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A. Probability Distribution
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Trail and Event:

Consider an experument of throwing a coin. When tossing a coin, we may get a head (H) or tail (T).
Here tossing of a coin 1s a trail and getting a head or tail 1s an event.

From a pack of cards drawing any three cards 1s trail and getting a King or queen or a jack are
events.

Throwing of a dice 1s a trail and getting 1 or 2 or 3 or 4 or 5 or 6 1s an event.
Sample Space:
The set of all possible cases of an experiment is called the sample space and 1s denoted by S.

Mathematical Definition of Probability:

No. of favourable cases

Probability of Event E =
Total no. of outcomes
P(E)=—
n

Where 'm' 1s number of favourable cases =n (E) and 'n' 1s number of exhaustive cases = n(S).
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A.1l. Random Variable
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Random Variable:

A function X which transforms events of a random experiment mto real numbers 1s called random
variable. It 1s denoted as X : S — R, where S 1s sample space of random experiment and R 1s set of real
numbers.

Example:

Two coins are tossed at a tume.

Sample space 1s S = {HH. HT, TH. TT}. If we take X 1s the number of heads appearing then HH
becomes 2. HT and TH becomes 1. and TT becomes 0.

.. X (number of heads) 1s a random variable.
Types of Random Variables:

There are two types of random variables known as

(1) Discrete random variable

(1) Continuous random variable
Discrete random variable:

If a random variable takes only a finite or a countable number of values, 1t 1s called a discrete random
variable.

For example, when two coins are tossed the number of heads obtained is the random variable X.

Where X assumes the values 0. 1, 2. Which 1s a countable set. Such a variable 1s called discrete random
variable.
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Definition:
Probability Mass Function:

Let X be a discrete random variable with values x,, x,, X,, ......... X . Let p (x,) be a number associated
with each x..

Then the function p 1s called the probability mass function of X if it satisfies the conditions
(1)p(x)=0for1=1.23, ... n
(i) Tp(x) = 1
The set of ordered pairs [x, p(x))] is called the probability distribution of X.
Continuous Random Variable:
A random variable X 1s said to be continuous if it can take all possible values between certain lim-
its.
Examples:
1. Life time of electric bulb in hours.
2. Height, weight, temperature, etc.
Definition:

Probability density function:

A function f1s said to be probability density function (pdf) of the continuous random variable X 1f
it satisfies the following condition:

I. f(ix)=0forallx e R

2. Tf(x) dx=1
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Definition:

Distribution function (Cumulative Distribution Function).
The function F(X) 1s said to be the distribution function of the random variable X, 1f
FX)=P(X<x); —wo=x=w
The distribution function F 1s also called cumulative distribution function.
Note:

1. If X1s a discrete random variable then from the definition 1t follows that F(X) = Zp(x ), where
the summation 1s overall X.. such that X, <X

2. If X 1s a continuous random variable. then from the definition it follows that
E—-h:
y= Ae*+ Be™ + To + 4xe™

-

where f(t) the value of the probability density function of X at t.
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Examples
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com, when X is defined as getting a head.

PART -A
1. Find the probability distribution of X when tossing a
Solution:
Let X denote getting a head.
Probability of getting a head = %
1
Probability of getting a tail = E

The probability distribution of X 1s given by
X 0 1

2x
—. 0=x=<3
3. Verify that f(x)= J is a probability density function.
Solution: 1 0. otherwise
+0C 3 2 3
[ £0x) dx= [ ax= { }
b 0 2 .
29

9

o

= f(x) 1s a probability density function.

2

PX=x: Y4 A
2. When throwing a die what 1s probability of getting a

Solution:

Total number of casesn=6(1, 2, 3. 4, 5, 6)

Number of favourable cases = 1
m 1

.. Probability of getting 4 = —= —
n 6

47
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PART -B
1. Arandom variable X has the following probability distribution:
X 0 1 2 3 4
P(X): 3a 4a 6a 7a 8a
Find (1) Value of a.
() P(X=2)
Solution:

(1) Since L P(X)=1
—3at+4at+b6at+T7at+8a=1
28a =1
1

a=—

28
(11) PX=2) =PX=0)+P(X=1)+P(X=2)
=3a+4a+ 06a
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PART - C

kx?. 0<x<3

1. Iff(x)= . 1s a pdf. find the value of k.

else where
Solution:

Since f(x) 1s a pdf.

