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ABSTRACT
Stress-strength models are of special importance in reliability literature and engineering appli-
cations. This paper deals with the estimation problem of a stress-strength model incorporating
multi-component system. The system is regarded as alive only if at least S out of k (S < k)
strength components exceed the stress. The reliability of such system is obtainedwhen strength
and stress variableshaveWeibull distributions.Maximum likelihoodestimator ofRS ,k andasymp-
totic confidence intervals are obtained based on upper record values. Bayesian estimator under
squared error and linear exponential loss functions using gamma prior distributions and the
corresponding credible intervals are obtained. Due to the lack of explicit forms for the Bayes
estimates, the Markov Chain Monte Carlo (MCMC) method is employed. A simulation study is
implemented to assess the performance of estimates. A real-life example is presented to show
how the proposed model may be utilized in breaking strength of jute fibre data.
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1. Introduction

Record values can be viewed as order statistic from a
sample whose size is determined by the values and the
order of occurrence of the observations. Record values
and associated statistics have an important role inmany
real-life applications involving data related tometeorol-
ogy, hydrology, sports and life tests. In industry and reli-
ability, many products may fail under stress. For exam-
ple, a wooden beam breaks when sufficient perpendic-
ular force is applied to it, a battery dies under the stress
of time, an electronic component ceases to function in
an environment of too high temperature. In such exper-
iments for getting the precise failure point, measure-
mentsmay bemade sequentially and only values larger
(or smaller) than all previous ones are recorded. Data
of this type are called record data. The development of
the general theory of statistical analysis of record values
began with the work, as pioneered in Chandler [1]. For
an excellent review of records and their properties, one
may refer to Nagaraja [2], Ahsanullah [3], Ahsanullah [4].

Let X1, X2, . . . be an infinite sequence of identically
independent distributed (IID) random variables with
probability density function f (x) and cumulative distri-
bution function F(x). Then, an observation Xi is said to
be an upper record value if it exceeds all its previous
observations, i.e. Xi > Xj for every i < j. An analogous
definition can be given for a lower record value.

The stress-strength reliability of a system defines
the probability that the system will function prop-
erly until the strength exceeds the stress. Due to the

manufacturing variability and uncertain factors, the
strength of the system varies also when the system is
put to use, it is subjected to the stress which is again
random in nature. These manufacturing variables and
uncertain factors canbeusedmaterial, production style,
humidity, temperature of the environment, etc. The
genesis of this problem can be seen in Birnbaum [5].
Many authors have been interested in estimating a sin-
gle component stress-strength version based on record
values due to its important role in many fields. The sur-
vival probability of stress-strength R = P(Y < X) based
on record values is considered in Baklizi [6] for gen-
eralized exponential distribution. Subsequent papers
extended this work assuming various lifetime distribu-
tions for stress-strength random variables, for instance,
in Baklizi [7,8,9], for one and two parameter exponen-
tial distribution, Essam [10] for type I generalized logistic
distribution, Baklizi [11] for two-parameter Weibull dis-
tribution, Tarvirdizade and KazemzadehGarehchobogh
[12] for inverse Rayleigh distribution, Al-Gashgari and
Shawky [13] for exponentiated Weibull distribution,
Hassan et al. [14] for exponentiated inverted Weibull
distribution and Hassan et al. [15] for generalized
inverted exponential distribution.

Bhattacharyya and Johnson [16] observed that, in
several practical scenarios, the performance of a system
depends on more than one component and these
components have their own strengths. Multicompo-
nent stress-strength (MSS) models have great applica-
tions range fromcommunication and industrial systems

CONTACT Mohammed S. Saad m.salah1982@hotmail.com

© 2020 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://www.taibahu.edu.sa/Pages/EN/Home.aspx
http://www.tandfonline.com/tusc20
http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/16583655.2020.1721751&domain=pdf&date_stamp=2020-02-25
http://orcid.org/0000-0002-0179-5197
http://orcid.org/0000-0003-0262-205X
http://orcid.org/0000-0003-2489-1429
http://orcid.org/0000-0002-6373-850X
mailto:m.salah1982@hotmail.com
http://creativecommons.org/licenses/by/4.0/


JOURNAL OF TAIBAH UNIVERSITY FOR SCIENCE 245

to logistic and military systems. For examples, an air-
craft generally contains more than one engines (k) and
assume that for takeoff at least S (1 ≤ S ≤ k) engines
are needed. So, the aircraft will take off smoothly, if
S out of k engines work; in engineering, a power sys-
tem powering a manufacturing unit has k fuse cut-outs
arranged in a parallel way. The power system will keep
powering the manufacturing unit as long as at least
S (1 ≤ S ≤ k) fuse cut-outs are working. Also, con-
sider an automobile with a V-8 engine that works if
four cylinders are rung. So, it can be represented as 4-
out-of-8: G system. In suspension bridges, the deck is
supported by a series of vertical cables hung from the
towers. Suppose a suspension bridge consists of k num-
ber of vertical cablepairs. Thebridgewill only survive if a
minimum S number of vertical cables through the deck
are not damagedwhen subjected to stresses due to 153
American Journal of AppliedMathematics and Statistics
wind loading, heavy traffic, corrosion etc. For extensive
S out of k and related systems onemay refer to Kuo and
Zuo [17].

A multicomponent system of k components having
strengths following k− IID random variables X1, X2, . . . ,
Xk and each component experiences a random stress Y.
The system is regarded as alive only if at least S out of
k (S < k) strengths exceeds the stress. Let X1, X2, . . . , Xk
be independent, G(y) be the CDF of Y and F(x) be the
commonCDF of X1, X2, . . . , Xk . Then the reliability in the
MSS model which is developed in Bhattacharyya and
Johnson [16] is defined in the following form:

RS ,k = P[at least S of the (X1, X2, . . . , Xk) exceed Y]

=
k∑

i=S

(
k
i

) ∞∫
−∞

[1 − F(y)]i[F(y)]k−idG(y), (1)

where X1, X2, . . . , Xk are IID with common distribution
function F(x) and subjected to the common random
stress Y.

