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Outline 

• V/I Phasor Relationship for R,L and C components.

• Method of solutions in phasor domain

• KCL, KVL in Phasor domain

• Parallel/series combinations

• Voltage/current divider

• Star/delta conversion

• Examples

11/26/2023 2AC Electric Circuits: Dr. Omar Bakry



Circuit elements and phasors

• We need to find out how R, L, and C affect the magnitude and phase relationships 

between V and I.

• Once we do this, maybe we can rewrite ohm’s law in the complex domain and do 

everything we did for DC exactly the same way

• This is valid ONLY for steady-state sinusoid stimulus

• But when we rewrite ohm’s law, maybe we will find a new definition for the constant 

of proportionality

• This defines imepdances and reactances
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Phasor Relationship for Resistor

• Resistor current:

• 𝑖 = 𝐼𝑚 cos 𝜔𝑡 + Φ = 𝑅𝑒 𝐼𝑚𝑒𝑗 𝜔𝑡+𝜙

• 𝑰 = 𝐼𝑚∠Φ

• Resistor voltage: 

• 𝑣 = 𝑖𝑅 = 𝑅𝐼𝑚 cos 𝜔𝑡 + Φ

• 𝑣 = 𝑅 × 𝑅𝑒 𝐼𝑚𝑒𝑗 𝜔𝑡+𝜙

• 𝑽 = 𝑅𝐼𝑚∠Φ

• Phasor relation:

• 𝑽 = 𝑅𝑰

• 𝑽&𝑰 are in phase
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Phasor Relationship for Inductor

• Inductor current: 

• 𝑖 = 𝐼𝑚 cos 𝜔𝑡 + Φ = 𝑅𝑒 𝐼𝑚𝑒𝑗 𝜔𝑡+𝜙

• 𝑰 = 𝐼𝑚∠Φ

• Inductor voltage:

• 𝑣 = 𝐿
𝑑𝑖

𝑑𝑡
= −𝜔𝐿𝐼𝑚 sin 𝜔𝑡 + Φ

• 𝑣 = 𝜔𝐿𝐼𝑚 cos 𝜔𝑡 + Φ + 90𝑜

• 𝑣 = 𝑅𝑒 𝜔𝐿𝐼𝑚𝑒𝑗 𝜔𝑡+𝜙+90𝑜

• 𝑽 = 𝜔𝐿𝐼𝑚∠ Φ + 90𝑜 = 𝑗𝜔𝐿𝐼𝑚 ∠Φ

• Phasor relation:

• 𝑽 = 𝑗𝜔𝐿 × 𝑰

• 𝑰 lags 𝑽 by 90°
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Phasor Relationship for Capacitor

• Capacitor voltage:

• 𝑣 = 𝑉𝑚 cos 𝜔𝑡 + Φ = 𝑅𝑒 𝑉𝑚𝑒𝑗 𝜔𝑡+𝜙

• 𝑽 = 𝑉𝑚∠Φ

• Capacitor current: 

• 𝑖 = 𝐶
𝑑𝑣

𝑑𝑡
= −𝜔𝐶𝑉𝑚 sin 𝜔𝑡 + Φ

• 𝑖 = 𝜔𝐶𝑉𝑚 cos 𝜔𝑡 + Φ + 90𝑜

• 𝑖 = 𝑅𝑒 𝜔𝐶𝑉𝑚𝑒𝑗 𝜔𝑡+𝜙+90𝑜

• 𝑰 = 𝜔𝐶𝑉𝑚∠ Φ + 90𝑜 = 𝑗𝜔𝐶𝑉𝑚 ∠Φ

• Phasor relation:

• 𝑰 = 𝑗𝜔𝐶 × 𝑽 → 𝑽 =
1

𝑗𝜔𝐶
𝑰

• 𝑰 leads 𝑽 by 90°
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Summary of voltage-current relationships
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Impedance and Admittance

