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Abstract
The equations of generalized piezo-thermoelasticity within the frame of dual-phase-lag model are used to study the effect

of gravitational force on the behavior of a half-space. Analytic expressions for the displacement components, temperature,

stress and strain tensors components are obtained using normal mode analysis. Numerical results for the field quantities of

practical interest are given in the physical domain and illustrated graphically. Comparison is made between the results

predicted by Lord–Shulman theory and dual-phase-lag (DPL) model. The results obtained by applying both of the L–S

theory and DPL model are shown to be very close to each other except in determining one of the components of the electric

displacement where the results differ and in general the effect of the presence of gravity is to weaken the absolute values of

the physical quantities except in the case of the same component of the electric displacement.
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List of symbols
ui The mechanical displacement

u Electric potential

T Absolute temperature

eij Strain tensor

rij Stress tensor

bij Thermoelastic tensor

Ei Electric field

Di Electric displacement

Cijkl Elastic stiffness tensor

eijk Piezoelectric tensor

2ij The dielectric moduli

pi Pyroelectric moduli

sh Phase lag of temperature gradient

sq Phase lag of the heat flux

Kij Heat conduction tensor

T0 Reference temperature

CT Specific heat at constant strain

q Mass density

a1; a3 Coefficients of linear thermal expansion

vp ¼
ffiffiffiffiffiffiffiffiffiffi

1
qC11

q

Longitudinal wave velocity

1 Introduction

Piezoelectric materials are commonly used for smart

structure applications due to their direct and converse

piezoelectric effects which allow them to be utilized as

both actuators and sensors. The theory of thermo-piezo-

electric materials was first proposed by Mindlin (1974)

who derived the governing equations of a thermo-piezo-

electric plate. Sharma (2005) discussed the propagation of

Rayleigh waves in transversely isotropic piez-othermoe-

lastic materials. Sharma and Kumar (2000) investigated the

plane harmonic waves in piezo-thermoelastic materials.

Othman and Ahmed (2016) studied the effect of gravity

field on piezo-thermoelastic medium with three theories.

Lu and Hanagud (2004) investigated the extended irre-

versible thermo-dynamics modeling for self-heating and

dissipation in piezoelectric ceramics. Sharma (2010) stud-

ied the propagation of inhomogeneous waves in anisotropic

piezo-thermoelastic media.Othman and Elmaklizi (2017)

used normal mode analysis method to study the influence

of the magnetic field on generalized piezo-thermoelastic

rotating medium with two relaxation times. Tzou (1995),
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Tzou (1996) proposed the dual-phase-lag (DPL) model,

which describes the interactions between phonons and

electrons at a microscopic level as retarding sources

causing a delayed response on the macroscopic scale. For

macroscopic formulation, it would be convenient to use the

DPL mode for investigation of the microstructural effect on

the behavior of heat transfer. The physical meanings and

the applicability of the DPL mode have been supported by

the experimental results (1995). The DPL proposed by

Tzou (1995) is a modification of the classical thermo-

elastic model in which the Fourier law is replaced by an

approximation to a modified Fourier law with two different

time translations: a phase lag of the heat flux, sq and a

phase lag of temperature gradient sh. A Taylor series

approximation of the modified Fourier law, together with

the remaining field equations lead to a complete system of

equations describing a DPL thermoelastic model. The

model transmits thermoelastic disturbance in a wave-like

manner if the approximation is linear with respect to sq and
sh, and 0� sh\sq; or quadratic in sq and linear in sh, with
sq [ 0 and sh [ 0. The theory of elasticity is concerned

with the mechanics of deformable media, which, after the

removal of the forces producing deformation, completely

recover their original shape and give up all the work

expended in the deformation. Thermo-elasticity is the study

of equilibrium of bodies, treated as thermodynamic sys-

tems, whose interactions with the surroundings are

restricted to the mechanical work, heat exchange and

external forces. Othman et al. (2014) studied the influence

of gravity field and rotation on a generalized thermoelastic

medium using a dual-phase-lag model. Abbas and Zenkour

(2014) used a finite element method to study dual-phase-

lag model on thermoelastic interactions in a semi-infinite

medium subjected to a ramp-type heating. Ghaleb (2014)

discussed coupled thermo-electroelasticity in extended

thermodynamics. Abou-Dina et al. (2017) presented a

model of nonlinear thermo-electroelasticity in extended

thermodynamics. The effect of rotation and gravity in

generalized thermoelastic medium has been depicted by

Ailawalia and Narah (2009). Othman and Abd-Elaziz

(2015) investigated the effect of thermal loading due to

laser pulse in generalized thermoelastic medium with voids

in dual-phase-lag model.