The applicability of the reliability in the MSS model
based on the samples of upper record values appears
strongly in industrial tests, where most of the systems
fail when they are exposed to high levels of stress. For
example, if a sample of electrical power stations consists
of eight generating units, the light amount of electricity
is generated if at least six generating units are oper-
ating. In some experimental energy tests, these power
stations are exposed to a high level of stress in order
to test its ability to carry out its functions (supply the
region demand of electricity) at high levels of stress. It
is expected that most of the systems of most of a lot
of these power stationswill collapse immediately under
a high level of stress. If a few power stations can func-
tion for a short period of time under these high levels of
stress, it will be recorded as a first observation to obtain
the sample of the upper record values. If the longer
period of time occurs, it will be recorded as a second

observation and so on to obtain a sample of the upper
record values.

Recently, several researchers have paid attention to
develop inferential procedures for the reliability of MSS
models. The reliability in the MSS model based on a
simple random sample has been developed in Kuo
and Zuo [17] and Pandey and Uddin [18]. A consid-
erable amount of the literature on the estimation of
reliability in the multicomponent system for some life-
time distributions has been studied by several authors;
see for examples; Rao [19], Rao et al. [20], Rao [21],
Kizilaslan and Nadar [22]. Recently, Pak et al. [23] inves-
tigated Bayesian estimation of the reliability of an MSS
system for the bathtub-shaped distribution when the
available data are reported in terms of record val-
ues. Jamal et al. [24] considered maximum likelihood
and Bayesian estimation methods for MSS reliability
for Pareto distribution based on the upper record
values.

This article deals with the estimation of the MSS
reliability defined in (1), the underline distribution of
the strength and stress follows non-identical Weibull
distribution when the considered data are of a record
type. The expression for the reliability of the multi-
component system RS ,k is obtained in Section 2. Maxi-
mum likelihood (ML) estimators are employed to obtain
the asymptotic distribution and confidence intervals of
RS ,k . Steps of numerical study and the corresponding
results are given in Subsections 2.1 and 2.2, respec-
tively. In Section 3, Bayesian estimators of RS ,k are
computed for a commonly known shape parameter
β , and unknown parameters λ1 and λ2 as well as the
highest posterior density credible intervals are also
constructed. The MCMC method is employed under
squared error (SE) and linear exponential (LINEX) loss
functions for independent gamma priors in Subsection
3.1. Numerical results are outlined in Subsection 3.2.
Real data are employed to assess the theoretical results
in Section 4. Finally, concluding remarks appear in
Section 5.

2. Maximum likelihood estimator of RS,k

The Weibull distribution is a very popular distribution
that has been extensively used over the past decades
for modelling data in reliability, engineering and bio-
logical studies. It has numerous varieties of shapes and
demonstrates considerable flexibility that enables it to
have increasing, constant and decreasing failure rates.
Therefore, it is used formanyapplications for example in
hydrology, industrial engineering, weather forecasting
and insurance. Weibull distribution is of special interest,
because the Weibull distribution arises naturally from
the extreme value theorem (Murthy et al. [25]) and thus
it has a meaningful physical interpretation in many real
applications (Ye et al. [26]). The probability density func-
tion (PDF) and cumulative distribution function (CDF) of



246 A. S. HASSAN ET AL.

the Weibull distribution are given as follows:

f (x; λ,β) = λβxβ−1e−λxβ

, x, λ, andβ > 0, (2)

and,

F(x; λ,β) = 1 − e−λxβ

.x, λ, andβ > 0. (3)

Here, the ML estimator of the reliability in the MSS
model based on upper record values is derived. Assum-
ing that the strengths and stress random variables are
independent, they are distributed as two-parameter
Weibull distribution.

Let X1, X2, . . . , Xk be the strengths of a system which
is subjected to the stress Y . Assuming that X1, X2, . . . , Xk
be a random sample from Weibull distribution with
parameters (λ1,β) and Y be a random variable from
Weibull distribution with parameters (λ2,β) are inde-
pendent fromunknownparametersλ1, λ2 andcommon
shape parameter β , respectively. Therefore, the reliabil-
ity of S -out-of- k system for Weibull distribution can be
computed by using (1)–(3) as follows:

RS ,k =
k∑

i=S

(
k
i

) ∞∫
0

λ2βy
β−1e−(λ1 i+λ)yβ

[1 − e−λ1yβ

]k−idy

=
k∑

i=S

k−i∑
j=0

(
k
i

) (
k − i
j

)
(−1)jλ2

∞∫
0

e−(λ1 i+λ1 j+λ2)udu.

(4)

After the simplification, then RS ,k will be

RS ,k =
k∑

i=S

k−i∑
j=0

(
k
i

)(
k − i
j

)
(−1)jλ2

[λ1(i + j) + λ2]
. (5)

In order to derive the ML estimator of λ1 and λ2,
let r = (r0, r1, . . . , rn) be a set of the first observed
(n + 1) upper record values from Weibull distribution
with parameters (λ1,β) and s = (s0, s1, . . . , sm) be an
independent set of the observed first (m + 1) upper
recordvalues fromWeibull distributionwithparameters
(λ2,β)where β is assumed known. The likelihood func-
tion of the observed record values r and s is obtained, as
follows:

L1(λ1,β|r) = f (rn)
n−1∏
i=0

f (ri)

1 − F(ri)

= (λ1β)n+1e−λ1rnβ
n∏
i=0

ri
β−1 (6)

and,

L2(λ2,β|s) = g(sm)

m−1∏
j=0

g(si)

1 − G(si)

= (λ2β)m+1e−λ2smβ
m∏
j=0

sj
β−1 (7)

