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Abstract 
  
Lateral steady/unsteady injection of an array of micro-jets, which are placed along the circumference of the nozzle exit 
of a primary jet at equal azimuthal angle intervals, were studied experimentally to clarify the characteristics of mixing 
and noise of compressible primary jets. Specifically two modes of the micro-jets: axisymmetric and antisymmetric, or 
flapping, injections were investigated.  Fully-expanded and under-expanded primary jets issued from a convergent, or 
sonic, nozzle are considered in the present study. The unsteady micro-jets were injected at a Strouhal number, St, of 
0.16, based on the nozzle exit diameter and the velocity at the nozzle exit, which is close to one of sub-harmonics of the 
most amplified Strouhal number, for two cases of total unsteady mass injection: 4% and 6%. Results of the mean flow 
field showed that the antisymmetric injection has a higher spreading rate than the steady and unsteady axisymmetric 
injections in terms of centerline velocity decay. Even with 50% reduction in the unsteady mass injection, the 
antisymmetric mode was excited, which persisted even downstream of the potential core region. Those results were 
confirmed from a linear stability analysis of a fully-expanded jet, which showed that antisymmetric modes for natural 
disturbances are more unstable in the downstream region than the corresponding axisymmetric modes. Moreover, 
reduction in the radiated noise was observed in the case of steady axisymmetric injection. Thus, these results suggest 
that unsteady micro-jets have the potential for future use as a device for shear flow control. 
 
 
1. Introduction 
 
There are many technological applications regarding jet 
mixing enhancement. For example, it can reduce the 
temperature of an aerodynamic surface placed in a plume, 
which provides greater flexibility to affect the choice of 
materials in the design. Similarly, the mixing efficiency of 
fuel jets in combustors is an important factor in their 
overall performance, where reductions in their size and 
weight will be possible if the mixing can be improved [1].  
 
Jets and mixing layers are characterized by their mean-
velocity profiles with an inflection point that causes 
inviscid instabilities. The primary mechanism of these 
instabilities is vortical induction, where viscosity plays 
only a role of damping. These flows are intrinsically 
unstable, so that it is easier to manipulate for a specific 
purpose. The goal of controlling such flows is mixing 
enhancement and noise suppression, and attempts to 
control jets can be divided into two categories: active and 
passive. Examples of the passive control are tabs located 
at the nozzle exit, a crown-shaped nozzle, and various 
other tailorings of the nozzle exit. The passive control is 
attractive because in many cases it entails only simple 
design modifications. Moreover, its simplicity typically 

makes the hardware suffer less damage. On the other 
hand, the active control, where nozzle conditions are 
continuously updated, has greater flexibility and, 
therefore, greater potentials to change the jet flow. 
 
Previous studies on shear layer dynamics and jet mixing 
control have often employed the phenomenon of 
acoustic excitation. Because acoustic drivers are 
allowed to produce any frequency and amplitude of a 
desired pure axisymmetric or azimuthal mode, as well 
as their combination, with negligible contamination. 
Therefore, these acoustic drivers are an invaluable tool 
to provide an insight into shear layer flow physics. 
However, they are not suitable for controlling flows of 
practical interest because of their limitation on weight, 
power, and maintenance. In addition, as background 
noise and turbulence level increase with Mach number, 
the amplitude of excitation by the acoustic drivers 
would be insufficient to bring about a large change in 
the mean flow. Thus, any control by using low-
amplitude excitation is not practical in many flows of 
engineering interest [2].  
 
Recently, Raman [2] exploited oscillating miniature 
fluidic jets to enhance mixing. On the other hand, Davis 
[3] used radial blowing from a pair of steady jets and 
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obtained a variable control by adjusting the degree of 
penetration of the control jets into the main jet flow. The 
main differences between the present work and that of [2] 
are actuator dynamics and application. A system of micro 
jets is employed in the present study, which can excite a 
jet shear flow by allowing them to open and close their 
exits with desired frequency and amplitude, unlike 
continuously oscillating miniature fluidic jets employed in 
[2].  Moreover, the primary jet used in [2] was a 
rectangular jet, whereas it is circular in the present study. 
 
Thus, an experimental investigation of shear flow 
excitation using unsteady micro jets was conducted, 
where they can produce an unsteady flow with 
controllable frequency and magnitude. The main 
motivation underlying this idea is to enhance jet spreading 
by exciting the jet shear flow using azimuthally 
distributed micro jets. In the present study they were 
placed along the circumference of the nozzle exit of a 
primary jet at equal intervals of azimuthal angle with their 
directions toward to the primary jet axis. Unsteady 
axisymmeric and antisymmetric, or flapping, actuation 
modes, as well as steady axisymmetric one are studied for 
both fully-expanded and under-expanded primary jets. 
 