• The impedance Z of a circuit is the ratio of the phasor voltage 𝑽 to the 
phasor current 𝑰, measured in ohms (Ω)

• Ohm’s law is now 𝑽 = 𝑰𝑍, always and for everyone

• Just calculate the right Z
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R

𝑉 = 𝑅𝐼

𝑍 = 𝑅

𝑉 = 𝑗𝜔𝐿𝐼

𝑍 = 𝑗𝜔𝐿

𝑉 =
𝐼

𝑗𝜔𝐶

𝑍 =
1

𝑗𝜔𝐶
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Impedance and Admittance

• The admittance Y of a circuit is the ratio of the phasor current 𝑰 to the 
phasor voltage 𝑽, measured in siemens (S or Ω-1)
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R

𝐼 = 𝑉/𝑅

𝑌 =
1

𝑅

𝐼 =
𝑉

𝑗𝜔𝐿

𝑌 =
1

𝑗𝜔𝐿

𝐼 = 𝑗𝜔𝐶𝑉

𝑌 = 𝑗𝜔𝐶
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Impedance and Admittance
• For a circuit with multiple elements, the equivalent Z can be calculated 

using parallel and series combinations. It ends up being a complex number.

• Impedance 𝒁 = 𝑹 + 𝒋𝑿
• 𝑹 is the equivalent, while X is the reactance 

• 𝒁 is inductive if 𝑿 is +ve

• 𝒁 is capacitive if 𝑿 is –ve

• 𝒁, 𝑹, and 𝑿 have the units of Ω

• Admittance 𝒀 = 𝑮 + 𝒋𝑩
• 𝑮 is the conductance, while B is the susceptance 

• 𝒀 is inductive if 𝑩 is -ve

• 𝒀 is capacitive if 𝑩 is +ve

• 𝒀, 𝑮, and 𝑩 have the units of Ω-1
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Notes about impedance

• Resistive impedance is real

• Resistance is the only thing that dissipates power

• Capacitive and inductive impedance is imaginary

• They store power

• What part of a complex Z dissipates power and what part stores?

• A purely resistive impedance will not change phase
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Impedance and frequency
• Resistive impedance 𝑍𝑅 = 𝑅 is not a function of frequency

• Capacitance impedance is 𝑍𝐶 = 1/𝑗𝜔𝐶

• So is inductive impedance 𝑍𝐿 = 𝑗𝜔𝐿

• At DC 𝜔 = 0

• 𝑍𝐶 =
1

𝑗𝜔𝐶
= ∞ → Capacitors are O.C.

• 𝑍𝐿 = 𝑗𝜔𝐿 = 0 → Inductors are S.C.

• 𝑍𝑅 = 𝑅 → Only resistors remain

• At very high frequencies 𝜔 → ∞

• 𝑍𝐶 =
1

𝑗𝜔𝐶
= 0 → Capacitors are S.C.

• 𝑍𝐿 = 𝑗𝜔𝐿 = ∞ → Inductors are O.C.

• 𝑍𝑅 = 𝑅 → Only resistors remain

• This is the basis of filters
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Example 1.0

• For the circuit shown find 𝑣(𝑡) and 𝑖(𝑡)

• 𝑉𝑆 = 10∠0°, 𝜔 = 4𝑟𝑎𝑑/𝑠𝑒𝑐

• 𝑍 = 𝑅 +
1

𝑗𝜔𝐶

• 𝑍 = 5 − 𝑗2.5 Ω

• 𝐼 =
𝑉𝑆

𝑍
=

10

5−𝑗2.5

• 𝑉 =
10

5−𝑗2.5
× −𝑗2.5 = 10 ×

−𝑗2.5

5−𝑗2.5
(potential divider)

11/26/2023 13AC Electric Circuits: Dr. Omar Bakry



Note:

• For any complex number z = 𝑥 + 𝑗𝑦,

• The conjugate is 𝑧∗ = 𝑥 − 𝑗𝑦

• 𝑧 × 𝑧∗ = 𝑥 + 𝑗𝑦 𝑥 − 𝑗𝑦 = 𝑥2 − 𝑗𝑥𝑦 + 𝑗𝑥𝑦 − 𝑗2𝑦2

• 𝐻𝑒𝑛𝑐𝑒, 𝑧 × 𝑧∗ = 𝑥2 + 𝑦2 = 𝑧 2
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Example 1.0

• 𝐼 =
10

5−𝑗2.5

5+𝑗2.5

5+𝑗2.5

• 𝐼 =
50+𝑗25

31.25
= 1.6 + 𝑗0.8

• 𝐼 = 1.79∠26.57° 𝐴

• 𝑖(𝑡) = 1.79 cos 4𝑡 + 26.57° 𝐴

• 𝑉 = 𝐼𝑍𝐶 =
𝐼

𝑗𝜔𝐶
=

1.79∠26.57°

𝑗0.4
=

1.79∠26.57°

0.4∠90

• 𝑉 = 4.47∠ − 63.43°

• 𝑣(𝑡) = 4.47 cos 4𝑡 − 63.43°
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Summary of AC Circuits

• Voltage and current and written as magnitude and phase

• 𝑣 𝑡 = 𝑉𝑚 cos 𝜔𝑡 + 𝜙 = 𝑅𝑒 𝑉𝑚𝑒𝑗𝜔𝑡+𝑗𝜙

• 𝑉 = 𝑉𝑚∠𝜙

• 𝑖 𝑡 = 𝐼𝑚 cos 𝜔𝑡 + 𝜃 = 𝑅𝑒 𝐼𝑚𝑒𝑗𝜔𝑡+𝑗𝜃

• 𝐼 = 𝐼𝑚∠𝜃

• Impedance is defined as 𝑍 =
𝑉

𝐼

• For resistors 𝑍 = 𝑅

• For inductors 𝑍 = 𝑗𝜔𝐿

• For capacitors 𝑍 =
1

𝑗𝜔𝐶
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Kirchhoff’s Laws in the Phasor Domain

• KVL and KCL are valid in phasor domain 

• KVL

• Let 𝑣1, 𝑣2 … , 𝑣𝑛 be the voltages around a closed loop.

• Then:
𝒗𝟏 + 𝒗𝟐 + ⋯ + 𝒗𝒏 = 𝟎

• In the sinusoidal steady state, each voltage may be written in cosine form

𝑽𝒎𝟏 𝐜𝐨𝐬 𝝎𝒕 + 𝚽𝟏 + 𝑽𝒎𝟐 𝒄𝒐𝒔 𝝎𝒕 + 𝜱𝟐 + ⋯ + 𝑽𝒎𝒏 𝒄𝒐𝒔 𝝎𝒕 + 𝜱𝒏 = 𝟎
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Kirchhoff’s Laws in the Phasor Domain

• Then
𝑹𝒆 𝑽𝒎𝟏𝒆𝒋𝚽𝟏𝒆𝒋𝝎𝒕 + 𝑽𝒎𝟐𝒆𝒋𝚽𝟐𝒆𝒋𝝎𝒕 + ⋯ + 𝑽𝒎𝒏𝒆𝒋𝚽𝐧𝒆𝒋𝝎𝒕 = 𝟎

𝑹𝒆 𝑽𝒎𝟏𝒆𝒋𝚽𝟏 + 𝑹𝒆 𝑽𝒎𝟐𝒆𝒋𝚽𝟐 + ⋯ + 𝑹𝒆 𝑽𝒎𝒏𝒆𝒋𝚽𝒏 = 𝟎

• Let
𝑽𝑘 = 𝑉𝑚𝑘𝑒𝑗Φ𝑘

• Then 

𝑽1 + 𝑽2 + ⋯ + 𝑽𝑛 = 0

• So, Kirchhoff’s voltage law holds for phasors
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Kirchhoff’s Laws in the Phasor Domain

