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1. Introduction

The problem of thin shell wormholes (TSWs) in a (3+1)-dimensional flat Minkowski

spacetime constructed from an energy–momentum at the throat through cut and

paste approach satisfying the proper junction conditions was introduced by Visser1

in 1989. Accordingly, he showed that the formation of thin shell wormholes may be

required as an exotic matter near the throat to violate energy conditions. After-

wards, several works of TSWs studied in higher2–4 and in lower5,6 dimensions, and

in Lovelock gravity7 have been studied. This is presented in terms of the dynami-

cal evolution of gravitational collapse described in three spacetimes dimensions as

shown by many authors,8–11 those who have figured out that the shells in a three-

dimensional background within Einstein-power-Maxwell theory are associated to

TSWs.5,12 Also, it can be vital to find out that the analysis of (2 + 1)-dimensional

charged shells around BHs in the framework of Einstein–Born–Infeld electrodynam-

ics have been studied13 by considering wormholes in 2 + 1 dimensions.14–18
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It is worth mentioning that the study of gravity in 2+1 dimensions has become

a significant subject of considerable interest.19 This means that gravity is localized,

in other words, gravity does not propagate outside the source. Furthermore, study

of lower-dimensional gravity helps us to learn more about a higher-dimensional

gravity.20,21 In other words, it is used as “toy models” for studying various classical

and quantum aspects of gravitation which are mathematically and conceptually

difficult to handle in four or higher dimensions.

Recently, researches in this topic tend to indicate a remarkable similarity be-

tween the formation of black holes (BHs) wormholes and thin shell wormholes in

2 + 1 dimensions.16,19 Such objects have all properties that can be observed in

3 + 1 dimensions or higher-dimensional, for instance, event horizons, thermody-

namics and Hawking temperature. Yet, Cataldo et al.22 formulated another (2+1)-

dimensional BH with a restricted class of nonlinear electrodynamics, Banerjee5

discussed the stability of charged TSW in 2 + 1 dimensions.

Meanwhile, Bejarano et al.6 studied the general formalism stability of TSWs

in 2 + 1 dimensions. Later on, Abbas and Ditta23 worked on the EPM BH in

2+1 dimensions and observed the accretion process for isothermal flow of different

falling fluids into the BH. Sharif and Javed24 discussed the stability of Einstein-

power-Maxwell (2 + 1)-dimensional wormholes. Meanwhile, rotational effects for

gravitational collapsing of thin shells in 2+1 dimensions have been shown in Refs. 11

and 25. Olea9 studied the gravitational collapse of charged rotating thin shells in

three dimensions. Kashargin and Sushkov26 performed the rotating TSWs Kerr

black hole in 3 + 1 dimensions.

Recently, the most famous solution in 2 + 1 dimensions is BTZ BH, Banados

et al.20 introduced the (2 + 1)-dimensional black hole with a negative cosmologi-

cal constant that is quite similar to its (3 + 1)-dimensional black hole. The BTZ

black hole is an exact solution of 3-dimensional Einstein gravity with cosmological

constant and without matter. Moreover, they discussed the geometry of the (2+1)-

dimensional BH without electric charge.27 While, Clement28 discussed the spinning

charged BTZ BHs and self-dual particle-like solutions.

Furthermore, Achucarro and Ortiz29 discussed BTZ BHs in two and three di-

mensions, while Chan30 investigated some modifications of BTZ BH in a Dilaton

and scalar tensor. Nevertheless, Martinez et al.31 investigated the generalization of

the BTZ BH by including electric charge in addition to mass, cosmological constant

and angular momentum, called MTZ BH. Later on, Akbar and Siddiqui32 studied

the thermodynamics behavior for charged BTZ BH. Javed et al.33 analyzed the tun-

neling of massive vector particles from types of BTZ-like BHs. Also, Erices et al.34

studied the electrically charged black hole on AdS, scale invariance and the smarr

formula. While, Erices et al.35 discussed BTZ black hole with KdV-type boundary

conditions.

Moreover, Carlip36 discussed the (2 + 1)-dimensional black hole and reviewed

the classical and quantum properties of BTZ black hole. The BTZ black hole differs

from the Schwarzschild and Kerr solutions in some points: it is asymptotically anti-
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de Sitter (ADS) rather than asymptotically flat and has no curvature singularity

at the origin. However, it is representing a black hole: it has an event horizon and

an inner horizon (in the rotating case), it appears as the final state of collapsing

matter, and it has thermodynamic properties similar those of a (3+1)-dimensional

black hole, Carlip.36 Further, the difference between the (2 + 1)-dimensional BH

and its (3 + 1)-dimensional counterpart, for instance, the positive specific heat

of BTZ solution, cannot be neglected, but from the developing work in quantum

gravity on BTZ BHmay be solving it. Notoriously, the dynamical process in rotating

spacetime is difficult to model analytically. In fact, there are very few exact solutions

which describing the collapsing matter carrying angular momentum. Delsate et al.37

discussed collapsing thin shell with rotation.

Recently, the analyses of a rotating TSW in 2+1 dimensions are studied after the

work of Banados et al.20 and Martinez et al.31 The analysis of a rotating thin shell

is more complicated as compared to spherically symmetric thin shell due to non-

spherical structure.38,39 Mazharimousavi and Halilsoy39 investigated the stability

of rotating TSW in 2 + 1 dimensions by using Darmois-Israel formalism. They

found that counter-rotational behavior implies stable configuration by assuming

that the sides of throat are counter rotating. Finally, Mazharimousavi and Halilsoy38

studied the counter rotational effects on stability of (2+1)-dimensional TSWs. They

found that the absence of gravitational degrees of freedom (Wyle curvature) in the

lower dimension enforces us to add new physical parameters such as cosmological

constant, electric-magnetic charge, scalar charge and rotation.