2. Micro-Jets Actuator 
 
Axisymmetric actuation: 
 
The unsteady micro-jets actuator employed here consists 
of the following parts: (1) a circular micro-orifices plate 
supported by bearings,  (2) stationary pressure supply 
tubes connected to a micro-chamber, and (3) a driving 
motor.  The micro-orifices plate has 36 orifices with a 
diameter of 0.5 mm, which are distributed along the 
circumference at 10 deg intervals. The pressure supply 
tubes system consists of 12 tubes, which are also placed at 
30 deg intervals. These tubes are stationary, whereas the 
micro-orifices plate is allowed to rotate freely around the 
primary jet axis. A speed-controlled motor is employed to 
rotate the micro-orifices with a maximum rotational speed 
of 12,000 revolutions per minute. 
 
The arrangement of a single micro-jet for the primary jet 
is shown in Fig. 1. Figure 2 is a picture of the actuator 
attached to the primary jet nozzle, where the system of 
twelve stationary pressure tubes is seen clearly, which are 
connected to the micro chamber. When rotating the 
micro-orifices, at a certain time the centers of micro-
orifices come to those of stationary pressure tubes. Then, 
the twelve micro-jets are emitted simultaneously, toward 
the primary jet axis. Figure 3a shows injection of micro-
jets during one period, T, in axisymmetric actuation 
mode. By changing the rotational frequency of the micro-
orifices, an arbitrary injection frequency can be realized 
according to the following formula: 

60
36 Ω

×=f  (1) 

where f is the injection frequency in Hz and Ω is the 
rotational speed of motor, which is the same as that of 
micro-orifices, in revolutions per minute. Moreover, the 
micro-chamber pressure ratio, Pmicro-chamber/Pambient, can 
change the amplitude of the unsteady micro-jet flow. 
 
In order to examine the characteristics of the unsteady 
micro-jet flow, a pitot probe was placed at such a 
location as the shear layer of the primary jet flow comes 
just downstream of it, with its axis aligned to the micro-
jet axis. Then, the experimental conditions are Pmicro-

chamber/Pambient = 2.50, and Ω = 1000. 
 
Figure 4a shows the time response of the pitot probe. It 
is clearly seen that a high frequency component is 
superimposed on a low frequency component. These 
two frequencies are also shown in the spectrum of a 
time signal in Fig. 4b. The high frequency is in 
agreement with that computed by Eq. (1), i.e., the 
injection frequency of micro-jets, while the low 
frequency is close to the rotational frequency of the 
micro-orifices circular plate. This low frequency seems 
to be caused by less accurate fabrication, because the 
micro-jets actuator was fabricated by using standard 
workshop techniques. There might also be slight 
differences in elevation between the micro-orifice holes, 
which could in turn appear as the time varying signal of 
the rotational speed.  
 
The injected mass fraction, ϕj , can be defined as the 
ratio of the injected mass to the mass flow rate of the 
primary jet flow. This ratio is a function of the micro-
jets pressure ratio, NPRµ, and the primary jet nozzle 
pressure ratio, NPR. Figure 5a shows the relation 
between NPRµ and NPR with the injected mass fraction 
as a parameter, where the continuity equation for an 
isentropic flow was used. Along the straight-line portion 
of these lines, both the primary jet and the micro-jets are 
choked. Note that the injected mass fraction in Fig. 5a, 
is theoretically calculated, so that the actual injected 
mass flow rate is considered to be less than it. No 
attempt was made to measure the actual injected mass 
flow rate. This seems to occur because of a leakage in 
the system due to a clearance, although it was kept as 
little as possible in the fabrication process. However, 
this clearance is indispensable to reduce excessive 
friction at a high speed rotation of micro orifices.  
 
Antisymmetric, or flapping, actuation 
 
If we move the locations of six of the stationary 
pressure supply tubes by 5 degrees along the 
circumference relative to other six tubes, at certain 
times only six micro-jet holes will be opened, while the 
other six are closed. One period of opening and closing 
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these twelve micro-jets is shown in Fig. 3b. This 
arrangement will result in a different mode, i.e., 
antiysmmetric, or flapping, injection of the micro-jets, 
and figure 5b shows the relations between NPRµ and NPR 
in this antisymmetric mode. 
 
Note that, although a fluctuation mode is intended to be 
excited in the present actuator, the actual excitation 
becomes a combination consisting of several modes. This 
might be caused by a finite number of micro-jets, the 
accuracy of actuator fabrication, and the transition process 
from closing to opening the micro-jets. 
 
3. Experimental Setup 
 
All experiments were conducted in the open jet facility at 
the Department of Aerospace Engineering, Nagoya 
University. A convergent (sonic) nozzle with an exit 
diameter of 7.5 mm was used to produce a primary jet 
flow. The nozzle is attached to a cylindrical plenum 
chamber that has a diameter of 220 mm and a length of 
400 mm, as shown in Fig. 6. For automatic flow-field 
measurements, a three-dimensional mechanical traverse 
with three stepping motors was employed. High-pressure 
air is supplied from a tank with a volume of 12 m3 kept at 
a pressure of 12 kg/cm2, to a tank with a volume of 0.186 
m3. A high precision pressure regulator was set in order to 
control the pressure of the plenum chamber with an error 
of 0.25%, and a solenoid valve was installed in the 
pressure line and controlled by a PC.   
 
