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Question 1 [43 marks]
a. [8 marks] True or False? correct the wrong statements. [2 marks each]
1. Depth-first search can be used to compute a topological ordering of a directed acyclic graph in O(m+n) time.
True
2. Depth-first search can be used to compute the strongly connected components of a directed graph in O(m+n)
time. True
3. Breadth-first search can be used to compute the connected components of an undirected graph in O(m+n) time.
True
4. Breadth-first search can be used to compute shortest paths in O(m+n) time (when every edge has unit length).
True
b. [15 marks] State the inputs and outputs for ONLY THREE of the following problems.
1. Minimum spanning tree

2. Counting inversions

1

3. Minimum cut

4. Knapsack

2

5. Maximum weighted independent set

6. Selection

c. [5 marks] Prove ONLY ONE of the following.
a) The maximum number of minimum cuts for a graph of n nodes.

3

4

b) The probability of finding a minimum cut using repeated Karger’s algorithm.

5

c) The average running time of randomized quicksort.

6

7

d) The average running time of randomized selection.

8

9

d. [5 marks] Write pseudo-code for an efficient algorithm to compute the strongly connected components of a
directed graph.

e. [2 mark] Give a simple example of a directed graph with negative-weight edges for which Dijkstra's algorithm
produces incorrect answers.

f. [8 mark] Choosing a suitable data structure can significantly improve the running time of an algorithm.
1. Name the data structure that improved the running time of Dijkstra’s shortest-path algorithm. State the running
time of the improved algorithm.
Heap. O(m log n).
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2. Name the data structure that improved the running time of Kruskal’s minimum spanning-tree algorithm. State the
running time of the improved algorithm.
Union-find (disjoint sets). O(m log n)

Question 2 [7 Marks] Answer the following about the problem of finding the median of a set of n integers. In the
offline version of the problem, the n integers are input all at once and the median is to be computed only once over
all the integers. In the online version, the integers are input one by one and the median is to be computed n times;
once after each integer is input.
a. [3 marks] Describe in pseudo-code an O(n) algorithm for solving the offline problem.

where i = n/2+1 if n odd and i = n/2 and n/2+1 if n even
b. [4 marks] Describe in pseudo-code an O(n log n) algorithm for solving the online problem. State its running
time. (Hint: Use two min-heaps).

Question 3 [5 Marks] Answer ONLY ONE of the following problems:
1. Consider the following job scheduling problem. There are m identical machines and n jobs. Job j has size pj. Each
job must be assigned to exactly one machine. The load of a machine is the sum of the sizes of the jobs that get
assigned to it. The makespan of an assignment of jobs is the maximum load of a machine; this is the quantity that
we want to minimize. For example, suppose there are two machines and 4 jobs with sizes 7,8,5,6. Assigning the first
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two jobs to the first machine and the last two jobs to the second machine yields machine loads 15 and 11, for a
makespan of 15. A better assignment puts the first and last jobs on the first machine and the second and third jobs
on the second machine, for a makespan of 13.
a. [4 marks] Consider the following greedy algorithm. Iterate through the jobs j=1,2,3,…,n one-by-one. When
considering job j, assign it to the machine that currently has the smallest load (breaking ties arbitrarily). What would
be the makespan when running this algorithm on the example above (with two jobs and four machines)? Is it the
optimal makespan? why?
7, 5 into machine 1 and 8, 6 into machine 2. Makespan = 14. No, it is not optimal. Optimal span = 13 (7, 6 into
machine 1 and 8, 5 into machine 2).
b. [1 marks] Modify the greedy algorithm in (a) so that it gives makespan values that are closer to optimal. What is
the running time of the modified algorithm?
Sort the jobs descendingly first then iterate through them and continue the same steps in (a). O(n log n).
2. Consider the following algorithm:
MAYBE-MST(G, W)
T←Ø
for each edge e of G, taken in arbitrary order
do T ← T ∪ {e}
if T has a cycle c
then let é be the maximum-weight edge on c
T ← T - {é}
return T
a. [4 marks] Describe an algorithm that resembles the above algorithm for efficiently computing the minimum
spanning tree. What is its running time?

O(m log n).
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b. [1 mark] What is the running time of the most efficient implementation of MAYBE-MST algorithm?
Using a heap, O(m log n).
Question 4 [5 Marks] Answer ONLY ONE of the following problems:
1. The input to the subset-sum problem is a pair (S, t), where S is a set {x1, x2, ..., xn} of positive integers and t is a
positive integer. This problem asks whether there exists a subset of S that adds up exactly to the target value t.
Describe an algorithm to solve the subset problem. What is the running time of your algorithm?
SUBSUM(n, t) = MAX( SUBSUM(n-1, t-xn)
SUBSUM(n-1, t)

if xn selected,
if xn not selected)

Border cases: SUBSUM(x, 0) = 1
SUBSUM(x,<0) = 0
SUBSUM(0, >0) = 0
for i = 1 to n
for j = 0 to t
S[i, j] = max(S[i-1, j-xi], S[i-1, j])
O(n.t)
2. Suppose that we have two knapsacks, with integer capacities W1 and W2 and that we are given n items with
positive values and positive integer weights. We want to pick subsets S1, S2 with maximum total value (i.e.,
∑i∈S1vi+∑i∈S2vi) such that the total weights of S1 and S2 are at most W1 and W2, respectively. Assume that every
item fits in either knapsack (i.e., wi≤min{W1,W2} for every item i). Write an algorithm to solve the above problem.
State the time and space complexities of your algorithm.

TK(n, W1, W2) = max(

TK(n-1, W1, W2) if xn not selected,
vn + TK(n-1, W1-wn, W2) if xn selected in W1,
vn + TK( n-1, W1, W2-wn) if xn selected into W2)

Base cases: TK( …, <=0, …) = TK(…, …, <= 0) = 0
for i = 1 to n
for j = 0 to W1
for k = 0 to W2
T[i, j, k] = max( T[i-1, j, k], vi + T[i-1, j-wi, k], vi + T[i-1, j, k-wi])
Time and space: O(n .W1. W2)
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