Afterward, Tsukamoto and Kokubu40 analyzed the linear stability of (2 + 1)-

dimensional rotating TSW by taking opposite sides of the throat as co-rotating and

found that the TSW become more stable for large value of angular momentum. In

addition, Kashargin and Sushkov41 constructed model of rotating wormhole made

by cutting and pasting two Kerr spacetimes. They observed that a perfect fluid is

unable to support a rotating TSW, while the anisotropic fluid with the negative

energy density can be a source for such geometry. Ovgun42 investigated a rotating

TSW using a Myers-Perry black hole in 5-dimensions, using the Darmois-Israel

formalism. He found that the exotic matter is required at the throat to keep it

stable. Ovgun and Sakalli43 constructed a scalar TSW in 2 + 1 dimensions by

using cut and paste technique. They observed that the obtained particular TSW

originated from BH with scalar hair could be move stable with particular parameter

and still needs exotic matter. Sharif and Javed44 discussed the dynamics of scalar

shell for rotating and charged rotating BTZ BHs. Canate et al.45 investigated the

nonlinear electrodynamics generalization of the rotating BTZ BH. Hennigar et al.46

studied a BTZ BHs in Gauss–Bonnet theory.

In this work, we study the dynamics of charged rotating BTZ black hole

(CRBTZ BH) using the cut and paste technique in 2 + 1 dimensions supported by

a three-variable equation of state (EoS) are discussed. The linear stability analysis

under radial perturbation about the static solution have been performed in three
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different cases of EoS, such as variable phantom-like (VPhan), variable Chaplygin

gas (VCG) and variable modified generalized Chaplygin gas (VMGCG).

The paper is organized as follows. In Sec. 2 we display the dynamics of (2 + 1)-

dimensional charged rotating BTZ thin shell. The outline of stability analysis

through radial perturbation using three examples of a variable phantom-like, a

variable Chaplygin gas and a variable modified generalized Chaplygin gas EoS is

given in Sec. 3. Finally, a remarking conclusion is given in Sec. 4. We end the

paper with Appendix showing various figures with other different values of some

parameters.

2. Dynamics of (2 + 1)-Dimensional Charged Rotating

BTZ Thin Shell

Consider two CRBTZ spacetimes separated by (2+ 1)-dimensional manifolds M±,
these manifolds are bounded by hypersurface Σ± with induced metrics, whose ex-

terior (+) and interior (−) metric are described as follows:

ds2± = −f±(r±)dt2± + f−1
± (r±)dr2± + h±(r±)

(
dφ± − J±

2r2±
dt±

)2

, (1)

where f± and h± are functions of radial coordinates r± is given by

f± = −m± +
R2
±

L2±
+

J2
±

4R2±
− πq2± ln(R±), (2)

where m±, J± and q± are the mass, angular momentum of BTZ black holes and

charge of two regions, and L±
(
= ±1/√−Λ) is the scale of curvature with nega-

tive cosmological constant (Λ < 0). Let (q+ = q− = q) represent the charge is a

uniformly distributed. Let m+ > m− and J+ = | − J−| the angular momentum of

both regions are identical. Taking h± = r2± at the location of the throat and using

the cut and paste approach for a single manifold M bounded by hypersurface Σ is

obtained by gluing together the two copies M+ and M− at their boundaries i.e.

M = M− ∪M+, with the natural identification of the boundaries Σ = Σ+ = Σ−.
Thus, these two metrics are joined at Σ by equation r − R(τ) = 0 and having the

same induced metric on Σ. For the time evolution, R(τ) of the shell is described by

the relation r± = R±(τ).
Consequently, the induced metric for the time-like hypersurface Σ is given by

ds2 = −dτ2 +R2(τ)dΩ2, (3)

with a proper time τ of an observer on Σ and dΩ± = dφ± − J±
2r2±

dt± represent

azimuthal coordinate φ±.
However, from Darmois–Israel formalism,47 the second fundamental form (the

extrinsic curvature) of Σ separating the two spacetimes M+ and M− across Σ is

defined by

K±
ij = −n±γ

(
∂2xγ

±
∂ξi∂ξj

+ Γγ
αβ

∂xα
±

∂ξi
∂xβ
±

∂ξj

)
...Σ, (4)
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where n±γ is the outward normal vector to Σ given by n±γ =
(
Ṙ2, f−1

± (R)√
Ṙ2 + f±(R), 0

)
, such that a prime and a dot stands for the derivatives concerning

R and τ , respectively. Furthermore, the extrinsic curvature is given by

Kτ±
τ = ±2R̈+ f ′±(R)

2F±(R)
, KΩ±

Ω = ±R−1F±(R), Kτ±
Ω = ∓J±

2R
, (5)

with F±(R) =
√
Ṙ2 + f±(R).

The jump in extrinsic curvature is related to the formation of a shell due to the

energy–momentum tensor as described by the Lancoz equation across the surface

layers.48 Therefore, the Lanczos equations, which represent the dynamics of shell

observed by field equations at Σ are defined by

Sij =
−1
8π

([Kij ]− [K]gij), (6)

where Sij , gij represent the surface stress-energy tensor, induced metric of Σ and

[K] is the trace of [Kij ] = K+
ij −K−

ij , respectively.

Meanwhile, the Lancoz equation (6) of rotating thin shell (RTS) can be calcu-

lated in terms of the jump in Kij across Σ and written in the form

σ =
−1
8π

[KΩ
Ω ], p =

1

8π
[Kτ

τ ], (7)

where σ and p represent the surface energy density and pressure. Accordingly,

Eqs. (5) and (7) become

σ =
−1
4πR

(F+ − F−). (8)

p =
1

16π

(
2R̈+ f ′+

F+
− 2R̈+ f ′−

F−

)
. (9)

In general, the formation of TSWs-geometry requires the existence of exotic matter

at the wormhole throat that repels the gravitational force and to prevent it from

contraction. Yet, the negativity of surface density implies the existence of exotic

matter which means that the matter distribution at the throat of wormhole violates

the weak energy condition (σ ≥ 0, σ + p ≥ 0) and may be satisfied such that the

null (σ+p ≥ 0) and strong (σ+p ≥ 0, σ+2p ≥ 0) energy conditions are considered

under the certain conditions.49–52

Consequently, the dynamical equation determines the motion of thin shell, de-

rived from Eq. (8), becomes

Ṙ2 + V (R) = 0, (10)

where the effective potential V (R) is given by

V (R) =
1

2
(f+ + f−)− (f+ − f−)2

(8πR)2σ2
− (2πR)2σ2. (11)
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Accordingly, the effective potential function (11) can be expressed in terms of (2)

in the form

V (R) =

(
J2

4R2
+

R2

L2

)
− πq2 ln(R)− 1

2
(m+ +m−)

