NTF) and used Viterbi algorithm to 
classify between mental tasks. Zhou et al. [7] introduced a 
feature extraction method based on bispectrum to classify right 
and left motor imagery signals. On the other hand, Darvishi 
and Al-Ani [8] used continuous wavelet transform to extract 
features from the signals and Adaptive Neuron-Fuzzy 
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Interface System (ANFIS) for classification while Hazrati and 
Erfanin [9] introduced the usage of an adaptive probabilistic 
(APNN) for classification of motor imagery EEG signals. 

In this work, we extracted different sets of transform domain 
features. They are the magnitude of the discrete Fourier 
transform (DFT), the discrete wavelet transform (DWT) 
coefficients, distance series (DS) values, and invariant 
moments. They are calculated for the reconstructed phase 
space (RPS) of the EEG signals, where each features set was 
utilized with different feature selection methods and different 
classifiers to obtain a system setting that enhances the 
performance measures for the motor imagery based BCI 
system. 

II. METHODOLOGY 

A. Preprocessing 

We applied an 8-30 Hz Butterworth bandpass filter of order 
ten to eliminate the signal artifacts. The classification accuracy 
is expected to increase since the selected band of frequencies 
contains all µ and β frequency bands, which are associated 
with the activation of the motor cortex area [4]. 

B. Features Extraction 

In this paper, we used different transform domain features 
such as DFT, DWT and the DS values, which was calculated 
for the RPS of the EEG signals as well as the moment invariant 
features. 

1) Discrete Fourier Transform (DFT) Method 

Transforming the brain signals into their frequency domain 
is considered as one of the methods used to recognize different 
mental tasks based on the EEG data. Here, we utilized the 
magnitude of the discrete Fourier transform over µ and β bands 
to differentiate between the imaginations of left- and right-
hand movements. 

2) Discrete Wavelet Transform (DWT) Method 

Time–Frequency methods such as the wavelet transform are 
suitable to analyze the non-stationary signals such as EEG. 
The discrete wavelet transform (DWT) analyzes the signal at 
different frequency bands with different resolutions by 
decomposing the signal into a coarse approximation and 
detailed  information [10]. 

In our work, the EEG signals have been decomposed into three 
levels with Daubechies 4 (db4) family. The approximate 
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coefficients Ca3 and the detailed coefficients at each level 
Cd3, Cd2 and Cd1 were used as features for the classification 
stage. 

3) Nonlinear Dynamical Modeling of the EEG signals 

Nonlinear dynamical modeling of the EEG signals provides 
an attractor or phase space (PS) which is equivalent to the true 
attractor of the underlying dynamical system [11]. 

In this work, we used the time-delay embedding methodology 
for reconstructing the PS where the optimal time-delay (𝜏) and 
optimal embedding dimensions (𝑚) were selected based on the 
first minimum of the mutual information and the false nearest 
neighbour algorithm respectively [12]. 

The optimal time-delay and the optimal embedding dimension 
provided by [13] were calculated for each signal inside a 
sliding window over the whole training dataset and averaged 
to give a time-delay of 3 samples which was used to estimate 
the optimal embedding dimension 𝑚 in the same way to give 
𝑚 = 9. PS could be reconstructed as shown in the following 
equation: 

𝑌(𝑚) =  [

𝑌1

𝑌2

…
𝑌𝑀

] =  [

𝑥1 𝑥1+𝜏 … 𝑥1+(𝑚−1)𝜏

𝑥2 𝑥2+𝜏 … 𝑥2+(𝑚−1)𝜏

… … … …
𝑥𝑀 𝑥𝑁−𝑚𝜏 … 𝑥𝑁

]    (1) 

Where 𝑌(𝑚) is the RPS, 𝑀 is the number of the RPS points 
and equals 𝑁 − (𝑚 − 1)τ, 𝑁 is the length of original EEG 
time series, 𝑚 is the optimal embedding dimension, and 𝜏 is 
the optimal time-delay.  

Distance Series (DS) 

The DS was proposed by Sayed et al. [14] to map the 
multidimensional phase space trajectory into one dimensional 
space by calculating the Euclidean distance between every 
point in the RPS and the origin of the space which can be 
calculated using the following equation: 

𝐷𝑖=√∑ (𝑌𝑖𝑗 − 𝑌𝑜)2𝑚
𝑗=1  ,    𝑖 = 1, 2 …  𝑀                  (2) 

Where 𝐷𝑖 is the Euclidean distance, 𝑌𝑖𝑗  is a point in the phase 

space and 𝑌𝑜  is the origin of the RPS. 