We have

3
jf(x} dx=1
0
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A.2. Mathematical Expectation
of Discrete Variable
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Expectation of a discrete random variable:

If X denotes a discrete random variable which can assume the value x . x, ........... x_with respective
probabilities p.. p, ............ p, then the mathematical expectation of X, denoted by E(X) 1s defined by
EX)=pX,+P,X,+ e P X

= Zpix,— where Z p,=1
i=1

i=1
Thus E(X) 1s the weighted arthmetic mean of the values x, with the weight to p (x).
.. Mean X = E(X).
Hence the mathematical expectation E(X) of a random variable 1s simply the arithmetic mean.
Result: If ¢ (x) 1s a function of a random variable X, then
E[6 ()] = ZP(X =x) ¢ ().

2y — 2 2 - 3
EXT)=pX tpX TPX F .



Prof. Dr. M. Samer | Probability Distribution | 14

Cairo University

Properties of mathematical expectation:

[

A e B AT B

E(C) = C, where C 1s a constant.

E(CX) = CEX).

E(ax + b) = aE(X) + b, where a, b are constants.
Variance of X = Var(X) = E{X - E(X)}*.
Var(X) = E(X) — [EQ)P

Var (X £ C) = Var (X)) where C 1s a constant.
Var (aX) = a*Var(X).

Var (aX + b) = a?Var(X).

Var (C) = 0, where C 1s a constant.
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Examples
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PART - A

1. Find the expected value of the random variable X has the following probability distribution.

Lad

| —

X 1 2
1 4
PX): — —
X): p
Solution:
Exepctation of X.
E(X)=2xP(X;)
21::<l-|—2><;i-|—3>«:l
6 6 6
1 8
= —+—+=
6 6
_1+8+3
6
12
EX)=—=2
(X)==

2. Evaluate Var (2X % 3).
Solution:
We have Var (ax = b) = a? Var (X)
Var (2X = 3) = 2? Var (X)
=4 Var (X)
3. Arandom variable X has E(X) =2 and E(X?) = 8. Find its variance.

Solution:
Var (X) =E(X?) - [EX)]?
=8 —[2]
=8-4

Var (X)=14
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PART -B

A random variable X has the following probability distribution:

1.
X : -3 6 9

1 1 1

PX): — — —~
% 2 3

Fnd E 2X +1).
Solution:
E(2X+1)
=EQ2X)+E(])
E2x+1) =2EX)+1
Where E(X) =Xx, P(x)
1) 1) 1)
=3 2)eo5)+0l 3
9
N 3

3 6
— =+ =+
6 2
—3+18+18

~ —3+36 33 11

6 6 2

(11)
EQX+1)=2| = |+1
(2X+1)=2{ 7]

=11+1
EQX+1)=12
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PART - C

1. The monthly demand for ladies hand bags 1s known to have the following distribution.

Demand 1 2 3 4 5 6
Probability 0.1 0.15 0.20 0.25 0.18 0.12

Determine the expected demand for ladies hand bags. Also obtam variance.

Solution:
(x?) 1 4 9 16 25 36
Demand (x) 1 2 3 4 5 6
Probability P(x) 0.1 0.15 0.20 0.25 0.18 0.12

Expected demand, E(x) = >_x;p;
1=1

=1(0.1)+2 (0.15) + 3 (0.20) + 4 (0.25) + 5 (0.18) + 6 (0.12)
=0.1+03+06+1.0+09+0.72
=3.62

E(x2)= ixizpiz
i=1

= 1(0.1)+ 4 (0.15)+9 (0.2) + 16 (0.25) + 25 (0.18) + 35 (0.12)
=0.1+06+1.8+4.0+45+432
=15.32
. Variance = E(x) — [E(x)]?
— 1532 — (3.62)
=1532-13.10
=2.22
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A.3. Binomial Distribution



Cairo University

Prof. Dr. M. Samer | Probability Distribution | 20

An expermment which has two mutually disjomt outcomes 1s called a Bernoulli trail. The two out-
comes are usually called "success" and "failure".

An experiment consisting of repeated number of Bernoull: trails 1s called Binonual experiment. A
Binomial distribution can be used under the followiong conditions.

(1) The number of trials 1s finite.
(1) The trials are mndependent of each other.

(111) The probability of success 1s constant for each trial.

Probability funciton of Binomial Distribution:

Let X denotes the number of success in # trial satisfying binomial distribution conditions. X 1s a
random variable which can take the values 0, 1.2, ......... 1, since we get no success, one success or all »
success.