− (m− −m+)
2

(8πR)2σ2
− (2πR)2σ2. (12)

3. Stability Analysis of Rotating CBTZ with

a Different Variable EoS

In this section, we analyze the local stability of rotating CBTZ in two ways, taking

in consideration three specific EoS at the throat and analyzing the stability of

linearized radial perturbation around a static equilibrium solution at the throat

radius (R = R◦).2,53–59 The configuration of stability is based on the definition

of a potential and the linearization parameters (β2, γ) of EoS. Meanwhile, the β2

parameter normally interpreted as the speed of sound for ordinary matter and lies

in the range (0, 1], while in exotic matter β2 is not necessarily the speed of sound

and it is not clear which value it can take.48

The linear variable equation of state is defined by

p = p(σ,R), (13)

and its derivative becomes

p′ =
∂p

∂σ
σ′ +

∂p

∂R
≡ β2σ′ − γ (14)

where β2 and γ are the partial derivatives of p with respect to σ and R, respectively.

The energy conservation is defined by

σ′ =
−2
R

[σ + p(σ,R)] (15)

while the second derivative becomes

σ′′ =
2

R2
[(σ + p)(2β2 + 3) + γ,R)], (16)

such that β2 represents the square speed of sound in the exotic matter located

at the wormhole throat and γ represent the dependence of pressure on the throat

radius.

Thus, the stability analysis can be determined. This is crystal clear that one is

able to use the Taylor expansion of V (R) at R◦, up to the second order

V (R) = V (R◦) + V ′(R◦)(R−R◦)

+
1

2
V ′′(R◦)(R−R◦)2 +O[(R−R◦)3]. (17)

Accordingly, the first and second derivatives of Eq. (11) become

V ′(R) = Δ′ +
1

(8π)2W 3
{−WT ′ + 2W ′[T − (16π2)2W 4]}, (18)
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V ′′(R) = Δ′′ +
1

(8π)2W 4

{
−W 2T ′′ − 4WT ′(σ + 2p)

+
4W

R
[T − (16π2)2W 4][γR+ (σ + p)(1 + 2β2)]

− 2(σ + 2p)2[3T + (16π2)2W 4]

}
(19)

where

Δ =
1

2
(f+ + f−), T = (f+ − f−)2, W = Rσ. (20)

Thus, it is well known that the effective potential V (R) is linearized around R = R◦,
the conditions V (R◦) = 0 and V ′(R◦) = 0 are satisfied. Thus, V (R) = 1

2V
′′(R◦)(R−

R◦)2. From this perspective, the equation of motion of this order approximation

turns to become Ṙ2(τ) = − 1
2V

′′(R◦)(R−R◦)2 +O[(R−R◦)3].
Consequently, the stability is determined by using a linear (radial) perturbation

about static solution with radius, depends on the sign of the second derivative

of effective potential function across the throat radius. Therefore, the condition

to obtain a stable equilibrium configuration is V ′′(R◦) > 0, whiles unstable for

V ′′(R◦) < 0.

Moreover, the choice of EoS for the description of matter violating energy condi-

tions at the throat has a great relevance in the existence and stability of wormhole

static solutions. Therefore, it is perhaps important to investigate the stability of

static wormhole solution by using specific EoS or by considering a linearized radial

perturbation around a static solution. In all three cases, we discuss the stability

regions in terms of the throat radius and constant parameters which are associated

with the EoS employed.

In this work, we focused on the analysis of only linear radial perturbation at the

gravitational level, while the other perturbations (for example, angular perturbation

and gauge-electromagnetic perturbation)60 are out of scope.

Now, it is worth mentioning that the static solution at equilibrium throat radius

R◦ is obtained by taking, Ṙ = R̈ = 0, of Eqs. (8) and (9) become

σ =
−1
4πR

(√
f+ −

√
f−

)
, (21)

p =
1

16π

(
f ′+√
f+
− f ′−√

f−

)
− 1

2
σ. (22)

If V ′′(R) = 0 in Eq. (19), then β2 becomes

β2 = −1

2
− γR

2(σ + p)
+

R

8W (σ + p)[(16π2)2W 4 − T ]

×{(8π)2W 4Δ′′ −W 2T ′′ − 4WT ′(σ + 2p)

− 2(σ + 2p)2[3T + (16π2)2W 4]}. (23)
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Such a parameter is related to EoS and varies with pressure and energy density.48

Further, the second parameter is related to EoS γ and varies with pressure and

throat radius. It can be obtained from Eq. (23) by using β2 = 0 to get

γ = − (σ + p)

R
+

R

4W [(16π2)2W 4 − T ]

{
(8π)2W 4Δ′′ −W 2T ′′

− 4WT ′(σ + 2p)− 2(σ + 2p)2[3T + (16π2)2W 4]
}
. (24)

Furthermore, rewriting Eqs. (23) and (24) in terms of Eq. (20), we may obtain

β2 = −1

2
− γR

2(σ + p)
+

1

8σ(σ + p)[(16π2R2)2σ4 − (f+ − f−)2]

×
{
2(4πR2)2σ4(f ′′+ + f ′′−)− 2R2σ2[(f ′+ − f ′−)

2 + (f+ − f−)(f ′′+ − f ′′−)]

− 8σR(σ + 2p)(f+ − f−)(f ′+ − f ′−)

− 2(σ + 2p)2[(16π2R2)2σ4 + 3(f+ − f−)2]
}
, (25)

and

γ = − (σ + p)

R
+

1

4Rσ[(16π2R2)2σ4 − (f+ − f−)2]

×
{
2(4πR2)2σ4(f ′′+ + f ′′−)− 2R2σ2[(f ′+ − f ′−)

2 + (f+ − f−)(f ′′+ − f ′′−)]

− 8σR(σ + 2p)(f+ − f−)(f ′+ − f ′−)

− 2(σ + 2p)2[(16π2R2)2σ4 + 3(f+ − f−)2]
}
. (26)

Thus, in order to examine the dynamical behavior and stability analysis of charged

rotating BTZ black holes, we assume three types of variable EoS as an exotic

matter on the shell. Such a type of stability analysis of rotating BTZ black holes is

recovered when q = 0.