Therefore, the joint log-likelihood function of the
observed r and s denoted by l takes the following form:

l = (n + 1)lnλ1 + (m + 1)lnλ2

+ (n + m + 2)lnβ − λ1rn
β − λ2sm

β

+ (β − 1)

⎡
⎣ n∑

i=0

ln(ri) +
m∑
j=0

ln(sj)

⎤
⎦ (8)

The ML estimator of λ1 and λ2, say λ̂1 and λ̂2 when β

assumed to known to be obtained by differentiating (8)
and equating by zero. Then λ̂1 and λ̂2 take the following
forms

λ̂1 = (n + 1)
rnβ

, λ̂2 = (m + 1)
smβ

. (9)

Hence, the ML estimator of RS ,k , denoted by R̂S ,k , is
obtained by using (5) and (9) as follows:

R̂S ,k =
k∑

i=S

k−i∑
j=0

(
k
i

) (
k − i
j

)
(−1)jλ̂2

[λ̂1(i + j) + λ̂2]
(10)

Now to obtain the asymptotic confidence interval
(ACI) for RS ,k , firstly, the asymptotic variance (AV) of the
ML estimator is obtained as follows:

∂RS ,k
∂λ1

=
k∑

i=S

k−i∑
j=0

(
k
i

) (
k − i
j

)
(−1)j+1(i + j)λ2
[λ1(i + j) + λ2]2

, (11)

and,

∂RS ,k
∂λ2

=
k∑

i=S

k−i∑
j=0

(
k
i

)(
k − i
j

)
(−1)j(i + j)λ1
[λ1(i + j) + λ2]2

. (12)

The AV of an estimate of RS ,k which is a function of
two independent statistics λ̂1 and λ̂2 is given in Hassan
and Basheikh [27].

σ̂ 2
Rs,k

=
[
∂Rs,k
∂λ1

]2
V(λ̂1) +

[
∂Rs,k
∂λ2

]2
V(λ̂2) (13)

In this work, to avoid the difficulty in deriving RS ,k ,
we obtain AV for (S , k) = (1, 3) and (2,4) separately as
follows:

AV(R̂1,3) = σ̂ 2
R1,3 =

[
3λ̂2

[λ̂1 + λ̂2]
2 + 6λ̂2

[2λ̂1 + λ̂2]
2

]2
λ̂21

n + 1

+
[

3λ̂1

[λ̂1 + λ̂2]
2 − 6λ̂1

[2λ̂1 + λ̂2]
2

]2
λ̂22

m + 1

(14)
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AV(R̂2,4) = σ̂ 2
R2,4 =

[
−12λ̂2

[2λ̂1 + λ̂2]
2 + 24λ̂2

[3λ̂1 + λ̂2]
2

− 8λ̂2

[4λ̂1 + λ̂2]
2

]2
λ̂21

n + 1

+
[

12λ̂1

[2λ̂1 + λ̂2]
2 − 24λ̂1

[3λ̂1 + λ̂2]
2

+ 8λ̂1

[4λ̂1 + λ̂2]
2

]2
λ̂22

m + 1
. (15)

As n → ∞,m → ∞ R̂S ,k−RS ,k

AV(R̂S ,k)
→ N(0, 1), therefore, an

asymptotic 100[1 − α]% confidence interval of R̂S ,k for
both (S , k) = (1, 3), (2, 4) is given by

RS ,k ∈ R̂S ,k ∓ z α
2
σ̂RS ,k , (16)

where z α
2
is the upper α

2 th quantile of the standard nor-
mal distribution, σ̂RS ,k is the value of σRS ,k at the ML

estimator, R̂S ,k − z α
2
σ̂RS ,k is the lower limit of the con-

fidence interval and R̂S ,k + z α
2
σ̂RS ,k is the upper limit of

the confidence interval.

2.1. Numerical study

In this subsection, an extensive numerical investigation
is carried out to evaluate the performance of ML esti-
mate (MLE) of RS ,k at different values of λ1 and λ2 for
different samples size of record values for the strengths
and stress random variables. The performance of the
point estimator depends mainly on the absolute biases
(ABs) and mean square errors (MSEs). The length of
intervals is the main principle of the performance of
the ACI. The numerical study is designed through the
following steps:

• Generate samples of the upper record values using
some specified values of parameters.

• The values of λ1 and λ2 are selected as (3,1), (2.5,1.5),
(2,1.5), (1.5,1.5), (1.5,2), (1.5,2.5),(1.5,3) and without
loss of generality the value of β is assumed to be
known and equal to 3.

• The true values of reliability in the MSS model with
the given combinations of (λ1, λ2) for (S , k) = (1, 3)
are 0.54, 0.6, 0.67, 0.75, 0.82, 0.87 and 0.9, while the
true values for (S , k) = (2, 4) are 0.39, 0.44, 0.51, 0.6,
0.69, 0.75 and 0.8, respectively.

• The samples of the upper record values of strength
and stress random variables (n,m) are chosen to be
(10,10), (10,15), (15,10), (15,15), (15,20), (20,15) and
(20,20).

• TheMLEs of λ1 and λ2 are obtained from (9), then the
MLE of RS ,k is obtained by substituting λ̂1 and λ̂2 in
(10).

• Compute theaverageABsandaverageMSEs for relia-
bility estimates over 5000 replications (see
Tables 1–7).

• Obtain the asymptotic variance of R1,3, R2,4 by using
(14) and (15), then compute the asymptotic standard
deviation; σ̂R1,3 , σ̂R2,4 .

• Compute the lower andupper limits of theACI ofR1,3,
R2,4 through relation (16).