The sound pressure level (SPL) was measured for 
acoustic properties by using a 1/4" condenser 
microphone, RION UC-29, with a maximum frequency of 
100kHz and a maximum SPL of 160 dB. The microphone 
was set on an arc that is placed at a distance of 100D from 
the nozzle exit, where D is the diameter of the nozzle exit, 
and the angle from the jet axis can be varied from 15o to 
110o. The acoustic data were collected at a sampling rate 
of 100 kHz, and the spectrum of sound was obtained by 
using a fast Fourier transform program.  
 
The outside surfaces of plenum chamber and other bodies 
placed in the near field of the primary jet were covered 
with two layers of acoustically absorbent polyurethane 
foam, which is 6 mm thick in uncompressed condition, to 
reduce strong reflections from the plenum chamber. 
Although the acoustic measurements were performed in a 
laboratory that was not acoustically lined, overall features 
of the emitted noise were well represented by the spectra, 
so that relative comparisons regarding the effect due to 
actuation seem to be valid. In the present measurements, 
the background noise was 37.5 dB in A weight SPL. 
 
Most of the flow field data were obtained by using a 
standard pitot probe with an outer diameter of 0.6 mm, 
where the position of this probe was controlled by a PC. 
This probe is connected to a pressure transducer, 

KYOWA PA-5KB, with a maximum sampling 
frequency of 800 Hz and a limit pressure of 5 kg/cm2. A 
short dual-cone static pressure probe designed by 
Pinckney [4] at NASA Langely and used previously by 
Norum and Seiner [5] was employed for static pressure 
measurements in the case of under-expanded jet. The 
probe size was scaled down to reduce the interference of 
the probe with the jet flow as well as to fit it to the 
present nozzle geometry. This was calibrated by using a 
supersonic wind tunnel, the results of which showed 
that the static pressure can be obtained with an error of 
3%. This static probe is connected to a pressure 
transducer, KYOWA PGM-2KC, with a maximum 
sampling frequency of 24,000 Hz and a limit pressure of 
2 kg/cm2. Because the static pressure rises sharply 
downstream of a shock, the static probe can be used to 
examine the spacing and strength of the shock cell 
system. Despite errors caused by the intrusion of a 
probe, the shock cell spacings thus obtained showed 
good agreement with those determined from Schlieren 
pictures.  
 
The Mach number distribution along the jet axis in the 
case of under-expanded jet was obtained by measuring 
both pitot and static pressures, where Rayleigh's 
supersonic pitot formula was applied to calculate the 
Mach number. On the other hand, in the case of fully-
expanded jet, the static pressure is constant everywhere, 
which is equal to the ambient pressure. Therefore, the 
centerline distribution of Mach number can be 
calculated directly from the pitot probe measurement 
alone by assuming an isentropic flow. 
 
A digital tachometer, ONO SOKKI HT-4100, with a 
maximum of 20,000 revolutions per minute was 
employed to measure the rotational frequency of micro 
orifices. Transducer zero errors were monitored before 
each run. Throughout data acquisition, the plenum 
chamber pressure, micro-jets chamber pressure, and 
ambient pressure were checked, and data normalization 
was carried out under the conditions of that time. The 
flow was also visualized for under-expanded jet by 
using a conventional two-mirror Töpler Schlieren 
technique with a pulsed light source of 10 µs duration. 
 
4. Results and Discussions 
 
As one of jet characteristics,  Mj is commonly used to 
denote the fully-expanded Mach number. It is uniquely 
related to the nozzle pressure ratio, NPR, which is 
defined by Pto/Pa, through the following equation: 
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where Pto is the chamber pressure, or jet total pressure, 
and Pa is the ambient pressure. The Mach number in the 
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plume of an under-expanded supersonic jet can become 
actually higher than Mj. The pressure as well as the Mach 
number overshoots or undershoots the value in the fully-
expanded state while the flow passes through the shock 
cell system. Note that Mj is nothing more than the exit 
Mach number of a fictitious nozzle, at whose exit the flow 
expands up to the given nozzle pressure ratio. In other 
words, it is an average Mach number of the jet in the 
region where the flow oscillates along the jet axis. 
 