The general expression for the probability of x success 1s given by
P(X=x) =nC _p*q**.x=0,1.2,3. ... 1.
Where P = probability of success. In each trial and q =1 —p.
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Definition:

A random variable X 1s sa1 dto follow binomual distribution, if the probability mass funciton is given

by
P(X=x) =nC_p'q"* x=0,1,3, .......n
=0 otherwise

Where n, p are called parameter of the distribution.
Constants of the binomial distribution:

Mean = np

Variance = npq

Standard Deviation = \/@
Nofte

(1) 0=p=1,0=q=landp+q=1.

(1) In bmomnual distribution mean 1s always greater than variance.

(111) To denote the random variable X which follows binomial distribution with parameters n and p
1s X ~ B (n, p).
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Examples
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PART - A
1. Find n and p in the binomial distribution whose mean is 3 and variance is 2.
Solution:

Given. mean = 3
1.e np = 3 and Variance npq =2

npq 2
np 3
2
= — =1-—
q 3 I q
2
p=1—-=
2
)_1
: 3

2. In a binomial distribution if n=9 and p = 3 what is the value of variance?

Solution:
. 1
Gwven:n=9., p=—
2
qQ=1-p
1
q=1-7
2
_2
=3
. Variance = npq
I 2
=9 x = X =
2 2

Variance =2
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PART - B
1. If the sum of mean and variance of a binomial distribution is 4.8 for 5 trials, find the distribution.
Solution:
Mean=np : Variance =npq

Given sum of mean and variance 1s 4.8.
ie np+npq=4.8

np(l+q) =43

np(l+1-p)=438

S5p(2—-p)=4.8

10p—5p?—-48=0
or S5p*—10p+4.8=0 = p=12.038
S.p=0.8. q=0.2 (. p cannot be greater than 1)
The binomuial distribution is
P(X=x)=5C_(0.8)* (0.2
Wherex=0.1.2.3.4.5
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In tossing 10 coin. What 1s the chance of having exactly 5 heads.

-

"

Solution:
Let X denote number of heads

I~.J|I—l

p = Probability of getting a head =

q=1-p

n = number of trial is 10.
.". The binomial distribution 1s
P(X=x) =nC_pq~™
Probability of getting exactly 5 heads
5 . 10-5

oy
i
1

5l

5,

| —

P(X=5)=10Cs|
'-.5

2

3| =

10

3| =



Prof. Dr. M. Samer | Probability Distribution | 26

Cairo University

PART -C
1.

Ten coins are tossed simultaneously find the probability of getting atleast seven heads.
Solution:
Gi =10 _ ! =1 L
ivenn=10, p= % q=1- 5> 5
P(X=x) =nC_pq~=
g E oo 10-x
1)V
=10¢, (5] (5]
¢ 4 EH10-x
(1)
=10C, | = |

N

8| , 10
P(X=x)=10C, | |

i

Probability of getting atleast seven heads is

P(x>7) =P(x=7)+P(x=8+P(x=9)+P(x=10)

10 , 10 10

=19cr?[éj +mf:3[%j +10cg{_éj +1oc:m{é}

o510

o | =

[10C,; +10C; + 10C, + 10C; ]

=

7120+ 45+ 10+ 1]
176

1024
1

64

P(x=7)
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A.4. Poisson Distribution
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Poisson distribution 1s a limiting case of binomial distribution under the following conditions.
(1) n. the number of Independent trials is indefinitely large. 1.e n — .
(1) p. the constant probability of success in each trial is very small i1e p — 0.
(111)np = A 1s finite where A 1s a positive real number.
Definition:
A discrete random variable X i1s said to have a poisson distribution if the probability mass function
e x

-
-

X!

of Xis P(X=X)=
tiomn.

x=0.1.2. ... for some A > 0 and A is the parameter of the poisson distribu-

Constants of poisson distribution:
(1) Mean = A

(11) Variance = A

(iii) Standard deviation = /3
Examples of poisson distribution:

1. The number of printing mistakes in each page of a book.

2. The number of suicides reported 1n a particular city in a particular month.
The number of road accidents at a particular junction per month.

fad

4. The number of child born blind per year in a hospital.
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PART - A

1. If the mean of the poisson distribution 1s 2. Find P (x = 0).
Solution:

We know P(X = x)= c M

Given: A=2 X!

L P(X=0)= €2’

—e?

2. If the mean of the poisson distribution is 4. Find the value of the variance and standard deviation.
Solution:

Given Mean=A=4
Varnance =A=4

SD=~/l.=+/4=2

-

3. In a poisson distribution if the variance is 2. and P= 100 what 1s n.
Solution:

We know A =np
Given: A=2, P=—
100

S2= 11L
100

ren= 200
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PART - B
1. In a poisson distribution if P(x=3)=P (x=2) find P (x = 0).