2.2. Numerical results

Numerical results are reported in Tables 1–7 and repre-
sented through Figures 1–4. The following results can

Table 1. The numerical results of MLE of RS ,k at (λ1, λ2) =
(3, 1.5).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.54 (10,10) 0.0710 0.0250 0.4960
(10,15) 0.1660 0.0430 0.4230
(15,10) 0.0310 0.0200 0.4560
(15, 15) 0.0700 0.0220 0.4110
(15,20) 0.1370 0.0320 0.3720
(20,15) 0.0019 0.0140 0.3930
(20, 20) 0.0770 0.0200 0.3600

(2,4) 0.39 (10,10) 0.0760 0.0240 0.4940
(10,15) 0.1710 0.0470 0.4680
(15,10) 0.0140 0.0150 0.4120
(15, 15) 0.0750 0.0210 0.4070
(15,20) 0.1460 0.0370 0.3940
(20,15) 0.0082 0.0130 0.3580
(20, 20) 0.0670 0.0180 0.3530

Table 2. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(2.5, 1.5).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.6 (10,10) 0.0470 0.0220 0.4860
(10,15) 0.1320 0.0330 0.4090
(15,10) 0.0540 0.0230 0.4590
(15, 15) 0.0470 0.0180 0.4060
(15,20) 0.1100 0.0250 0.3600
(20,15) 0.0250 0.0160 0.3910
(20, 20) 0.0470 0.0160 0.3540

(2,4) 0.44 (10,10) 0.0670 0.0240 0.5050
(10,15) 0.1610 0.0450 0.4630
(15,10) 0.0370 0.0170 0.4270
(15, 15) 0.0510 0.0200 0.4130
(15,20) 0.1260 0.0310 0.3960
(20,15) 0.0091 0.0140 0.3720
(20, 20) 0.0570 0.0180 0.3620

Table 3. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(2, 1.5).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.67 (10,10) 0.0210 0.0190 0.4700
(10,15) 0.1090 0.0250 0.3760
(15,10) 0.0780 0.0250 0.4590
(15, 15) 0.0210 0.0160 0.3900
(15,20) 0.0840 0.0180 0.3370
(20,15) 0.0440 0.0160 0.3880
(20, 20) 0.0290 0.0130 0.3400

(2,4) 0.51 (10,10) 0.0340 0.0210 0.5090
(10,15) 0.1300 0.0340 0.4580
(15,10) 0.0610 0.0210 0.4460
(15, 15) 0.0340 0.0180 0.4210
(15,20) 0.1060 0.0270 0.3910
(20,15) 0.0360 0.0160 0.3840
(20, 20) 0.0260 0.0150 0.3660
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Table 4. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(1.5, 1.5).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.75 (10,10) 0.0079 0.0150 0.4400
(10,15) 0.0670 0.0150 0.3380
(15,10) 0.1070 0.0280 0.4530
(15, 15) 0.0089 0.0120 0.3660
(15,20) 0.0450 0.0110 0.3070
(20,15) 0.0730 0.0180 0.3740
(20, 20) 0.0095 0.0099 0.3220

(2,4) 0.6 (10,10) 0.0017 0.0220 0.5020
(10,15) 0.0910 0.0260 0.4340
(15,10) 0.0900 0.0270 0.4620
(15, 15) 0.0089 0.0160 0.4190
(15,20) 0.0740 0.0200 0.3780
(20,15) 0.0700 0.0200 0.3940
(20, 20) 0.0010 0.0150 0.3650

Table 5. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(1.5, 2).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.82 (10,10) 0.0350 0.0150 0.3990
(10,15) 0.0350 0.0090 0.2910
(15,10) 0.1250 0.0300 0.4340
(15, 15) 0.0390 0.0130 0.3350
(15,20) 0.0130 0.0079 0.2710
(20,15) 0.0940 0.0210 0.3500
(20, 20) 0.0340 0.0100 0.2900

(2,4) 0.69 (10,10) 0.0380 0.0210 0.4920
(10,15) 0.0520 0.0180 0.4080
(15,10) 0.1310 0.0370 0.4650
(15, 15) 0.0320 0.0170 0.4080
(15,20) 0.0310 0.0140 0.3590
(20,15) 0.1060 0.0260 0.3960
(20, 20) 0.0330 0.0140 0.3590

Table 6. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(1.5, 2.5).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.87 (10,10) 0.0530 0.0140 0.3710
(10,15) 0.0140 0.0062 0.2560
(15,10) 0.1280 0.0310 0.4040
(15,15) 0.0520 0.0120 0.3050
(15,20) 0.0029 0.0056 0.2390
(20,15) 0.1010 0.0210 0.3260
(20,20) 0.0490 0.0110 0.2650

(2,4) 0.75 (10,10) 0.0630 0.0230 0.4750
(10,15) 0.0250 0.0140 0.3800
(15,10) 0.1550 0.0430 0.4650
(15,15) 0.0520 0.0170 0.3920
(15,20) 0.0078 0.0120 0.3340
(20,15) 0.1230 0.0310 0.3890
(20,20) 0.0560 0.0160 0.3440

be observed on the properties of the reliability esti-
mates as follows:

• The AB of R̂S ,k at n = m increases as the value of
λ1 increases for both (S , k) = (1, 3) and (2, 4) [see
Tables 1–3]. The AB of R̂S ,k at n = m increases in the
case of λ1 ≤ λ2 in both (S , k) = (1, 3) and (2, 4) [see
Tables 4–7].

• The MSEs of R̂S ,k for (S , k) = (2, 4) are almost larger
than those for (S , k) = (1, 3) at different values of
(λ1, λ2) included in Tables 1–7.

• For λ1 > λ2, the MSEs of R̂S ,k for n > m have val-
ues than the MSEs of R̂S ,k for n < m in both (S , k) in

Table 7. The numerical results of the MLE of RS ,k at (λ1,λ2) =
(1.5, 3).