Two values of Mj were considered here; one is Mj = 1.00 
for fully-expanded jet, and the other Mj =  1.36 for under-
expanded jet, which correspond to NPR = 1.89 and 3.00, 
respectively. Experimental conditions for the present 
study are listed in Table 1, where there are two cases for 

the fully-expanded jet and one case for the under-
expanded jet. The unsteady micro-jets were injected at a 
Strouhal number, St, of 0.16, based on the nozzle exit 
diameter and flow velocity of the primary jet, which is 
close to one of sub-harmonics of the most amplified 
Strouhal number [6] with the corresponding injection 
frequency of about 6300 Hz. As listed in table 1, there 
are two flapping injections; in case 1 the theoretical 
injected mass flow rate is the same as those of both 
axisymmetric and steady injections, while in case 2, it is 
reduced by 50%. The case 2 was chosen because in 
preliminary tests the case 1 strongly affected the mean 
flow field, compared with other cases. 
 

 
Table 1 Experimental Conditions 

Fully-Expanded Jet Case 1 Fully-Expanded Jet Case 2 Under-Exapnded Jet  
Actuation mode ϕj NPRµ NPR ϕj NPRµ NPR ϕj NPRµ NPR 
Baseline Jet 0 1 1.89 0 1 1.89 0 1 3.00 
Steady Injection 0.04 1.5 1.89 0.06 2.15 1.89 0.04 2.25 3.00 
Unsteady 
axisymmetric 
Injection 

0.04 1.5 1.89 0.06 2.15 1.89 0.04 2.25 3.00 

Unsteady Flapping 
Injection Case 1 0.04 2.80 1.89 0.06 4.3 1.89 0.04 4.50 3.00 

Unsteady Flapping 
Injection Case 2 0.02 1.50 1.89 0.03 2.15 1.89 0.02 2.25 3.00 

 
 
4.1 Mean Flow Fields 
 
4.1.1 Fully-Expanded Jet 
 
Figure 7a shows the centerline Mach number 
distribution of fully-expanded sonic jet for various 
micro-jet injection modes at St = 0.16 and  ϕj  = 0.04 as 
well as that of the baseline jet. The distributions were 
obtained by pitot probe measurements alone, as 
mentioned earlier. Therefore, the Mach number could 
be calculated directly from the isentropic flow relation 
of Eq. (2). From this figure, it is clearly seen that the 
centerline Mach distributions in the cases of injection 
decay much faster than that of baseline jet, which 
suggests an increase in jet spreading, or jet mixing due 
to the micro-jet. 
 
More specifically, the unsteady injections have higher 
spreading rates than the steady injection. In particular, 
the case 1 of unsteady flapping injection is most 
dramatic. However, even the case 2 has a higher 
spreading rate than the axisymmetric modes. This is 
interesting, because the case 2 has a 50% reduction in 
the injected mass flow rate compared with the 
axisymmetric modes. As will be mentioned more in 
detail in section 4.2, this is due to the fact that 

antisymmetric disturbances are more unstable to the 
primary jet than axisymmetric ones; i.e, the growth rate 
due to flapping actuation is higher than that due to 
axisymmetric one. In order to see if the flapping 
actuation bifurcates the jet or not, radial distributions of 
Mach number at several downstream locations were 
measured, the results of which are shown in Fig. 7b. 
From this, it is confirmed that the phenomenon of 
bifurcation does not take place in the present flows and 
that the Mach number distributions shown by Fig. 7a 
well represent the actual jet spreading.  
 
Figure 8 shows similar results to Fig. 7, but for a higher 
value of injected mass fraction, i.e., ϕj = 0.06. We can 
see an increase in spreading rate as well as a reduction 
in jet potential core length, compared with the case of 
ϕj = 0.04 in Fig. 7. On the other hand, Fig. 9 shows the 
axial distribution of jet radius that is defined as the 
length from the axis to the location where the velocity 
becomes half the centerline jet velocity [7]. This is one 
of the most important jet characteristics. As shown in 
this figure, the jet radius increases toward the 
downstream, where the case 1 of flapping mode is most 
pronounced.  
 
4.1.2 Under-expanded Jet 



 
  

of 15 

American Institute of Aeronautics and Astronautics AIAA 2001-3048 

 
 

 

5 

 
In order to evaluate the actuator performance for a jet 
plume with a shock cell structure, the actuation was 
applied to an under-expanded sonic jet with Mj = 1.36, 
which is corresponding to NPR = 3.00. Figure 10 
shows Mach number distributions of steady and 
unsteady axisymmetric modes, and unsteady flapping 
modes, as well as the baseline jet, where the St = 0.16, 
and ϕj = 0.04. The distributions were obtained by first 
measuring pitot and static pressures along the jet 
centerline, and then applying Rayleigh's supersonic 
pitot formula. The results are characterized by wavy 
patterns of Mach number due to the standing 
shock/expansion structure inside the jet. The effect of 
the micro-jet actuation on the distribution is 
qualitatively similar to that of fully-expanded jet with 
the same injected mass fraction. Reductions in the 
potential core length and shock strength due to the 
actuation are clearly seen in Fig. 10. The potential core 
length is one of most frequently used parameters to 
quantify the mixing characteristics of a jet [8]. This 
length is defined as the distance measured in the axial 
direction from the nozzle exit to the location where the 
inside edge of the ring-shaped jet shear layer merges to 
a point at the axis. This length can be determined rather 
easily in the case of fully-expanded jet, where the 
centerline Mach number remains constant until the 
merging point, from where the centerline Mach number 
decreases monotonically toward the downstream. Here 
in this study, the end of the potential core was defined 
as the location where the centerline Mach number 
drops to a certain level, specifically 5%, below the 
nozzle exit Mach number. 
 