The DS domain makes it possible to visualize the behavior of 
the RPS and the evolution of the trajectory points which 
reveals more information about the underlying dynamical 
system. 

Moment Invariant Features 

The moment invariant features calculated for the RPS are 
utilized to numerically characterize the shape of 𝑚-
dimensional PS trajectory with moments invariant to 
orthogonal transformations [15].  

The steps of calculating the invariant moments of the EEG 
signals was described in [13] where the second order moments 
𝑀 were calculated by the following equation: 

𝑀𝑝1….𝑝𝑚 = ∑ . . ∑ 𝑠𝑖1
𝑝1𝑀

𝑖=1
𝑀
𝑖=1 … 𝑠𝑖𝑚

𝑝𝑚𝜌(𝑠)𝑑𝑠1 … 𝑑𝑠𝑚 (3) 

Where 𝜌(𝑆) is probability density function, 𝑆𝑖 is a column in 

the RPS, and  𝑝  is the order of the moments and is given by 

𝑝 = ∑ 𝑝𝑗
𝑚
𝑗=1 . 

Central Moments were obtained using equation (4) from the 
second order moments, and then the O matrix was constructed 
from the central moments using equation (5). The major 
minors for the O matrix were calculated to represent the 
moment invariant features of the RPS giving that the number 
of the moment invariant features equals to the number of the 
embedding dimension 𝑚 of the RPS. 

µ𝑝1….𝑝𝑚 = ∑ . . ∑ (𝑠𝑖1 − �̅�𝑖1)𝑝1𝑀
𝑖=1

𝑀
𝑖=1 … (𝑠𝑖𝑚 −

�̅�𝑖𝑚)𝑝𝑚  𝜌(𝑠)𝑑𝑠1 … 𝑑𝑠𝑚                  (4) 

Where �̅�1 =  
𝑀1…0

𝑀0…0
 , … . , �̅�𝑚 =  

𝑀0…1

𝑀0…0
 

𝑂 = [

µ2…0 ⋯ µ1…1

⋮ ⋱ ⋮
µ1…1 ⋯ µ0…2

]                   (5) 

C. Feature selection 

Student’s t-test was used for feature selection while the 
Principal Component Analysis (PCA) was used for 
dimensionality reduction and each of the two methods was 
utilized with every feature set to obtain the setting that 
produces the best performance measures.  

D. Dataset Description  

We used dataset III from BCI competition II [16] in which 

three bipolar EEG channels were measured over C3, Cz, and 

C4 electrodes. Bandpass filtering was of 0.5 and 30 Hz cut-

off frequencies and sampling rate of 128 Hz. EEG signals 

were recorded from a 25-years old normal female subject 

which was asked to imagine left and right hand movements 

while setting on a relaxing chair with armrests. The 

experiment contains seven runs, each one is 40 trials with few 

seconds for rest after each run. Each trial is of 9 sec length 

with the first two seconds quiet. At time t= 2 sec an acoustic 

indicator is raised to declare the beginning of the trial and at 

t=3 sec, a left or a right arrow was displayed on the screen as 

a cue. At the same time, the subject is asked to imagine 

moving a bar in the direction of the cue.  

E. Classification 

To assess the performance of the purposed algorithm using 
different features, a set of different classifiers was used: k-
nearest neighbor (KNN), linear discriminant analysis (LDA), 
quadratic discriminant analysis (QDA) and support vector 
machine (SVM) with linear kernel. 

We followed the classification procedure proposed by Fang et 
al. [17] where the features were extracted for each EEG signal 
in a sliding window of length equal 2 sec starts at t=3 and ends 
at t=9 sec as shown in Fig. 1. The classifier was trained and 
tested at each time point during the 6 seconds of the EEG 
signal providing classification results at each point in time for 
each algorithm. 
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Figure 1.  Sliding Window for dataset III from BCI competition II. 

III. RESULT AND DICUSSION 

To develop a certain algorithm that boosts the BCI 
performance measures for the utilized dataset, we performed 8 
different experiments. In each experiment, one of the four 
feature sets was tested along with one of the two feature 
selection methods using the aforementioned classifiers.  

Experiments were done using MATLAB on a PC with Intel
®

 

Core™ i7 2.60 GHz processor and 8 GB RAM. Experiments 
were evaluated in terms of the mutual information (MI) as well 
as the error rate (ERR) to compare our results with the other 
studies that used different algorithms for the same dataset. MI 
is the evaluation criterion for dataset III from BCI competition 
II and it is used to quantify the amount of information transfer 
between the subject’s brain and the BCI system [18] while the 
ERR is the percentage of the misclassified signals.  