(S , k) Exact RS ,k (n,m) AB MSE AL

(1, 3) 0.9 (10,10) 0.0630 0.0150 0.3400
(10,15) 0.0007 0.0051 0.2300
(15,10) 0.1310 0.0300 0.3830
(15, 15) 0.0530 0.0100 0.2740
(15,20) 0.0120 0.0047 0.2100
(20,15) 0.1030 0.0200 0.3050
(20, 20) 0.0530 0.0092 0.2410

(2,4) 0.8 (10,10) 0.0680 0.0220 0.4490
(10,15) 0.0130 0.0120 0.3450
(15,10) 0.1670 0.0460 0.4580
(15, 15) 0.0750 0.0190 0.3790
(15,20) 0.0170 0.0110 0.3190
(20,15) 0.1300 0.0320 0.3770
(20,20) 0.0680 0.0160 0.3270

Figure 1. MSEs of R̂S ,k for different values of λ1, λ2 at (S , k) =
(1, 3) in the case of n = m .

Figure 2. MSEs of R̂S ,k for different values of λ1, λ2 at (S , k) =
(1, 3) in the case of n �= m .

almost all cases. For λ1 < λ2 the MSEs of R̂S ,k for n <

m have smaller values than those of R̂S ,k for n > m in
both (S , k).

• For n = m, the MSEs of R̂S ,k at λ1 < λ2 have smaller
values than those of R̂S ,k at λ1 > λ2 in both (S , k).

• For n = m, the MSEs of R̂S ,k for (S , k) = (1, 3) and
(2, 4)decrease asnandm increase, at different values
of λ1 andλ2, [see for example Figure 1].

• For λ1 < λ2 the average lengths (ALs) of ACI of R̂S ,k
are less than the ALs of ACI of R̂S ,k when λ1 > λ2 for
both (S , k), for different values of n andm .

• The ALs of ACI of R̂S ,k at (S , k) = (1, 3) are shorter
than the corresponding ALs of R̂S ,k at (S , k)
= (2, 4).
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Figure 3. MSEs of R̂S ,k for different values of λ1, λ2 at (S , k) =
(2, 4) in the case of n = m .

Figure 4. The ALs of R̂S ,k for different values of λ1, λ2 at
(S , k) = (2, 4) in the case of n �= m .

• As seen in Tables 1–7, the ALs of ACI of R̂S ,k for n =
m are the tallest for different values of (λ1, λ2) in the
case of (S , k) = (2, 4).

• For (n > m) and (n < m) the MSEs of R̂S ,k tends to
decrease as n and m increase for both (S , k), at dif-
ferent values of λ1andλ2 , see for example Figures 2
and 3.

• At (S , k) = (1, 3), the ALs of ACI for R̂S ,k are the
largest at n = m, when λ1 > λ2.

• At (S , k) = (1, 3), the largest ALs of ACI for R̂S ,k occur
when n > m in the case of λ1 < λ2 .

• For n = m, the ALs of ACI of R̂S ,k for both (S , k) tends
to decrease as n andm increase at different values of
λ1andλ2 (see Figure 4).

• For (n > m), and (n < m), the ALs of ACI of R̂S ,k
decrease as n and m increase for both (S , k), at dif-
ferent values of λ1and λ2.

3. Bayesian estimators of RS,k

In this section,we assume that theparametersλ1 andλ2

are unknown and have independent gamma prior dis-
tributions with parameters (ai, bi), i = 1, 2, respectively.
Hence, assuming independenceofparameters, the joint
prior distribution of parameters, denoted byπ(λ1, λ2) is
as follows:

π(λ1, λ2) = 1
�(a1)�(a2)

λ
a1−1
1 λ

a2−1
2

e−b1λ1−b2λ2 , a1, a2, b1, b2, λ1, λ2 > 0.
(16)

Based on the observed sample, the joint density
function of λ1 and λ2 and the data are

π(λ1, λ2, s, r)

= 1
�(a1)�(a2)

λ
a1+n
1 λ

a2+m
2

e−λ1(b1+rnβ)−λ2(b2+smβ)βm+n+2
n∏
i=0

ri
β−1

m∏
j=0

sj
β−1

(17)

Thus, we can write the posterior density function of
λ1 and λ2 as

π∗(λ1, λ2|s, r) = π(λ1, λ2, s, r)∫ ∞
0

∫ ∞
0 π(λ1, λ2, s, r)dλ1dλ2

. (18)

It is well known that assuming SE loss function, the
Bayesian estimator of RS ,k , denoted by R̃S ,k is its poste-
rior mean which is obtained by

R̃S ,k = E(RS ,k|s, r) =
∞∫
0

∞∫
0

RS ,kπ∗(λ1, λ2|s, r)dλ1dλ2

(19)
Additionally, the Bayesian estimator of RS ,k under

LINEX loss function, denoted by
...
RS ,k is given as follows:

...
RS ,k = −1

ν
logE(e−νRS ,k )

= −1
ν

log

⎧⎨
⎩

∞∫
0

∞∫
0

e−νRS ,kπ∗(λ1, λ2|s, r)dλ1dλ2

⎫⎬
⎭ ,

ν �= 0. (20)

Since the posterior density function π∗(λ1, λ2|s, r)
has a complex form, it is difficult to derive a closed
form for the Bayesian estimator of RS ,k . Therefore, the
MCMC technique is used to approximate these inte-
grations. Metropolis-Hastings (M-H) algorithm will be
implemented to compute theBayes estimates and cred-
ible intervals width under SE and LINEX loss functions.

3.1. MCMCmethod

In order to investigate the behaviour of the multi-
component reliability RS ,k , Monte Carlo simulation is
carried out. The Bayes estimates are obtained using
gamma priors under SE and LINEX loss functions.
The Bayesian estimate performances of RS ,k are mea-
sured based on ABs, estimated Risks (ERs) and ALs
via R 3.4.3. Three sets of parameter values are con-
sidered as (λ1, λ2,β) = (3, 1.5, 3), (1.5, 1.5, 3), (1.5, 2, 3)
and different choices of sample sizes as (n,m) =
(10, 10), (10, 15), (15, 10), (15, 15), (15, 20), (20, 15),
(20, 20). The true value for (S , k) = (1, 3) is 0.54, 0.75
and 0.82 and for (S , k) = (2, 4) is 0.39, 0.6 and 0.69.
Three different sets of hyper-parameters values are
considered as; Prior I: (a1, b1), (a2, b2) = (4, 1), (4, 1);
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Prior II: (a1, b1), (a2, b2) = (8, 2), (2, 1) and Prior III:
(a1, b1), (a2, b2) = (6, 2), (5, 1.5). Also, we take (v = −
2, 2). All the results are based on the number of replica-
tions = 5000.

