Lecture 2: W. M. Seif 2016-2017

Compressibility of Fluids

Bulk Modulus:

The compressibility of the fluid expresses how the volume and the density of a given mass
of the fluid be change under the effect of an applied pressure. The bulk modulus of elasticity
Is defined as

E dp
v av/v
where dP is the differential change in pressure,
dV is a differential change in volume,
and  V isthe initial volume.
The negative sign indicates that the increase in pressure causes a decrease in volume.

o0 m — pV
o _dP
" dp/p

E, has the units of Pa=N/m? (in SI) or psi= Ib/in? (in BG).

Large values for the bulk modulus indicate that the fluid is relatively incompressible.
Whereas liquids are usually considered to be incompressible, gases are generally considered
compressible.

Chapter 3
Elementary Fluid Dynamics
Bernoulli Equation

The inviscid fluid flow is governed by pressure and gravity forces. In such case, Newton's
second law reads

Net pressure force on a particle + net gravity force on particle
= (particle mass) (particle acceleration)

A streamline: A line is everywhere tangent to the velocity field. If the flow is steady, the
streamlines are fixed lines in space. For unsteady flows the streamlines may change with
time.

Fig.1
Streamlines
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As the fluid particle moves, both gravity and pressure forces do work on the particle. The
work-energy principle states that *The work done on a particle by all forces acting on the
particle is equal to the change of the kinetic energy of the particle.”. Along the streamline of
a given flow, we can express work-energy principle as

dp V?

—+ > + g9z = contant
This is called Bernoulli equation.
Here,

dP is the variation in pressure at a given point.
p is the density of the fluid.

V is the fluid velocity.

g Isthe acceleration due to gravity.

z isthe elevation.

The elevation term (gz) is related to the potential energy of the particle. Bernoulli equation is
the most used and the most abused equation in fluid mechanics.

For a steady, inviscid, incompressible flow, along the streamline
1
P+ E,DVZ + yz = constant .
¥ = pg is the specific weight of the fluid (N/m® or Ib/ft?).

This indicates that between two points (1) and (2) along a given streamline of inviscid
steady incompressible flow,

1 2 1 2
P, +EPV1 +vyz, =P, +EpV2 +vyz,.

Across the stream line, the sum of pressure, elevation, and velocity effects is constant.
f ap + v’ dn + tant
— —an Z = conitant.
p R J

Here, R is the local radius of curvature of the streamlines.
# defines the normal direction.

For steady, inviscid, incompressible flow, across the stream line

VZ
P+p.[§d1’i+yz = contant.
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Example 1:

Consider the inviscid, incompressible, steady flow shown in Fig. 2. From section A to B the
streamlines are straight, while from C to D they follow circular paths. Describe the pressure

variation between points (1) and (2), and points (3) and (4).

£

lg Free surface

Fig. 2

Solution:
With the above assumptions and the fact that Y& = oc for the portion from A to B. Eq. 3.14
becomes

p + yz = constant

The constant can be determined by evaluating the known variables at the two locations us-
ing p, = 0 (gage). z, = 0. and z, = h, , to give

Pr=p,+ v — 7)) =p, + vh,, (Ans)

Note that since the radius of curvature of the streamline is infinite, the pressure variation in
the vertical direction is the same as if the fluid were stationary.
However, if we apply Eq. 3.14 between points (3) and (4) we obtain (using dn = —dz)
ra y2

pstp 7 (—dz) + vz, = ps + ¥4

3

With p, = 0 and z, — z; = h,_5 this becomes

L4 V2
R

p3 = '}'h_l_:; - p dz (Ans)

To evaluate the integral., we must know the variation of V and % with z. Even without this
detailed information we note that the integral has a positive value. Thus, the pressure at (3) is
less than the hydrostatic value, yh, ;. by an amount equal to p [ (VZ/R) dz. This lower
pressure, caused by the curved streamline, is necessary to accelerate the fluid around the
curved path.
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Confined Flows

Consider a fluid flowing through a fixed volume such as a tank that has one inlet (1) and one
outlet (2) as shown in Fig. 3.

e— V} 8t — Fluid parcel at 1=0
- 8
— 1
— | I !__J Same parcel at 1 = 1
Vi (1)
Volume = V| ét A, ——| V, 6t |*'— Volume = V2 ¢ A
i |— - _l --#-_#___,.,--""F - .
-
V. 2

Fig.3: Steady flow into and out of tank.

If the flow is steady,
~ There is no additional accumulation of fluid within the tank volume.

The continuity equation (conservation of mass) states that "mass cannot be created or
destroyed".

=~ The rate of fluid flow into the tank (at 1) = The rate of flow out of the tank (at 2)

m
The mass flowrate = - m (slugs/s = kg/s)

. d(pV)  dV _
m="u _pdt_pQ

For an incompressible fluid, p is constant.

Q is the volume flowrate = the volume per unit time( ft*/s = m%/s).

The volume of the fluid crossing the perpendicular outlet area (A) in a time (6t) with a
velocity (V) is VAdt.

oy dv _ vAs
~ Q(the volume per unit time) = i Ft =VA

and,
m=pQ = pVA
For a steady flow, m (1) = m (2)
~ p1V1A1 = p2V2A;
For an incompressible fluid (p = constant), we have
Vi, = V24,
Q1 =0Q2
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Example 2:
A stream of water of diameter d=0.1 m flows steadily from a tank of diameter D=1.0 m as

shown in Fig. 4(a). Determine the flowrate (Q) needed from the inflow pipe if the water
depth remains constant, h = 2.0 m.

Qo :
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“D-10m
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L @)
DS

d=0.10 m

Fig. 4

For steady, inviscid, incompressible flow, the Bernoulli equation applied between points (1)
and (2) is
Pyt %PV% +v,,=p,+ %PV% + v (1)
With the assumptions that p;, = p, = 0,z, = h, and z, = 0. Eq. 1 becomes
Vi + gh =3V3 (2)

Although the water level remains constant (h = constant), there is an average velocity, V,
across section (1) because of the flow from the tank. From Eq. 3.19 for steady incompress-
ible flow, conservation of mass requires Q; = (@,, where 0 = AV. Thus, A,V, = A,V,, or

T, T,
EDHV| - Id“"’a
Hence,
d 2
v, = (B) Vi (3)
Equations 1 and 3 can be combined to give
2¢gh [2(9.81 m/s?)(2.0 m
V, = % = . ( /s 4) = 6.26 m/s
N1-@bD¥ N 1-(0.1m/lm)
Thus,
0 =A,V, =A,V, = %(O.l m)*(6.26 m/s) = 0.0492 m’/s (Ans)

Problems: (3.26, 3.30, Example 3.8)
References: “Fundamentals of Fluid Mechanics”; Munson, Young and Okishi, Ch. 3