• Similarly, Kirchhoff ’s current law holds for phasors at all nodes

𝑰1 + 𝑰2 + ⋯ + 𝑰𝑛 = 0
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Impedance Combination

• For N series connected impedances, the same current I flows through 
the impedances

• 𝑉 = 𝑉1 + 𝑉2 + ⋯ + 𝑉𝑁 = 𝐼 𝑍1 + 𝑍2 + ⋯ + 𝑍𝑁

• 𝑍𝑒𝑞 =
𝑉

𝐼
= 𝑍1 + 𝑍2 + ⋯ + 𝑍𝑁
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Voltage Divider

• For two impedances connected in series

• 𝐼 =
𝑉

𝑍1+𝑍2

• 𝑉1 = 𝐼𝑍1, 𝑉2 = 𝐼𝑍2

• 𝑉1 =
𝑍1

𝑍1+𝑍2
𝑉, 𝑉2 =

𝑍2

𝑍1+𝑍2
𝑉
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Admittance Combination

• For N Parallel connected impedance, voltage is the same across all 
impedances  

• Applying KCL

• 𝐼 = 𝐼1 + 𝐼2 + ⋯ + 𝐼𝑁 = 𝑉
1

𝑍1
+

1

𝑍2
+ ⋯ +

1

𝑍𝑁

•
1

𝑍𝑒𝑞
=

𝐼

𝑉
=

1

𝑍1
+

1

𝑍2
+ ⋯ +

1

𝑍𝑁

• 𝑌𝑒𝑞 = 𝑌1 + 𝑌2 + ⋯ + 𝑌𝑁
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Current Divider

• 𝑍𝑒𝑞 =
1

𝑌𝑒𝑞
=

1

𝑌1+𝑌2
=

1

1/𝑍1+1/𝑍2
=

𝑍1𝑍2

𝑍1+𝑍2

• 𝑉 = 𝐼𝑍𝑒𝑞 = 𝐼
𝑍1𝑍2

𝑍1+𝑍2
= 𝐼1𝑍1 = 𝐼2𝑍2

• 𝐼1 =
𝑍2

𝑍1+𝑍2
𝐼, 𝐼2 =

𝑍1

𝑍1+𝑍2
𝐼
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Star-Delta Conversion

• 𝑍12 = 𝑍1 + 𝑍2 +
𝑍1𝑍2

𝑍3

• 𝑍23 = 𝑍2 + 𝑍3 +
𝑍2𝑍3

𝑍1

• 𝑍13 = 𝑍1 + 𝑍3 +
𝑍1𝑍3

𝑍2

11/26/2023 24AC Electric Circuits: Dr. Omar Bakry



Delta-Star Conversion

• 𝑍1 =
𝑍12𝑍13

𝑍12+𝑍13+𝑍23

• 𝑍2 =
𝑍12𝑍23

𝑍12+𝑍13+𝑍23

• 𝑍3 =
𝑍13𝑍23

𝑍12+𝑍13+𝑍23
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Example 1.0

• Find the input impedance of the circuit shown. Assume that the circuit 
operates at ω = 50 rad/s
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Z2

Z3
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Example 1.0

• Find the input impedance of the circuit shown. Assume that the circuit 
operates at ω = 50 rad/s

• 𝑍1 = 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 2𝑚𝐹 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟

• 𝑍1 =
1

𝑗𝜔𝐶
= −𝑗10

• 𝑍2 = 𝑅 +
1

𝑗𝜔𝐶
= 3 − 𝑗2

• 𝑍3 =
𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 0.2𝐻 𝑖𝑛𝑑𝑢𝑐𝑡𝑜𝑟 𝑖𝑛 𝑠𝑒𝑟𝑖𝑒𝑠 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 8Ω 𝑟𝑒𝑠𝑖𝑠𝑡𝑜𝑟
• 𝑍3 = 8 + 𝑗10
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Example 1.0