The M–H algorithm is one of the most famous sub-
classes of the MCMC method in the Bayesian litera-
ture to simulate the deviates from the posterior den-
sity and produce good approximate results. The major
difficulty in the implementation of the Bayesian pro-
cedure is that of obtaining the posterior distribution.
The MCMC is used to simulate samples from the pos-
terior density and then obtain the Bayesian estimate
R̃S ,k under SE loss function and

...
RS ,k under LINEX loss

function.
The approximate Bayes estimate of RS ,k is obtained

by applying the M-H algorithm technique. The M–H
algorithm uses an acceptance/rejection rule to con-
verge to the targetdistribution. According to Lynch [28],
the M–H algorithm proceeds as follows:

Step 1: Initialize a starting parameter value R0S ,k and
determine the number of samples N.

Step 2: For i = 2 to N, set Rs,k = Ri−1
s,k .

Step 3: Generate u from uniform(0,1).
Step 4: Draw a candidate parameter R∗

S ,k from the
proposal density.

Step 5: If u ≤ π(θ∗) g(θ |θ∗)
π(θ) g(θ∗|θ)

then, set RiS ,k = R∗
S ,k other-

wise, set RiS ,k = RS ,k .
Step 6: Set i = i + 1 and return to step 2 and repeat

the previous steps N times.

3.2. Simulated results

Here, the simulated outcomes are listed in Tables 8–10
and represented through Figures 5–8, so from these
tables we detect the following observations about the
performance of the reliability estimates as follows:

• The ER of RS ,k under LINEX loss function at v = −2
is the smallest for (S , k) = (1, 3) while the ER of RS ,k
under LINEX loss function at v = 2 is the smallest
when (S , k) = (2, 4) for different values of (n,m) for
( λ1, λ2) = (3, 1.5) using prior I, as shown in Figures 5
and 6 in most of the cases.

• The ER of R̃S ,k under SE loss function takes the largest
values in approximately most of the situations com-
paredwith the corresponding ER of

...
RS ,k under LINEX

loss function (see Figures 5 and 6).
• The ER of

...
RS ,k at v = 2 decreases for n andm greater

than or equal to 15, while the ER of
...
RS ,k at v =

−2 is the smallest for (S , k) = (2, 4) for most values
of (n,m) when (λ1, λ2) = (1.5, 2) using prior III, as
shown in Figure 7.

• The AL of
...
RS ,k at v = 2 takes the larger value for

(λ1, λ2) = (1.5, 2), and (S , k) = (1, 3) compared to
the corresponding SE and LINEX (v = −2) loss func-
tions using prior III, as shown in Figure 8.

Figure 5. ER of RS ,k estimates for (λ1, λ2) = (3, 1.5) at
(S , k) = (1, 3) under SE and LINEX loss functions for prior I.

Figure 6. ER of RS ,k estimates for (λ1, λ2) = (3, 1.5) at
(S , k) = (2, 4) under SE and LINEX loss functions for prior I.

Figure 7. ER of RS ,k estimates for (λ1, λ2) = (1.5, 2) at
(S , k) = (2, 4) under SE and LINEX loss functions for prior III.

Figure 8. AL of RS ,k estimates for (λ1, λ2) = (1.5, 2) at
(S , k) = (1, 3) under SE and LINEX loss functions for prior III.

4. Real data application

In this section, the analysis of a pair of real data sets
is presented for illustrative purposes. These two data
sets were used by Xia et al. [29]. The data stand for the
strength data measured in MPa, tensile properties of
jute fibres were evaluated in accordance with ASTM C
1557–03 at seven different gauge lengths (2, 3, 5, 10, 15,
20, and 25mm). Thirty samples were mounted for test-
ingat eachof thesegauge lengths.Weconsider thedata
sets consisting of the breaking strength of jute fibre at
10mm in gauge lengths, which represents the strength
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Table 8. AB, ER and AL of Bayes estimate of RS ,k for prior I at(λ1,λ2) = (3, 1.5).

(S , k) = (1, 3) (S , k) = (2, 4)

Loss function Exact RS ,k (n,m) AB ER AL Exact RS ,k AB ER AL

SE 0.54 (10,10) 0.00046 4.22E-11 0.0020 0.39 0.00066 8.73E-11 0.0030
LINEX (v = 2) 0.00000 2.88E-12 0.0014 0.00026 1.40E-11 0.0013
LINEX (v = −2) 0.00000 2.62E-12 0.0021 0.00103 2.10E-10 0.0029
SEL (10,15) 0.00046 4.23E-11 0.0011 0.00036 2.55E-11 0.0035
LINEX (v = 2) 0.00000 1.26E-10 0.0020 0.00071 1.02E-10 0.0014
LINEX (v = −2) 0.00000 2.73E-11 0.0010 0.00016 5.30E-12 0.0014
SE (15,10) 0.00043 3.75E-11 0.0013 0.00094 1.77E-10 0.0023
LINEX (v = 2) 0.00000 7.81E-11 0.0016 0.00081 1.31E-10 0.0024
LINEX (v = −2) 0.00000 4.59E-14 0.0012 0.00014 4.08E-12 0.0011
SE (15,15) 0.00138 3.83E-10 0.0028 0.00032 2.09E-11 0.0012
LINEX (v = 2) 0.00000 1.45E-10 0.0014 0.00016 4.85E-12 0.0011
LINEX (v = −2) 0.00000 1.96E-12 0.0012 0.00130 3.38E-10 0.0023
SE (15,20) 0.00062 7.76E-11 0.0013 0.00020 8.04E-12 0.0017
LINEX (v = 2) 0.00000 4.04E-10 0.0027 0.00000 1.48E-15 0.0019
LINEX (v = −2) 0.00000 2.67E-10 0.0017 0.00024 1.16E-11 0.0021
SE (20,15) 0.00007 1.02E-12 0.0019 0.00081 1.30E-10 0.0018
LINEX (v = 2) 0.00000 4.37E-11 0.0008 0.00001 2.68E-14 0.0013
LINEX (v = −2) 0.00000 6.97E-13 0.0018 0.00064 8.17E-11 0.0018
SE (20,20) 0.00099 1.97E-10 0.0024 0.00046 4.15E-11 0.0012
LINEX (v = 2) 0.00000 8.69E-12 0.0021 0.00024 1.20E-11 0.0013
LINEX (v = −2) 0.00000 7.75E-13 0.0010 0.00063 7.92E-11 0.0018