On the other hand, this criterion becomes harder to 
apply to the case of under-expanded jet. Because the 
presence of a shock cell structure leads to significant 
oscillations in the centerline Mach number distribution, 
which makes it difficult to clearly identify the end of 
the potential core. In an effort to overcome this 
difficulty, an average centerline Mach number was 
calculated by locally averaging the Mach number 
within each periodic shock cell. The potential core in 
the present study is then defined as the point where this 
locally averaged centerline Mach number begins to 
monotonically decrease below the averaged centerline 
Mach number measured in the upstream. More 
specifically, this averaged Mach number was obtained 
by averaging the Mach number distributions in the first 
four shock cells, which becomes close to that computed 
by Eq. (2). 
 
Based on this definition, a reduction in the potential 
core length in the case 1 of unsteady flapping mode 
was 41% and 56% for under-expanded and fully-
expanded jets, respectively, with the same value of the 
injected mass fraction. This means the effectiveness of 
the present actuator in presence of a shock cell 
structure. Other actuation cases also showed similar 

trends of reduction in jet potential core length for both 
under-expanded and fully-expand jets, which are 
summarized in Fig. 13. On the other hand, radial 
distributions of Mach number at several downstream 
locations are presented in Fig. 12, which confirms that 
jet bifurcation does not take place and that the Mach 
number distributions indicated in Fig. 10 well represent 
the actual jet spreading. 
 
Figure 14 shows axial distributions of the jet radius. 
The two flapping modes have comparable effects on 
this parameter, which is different from the case of 
fully-expanded jet.  As will be shown later, an increase 
in jet Mach number has a stabilizing effect on the fully-
expanded jets. As seen from the results of Fig. 13, 
presence of a shock cell structure inside the jet plume 
has an opposite, destabilizing effect, especially for 
antisymmetric disturbances. 
 
The under-expanded jet considered here was visualized 
by a Schlieren method, the results of which are shown 
in Fig. 11. Note that, although they represent 
instantaneous flow fields, these pictures can 
correspond, to some extent, to the result of measured 
mean flow field shown previously. 
 
4.2 Linear stability Analysis 
 
Classical linear stability calculations are performed for 
the fully-expanded jet considered in this study. In this 
analysis the main objectives are (1) qualitative 
understanding of how the disturbances grow 
downstream, (2) the effect of azimuthal disturbance 
mode, i.e., the difference between axisymmetric and 
antisymmetric modes, on the flow stability, and (3) the 
role of compressibility in the stability. Parallel flow 
approximations for jet flow, where the axial jet velocity 
is )(rUU = , is considered in this analysis, along 

with ∞= pp , which corresponds to the case of fully-
expanded jet. The continuity equation is satisfied, if we 
have )(rρρ =  as the density distribution of the basic 
flow. A suitable normalization of the velocity profile is 
based on the centerline velocity oUU =)0(  and the 

jet radius, R, at which 2/)( oURU = . Thus, we 
have 

)/(/)( RrUUrU o =  (3) 
where U(0) = 1 and U(1) = 0.5. Although the parallel 
flow approximation is not exact in the Navier-Stokes 
equations, it can become a good approximation for 
large Reynolds numbers [9]. 
 
In the present analysis the velocity profile was given as 
a hyperbolic-tangent form. 
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where θ is the momentum thickness that is defined as 

dr
U
U

U
U
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Michalke [9], Chan and Leong [10], Morris [11], 
Crigthon and Gaster [12], and Plaschko [13] have 
employed this profile for their jet stability analyses.  
 
In compressible flow with homogeneous fluid, the 
density )(rρ  and the absolute temperature )(rT  are 
generally not constant. For an ideal gas, the equation of 
state yields the following relation between these two 
quantities. 

1
)()(

−
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⎣
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=

oo

r
T

rT
ρ

ρ
 (6) 

where the subscript o refers to the value at the jet axis. 
It is convenient to relate the temperature to the velocity 
by using the Busemann-Crocco law that is valid for a 
boundary layer flow with a constant pressure and Pr = 
1, where Pr is Prandtl number. 
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Here, )(∞=∞ TT  is the ambient temperature, γ the 
ratio of specific heats, M = Uo/ao the jet Mach number, 
and ao the sound speed at To. 
 