3.1. For a variable Phantom-like EoS

The linear variable phantom-like equation of state is given by

p(σ,R) =
c

Rn
σ, (27)

where c and n are real numbers, the constant c < 0, and Eq. (27) is reduced to a

phantom-like EoS when n = 0. The solution of Eq. (15) in terms of (27) is given by

σ2(R) = σ2
◦

(
R◦
R

)4

exp

(
4c

n

(
1

Rn
− 1

Rn◦

))
(28)

where σ◦ = σ(R◦). Equations (12) and (28) are rearranged to give the following

expression:
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V (R) =

(
J2

4R2
+

R2

L2

)
− πq2 ln(R)− 1

2
(m+ +m−)

− (m− −m+)
2

(8πR)2

[
σ2
◦

(
R◦
R

)4

exp

(
4c

n

(
1

Rn
− 1

Rn◦

))]−1

− (2πR)2σ2
◦

(
R◦
R

)4

exp

(
4c

n

(
1

Rn
− 1

Rn◦

))
. (29)

Moreover, substituting Eqs. (27) and (2) into (25), we get

β2 = −1

2
− γR

2σ(1 + c/Rn)
+

1

8σ2(1 + c/Rn)(K − (m− −m+)2)

×
[

K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)
− 2σ2

(
1 +

2c

Rn

)2

(K + 3(m− −m+)
2)

]
, (30)

with K = (16π2R2)2σ4 and σ is taken from Eq. (28). Let β2 = 0 yield

γ = −σ(1 + c/Rn)

R
+

1

4Rσ(K − (m− −m+)2)

[
K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)

− 2σ2

(
1 +

2c

Rn

)2

(K + 3(m− −m+)
2)

]
. (31)

The effect of variation of β2 versus R is shown graphically in Figs. 1–3 taking

into consideration different values of m−, m+, n, σ◦, R◦, c, q, J , L and γ as free

parameters.

The effect of variation of γ versus R is plotted in Fig. 4 taking into consideration

different values of m−, m+, n, σ◦, R◦, c, q, L and J as free parameters.

From Eq. (29), the plots of effective potential function V (R) against R are

shown in Fig. 5 having different values of m−, m+, n, σ◦, R◦, c, q, L and J as free

parameters.

Moreover, the plots of β2 versus R for a CRBTZ in variable phantom-like EoS

are given in Figs. 1–3 for the cases γ = 0, γ > 0 and γ < 0, respectively, as

illustrated in the following way:

(1) γ = 0, c = −0.1,−0.3,−0.5 and J = 0.2, 10

The plots have drastic change compared with the case of γ > 0 and γ < 0. The

range and shape of the plots exhibit notable change with respect to the case of

c = −0.1, c = −0.3 and c = −0.5. The appeared shift in the range of the plot

is due to increasing the parameter J (from J = 0.2 to J = 5) which states that

the stability regions have increased. Similarly, it happens by increasing L (from

L = 0.1 to L = 1), and also increases by increasing charge; for γ = 0 denotes to

phantom-like EoS.
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(a) (b)

(c) (d)

(e)

Fig. 1. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, q = 0, 1, 10 and γ = 0 for different values of (a) c = −0.1, J = 0.2, (b) c = −0.1,
J = 10, (c) c = −0.3, J = 0.2, (d) c = −0.3 ≡ −0.5, J = 10, (e) c = −0.5, J = 0.2.

(2) γ > 0, c = −0.1,−0.3,−0.5 and J = 0.2, 10

The plots have changed compared with the case of γ = 0, the shift in the range

of β2 state that the stability regions have decreased. The stability region increases

due to increasing of the parameters L, J and q.
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(a) (b)

(c) (d)

(e)

Fig. 2. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,

L = 0.1, 1, q = 0, 1, 10 and γ = 1 for different values of (a) c = −0.1, J = 0.2, (b) c = −0.1,
J = 10, (c) c = −0.3, J = 0.2, (d) c = −0.3 ≡ −0.5, J = 10, (e) c = −0.5, J = 0.2.

(3) γ < 0, c = −0.1,−0.3,−0.5 and J = 0.2, 10

Both the range and shape of the plot exhibit notable change with respect to the

case of a γ = 0 and γ > 0; the stable regions increases due to increasing of the

parameters L, J and q.
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(a) (b)

(c) (d)

(e)

Fig. 3. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, q = 0, 1, 10 and γ = −1 for different values of (a) c = −0.1, J = 0.2, (b) c = −0.1,
J = 10, (c) c = −0.3, J = 0.2, (d) c = −0.3 ≡ −0.5, J = 10, (e) c = −0.5, J = 0.2.

In the same figure the result for different q and L are compared. As one can

see, increasing the value of J and q increases the region of stability. In all figures,

it is observed that, the stabile regions can be extended by decreasing the value of

the parameter c and by increasing the value of charge. Further, for q = 0 the case

of RBTZ thin shell is recovered.
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(a) (b)

(c) (d)

(e) (f)

Fig. 4. The variation of γ vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1

q = 0, 1, 10 and L = 0.1, 1 for different values of (a) c = −0.1, J = 0.2, (b) c = −0.1, J = 10,
(c) c = −0.5, J = 0.2, (d) c = −0.5, J = 10, (e) c = −1, J = 0.2, (f) c = −1, J = 10.

Furthermore, the pressure is a function of radius γ, when β2 = 0, is given in

Fig. 4; the range and shape of the plots exhibit notable change with respect to the

case of c = −0.1, c = −0.5 and c = −1. The appeared shift in the range of the plot

is due to increasing the parameter J which states that the stability regions have
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(a) (b)

(c) (d)

Fig. 5. The variation of V (R) vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1
q = 0, 1, 10 and L = 0.1, 1 for different values of (a) c = −0.1, J = 0.2, (b) c = −0.1, J = 10,
(c) c = −0.3, J = 0.2, (d) c = −0.3, J = 10.

increased. Similarly, it happens by increasing L, and also increases by increasing

charge.