Table 9. AB, ER and AL of Bayes estimate of RS ,k for prior II at (λ1,λ2) = (1.5, 1.5).

(S , k) = (1, 3) (S , k) = (2, 4)

Loss function Exact RS ,k (n,m) AB ER AL Exact RS ,k AB ER AL

SE 0.75 (10,10) 0.0007 1.12E-12 0.0023 0.6 0.0006 3.17E-11 0.0015
LINEX (v = 2) 0.0004 1.31E-13 0.0015 0.0016 3.92E-10 0.0027
LINEX (v = −2) 0.0008 1.11E-10 0.0014 0.0004 1.33E-11 0.0009
SE (10,15) 0.0011 1.67E-10 0.0020 0.0006 1.86E-11 0.0016
LINEX (v = 2) 0.0012 2.22E-10 0.0020 0.0005 3.93E-11 0.0009
LINEX (v = −2) 0.0011 1.42E-10 0.0020 0.0008 1.03E-10 0.0010
SE (15,10) 0.0012 1.57E-10 0.0024 0.0010 1.55E-10 0.0017
LINEX (v = 2) 0.0013 2.83E-10 0.0020 0.0012 2.28E-10 0.0019
LINEX (v = −2) 0.0009 8.59E-11 0.0019 0.0006 8.78E-12 0.0018
SE (15,15) 0.0006 1.47E-11 0.0019 0.0004 1.11E-11 0.0013
LINEX (v = 2) 0.0010 1.16E-10 0.0021 0.0010 1.41E-10 0.0022
LINEX (v = −2) 0.0007 1.08E-12 0.0027 0.0007 4.49E-11 0.0017
SE (15,20) 0.0019 5.92E-10 0.0026 0.0015 4.14E-10 0.0017
LINEX (v = 2) 0.0011 1.62E-10 0.0020 0.0004 2.14E-11 0.0010
LINEX (v = −2) 0.0009 1.10E-10 0.0016 0.0009 1.06E-10 0.0021
SE (20,15) 0.0003 1.26E-12 0.0012 0.0003 3.49E-12 0.0012
LINEX (v = 2) 0.0004 1.35E-11 0.0012 0.0017 3.90E-10 0.0030
LINEX (v = −2) 0.0018 4.35E-10 0.0029 0.0015 3.54E-10 0.0021
SE (20,20) 0.0003 4.30E-12 0.0008 0.0012 1.42E-10 0.0027
LINEX (v = 2) 0.0009 9.34E-11 0.0020 0.0024 8.62E-10 0.0035
LINEX (v = −2) 0.0018 5.08E-10 0.0029 0.0014 2.70E-10 0.0025

Table 10. AB, ER and AL of Bayes estimate of RS ,k for prior III at (λ1, λ2) = (1.5, 2).

(S , k) = (1, 3) (S , k) = (2, 4)

Loss function Exact RS ,k (n,m) AB ER AL Exact RS ,k AB ER AL

SE 0.82 (10,10) 0.0003 1.71E-11 0.0012 0.69 0.0011 2.42E-10 0.0017
LINEX (v = 2) 0.0003 1.28E-11 0.0012 0.0004 2.49E-11 0.0018
LINEX (v = −2) 0.0012 3.04E-10 0.0023 0.0008 1.17E-10 0.0023
SE (10,15) 0.0000 1.28E-13 0.0008 0.0006 6.36E-11 0.0018
LINEX (v = 2) 0.0000 1.83E-13 0.0014 0.0013 3.63E-10 0.0019
LINEX (v = −2) 0.0006 6.37E-11 0.0011 0.0006 6.85E-11 0.0011
SE (15,10) 0.0005 5.49E-11 0.0013 0.0002 5.67E-12 0.0014
LINEX (v = 2) 0.0019 6.93E-10 0.0030 0.0022 9.82E-10 0.0031
LINEX (v = −2) 0.0007 1.01E-10 0.0017 0.0005 5.29E-11 0.0022
SE (15,15) 0.0011 2.57E-10 0.0020 0.0009 1.48E-10 0.0018
LINEX (v = 2) 0.0023 1.10E-09 0.0039 0.0016 5.06E-10 0.0027
LINEX (v = −2) 0.0001 6.56E-13 0.0008 0.0011 2.47E-10 0.0015
SE (15,20) 0.0007 1.08E-10 0.0019 0.0016 4.86E-10 0.0024
LINEX (v = 2) 0.0005 4.71E-11 0.0015 0.0003 2.32E-11 0.0010
LINEX (v = −2) 0.0010 1.95E-10 0.0015 0.0012 3.11E-10 0.0023
SE (20,15) 0.0015 4.63E-10 0.0018 0.0002 8.23E-12 0.0018
LINEX (v = 2) 0.0012 2.70E-10 0.0020 0.0000 6.81E-16 0.0012
LINEX (v = −2) 0.0001 2.80E-12 0.0020 0.0004 3.13E-11 0.0016
SE (20,20) 0.0012 2.76E-10 0.0019 0.0007 8.98E-11 0.0019
LINEX (v = 2) 0.0014 4.04E-10 0.0026 0.0001 3.16E-12 0.0010
LINEX (v = −2) 0.0004 3.07E-11 0.0010 0.0006 7.34E-11 0.0011
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measurement (Data Set 1) and 20mm in gauge lengths,
which represents the stress measurement (Data Set 2),
with sample sizes 30 each (see Tables 11–12).