Figure 15 shows the normalized radial velocity 
distributions at six locations in the axial region with a 
jet potential core. Along with experimental data 
obtained in this study, the hyperbolic-tangent velocity 
profile of Eq. (4) is presented in this figure, assuming 
that the jet flow is isothermal; i.e., 1/ =∞ oTT . 
Computed values of R/θ at these locations are also 
listed in this figure, because they are needed to decide 
the hyperbolic-tangent velocity profile. Figure 16 
shows the axial distribution of θ/R in the present 
experiment, which is compared with the data by 
Crigthon and Gaster [12] and Plaschko [13]. The fitted 
straight line has the same slope as that of Crigthon and 
Gaster [12], but a different value of the constant. This 
constant seems to depend on initial conditions at the 
nozzle exit.  
 
The linearized disturbance equation for an 
inviscid, compressible flow 
 
Since the basic jet flow is considered to be 
axisymmetric, we use a cylindrical coordinate system 
(x,r,φ), where the x-axis corresponds to the jet axis. 
The equations for disturbances can be derived, if 
disturbances ρφ ′′′′′ ,,,, pvvv rx are introduced into the 
continuity-, momentum-, and energy- conservation 
equations. When the amplitudes of these disturbances 
are relatively small, the equations can be linearized. 
Thus, the normal mode analysis becomes possible, in 

which each quantity can be expressed by the following 
form: 
 

)(]~,~,~,~,~,~[],,,,,[ txiin
rxrx eTpvvvTpvvv ωαφ

φφ ρρ −+=′′′′′′  (8) 
 
where n is azimuthal wave number, α axial wave 
number, and ω radian frequency. 
 
 In case spatially growing disturbances are considered, 
ω is taken to be real, and n is integer, whereas α is 
generally complex: α = αr + iαi, where αr is axial 
wave number, and αi is axial spatial growth rate. The 
disturbances will be damped if αi > 0, amplified if αi < 
0, and neutral if αi = 0. The specific disturbance 
equations are obtained by substituting Eq. (8) into the 
linearized continuity-, momentum-, and energy- 
equations, which can be reduced to a single equation 
for pressure amplitude )(~ rp  [9]: 
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⎦
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⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

oo T
rT

U

rU
rW )()(
)(

2

α
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 (10) 

When r tends to 0 (jet axis), or ∞ (ambient fluid), the 
quantity W of Eq. (10) approaches a constant value, 
where the asymptotic solutions to Eq. (9) are given by 
the modified Bessel functions with order n, In and Kn. 
As the boundary conditions for the pressure 
disturbance equation require that )0(~p  is bounded and 
that )(~ ∞p  goes to zero, we have, for r → 0 
 

( )rWMICrp n )0(1)(~ 2
1 −=  (11) 

and for r → ∞  
( )rWMKCrp n )(1)(~ 2

2 ∞−=  (12) 
 
where C1 and C2 are complex constants.  
 
Hence an eigenvalue problem for the complex 
eigenvalue α has to be solved for given values of 

nMTrTUrU oo and,,,)(,)( ω . To do this, Eq. 
(9) is integrated numerically for a chosen value of α, 
and then the value continues to be changed until the 
boundary conditions (11) and (12) are satisfied. 
 
Figure 17 presents the axial growth rate, αi, normalized 
by the momentum thickness, versus the radian 
frequency, ω, normalized by the momentum thickness 
and jet velocity, at six locations in the jet potential core 
region with their velocity profiles shown in Fig. 15. 
The growth rates of disturbances for both zero-th 
(axisymmetric) mode with n = 0 and first 
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(antisymmetric) mode with n = 1 are illustrated in this 
figure. As we go downstream, the antisymmetric 
disturbances become more unstable than the 
axisymmetric ones. Note that this analysis is based on 
the local mean velocities of the baseline jet; therefore, 
the change in the mean velocity due to the growth of 
disturbances is neglected in the present analysis. 
Furthermore, this analysis assumes that the 
disturbances are small, which is not exactly applicable 
to the present case with micro-jets actuator. Therefore, 
the reason why the antisymmetric, or flapping, 
actuation is more effective than the axisymmetric one 
with regard to mixing can be deduced only 
qualitatively from the above results of stability 
analysis. In any case, it is clear from these results that 
the antisymmetric disturbances produced by the present 
antisymmetric actuation will be more amplified in the 
downstream, which will change the mean flow more 
effectively than the axisymmetric actuation. 
 
In order to see the effects of compressibility on jet 
stability, similar calculations were performed for the 
case of incompressible flow, i.e., M = 0, regarding both 
axisymmetric and antisymmetric modes, where the 
flow at x/D = 3 was employed as a base flow. The 
results are shown in Fig. 18, along with the 
compressible data at the same location of x/D, for 
comparison. From this it turns out that the 
compressibility of jet flow has a stabilizing effect, 
because the compressible flow is less unstable than the 
corresponding incompressible one. This will give an 
explanation for the effects of the actuation employed 
here on both the fully-expanded and under-expanded 
jets, mentioned earlier. 
 