Moreover, the stabile regions can be extended by decreasing the value of the

parameter c and by increasing the value of charge. In addition, the variation of

effective potential function V (R) versus R is shown graphically in Fig. 5; the sta-

bility solutions are existed for different values of c, q, L, J . The stabile regions

can be extended by decreasing the value of the parameter c and by increasing the

value of charge. The appeared shift in the range of the plot is due to increasing the

parameters L and J which states that the stability regions have increased.

In the case of variable phantom-like EoS the parameter c may be represent the

variable dark energy, quintessence and phantom energy when c < − 1
3 , c > − 1

3 and

c < −1.
In addition, the stability regions in the plots of Figs. 1–5 have drastic change

compared with Figs. A.1–A.4 in Appendix A, in the case of neutral, non-rotating

BTZ and equal masses.
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3.2. For a variable Chaplygin gas EoS

The linear VCG EoS is defined by

p(σ,R) =
B

σRn
, (32)

where B and n are real numbers, the constant B < 0, and Eq. (33) reduced to a

Chaplygin gas EoS when n = 0. The solution of Eq. (15) in terms of (33) is given

by

σ2(R) =
4B(R4Rn

◦ −RnR4
◦) + (n− 4)σ2

◦R
nRn+4

◦
(n− 4)Rn+4Rn◦

. (33)

Thus, Eqs. (12) and (34) are rearranged to give the following expression:

V (R) =

(
J2

4R2
+

R2

L2

)
− 1

2
(m+ +m−)− (m− −m+)

2

(8πR)2

×
(
4B(R4Rn

◦ −RnR4
◦) + (n− 4)σ2

◦R
nRn+4

◦
(n− 4)Rn+4Rn◦

)−1

−πq2 ln(R)− (2πR)2
(
4B(R4Rn

◦ −RnR4
◦) + (n− 4)σ2

◦R
nRn+4

◦
(n− 4)Rn+4Rn◦

)
. (34)

Furthermore, inserting Eqs. (32) and (2) into Eq. (25) we get

β2 = −1

2
− γσRn+1

2(B + σ2Rn)
+

Rn

8(B + σ2Rn)(K − (m− −m+)2)

×
[

K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)
− 2

(
2B + σ2Rn

σRn

)2

(K + 3(m− −m+)
2)

]
.

(35)

with K = (16π2R2)2σ4 and σ is taken from Eq. (33). Let β2 = 0 yield

γ = − (B + σ2Rn)

σRn+1
+

1

4Rσ(K − (m− −m+)2)

×
[

K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)
− 2

(
2B + σ2Rn

σRn

)2

(K + 3(m− −m+)
2)

]
.

(36)

The effect of variation of β2 versus R is shown graphically in Figs. 6–8 with

taking into consideration different values of m−, m+, n, σ◦, R◦, B, q, J , L and γ

as free parameters.

The effect of variation of γ versus R is plotted in Fig. 9 with taking into

consideration different values of m−, m+, B, n, σ◦, R◦, q, L and J as free

parameters.
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(a) (b)

(c) (d)

Fig. 6. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, q = 0, 1, 10 and γ = 0 for different values of (a) B = −0.1, J = 0.2, (b) B = −0.1,
J = 10, (c) B = −1, J = 0.2, (d) B = −1, J = 10.

From Eq. (34), the plots of effective potential function V (R) against R are

shown in Fig. 10 having different values of m−, m+, B, n, σ◦, R◦, q, L and J as

free parameters.

Now, it can be shown that the plots of β2 versus R for a CRBTZ in variable

Chaplygin gas EoS are given in Figs. 6–8 for the cases γ = 0, γ > 0 and γ < 0. As

illustrated in the following way:

(1) γ = 0, B = −0.1,−0.5,−1 and J = 0.2, 10

The plots have notable change compared with the case of γ > 0, γ < 0. The range

and shape of the plots exhibit drastic change with respect to the case of B = −0.1,
B = −1. The appeared shift in the range of the plot is due to increasing the
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(a) (b)

(c) (d)

Fig. 7. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, q = 0, 1, 10 and γ = 1 for different values of (a) B = −0.1, J = 0.2, (b) B = −0.1,
J = 10, (c) B = −1, J = 0.2, (d) B = −1, J = 10.

parameter J (from J = 0.2 to J = 10) which states that the stability regions have

increased. Similarly, it happens by increasing L (from L = 0.1 to L = 1), and also

increases by increasing charge; for γ = 0 denotes to Chaplygin gas EoS.

(2) γ > 0, B = −0.1,−0.5,−1 and J = 0.2, 10

The plots have changed compared with the case of γ = 0, the shift in the range

of β2 state that the stability regions have decreased. The stability region increases

due to increasing of the parameters L, J and q.

(3) γ < 0, B = −0.1,−0.5,−1 and J = 0.2, 10

Each of the range and shape of the plot exhibit notable change with respect to the

case of a γ = 0 and γ > 0; the stable regions increases due to increasing of the

parameters L, J and q.
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(a) (b)

(c) (d)

Fig. 8. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, q = 0, 1, 10 and γ = −1 for different values of (a) B = −0.1, J = 0.2, (b) B = −0.1,
J = 10, (c) B = −1, J = 0.2, (d) B = −1, J = 10.

In the same figure, the results for different q and L are compared showing an

increase of the value of J while q increases the region of stability. In all figures, it

is observed that the stabile regions can be extended by decreasing the value of the

parameter B and by increasing the value of charge. Further, for q = 0 the case of

RBTZ thin shell is recovered.

Moreover, the pressure is a function of radius γ, when β2 = 0, is given in Fig. 9;

the range and shape of the plots exhibit notable change with respect to the case

of B = −0.1 and B = −1. The appeared shift in the range of the plot is due to

increasing of the parameter J which states that the stability regions have increased.