The two data sets are fitted separately with the
Weibull distribution using the Kolmogorov–Smirnov (K-
S) goodness-of-fit test and the results are reported in
Table 13.

The K–S goodness of fit statistic and the correspond-
ing P-value indicate that the Weibull distribution fits
the data sets. From Tables 11 and 12, the upper record
values are obtained as follows:

r = (693.73, 704.66, 778.17),
s = (71.46, 419.02, 585.57, 688.16, 756.7, 765.14).

Here, assuming two different choices (S , k) for the
MSS system, we compute the estimates of reliability
parameter RS ,k , by using the ML and Bayesian proce-
dures developed in the present paper. Using the above
record values, the MLEs of the reliability, RS ,k for (S , k)
= (1,3), (2,4), are 0.9 and 0.8, respectively.

To analyse the data from the Bayesian proce-
dure, three different sets of values for the hyper-
parameters are considered as Prior I: (a1, b1), (a2, b2) =
(4, 1), (4, 1); Prior II: (a1, b1), (a2, b2) = (8, 2), (2, 1) and
Prior III: (a1, b1), (a2, b2) = (6, 2), (5, 1.5). Table 14 pro-
vides the Bayes estimates of RS ,k under SE and LINEX
loss functions. It is observed that the Bayes estimates
obtained based on prior I, II and III are close to the MLEs
at ( S , k ) = (1,3) while employing (S , k) = (2,4) leads
to Bayes estimates are greater than the MLEs. Consid-
ering prior I and prior III, we conclude that the Bayes
estimateofRS ,k under LINEXat v = 2 ispreferable to the
other estimates. Regardingprior II, we conclude that the
Bayes estimateofRS ,k under SE is preferable to theother
estimates. Generally, as the values of (S , k) increase, the
value of RS ,k estimate decreases (see Table 14).

Table 11. Data Set 1 (gauge lengths of 10mm).

693.73 704.66 323.83 778.17 123.06 637.66 383.43
151.48 108.94 50.16 671.49 183.16 257.44 727.23
291.27 101.15 376.42 163.40 141.38 700.74 262.90
353.24 422.11 43.93 590.48 212.13 303.90 506.60
530.55 177.25

Table 12. Data Set 2 (gauge lengths of 20mm).

71.46 419.02 284.64 585.57 456.6 113.85 187.85
688.16 662.66 45.58 578.62 756.7 594.29 166.49
99.72 707.36 765.14 187.13 145.96 350.7 547.44
116.99 375.81 581.6 119.86 48.01 200.16 36.75
244.53 83.55

Table 13. K-S goodness of fit and corresponding P-values for
data sets 1 and 2.

K-S P-value

Data set 1 0.106 0.8899
Data set 2 0.149 0.51784

Table 14. The Bayes estimate of RS ,k for the real data.

Prior (S , k) Loss function RS ,k estimate (S , k) RS ,k estimate

I (1,3) SE 0.9899 (2,4) 0.9628
LINEX (v = 2) 0.9975 0.9514
LINEX (v = −2) 0.9832 0.9611

II (1,3) SE 0.9905 (2,4) 0.9688
LINEX (v = 2) 0.9893 0.965
LINEX (v = −2) 0.9784 0.9664

III (1,3) SE 0.9850 (2,4) 0.9688
LINEX (v = 2) 0.9868 0.9665
LINEX (v = −2) 0.9807 0.9704

5. Conclusion

This article concerns the estimation of multicomponent
stress-strength reliability based on record data. The reli-
ability of such a system is obtained when the strength
and stress variables are independentlyWeibull distribu-
tion with different scale parameters. The reliability in
MSS is estimated by using the maximum likelihood and
Bayesian methods of estimation when the samples are
drawn from strength and stress distributions and their
measurements are in terms of the upper record values.
The ML estimator is employed to obtain the asymptotic
distribution and confidence intervals for RS ,k . Consid-
ering SE and LINEX loss functions, all the Bayes esti-
mates are computed by assuming gamma priors on the
parameters. Since the Bayes estimates of the interested
reliability parameter could not be obtained analytically,
we employ theMCMC to obtain the Bayes estimates. To
assess the accuracy of the different estimators, Monte
Carlo simulations are conducted.

From the simulation study, we conclude that, the
average bias and average MSE decrease as the sample
size increases for both values of (S , k). It verifies the con-
sistency property of the MLE of RS ,k . Also, the lengths
of asymptotic confidence intervals of RS ,k decrease as
the sample size increases. Overall, the performance of
the confidence interval is quite good for all combina-
tions of parameters. Regarding the sizes of record value
samples for the strengths and stress variables (n,m), it
is observed that the MSEs and the lengths of asymp-
totic confidence intervals tend to decrease as (n,m)

increases.
Regarding the MCMCmethod, we conclude that the

estimated risk of prior I under SE loss function takes
the smallest value at (S , k) = (2, 4), while the estimated
risk under LINEX (v = −2, 2) takes the smallest value at
(S , k) = (1, 3) among other priors in most of the situa-
tions. The AB of prior I has the smallest value under SE
and LINEX (v = 2) at (S , k) = (2, 4), while the AB gets
the smallest value for LINEX (v = −2) at (S , k) = (1, 3)
among other priors inmost of the cases. Generally, prior
I is preferable to prior II and III in approximately most
of the situations due to their absolute biases and esti-
mated risks values. Finally, the application to real data
shows that the reliability estimates approach one for
this model which indicates its importance in practice.
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