In the present paper, the dual-phase-lag model is applied

to study the effect on of gravity on piezo-thermoelastic

half-space medium. The normal mode analysis is used to

obtain the exact analytical solution for the displacement

components, the stress, the strain tensors components, the

temperature, the electric potential and the electric

displacement.

The results obtained by applying both of the L–S theory

and DPL model are very close to each other except in

determining one of the components of the electric dis-

placement where the results differ and in general the effect

of the presence of gravity is to weaken the absolute values

of the physical quantities except in the case of one of the

components of the electric displacement.

2 Problem formulation

2.1 Basic equations

The governing two-dimensional field equations for a

homogeneous, generalized anisotropic piezo-thermoelastic

solid belonging to a hexagonal crystallographic symmetry

class are (see Sharma and Kumar 2000):

1. Strain-displacement relations,

ei;j ¼
1

2
ui;j þ uj;i
� �

: ð1Þ

2. Generalized Hooke’s law,

rij ¼ Cijklekl � ekijEk � bijT: ð2Þ

3. Equation of motion,

qu
��
i ¼ rij;j: ð3Þ

4. Equation of electrostatics,

Di;i ¼ 0: ð4Þ

5. Electric constitutive equation,

Di ¼ eijkejk þ �ijEj þ piT: ð5Þ

with

Ei ¼ �u;i; ð6Þ

6. Heat conduction equation in dual-phase-lag model for

a piezoelectric material may be expressed as (see Tzou

1995; Aouadi 2006):

ð1þ sh
o

ot
ÞkijT;ij ¼ ð1þ sq

o

ot
Þ½qCT

_T þ T0ðbiju
�
i;j � Piu

�
;iÞ�;

ð7Þ

In the following, we denote C1111;C1133;C3333;C2323

by C11;C13;C33;C44 respectively for simplicity.

For the hexagonal (6 mm) crystallographic class under

consideration, the constitutive relation and the electric

displacement are given in components by (Sharma and

Kumar 2000)
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rxx ¼ C11exx þ C13ezz � e31Ez � b1T; ð8Þ
rzz ¼ C13exx þ C33ezz � e33Ez � b3T ; ð9Þ
rxz ¼ 2C44exz � e15Ex; ð10Þ
Dx ¼ e15ðu;z þ w;xÞ þ �11Ex; ð11Þ

Dz ¼ e31u;x þ e33w;z þ �33Ez þ P3T: ð12Þ

2.2 Boundary conditions

The governing equations will be solved under the follow-

ing limiting conditions:

1. Mechanical boundary conditions:

rzzðx; 0; tÞ ¼ f1ðx; tÞ ¼ �f �1 e
iaðx�ctÞ; rxzðx; 0; tÞ ¼ 0;

ð13Þ

2. Thermal boundary condition:

Tðx; 0; tÞ ¼ f2ðx; tÞ ¼ f �2 e
iaðx�ctÞ; ð14Þ

where f1ðx; tÞ and f2ðx; tÞ are arbitrary functions of

(x, t), f �1 ; f
�
2 are constants, a is the wave number in the

x- direction and x ¼ ac is the frequency.

3. Electrical boundary condition:

ou
oz

¼ 0: ð15Þ

We consider a homogeneous, anisotropic, piezo-thermoe-

lastic half-space of hexagonal type under the influence of

the gravity.