Similarly, it happens by increasing L, and also increased by increasing charge.

Moreover, the stabile regions can be extended by decreasing the value of the

parameter B and by increasing the value of charge.

However, the variation of effective potential function V (R) versus R is shown

graphically in Fig. 10; the stability solutions are existed for different values of B, q,

L, J . The stabile regions can be extended by decreasing the value of the parameter
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(a) (b)

(c) (d)

Fig. 9. The variation of γ vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
q = 0, 1, 10 and L = 0.1, 1 for different values of (a) B = −0.1, J = 0.2, (b) B = −0.1, J = 10,

(c) B = −1, J = 0.2, (d) B = −1, J = 10.

B and by increasing the value of charge. The appeared shift in the range of the plot

is due to increasing the parameters L and J which states that the stability regions

have increased.

Moreover, the stability regions in the plots of Figs. 6–10 have drastic changes

compared with Figs. B.1–B.4 in Appendix B, in the case of neutral, non-rotating

BTZ and equal masses.

3.3. For a variable modified generalized Chaplygin gas EoS

The variable modified generalized Chaplygin gas (VMGCG) equation of state at

the throat is given by

p(σ,R) = Aσ − B

Rnσα
, (37)
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(a) (b)

(c) (d)

Fig. 10. The variation of V (R) vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
q = 0, 1, 10 and L = 0.1, 1 for different values of (a) B = −0.1, J = 0.2, (b) B = −0.1, J = 10,
(c) B = −1, J = 0.2, (d) B = −1, J = 10.

where B > 0, 0 < α ≤ 1, A < 0 and n are constants. It is reduced to a modified

generalized Chaplygin gas when n = 0. The solution of Eq. (15) in terms of (37) is

given by

σα+1 =
2B(α+ 1)[R2bRn

◦ −RnR2b
◦ ] + (2b− n)σα+1

◦ RnRn+2b
◦

Rn+2bRn◦ (2b− n)
, (38)

with b = (A+ 1)(α+ 1). Equation (13) can be expressed in terms of (38), to get

V (R) =

(
J2

4R2
+

R2

L2

)
− πq2 ln(R)− 1

2
(m+ +m−)− (m− −m+)

2

(8πR)2

×
(
2B(α+ 1)[R2bRn

◦ −RnR2b
◦ ] + (2b− n)σα+1

◦ RnRn+2b
◦

Rn+2bRn◦ (2b− n)

) −2
α+1

− (2πR)2

×
(
2B(α+ 1)[R2bRn

◦ −RnR2b
◦ ] + (2b− n)σα+1

◦ RnRn+2b
◦

Rn+2bRn◦ (2b− n)

) −2
α+1

. (39)
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Furthermore, inserting Eq. (37) and (2) into Eq. (25) leads to

β2 = −1

2
− γσαRn+1

2[−B + (A+ 1)σα+1Rn]

+
σα−1Rn

8[−B + (A+ 1)σα+1Rn](K − (m− −m+)2)

×
[

K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)
− 2

(−2B + (2A+ 1)σα+1Rn

σαRn

)2

× (K + 3(m− −m+)
2)

]
. (40)

with, K = (16π2R2)2σ4 and σ is taken from Eq. (38). Let β2 = 0 yield

γ = −
(−B + (A+ 1)σα+1Rn

σαRn+1

)
+

1

4Rσ(K − (m− −m+)2)

×
[

K

(2π)2

(
3J2

2R4
+

2

L2
+

πq2

R2

)
− 2

(−2B + (2A+ 1)σα+1Rn

σαRn

)2

× (K + 3(m− −m+)
2)

]
. (41)

The effect of variation of β2 versus R is shown graphically in Figs. 11–13 with

taking into consideration different values of m−, m+, A, B, n, σ◦, R◦, α, q, J , L
and γ as free parameters.

The effect of variation of γ versus R is plotted in Fig. 14 with taking into

consideration different values of m−, m+, A, B, n, σ◦, R◦, α, q, L and J as free

parameters.

From Eq. (39), the plots of effective potential function V (R) against R are shown

in Fig. 15 having different values of m−, m+, A, B, n, σ◦, R◦, α, q, L and J as free

parameters.

Consequently, the plots of β2 versus R for a CRBTZ in variable modified gen-

eralized Chaplygin gas EoS are given in Figs. 11–13 for the cases γ = 0, γ > 0 and

γ < 0. As illustrated in the following way:

(1) γ = 0, α = 0.1, 0.5, 1 and J = 0.2, 10

The plots have drastic change compared with the case of γ > 0 and γ < 0. The

range and shape of the plots exhibit notable change with respect to the case of

α = 0.1 and α = 1. The appeared shift in the range of the plot is due to increasing

the parameter J which states that the stability regions have increased. Similarly, it

happens by increasing L, and also increases by increasing charge; for γ = 0 denotes

to a modified generalized Chaplygin gas EoS. Further, the stable region increases

by increasing α and changed with different values of A and B.
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(a) (b)

(c) (d)

Fig. 11. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,

A = −0.5, B = 0.5, L = 0.1, 1, q = 0, 1, 10 and γ = 0 for different values of (a) α = 1, J = 0.2,
(b) α = 1, J = 10, (c) α = 0.1, J = 0.2, (d) α = 0.1, J = 10.

(2) γ > 0, α = 0.1, 0.5, 1 and J = 0.2, 10

The plots have changed compared with the case of γ = 0, the shift in the range

of β2 state that the stability regions have decreased. The stability region increases

due to increasing parameters L, J and q.

(3) γ < 0, α = 0.1, 0.5, 1 and J = 0.2, 10

Both the range and shape of the plot exhibit notable change with respect to the

case of a γ = 0 and γ > 0; the stable regions increases due to increasing of the

parameters L, J and q.

In the same figure, the results for different q and L are compared. As one can

see, increasing the value of J and q increases the region of stability.

In all figures, it is observed that the stabile regions can be extended by increasing

the value of the parameter α and by increasing the value of charge. Further, for

q = 0 the case of RBTZ thin shell is recovered.
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(a) (b)

(c) (d)

Fig. 12. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
A = −0.5, B = 0.5, L = 0.1, 1, q = 0, 1, 10 and γ = 1 for different values of (a) α = 1, J = 0.2,
(b) α = 1, J = 10, (c) α = 0.1, J = 0.2, (d) α = 0.1, J = 10.