Fig. 2 shows the time course of the MI obtained for the four 
experiments which showed the best performance as indicated 
in Table I. In addition, the time course of the ERR (ERR = 1 – 
Accuracy) is plotted in Fig. 3 for the same experiments. 

Table I shows the maximum performance measures obtained 
using the extracted features, the corresponding feature 
selection method, and the classification technique. Moreover, 
the testing time for each algorithm is shown in Table I. It is 
clear that the experiment, which includes the DS values for the 
RPS, the PCA and the LDA classifier showed the best 
performance measures and obtained an accuracy of 90.71% 
and MI of 0.76 bit.  

The time performance of experiment based on DFT was the 
best compared to the other experiments. However, the 
experiment based on DS obtained the maximum accuracy 
indicating that we need to develop faster algorithms by 
changing the classification procedure to reduce the overlap 
between successive windows (currently 255 /256 samples) to 
meet up with real time applications requirements. 

Different algorithms were developed to increase the accuracy 
and boost the mutual information for dataset III from BCI 
competition II. To the best of our knowledge, Sayed [13] was 
the first publication that utilized the DS features for the RPS. 
In their work, they reconstructed a phase space for the EEG 
segments inside the sliding window with time-delay τ = 3 and 
embedding dimension m = 9. Moreover, they used the 
student's t-test for feature selection as well as the KNN 
classifier with k = 11 for classification and they obtained 
maximum accuracy of 89.29% and maximum MI of 0.68 bit. 
In addition, the method developed by Fang et al. [17] used 
Amplitude Frequency Analysis of Phase Space (AFAPS) and 

Autoregressive Modeling of Phase Space (ARPS) while the 
method presented in Xu et al. [19] used wavelet-based features 
along with fuzzy support vector machine (FSVM). Zhou et al. 
[7] presented two experiments including bispectrum based 
features along with LDA, SVM and neural network (NN) 
classifiers. In addition, the methods purposed by Lemm et al. 
[4] used Morlet-Wavelets with Bayesian classifier.  

 

Figure 2.  The MI of the best experiments. 

 

Figure 3.  The ERR of the best experiments. 

Table II shows a comparison between the proposed 
classification scheme and different algorithms developed for 
dataset III from BCI competition II. It is shown that the 
proposed algorithm obtained the best performance measures 
and outperformed the studies in comparison in terms of the MI, 
which was the evaluation criterion for the examined dataset. 

IV. CONCLUSION 

In this paper, we presented a BCI system based on transform 
domain features including the magnitude of the DFT, WT 
coefficients, DS of the RPS and invariant moments of the RPS. 
Student’s t-test and PCA were used for feature selection and 
dimensionality reduction while different classifiers such as 
KNN, LDA, QDA and SVM with linear kernel were used. The 
best performance measures were obtained using the DS 
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features along with the PCA and the LDA classifier. In 
addition, the maximum MI obtained here outperformed 
different state of the art algorithms that were developed to 
increase the MI for dataset III from BCI competition II. 

 

 

TABLE I.  THE BEST PERFORMANCE MEASURES OBTAINED. 

TABLE II.  COMPARISON BETWEEN THE PURPOSED ALGORITHM AND OTHER STUDIES. 

Method Features Max Acc (%) Max MI (bit) Time of max Acc 

(sec) 

Classifier 

Purposed algorithm DS of the RPS 90.71 0.76 5.30 LDA 

Sayed et al. [13] DS of the RPS 89.29 0.68 5.84 KNN K=11 

Fang et al. [17] AFAPS+ARPS 90.71 0.67 5.76 LDA 

Xu et al. [19] Wavelet features 87.86 0.66  5.72 FSVM 

Zhou et al. [7] Higher-order statistics 90 0.64 - NN 

Zhou et al. [7] Higher-order statistics 89.29 0.63 - LDA 

Lemm et al. [4] Morlet-wavelets 89.29 0.61 7.59 Bayesian 
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Features Max Acc 

(%) 

Max MI 

(bit) 

Time of max 

Acc (sec) 

Feature 

selection  

Classifier Testing Time (sec) 

Magnitude of FFT 89.28 0.672 5.80 Student`s t-test KNN K=7 0.01 

Coefficients of DWT 87.14 0.572 5.70 - QDA 0.30 

DS of the RPS 90.71 0.764 5.30 PCA LDA 0.03 

Invariant  moments  

of the RPS 

87.85 0.609 5.78 - SVM with 

linear kernel 

0.60 
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