The basic system of field Eqs. (3), (4) and (7) for

temperature change T(x, z, t), displacement vector

uðx; z; tÞ ¼ ðu; 0;wÞ; and electric potential uðx; z; tÞ; is

given by:

C11u;xx þ C44u;zz þ ðC13 þ C44Þw;xz þ ðe31 þ e15Þu;xz

� b1T;x þ qgw;x ¼ qu
��
; ð16Þ

ðC13 þ C44Þu;xz þ C44w;xx þ C33w;zz þ e15u;xx þ e33u;zz

� b3T;z � qgu;x ¼ qw
��
; ð17Þ

ðe15 þ e31Þu;xz þe15w;xx þ e33w;zz � �11u;xx � �33u;zz

þ P3T;z ¼ 0; ð18Þ

1þ sh
o

ot

� �

ðk1T;xx þ k3T;zzÞ

¼ 1þ sq
o

ot

� �

½qCTT
�
þ T0ðb1u;x

� þ b3w;z
� � P3u;z

� Þ�

ð19Þ

The following non-dimensional quantities are introduced

for convenience:

x0 ¼ x�

vp
x; z0 ¼ x�

vp
z; u0 ¼ qx�vp

b1To
u; w0 ¼ qx�vp

b1To
w;

T 0 ¼ T

To
; r0ij ¼

rij
b1To

; u0 ¼ epu; ft0; s0h; s0qg ¼ x�ft; sh; sqg;

D0
i ¼

Di

e
; g0 ¼ g

ðx�vpÞ
;

where

x� ¼ CTC11

K11

; ep ¼
x�e33
vpb1T0

;

b1 ¼ C11 þ C12ð Þa1 þ C13a3; b3 ¼ 2C13a1 þ C33a3:

Using the non-dimensional quantities, system (16)–(19)

recasts in the following form after suppressing the primes

d1u;xx þ d2u:zz þ d3w;xz þ d4u;xz � T;x þ gw;x ¼ u
�� ð20Þ

d3u;xz þ d2w;xx þ d5w;zz þ d6u;xx þ u;zz þ d7T;z � gu;x ¼ w
��

ð21Þ

d8u;xz þ d9w;xx þ d10w;zz þ d11u;xx þ d12u;zz þ d13T;z ¼ 0

ð22Þ

1þ sh
o

ot

� �

ðd14T;xx þ d15T;zzÞ

¼ 1þ sq
o

ot

� �

T
�
þ d16u

�
;x þ d17w

�
;z þ d18u

�
;z

h i

ð23Þ

3 Solution of the problem

The solution of the considered physical quantities can be

decomposed in terms of normal modes in the following

form

½u;w;u; T�ðx; z; tÞ ¼ ½u�;w�;u�; T��ðzÞeiaðx�ctÞ; ð24Þ

where u�;w�;u� and T� are the amplitudes of the functions

u;w;u and T, respectively.

Substituting from Eq (24) into Eqs. (20)–(23), and

denoting D ¼ d
dz
; we get

ðD2 þ A1Þu� þ ðA2Dþ A3Þw� þ A4Du
� þ A5T

� ¼ 0;

ð25Þ

ðA6Dþ A7Þu� þ ðD2 þ A8Þw� þ ðA9D
2 þ A10Þu�

þ A11DT
� ¼ 0;

ð26Þ

A12Du
� þ ðD2 þA13Þw� þ ðA14D

2 þA15Þu� þA16DT
� ¼ 0;

ð27Þ

A17u
� þ A18Dw

� þ A19Du
� þ ðD2 þ A20ÞT� ¼ 0: ð28Þ

where Aj; j ¼ 1; 2; . . .; 20 are given in Appendix A
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Equations (25)–(28) have a non-trivial solution only if

the determinant of the coefficients of the above linear

system vanishes. Then

ðD8 � AD6 þ BD4 � CD2 þ EÞfu�ðzÞ;w�ðzÞ;u�ðzÞ; T�ðzÞg ¼ 0;

ð29Þ

where A, B, C and E are given in Appendix A.

Equation (29) can be factored as:

ðD2 � k21ÞðD2 � k22ÞðD2 � k23ÞðD2 � k24Þfu�ðzÞ;
w�ðzÞ;u�ðzÞ; T�ðzÞg ¼ 0:

ð30Þ

The solutions of Eq. (29), which are bounded as z ! 1 are

given as:

u� ¼
X

4

n¼1

Mne
�knz; ð31Þ

w� ¼
X

4

n¼1

H1nMne
�knz; ð32Þ

u� ¼
X

4

n¼1

H2nMne
�knz; ð33Þ

T� ¼
X

4

n¼1

H3nMne
�knz; ð34Þ

where k2n; ðn ¼ 1; 2; 3; 4Þ are the roots of the characteristic

equation of Eq. (29).