Moreover, the pressure is a function of radius γ, when β2 = 0 is given in Fig. 14;

the range and shape of the plots exhibit notable change with respect to the case of

α = 0.1 and α = 1. The appeared shift in the range of the plot is due to increasing

the parameter J which states that the stability regions have increased. Similarly, it

happens by increasing L, and also increased by increasing charge.

Moreover, the stable regions can be extended by increasing the value of the

parameter α and by increasing the value of charge.

Furthermore, the variation of effective potential function V (R) versus R is shown

graphically in Fig. 15; the stability solutions are existed for different values of A,

B, α, q, L, J . The stabile regions can be extended by increasing the value of the

parameter α and by increasing the value of charge. The appeared shift in the range

of the plot is due to increasing the parameters L and J which states that the

stability regions have increased.
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Fig. 13. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
A = −0.5, B = 0.5, L = 0.1, 1, q = 0, 1, 10 and γ = −1 for different values of (a) α = 1, J = 0.2,
(b) α = 1, J = 10, (c) α = 0.1, J = 0.2, (d) α = 0.1, J = 10.

Furthermore, the stability regions in the plots of Figs. 11–15 have drastic changes

compared with the Figs. C.1–C.4 in Appendix C, in the case of neutral, non-rotating

BTZ and equal masses.

4. Conclusions

In this work, the mechanical stability of (2 + 1)-dimensional charged rotating BTZ

thin shell is analyzed through the radial perturbation around the equilibrium throat

radius and three variable equation of state (VEoS), such as variable phantom energy,

variable Chaplygin gas and variable modified generalized Chaplygin gas.

Accordingly, searching for a specific static solution with these three types of

VEoS has been carried out in such a way that the pressure is considered as a

function of both density and radius. Moreover, there exist two parameters for a

VEoS, the first parameter is β2 = dp/dσ, like the speed of sound and the second
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(a) (b)

(c) (d)

Fig. 14. The variation of γ vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
A = −0.5, B = 0.5, q = 0.1, 1, 10 and L = 0.1, 1 for different values of (a) α = 1, J = 0.2,

(b) α = 1, J = 10, (c) α = 0.1, J = 0.2, (d) α = 0.1, J = 10.

parameter is γ = −dp/dR, the dependence of pressure on the throat wormholes

radius. Furthermore, the stability of CRBTZ shell through these three cases of

VEoS with two parameters β2 and γ is considered. It turns out that CRBTZ thin

shell is stable at V ′′(R◦) > 0, while is unstable at V ′′(R◦) < 0. This may confirm

that the stability can be affected to a great extent by parameter γ. Therefore, the

existence of pressure radial dependency affects the stability regions.

The stability of charged rotating BTZ shell by using different VEoS for the

exotic matter at the throat is considered. First, the variable phantom energy type

EoS is considered and found that the existence of stable/unstable regions depends

on a suitable value of different parameters (c, q, L, J) as shown in Figs. 1–5. Second,

the variable Chaplygin gas EoS is considered and found that the stable/unstable

regions depend on a suitable choice values of parameters (B, q, L, J) as shown in

Figs. 6–10. Third, the variable modified general Chaplygin gas EoS is considered.

It is also observed that the stable/unstable regions depend on a suitable value of

the parameters (A,B, α, q, L, J) as shown in Figs. 11–15. Meanwhile, the stability
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(c) (d)

Fig. 15. The variation of V (R) vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
A = −0.5, B = 0.5, q = 0, 1, 10, L = 0.1, 1 for different values of (a) α = 1, J = 0.2, (b) α = 1,
J = 10, (c) α = 0.1, J = 0.2, (d) α = 0.1, J = 10.

regions have been plotted in Figs. 1–3, 6–8 and 11–13 in the form of parameter β2

versus R in the three specific cases of EoS.

The stability regions exist in terms of β2, and do not correspond to the range

0 < β2 ≤ 1. It is well known that β2 represents the square speed of sound for

normal matter distribution and does not exceed the speed of light, and lies within

the range (0, 1], while for exotic matter it is not clear that β2 shows the speed of

sound. Also, Poisson and Visser48 discussed the traversable wormhole under linear

perturbation with barotropic EoS and conclude that the stable region exists for

β2 < 1. Also, such an anomaly arises in studies of Casimir effect61,62 and false

vacuum;63,64 while, Bejarano et al.6 showed that the Schmidt-Singleton wormhole

metric is stable only when β2 < −1, while the Chan-Mann metric and BTZ geome-

try are stable with realistic range (0, 1]. Furthermore, Usmani et al.65 and Rahaman

et al.66 showed that the stability regions of regular black holes and charged BHs in

generalized dilaton-axion gravity are existed in the realistic range (0, 1]. Moreover,

Eiroa67 performed that the stable configurations of dilatonic TSWs do not lie in
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a realistic range. Nevertheless, Sharif and Azam68 figured out that the stability of

nonlinear electrodynamics TSWs exist but do not correspond to the realistic range,

Eid69 obtained the same result in the case of Schwarzschild-De sitter TSWs with

a generalized cosmic Chaplygin gas. Also, Banerjee5 showed that the stability of

charged TSWs in 2 + 1 dimensions do not lie in a realistic range of (0, 1]. Fur-

thermore, Sharif and Javed70 performed that the mechanical stability of a class of

regular TSWs lies out the realistic range; Eid71 showed that the stability of TSWs

in f(R) theory of gravity does not lie in the realistic range.

Consequently, the interpretation of the parameter β2 for exotic matter can be

considered as a speed of sound-like and it is not clear which value it can take. In

addition, due to the lake of knowledge of the microphysical model of the exotic

matter Chakraborty and Bandyopadhyay72 showed that β2 may not be interpreted

as the conventional speed of sound. Also, Varela73 showed that the use of variable

EoS implies distinct results for this parameter. Accordingly, we may figure out that

the stable regions are similar to those of Refs. 5 and 67–71 for different values of

these parameters, and also some stable regions correspond to the realistic range are

existed by reducing the scale of β2.