Note that in the present linear stability analysis the 
pressure field is held constant inside the jet plume. This 
is not the case for under-expanded jet with the shock 
cell structure. There, the pressure is no longer constant 
inside the plume, but overshoots or undershoots the 
ambient value. This pressure field seems to play an 
important role in destabilizing the jet flow, which can 
explain why the under-expanded jet with the case 2 of 
flapping mode even with a reduced mass flow injection 
has a comparable effect with the case 1, as shown in 
Fig. 14. This tendency was not seen for the fully-
expanded jet shown in Fig 9a, regarding the axial 
distribution of jet radius. In short, the formation of 
shock cell structure has a strong destabilizing effect, 
especially for antisymmetric disturbances. 
 
4.3 Jet Noise 
 
The acoustic field responds strongly to the frequency 
of actuation or excitation and its harmonics when some 
external excitation is applied to a jet.  Figures 19 and 
20 show results of microphone spectra for both fully-
expanded and under-expanded jets, respectively. The 
microphone is located in the acoustic field at an angle 

of 45o from the jet axis and 100D away from the nozzle 
exit. The under-expanded baseline jet is clearly 
characterized by a screech tone with a frequency of 15 
kHz (see  Fig. 20a). Comparison of the results for the 
excited jets as well as the baseline jets indicates that 
natural and excited disturbances radiate noise in the 
downstream direction by a similar mechanism. 
Moreover, they support a viewpoint that organized 
flow disturbances are directly responsible for a major 
portion of downstream noise radiation produced by jet 
[13]. However, a reduction in the radiated noise was 
observed only in the steady injection cases for both of 
fully-expanded and under-expanded jets. This 
reduction seems to be due to mixing enhancement in a 
passive way such as vortex generators or tabs placed at 
the nozzle exit [14]. Figure 21 shows directivity arcs 
for these cases, where a maximum reduction in the 
overall sound pressure level, OASPL, of about 3 to 5 
dB is seen for both fully- expanded and under-
expanded jets. 
 
5. Conclusion 
 
Lateral steady or unsteady injection of an array of 
micro-jets, placed along the circumference of the 
nozzle exit of a primary jet at equal intervals, were 
experimentally studied to examine the characteristics 
of mixing and noise in compressible primary jets. 
Specifically, unsteady axisymmetric and flapping 
injection modes were employed in addition to steady 
axisymmetric injection. The unsteady injections were 
performed at an injection Strouhal number, St, of 0.16, 
based on the nozzle diameter and jet velocity at the 
primary jet nozzle exit, which is close to one of sub-
harmonics of the most amplified Strouhal number 
obtained theoretically. Two cases were chosen for the 
total unsteady mass injection: 4% and 6%.  
 
The results of mean flow field showed that the flapping 
injection has a higher spreading rate than the steady or 
unsteady axisymmetric injection with regard to the 
decay of jet centerline velocity.  Even in the case of 
50% reduction in the unsteady mass injection, the 
antisymmetric mode grew and persisted further 
downstream, i.e., even downstream of the potential 
core region, compared with the case of axisymmetric 
mode with a full unsteady mass injection. These results 
were qualitatively confirmed by performing a linear 
stability analysis for fully-expanded jet, which showed 
that the antisymmetric mode of natural disturbances is 
more unstable than the axisymmetric one in the 
downstream region. 
In the case of under-expanded jet, the presence of the 
shock cell structure inside the jet plume has a strong 
destabilizing effect, especially for antisymmetric 
disturbances. This was confirmed by comparable 
effects of two different flapping actuations on the 
downstream evolution of jet radius.  
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The radiated noise was reduced in the case of steady 
axisymmetric injection actuation, whereas it was 
increased in other cases of unsteady injection. 
Although it is interesting to see what happens when the 
injection Strouhal number is increased up to one order 
magnitude higher value than the present one, this 
exceeds our experimental capability.  
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Fig. 1 Detailed schematic diagram of a single
micro jet relative to primary jet.

Fig. 2 Picture of primary jet nozzle assembled with
a micro-jets system. 
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Fig. 3 Schematic shows a cross-sectional view of micro-jets at primary jet nozzle exit
during a complete injection cycle for both axisymmetric and antisymmetric modes.

0

20000

40000

0 0.01 0.02 0.03 0.04 0.05

Time [sec.]

Pi
to

t P
re

ss
ur

e 
[N

/m
2 ] g

au
ge

Pitot Probe

0

3000

6000

0 200 400 600 800 1000

Frequency [Hz]

Pr
es

su
re

 [N
/m

2 ] 

(a) Time response of pressure. (b) Spectrum. 