Inserting Eqs. (31)–(34) into Eqs. (8)–(12) , after

making dimension analysis, in the frame of the normal

mode method, one obtains

r�xx ¼
X

4

n¼1

H4nMne
�knz; ð35Þ

r�zz ¼
X

4

n¼1

H5nMne
�knz; ð36Þ

T�
xz ¼

X

4

n¼1

H6nMne
�knz; ð37Þ

D�
x ¼

X

4

n¼1

H7nMne
�knz; ð38Þ

D�
z ¼

X

4

n¼1

H8nMne
�knz; ð39Þ

where Hjn; j ¼ 1; :::; 8; n ¼ 1; 2; 3; 4 are given in Appendix

B.

Applying the boundary conditions (13)–(15) to deter-

mine the coefficients Mnðn ¼ 1; 2; 3; 4Þ; we obtain

X

4

n¼1

H5nMn ¼ �f �1 ; ð40Þ

X

4

n¼1

H6nMn ¼ 0; ð41Þ

X

4

n¼1

H3nMn ¼ f �2 ; ð42Þ

X

4

n¼1

knH2nMn ¼ 0: ð43Þ

Solving Eqs. (40)–(43) for Mnðn ¼ 1; 2; 3; 4Þ by the

inverse matrix method as follows:

M1

M2

M3

M4

0

B

B

B

@

1

C

C

C

A

¼

H51 H52 H53 H54

H61 H62 H63 H64

H31 H32 H33 H34

k1H21 k2H22 k3H23 k4H24

0

B

B

B

@

1

C

C

C

A

�1 �f �1
0

f �2
0

0

B

B

B

@

1

C

C

C

A

ð44Þ

Thus, we obtain an exact analytical formula for the dis-

placement vector components, the stress and the strain

tensors components, the temperature, the electric potential

and the electric displacement.

4 Numerical results and discussion

To study the effect of gravity, we will carry out some

numerical experiments. The material chosen for the pur-

pose of the numerical calculations is taken as Cadmium

Selenide (CdSe) having hexagonal symmetry (6 mm

class). The following particular values for the parameters

are chosen as:

C11 ¼ 7:41� 1010Nm�2; C12 ¼ 4:52� 1010Nm�2;

C13 ¼ 3:93� 1010Nm�2; C33 ¼ 8:36� 1010Nm�2;

C44 ¼ 1:32� 1010Nm�2; T0 ¼ 298K;

q ¼ 5504Kgm�3; CT ¼ 260 J:Kg�1K�1:

e13 ¼ �0:160Cm�2; e33 ¼ 0:347Cm�2; e15 ¼ �0:138Cm�2;

b1 ¼ 0:621� 106Nk�1:m�2; b3 ¼ 0:551� 106Nk�1:m�2;

P3 ¼ �2:94� 106Ck�1:m�2; K1 ¼ K3 ¼ 9Wm�1:K�1;

�11 ¼ 8:26� 10�11C2N�1:m�2; �33 ¼ 9:03� 10�11C2N�1:m�2:
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In applying the numerical technique, outlined above, we

are interested in the real parts of the displacement vector

components u, w, the temperature T, the stress tensor

components rxx; rzz; rxz; the electric potential u and the

electric displacement components Dx;Dz. Here all vari-

ables are taken in non-dimensional form. The results are

shown in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9. The graphs exhibit

the curves predicted by L–S theory and DPL model. In

these figures, the dashed lines represent the solution in the

dual-phase-lag model and dashed-dotted lines represent the

solution derived using the generalized Lord and Shulman

theory.

These figures show a comparison between the consid-

ered quantities in the absence and in the presence of gravity

(i.e. g ¼ 0 and 9.8). The computations are carried out for

the non-dimensional instant of time t ¼ 2 at x ¼ 2:1 with

f �1 ¼ 10 and f �2 ¼ 10:

Figure 1 describes the variation of the horizontal dis-

placement u against z at x ¼ 2:1, t ¼ 2:0 in the frames of

the L–S theory and the DPL model. It is clear that the

component u decreases through negative values till

attaining a certain minimum value and then increases

before vanishing. The effect of gravity is to decrease the

absolute value of u and causes it to vanishes faster.