In addition, the stability regions have been plotted in Figs. 4, 9 and 14 in the

form of parameter γ versus R in the three specific cases of EoS, provided that

the stability regions are extended by γ. Further, the stability regions have been

plotted in Figs. 5, 10 and 15 in the form of the effective potential V versus R for

the three specific cases of EoS. In general, when q = 0, the rotating BTZ thin shell

is recovered, and the stability region of CRBTZ increases more than the region of

RBTZ.

Consequently, in all cases, it is observed that the existence of both stable and

unstable regions depending on a suitable choice value of different parameters in-

volved in EoS and the metric spacetime. It is concluded that the region of stability

in the presence of a large value of the angular momentum J is significantly increased

and extended by increasing the value of the scale of curvature L, and also, such

region increases by increasing charge. Meanwhile, the stability region increases by

decreasing the parameter c in the case of variable phantom-like and also by de-

creasing the parameter B in the case of variable Chaplygin gas, while in the case

of variable MGCG the stability region increases by increasing the parameter α.

Thus, we conclude that the presence of angular momentum, charge and the scale of

curvature may give rise to enlarge the stability regions of CRBTZ thin shell. Also,

the influence of EoS parameters increases the stable regions.

Now, we will discuss what occurs for the stability regions in the case of neutral

and non-rotating BTZ, and also when the values of masses are equal.

Appendix

In this section, we will draw more figures to show the variation of β2, γ and V (R)

versus R in the case of neutral (q = 0), non-rotating (J = 0) BTZ and equal masses

(m− = m+) for the three specific cases of EoS.
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For all three specific cases, the plots of β2 versus R in the case of q = 0, J = 0

are given in Figs. A.1, B.1 and C.1; and also when m− = m+ are given in Figs. A.2,

B.2 and C.2, respectively.

Also, the plots of γ versus R for q = 0, J = 0 and m− = m+ are shown in

Figs. A.3, B.3 and C.3; as well, the plots of V (R) against R for q = 0, J = 0 and

m− = m+ are shown in Figs. A.4, B.4 and C.4, respectively.

A. For VPh-like EoS

(a) (b)

(c)

Fig. A.1. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, c = −0.1,−0.3,−0.5 and q = 0, J = 0 for different values of (a) γ = 0, (b) γ = 1,
(c) γ = −1.
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(a) (b)

(c)

Fig. A.2. The variation of β2 vs. R corresponding to m− = m+ = 1, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, J = 0.2, q = 0.1, 10 and c = −0.5 for different values of (a) γ = 0, (b) γ = 1,
(c) γ = −1.
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(a) (b)

Fig. A.3. The variation of γ vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1 and L = 0.1, 1 for
different values of (a) m− = 1, m+ = 2, c = −0.1,−0.5,−1, q = 0, J = 0, (b) m− = m+ = 1,
c = −0.5, J = 0.2, q = 0.1, 10.

(a) (b)

Fig. A.4. The variation of V (R) vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1 and L = 0.1, 1 for
different values of (a) m− = 1, m+ = 2, c = −0.1,−0.3,−0.5,−1, q = 0, J = 0, (b) m− = m+ = 1,

c = −0.3, J = 0.2, q = 0.1, 10.

2150086-30



April 19, 2021 10:58 MPLA S0217732321500863 page 31

Stability of a charged rotating BTZ thin shell

B. For VCG EoS

(a) (b)

(c)

Fig. B.1. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,

L = 0.1, 1, B = −0.1,−1 and q = 0, J = 0 for different values of (a) γ = 0, (b) γ = 1, (c) γ = −1.
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(a) (b)

(c)

Fig. B.2. The variation of β2 vs. R corresponding to m− = m+ = 1, σ◦ = 1, R◦ = 1, n = 1,
L = 0.1, 1, B = −1, q = 0.1, 10 and J = 0.2 for different values of (a) γ = 0, (b) γ = 1, (c) γ = −1.
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(a) (b)

Fig. B.3. The variation of γ vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1 and L = 0.1, 1 for
different values of (a) m− = 1, m+ = 2, B = −0.1,−1, q = 0, J = 0, (b) m− = m+ = 1, B = −1,
J = 0.2, q = 0.1, 10.

(a) (b)

Fig. B.4. The variation of V (R) vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1 and L = 0.1, 1 for
different values of (a) m− = 1, m+ = 2, B = −0.1,−1, q = 0, J = 0, (b) m− = m+ = 1, B = −1,
J = 0.2, q = 0.1, 10.
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C. For VMGCG EoS

(a) (b)

(c)

Fig. C.1. The variation of β2 vs. R corresponding to m− = 1, m+ = 2, σ◦ = 1, R◦ = 1, n = 1,

A = −0.5, B = 0.5, L = 0.1, 1, α = 0.1, 1 and q = 0, J = 0 for different values of (a) γ = 0,
(b) γ = 1, (c) γ = −1.
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(a) (b)

(c)

Fig. C.2. The variation of β2 vs. R corresponding to m− = m+ = 1, σ◦ = 1, R◦ = 1, n = 1,

A = −0.5, B = 0.5, L = 0.1, 1, J = 0.2, q = 0.1, 10 and α = 1 for different values of (a) γ = 0,
(b) γ = 1, (c) γ = −1.
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(a) (b)

Fig. C.3. The variation of γ vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1, A = −0.5, B = 0.5 and
L = 0.1, 1 for different values of (a) m− = 1, m+ = 2, α = 0.1, 1, q = 0, J = 0, (b) m− = m+ = 1,
α = 1, J = 0.2, q = 0.1, 10.

(a) (b)

Fig. C.4. The variation of V (R) vs. R corresponding to σ◦ = 1, R◦ = 1, n = 1, A = −0.5,
B = 0.5 and L = 0.1, 1 for different values of (a) m− = 1, m+ = 2, α = 0.1, 1, q = 0, J = 0,
(b) m− = m+ = 1, α = 1, J = 0.2, q = 0.1, 10.
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