• 𝑍1 =
1

𝑗𝜔𝐶
= −𝑗10, 𝑍2 = 𝑅 +

1

𝑗𝜔𝐶
= 3 − 𝑗2, 𝑍3 = 8 + 𝑗10

• The input impedance is 𝑍𝑖𝑛 = 𝑍1 + 𝑍2||𝑍3

• 𝑍𝑖𝑛 = −𝑗10 +
3−𝑗2 8+𝑗10

11+𝑗8
= −𝑗10 +

44+𝑗14

11+𝑗8

• 𝑍𝑖𝑛 = −𝑗10 +
44+𝑗14 11−𝑗8

112+82 = −𝑗10 + 3.22 − 𝑗1.07

• 𝑍𝑖𝑛 = 3.22 − 𝑗11.07
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Example 2.0

• Find the current I for the circuit shown  
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Example 2.0

• Find the current I for the circuit shown  

• 𝑍𝑐𝑛 =
8 2−𝑗4

10
= 1.6 − j3.2

• 𝑍𝑎𝑛 =
𝑗4(2−𝑗4)

10
= 1.6 + 𝑗0.8

• 𝑍𝑏𝑛 =
𝑗4×8

10
= 𝑗3.2
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𝑍1 =
𝑍12𝑍13

𝑍12 + 𝑍13 + 𝑍23

𝑍2 =
𝑍12𝑍23

𝑍12 + 𝑍13 + 𝑍23

𝑍3 =
𝑍13𝑍23

𝑍12 + 𝑍13 + 𝑍23
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Example 2.0

• Find the current I for the circuit shown

• 𝑍 = 12 + 𝑍𝑎𝑛 + 𝑍𝑏𝑛 − 𝑗3 ||(𝑍𝑐𝑛 + 8 + 𝑗6)

• 𝑍 = 12 + 1.6 + 𝑗0.8 + 𝑗0.2 ||(9.6 + 𝑗2.8)

• 𝑍 ≈ 13.6 + 𝑗1 = 13.64∠4.2°

• 𝐼 =
𝑉

𝑍
=

50∠0°

13.64∠4.2°
= 3.67∠−4.2°
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Example 3.0

• Find the current I for the circuit shown

• 𝐼 = 6.36∠3.8°

11/26/2023 32AC Electric Circuits: Dr. Omar Bakry


	Slide 1: ELC1010  Electric Circuits (I) – Circuit Theory   Part (II) – AC Circuits  Lecture (2)
	Slide 2: Outline 
	Slide 3: Circuit elements and phasors
	Slide 4: Phasor Relationship for Resistor
	Slide 5: Phasor Relationship for Inductor
	Slide 6: Phasor Relationship for Capacitor
	Slide 7: Summary of voltage-current relationships
	Slide 8: Impedance and Admittance
	Slide 9: Impedance and Admittance
	Slide 10: Impedance and Admittance
	Slide 11: Notes about impedance
	Slide 12: Impedance and frequency
	Slide 13: Example 1.0
	Slide 14: Note:
	Slide 15: Example 1.0
	Slide 16: Summary of AC Circuits
	Slide 17: Kirchhoff’s Laws in the Phasor Domain
	Slide 18: Kirchhoff’s Laws in the Phasor Domain
	Slide 19: Kirchhoff’s Laws in the Phasor Domain
	Slide 20: Impedance Combination
	Slide 21: Voltage Divider
	Slide 22: Admittance Combination
	Slide 23: Current Divider
	Slide 24:   Star-Delta Conversion
	Slide 25:   Delta-Star Conversion
	Slide 26: Example 1.0
	Slide 27: Example 1.0
	Slide 28: Example 1.0
	Slide 29: Example 2.0
	Slide 30: Example 2.0
	Slide 31: Example 2.0
	Slide 32: Example 3.0