Fig. 1 Distribution of the horizontal component u of the displacement

vector at x ¼ 2:1, t ¼ 2:0, in the absence and presence of gravity

Fig. 2 Distribution of the vertical component w of the displacement

vector at x ¼ 2:1, t ¼ 2:0, in the absence and presence of gravity

Fig. 3 Temperature distribution T at x ¼ 2:1, t ¼ 2:0, in the absence

and presence of gravity

Fig. 4 Distribution of the stress component rxx at x ¼ 2:1, t ¼ 2:0, in
the absence and presence of gravity

Microsystem Technologies (2019) 25:1–10 5
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Figure 2 depicts the distribution of the vertical dis-

placement w against z at x ¼ 2:1, t ¼ 2:0; following the L–

S theory and the DPL model. The values of w decrease

gradually through positive values till vanishing. Here also,

the effect of the gravity is to decrease w and causes it to

vanishes faster.

Figure 3 shows that in the presence of gravity (i.e.

g ¼ 9:8), the values of the temperature T in both models

decay gradually and rapidely with the increase of z at

x ¼ 2:1, t ¼ 2:0. However, in the absence of gravity (i.e.

g ¼ 0), the values of T decay till attaining a certain local

minimum value then increase to attain a local maximum

value before decreasing to zero.

Figure 4 shows that the distribution of the stress tensor

component rxx with z at x ¼ 2:1, t ¼ 2:0 starts from neg-

ative values for g ¼ 0; 9:8. In the absence of gravity (i.e.

g ¼ 0), the values of rxx increases till attaining a positive

maximum value, then decreases to a negative local mini-

mum value before vanishing. In the presence of gravity

(i.e. g ¼ 9:8) the results of both models are slightly dif-

ferent and the values of rxx increase through negative

values till vanishing.

Figure 5 represents the distribution of the stress tensor

component rzz against z at x ¼ 2:1, t ¼ 2:0: In the frames

of L–S theory and the DPL model, the value of rzz starts at

Fig. 5 Distribution of the stress component rzz at x ¼ 2:1, t ¼ 2:0, in
the absence and presence of gravity

Fig. 6 Distribution of the stress component rxz at x ¼ 2:1, t ¼ 2:0, in
the absence and presence of gravity

Fig. 7 Distribution of the electric potential u at x ¼ 2:1, t ¼ 2:0, in
the absence and presence of gravity

Fig. 8 Distribution of the electric displacement component Dx at

x ¼ 2:1, t ¼ 2:0, in the absence and presence of gravity

6 Microsystem Technologies (2019) 25:1–10
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negative values then decreases to attain rapidely a local

minimum value befor increasing gradually till vanishing at

large values of z. The behavior is similar in the presence or

absence of gravity but gravity reduces the absolute value of

the stress component.

Figure 6 shows that the distribution of the stress com-

ponent rxz at x ¼ 2:1, t ¼ 2:0 begins from zero value and

increases gradually till attaining a certain maximum value

before decreasing to zero with the increase of z. The

presence of gravity weakens the values of the stress com-

ponent and the results obtained by applying the L–S theory

and DPL model differ notably from each other.

Figure 7 demonstrates that the distribution wit z, at

x ¼ 2:1, t ¼ 2:0, of the electric potential u in the context of

both L–S theory and DPL model which give practically the

same results. Th function has negative values and decreases

till attaining a certain localminimumvalue before increasin to

vanishwith the increase of z. In general, the effect of gravity is

to weaken the absolute value of the electric potential.

Figure 8 depicts that the variation of the electric dis-

placement component Dx; in the context of both L–S theory

and DPLmodel at x ¼ 2:1, t ¼ 2:0. In the absence of gravity

(i.e. g ¼ 0), the component Dx gets negative values at z ¼ 0

and decreases till attaining local minimum values before

increasing till attaining local maximum positive values

before decreasing to zerowith the increase of z. The presence

of gravity (i.e. g ¼ 9:8) affects significanly the behavior of

Dx. This component gets positive values at z ¼ 0 and

increases till attaining local maximum values before

decreasing till attaining local minimum negative values

before increasing to zero with the increase of z. The com-

ponent vanish at about z ¼ 1, in all cases. The results of the

two theories are completely different from each other.