Solution:
Given: P(x=3)=P(x=2)
i i e F
We know P(X=x)= r
e " S
3121
Lo 1
I1x2x3 1x2
;"..: 3
—3 =]
e 3
P(x=0)= o
—3
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2. If10% of the screws produced by an automobile machine are defective. Find the probability that out
of 15 screws selected at random only 3 are defective.

Solution:

Let p-denote the probability of defective screw.

Given: p=10%= 10 _ i n=15
. 100 10
h.=np
=15x L
10
_3
2
X-denote the number of defective screws.
“1.5 1 =03 —ha x
e (l.5 e A
P(X=3)= @.5) P(X=x)= —~
3! x!
=0.1255

Probability for 3 screws to be defective = 0.1255
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PART -C
9,

1. If X is a poisson variable with P (X =2) = % PX=1).fmdP(X=3)and P(X=0).

Solution:
- 3
| ) 2 (4
Given: P(X=2)=7 P(X=1 ©
ven: P(X=2)=73 _{ ) -~ P(X=13)= EIA)
We know p(X=x)= — = s
s a1 X! $ e
, e s 2e A =3
Le Y == T 37 . 3!
. a .
ro201 LN
1 2::_I 27 %6
b A
32 _y
P(X=3)=—=e /3
,_4 ==
3 = (.0998
R A CVAY
e ﬁ
P(X=0)= 0s)
0!
:E_%
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2. The probability that an electric bulb to be defective from a manufacturing unit 1s 0.02. In a box of
200 electric bulbs find the probability that

(1) Exactly 4 bulbs are defective

ii) More than 3 bulbs are defective. . e e
(1) ’ i) Px=4=" | px=x)= =2
Solution: 4! X!
" : e x 256
Let p-denote the probability of one bulb to be defective. BTy

Given: p=0.02
b Probability for 4 bulbs to be defective = 0.1952

n= 200 (i) P(X > 3)= 1 - (P< 3)

/.= 1p = 1-[P(X=0)+ P(X=1)+P(X=2)+P(X=3)]
= 200x0.02 1 {64(4}0 6—4(4)1 64{4)2 6—4{4}3}
_4 =1- + + +

0! 1! 2! 3!
X-denote number of defective bulbs. 16 64
=]1-¢™ 1+4————}
i 6
=]1- 6_4 £:|
6
=1-0.0183 x 23.67
= 1-0.4332

= 0.5668
Probability for more than 3 bulbs = 0.5668
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A.5. Normal Distribution
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Normal distribution i1s a continous distribution. Like poisson distribution. the normal distribution
1s obtained as a limiting case of Binomial distribution. This is the most important probability model in

statistical analysis.
Definition:

A random variable X is normally distributed with parameters p (called Mean) and ¢* (called
Variance) if its p.d.f (Probability density function) is given by

-

x—u|

1/
1 =
e - L —n< X< oo, —on< U< oo, o> 0

£(x)=

G 27T

Note:

X ~ N (u. 6) denotes that the random variable X follows normal distirbution with mean p and
standard deviation G.
Constants of Normal distribution:

(1) Mean =
(11) Variance = ¢?
(111) Standard deviation =G
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Properties of Normal Probability curve and Normal distribution:

1. The normal curve 1s bell shaped.

2. The curve is symmetrical about X = L.
3. Mean = Median = Mode = .

. : N . . 1
4. The curve attains its maximum value at X = p and the maximum value 1s :

. : . G/ 2T

5. The normal curve 1s asymptotic to the x-axis.
6. The points of inflection are at X =1 £6.
7. Since the curve 1s symmetrical about X = 1, the skewness is zero.
8. A normal distribution is a close approximation to the Binomial distribution when n 1s very large

1
and p 1s close to 5

9. Normal distribution is also a limiting form of poisson distribution when A — oo,
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Standard normal distribution:

A random variable Z 1s called a standard normal variate if i1ts mean 1s zero and standard deviation 1s
1 and 1s denoted by N (0. 1).
X—u

8]

where 7 = . X —normal variate.

Note:

1. The total area under normal probability curve is unity.

1e I f(x)dx= ]inp(z} dz=1

} o(z) dx = ]E(p(z) dz=0.5

(Since the normal curve is symumetrical about z = 0)

2. J.Z] q](x)dx 1s known as normal probability Integral and gives the area under standard
0 :
normal curve between the ordinates atz=0and z=z,.