Fig. 4 Unsteady injection characteristic due to single micro-jet with micro-jet pressure ratio  2.50 and micro-
orifices rotational speed 1000 RPM.
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(a) Axisymmetric injection. (b) Antisymmetric, flapping, injection.
Fig. 5 Relation between primary jet, NPR, micro-jets pressure ratios,NPRµ and mass fraction,ϕj,
for both axisymmetric and asymmetric injections.
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(7a) Centerline Mach number distribution.   

(7b) Radial Mach number distribution at different axial locations: (a) x/D = 1, 
(b) x/D = 3, (c) x/D = 5, (d) x/D = 7, (e) x/D = 9. 

Fig. 7 Fully-expanded, sonic jet. : baseline jet, : axisymmetric steady mode, : unsteady axisymmetric mode, 
: unsteady flapping mode 1, : unsteady flapping mode 2. St = 0.16, and 

ϕj = 0.04  (ϕj = 0.02 for flapping mode 2). 
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(8b) Radial Mach number distribution at different axial locations: (a) x/D = 1, 
(b) x/D = 3, (c) x/D = 5, (d) x/D = 7, (e) x/D = 9. 

(8a) Centerline Mach number distribution.   

Fig. 8 Fully-expanded, sonic jet. : baseline jet, : axisymmetric steady injection, : unsteady axisymmetric
mode, : unsteady flapping mode 1, : unsteady flapping mode 2. St = 0.16, and
ϕj = 0.06 (ϕj = 0.03 for flapping mode 2). 
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Fig. 9 Axial distribution of normalized jet radius, R0.5/D, for fully-expanded jet with Mj = 1. 

: baseline jet, : axisymmetric steady mode, : unsteady axisymmetric mode,
: unsteady flapping mode 1, : unsteady flapping mode 2. St = 0.16. 
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Fig. 10 Mach number distribution of under-expanded jet 
with Mj = 1.36. (a) baseline jet, (b) axismmetric steady 
mode, (c) axisymmetric unsteady mode, (d) flapping 
mode 2, (e) flapping mode 1. St = 0.16, and ϕj = 0.04 
(ϕj = 0.02 for flapping mode 2). 

Fig. 11 Schlieren pictures of under-expanded jet with 
Mj = 1.36. (a) baseline jet, (b) axisymmetric steady 
mode, (c) axisymmetric unsteady mode, (d) flapping 
mode 2, (e) flapping mode 1. St = 0.16, and ϕj = 0.04 
(ϕj = 0.02 for flapping mode 2). 
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For under-expanded jet with Mj = 1.36. : baseline jet, : axisymmetric steady mode, 
: unsteady axisymmetric mode, : unsteady flapping mode 1, : unsteady flapping mode 2. St = 0.16, and ϕj 

= 0.04  (ϕj = 0.02 for flapping mode 2). 

Fig. 12 Radial Mach number distribution at different axial locations: (a) x/D = 2, 
(b) x/D = 3, (c) x/D = 5, (d) x/D = 7, (e) x/D = 10. 

Fig. 13 Potential core length normalized by baseline jet 
potential core for both fully-expanded and under-expanded 
jets at St = 0.16 for unsteady micro-jet injection.
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Fig. 15 Radial velocity distributions with jet potential core at different axial locations. 
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Fig. 16 Axial variation of the ratio of momentum thickness to jet radius, θ/R, in jet potential core region.  
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Fig. 17 Spatial growth rate, -αi, vs. frequency , ω, for both 
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(b) x/D = 1, (c) x/D = 2, (d) x/D = 3, (e) x/D = 4, and (f) x/D = 5. 
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Fig. 19 Noise spectrum of fully-expanded jet with Mj = 
1.00. (a) baseline jet, (b) axisymmetric steady mode, (c)
axisymmetric unsteady mode, (d) flapping mode 2, (e) 
flapping mode 1. St = 0.16, and ϕj = 0.04  (ϕj = 0.02 for 
flapping mode 2). 

0 10,000 20,000 30,000 40,000 50,000

Frequency [Hz]

SP
L 

[d
B

]

100

100

100

100

120

120

120

120

100

120

(a)

(c)

(b)

(d)

(e)

140

0 10,000 20,000 30,000 40,000 50,000

Frequency [Hz]

SP
L 

[d
B

]

100

100

100

100

100

120

120

120

120

120

140

160

(a)

(c)

(b)

(d)

(e)

Fig. 20 Noise spectrum of under-expanded jet with Mj = 
1.36. (a) baseline jet, (b) axisymmetric steady mode, (c)
axisymmetric unsteady mode, (d) flapping mode 2, (e) 
flapping mode 1. St = 0.16, and ϕj = 0.04 (ϕj = 0.02 for 
flapping mode 2). 

(a) Fully expanded jet, Mj = 1.00 (b) Underexpanded jet, Mj = 1.36

Fig. 21 OASPL directivity arc: : baseline jet, : axisymmetric steady injection. St = 0.16, and 
ϕj = 0.04.