Figure 9 clarifies the variation of the electric displace-

ment component Dz with distance z at x ¼ 2:1, t ¼ 2:0, in

Fig. 9 Distribution of the electric displacement component Dz at

x ¼ 2:1, t ¼ 2:0, in the absence and presence of gravity

Fig. 10 The distribution of the horizontal component u of the

displacement vector at t ¼ 2:0 in the x–z plane calculated in the frame

of the DPL model with g ¼ 9:8

Fig. 11 Distribution of the vertical component w of the displacement

vector at t ¼ 2:0 in the x–z plane calculated in the frame of the DPL

model with g ¼ 9:8

Fig. 12 Distribution of the temperature T at t ¼ 2:0in the x–z plane

calculated in the frame of the DPL model with g ¼ 9:8
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Fig. 13 Distribution of the stress component rxx at t ¼ 2:0 in the x–z

plane calculated in the frame of the DPL model with g ¼ 9:8

Fig. 14 Distribution of the stress component rzz at t ¼ 2:0 in the x–z

plane calculated in the frame of the DPL model with g ¼ 9:8

Fig. 15 Distribution of the stress component rxz at t ¼ 2:0 in the x–z

plane calculated in the frame of the DPL model with g ¼ 9:8

Fig. 16 Distribution of the electric potential u at t ¼ 2:0 in the x–z

plane calculated in the frame of the DPL model with g ¼ 9:8

Fig. 17 Distribution of the electric displacement component Dx at

t ¼ 2:0 in the x–z plane calculated in the frame of the DPL model

with g ¼ 9:8

Fig. 18 Distribution of the electric displacement component Dz at

t ¼ 2:0 in the x–z plane calculated in the frame of the DPL model at

t ¼ 2:0 with g ¼ 9:8
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the frames of both L–S theory and DPL model. The results

of the two theories differ slighty from each other near z ¼ 0

before coinciding. The component Dz starts from negative

values and undergoes little fluctuations before increasing

graually to vanish with the increase of z. As with other

physical quantities except the temperature, the effect of

gravity is to weaken the absolute value of Dz:

Figures 10, 11, 12, 13, 14, 15, 16, 17, 18 exhipit the

variation of the physical functions in the x–z plane at

t ¼ 2:1, in the presence of gravity (g ¼ 9:8:) The results of

the DPL model are considered.

5 Conclusions

The main purpose of the present work is to investigate the

effect of gravitational force on a piezo-thermoelastic

medium within dual phase lag model and how they play a

vital role in increasing or decreasing the amplitude of the

different physical quantities.

The method of the normal mode analysis is used for the

solution of the mathematical problem and the boundary and

initial conditions are particulary chosen to fit the require-

ment of such technique.

Exact analytical solutions are obtained under these

limitations.

The results obtained by applying both of the L–S theory

and DPL model are very close to each other except in

determining one of the components of the electric dis-

placement where the results differ and in general the effect

of the presence of gravity is to weaken the absolute values

of the physical quantities except in the case of the same

component of the electric displacement.

A numerical treatment of the general system of equa-

tions and conditions governing the phenomenon may be

useful in getting rid of the limitations of the method of

normal modes’ technique and this task is in progress.

Appendix A

d1 ¼
C11

qv2p
; d2 ¼

C44

qv2p
; d3 ¼

ðC13 þ C44Þ
qv2p

; d4 ¼
ðe31 þ e15Þ

e33
;

d5 ¼
C33

qv2p
; d6 ¼

e15

e33
; d7 ¼ � b3

b1
; d8 ¼

ðe15 þ e31Þ
qv2p

;

d9 ¼
e15

qv2p
; d10 ¼

e33

qv2p
; d11 ¼ � �11

e33
; d12 ¼ � �33

e33
; d13 ¼

P3

b1
;

d14 ¼
K1x�

qCTv2p
; d15 ¼

K3x�

qCTv2p
; d16 ¼

b21T0
q2CTv2p

; d17 ¼
b1b3T0
q2CTv2p

;

d18 ¼ �P3b1T0
qCTe33

:

and

A1 ¼
a2c2 � a2d1

d2
;A2 ¼

iad3
d2

;A3 ¼
iag

d2
;A4 ¼

iad4
d2

;

A5 ¼
�ia

d2
;A6 ¼

iad3
d5

;A7 ¼
�iag

d5
;A8 ¼

a2c2 � a2d2
d5

;

A9 ¼
1

d5
;A10 ¼ � a2d6

d5
;A11 ¼

d7
d5

;A12 ¼
iad8
d10

;

A13 ¼ � a2d9
d10

;A14 ¼
d12
d10

;A15 ¼ � a2d11
d10

;A16 ¼
d13
d10

;

A17 ¼ � a2cd16ð1� iacsqÞ
d15ð1� iacshÞ

;A18 ¼
iacd17ð1� iacsqÞ
d15ð1� iacshÞ

;

A19 ¼
iacd18ð1� iacsqÞ
d15ð1� iacshÞ

;

A20 ¼
�a2d14ð1� iacshÞ þ iacð1� iacsqÞ

d15ð1� iacshÞ

A ¼ �1

ðA14 � A9Þ
A14A20 þ A15 � A16A19 þ A8A14 � A9A20ð

�A9A13 þ A9A16A18 � A10 þ A11A19 � A11A14A18

þA1A14 � A1A9 � A2A6A14 þ A2A9A12 þ A4A6 � A4A12Þ;

B¼ 1

ðA14 �A9Þ
ðA5A20 þA8A14A20 þA8A15 �A8A16A19

�A9A13A20 �A10A13 þA10A20 þA10A16A18

þA11A13A19 �A11A15A18 þA1A14A20 þA1A15

�A1A16A19 þA1A8A14 �A1A9A13 �A1A9A20

þA1A9A16A18 �A1A10 þA1A11A19 �A1A11A14A18

�A2A6A14A20 �A2A6A15 þA2A6A16A19 þA2A9A12A20

�A2A9A16A17 þA2A10A12 �A2A11A12A19

þA2A11A14A17 �A3A7A14 þA4A6A13 þA4A6A20

�A4A6A16A18 �A4A12A20 þA4A16A17 �A4A8A12

þA4A11A12A18 �A4A11A17 þA5A6A19 þA5A6A14A18

þA5A12A19 �A5A14A17 �A5A9A12A18 þA5A9A17Þ;

C ¼ �1

ðA14 �A9Þ
ðA8A15A20 �A10A13A20 þA1A15A20

þA1A8A14A20 þA1A8A15 �A1A8A16A19 �A1A9A13A20

�A1A10A13 �A1A10A20 þA1A10A16A18

þA1A11A13A19 �A1A11A15A18 �A2A6A15A20

þA2A10A12A20 �A2A10A16A17 þA2A11A15A17

�A3A7A14A20 �A3A7A15 þA3A7A16A19 þA4A6A13A20

�A4A8A12A20 þA4A8A16A17 �A4A11A13A17

�A5A6A13A19 þA5A6A15A18 �A5A15A17

þA5A8A12A19 �A5A8A14A17 þA5A9A13A17

�A5A10A12A18 þA5A10A17Þ;
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E ¼ 1

ðA14 � A9Þ
ðA1A8A15A20 � A1A10A13A20 � A3A7A15A20

� A5A8A15A17 þ A5A10A13A17Þ:

Appendix B

H1n ¼ � s1n

s2n
;H2n ¼ � q1n þ q2nH1n

q3n
;

H4n ¼ ½r1 � l1knH1n � l2knH2n � H3n�;
H6n ¼ ½�d2kn þ r3H1n þ r4H2n�;
H8n ¼ ½r7 � l6knH1n � l7knH2n þ l8H3n�:
q1n ¼ A11k

3
n þ ðA1A11 � A5A6Þkn þ A5A7;

q2n ¼ ð�A2A11 þ A5Þk2n þ A3A11kn þ A5A8;

q3n ¼ ð�A4A11 þ A5A9Þk2n þ A5A10;

q5n ¼ ðA5 � A2A16Þk2n þ A3A16kn þ A5A13;

s1n ¼ q1nq6n � q3nq4n;

l1 ¼
C13

qv2p
; l2 ¼

e31

e33
; l3 ¼

e15b1T0
eqv2p

; l4 ¼ � �11b1T0
ee33

;

l5 ¼
e31b1T0
eqv2p

; l6 ¼
e33b1T0
eqv2p

; l7 ¼ � �33b1T0
ee33

;

l8 ¼
P3T0

e
:

fr1; r2; r3; r4; r5; r6; r7g ¼ iafd1; l1; d2; d6; l3; l4; l5g
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