-

3. In the normal probability tables. the areas are given under standard normal curve. We shall deal
with the standard normal variate z rather than the variable X itself.
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Examples
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PART -A
1. When X =100, n =80, ¢ = 10 what 1s the value of z?
Solution:
We know Z = X—u
G
~ 100-80
10
=2

2. If X is normally distributed with mean 80 and standard deviation 10. Express P (70 = X = 100) in
terms of standard normal variate.

Solution:
Given: Mean = 1 =80
SD=c=10
We know z= > #
o
70 -80
When X =70, Z= = —
10
100-80
When X =100, Z= o 2

L P(70<X<100)=P(-1<Z<2)
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PART - B
1. If X 1s a normal variate with mean 80 and S.D 10. Compute P (X < 100).

Solution:

We know 7 = X—p

8]

When X =100,

7 100 —-80 /
10

=2 — oo Z =0 =2 oo

SP(X=100) =P(Z2<2)
=P(—~o<Z<0)+P(0=Z<27)
=0.5+0.4772 (from table)
=0.9772
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2. If X is normally distributed with mean 6 and standard deviation 5. Find P (0 = X < 8).
Solution:
Given: Mean= 1= 6
and SD=c=5
X—nu

(9]

We know Z=

When X =0

Zz%z—l.Z / /‘\

When X =8

8—6
s
S P0=X=8) =P(-12=Z=04)
=P(-12=Z=0)+P(0=Z=04)
=P (0=Z<12)+P(0=Z2=04)

(.. the curve is symmetry)
=0.3849 + 0.1554 (from the table)
=0.5403

Z =04

2
5
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PART -C
1. The mean score of 1000 students in an examination i1s 36 and standard deviation is 16. If the score of
the students 1s normally distributed how many students are expected to score more than 60 marks.
Solution:
Given: Mean = 1= 36
SD=c =16
Number of students = 1000

-

We know Z = X—p
(%)

When X =60

 60-36
16
4

6

Z

-2

=

=—=15

b2 |

. =0 Z7Z-=15 o
S P(X>60)=P(Z>1.5)

P(X>60) =P(0<Z<w)-P(0<Z<1.5)
=0.5-0.4332=0.0668
Probability for one student to score more than 60 = 0.0668
The number of students expected to score more than 60 marks out of 1000 students
=0.0668 > 1000
= 66.8
=67
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2. When X is normally distributed with mean 12. standard deviation i1s 4. Find (1) P (X = 20).
PO<X=<12) () PX=20).

Solution:

Given: Mean=p =12

SD=c=4
We know Z= X—p
le)
12
When X =20. Z= 2041“:2
When X =0, Z:%: -3
12-12
When X =12, Z= =0 /
— oo Z:O 222 o0

(1) P(X=20) =P(Z£=2)
=P(0<Z<®)-P(0<Z<2)
=0.5-0.4772

=0.0228
(11) P(0<X<12) =P(-3<Z<0)

=P(0<Z<3)
=0.4987

(iii) P(X<20) =P(Z<2)
=P(-»<Z<0)+P(0<Z<2)
=0.5+04772 oo Z=0 7=2 0
=0.9772
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3. In an aptitude test administered to 900 students, the scores obtained by the students are distributed
normally with mean 50 and standard deviation 20. Find the number of students whose score 1s
(1) between 30 and 70.

Solution:
Given: Mean = 1= 50
SD=6=20
Number of students = 900

We know Z= x-p

o
WhenX=30: z=22=0_ //
20
When X=70: Z= 702_050 -1 — oo Z=1 Z=0 Z=2 o0

SPR0<=X<T70) =P(-1<Z<1)
=P(-1<Z<0)+P(0<Z<1)
=PO0<Z<1)+P(0<Z<1)
=2P(0<Z<1)
=2x0.3413
=0.6826

Probability for a students score 1s between 30 and 70 = 0.6826

The number of students whose score 1s between 30 and 70 out of 900 students
=0.6826 = 900
=614.34
=614
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4. Obtain K. 1. ¢* of the normal distribution whose probability distribution function is

f(}{) = Ke—EX‘_'F-iJ{. — o0 = X < vl

Solution:

b
1f =—py”
1 —3

e 2

L)

The normal distribution 1s f(x)= Lm0 X< o0

G~ 2T

First consider. the power of the exponential (¢)
Comparing with f(x)

i.e —2x2+4x =2 (x2-2X%)
= — ;2 . + — Cx—p - I_li-
2 2}2 Y : E_%I ) Ke’ . e & 7]
=-2[(x-172-1] o\ 27 |
=-2(x-12+2 1 3 1
Pyl y, 2.9 ‘u“ib're gEth—. l.:].. KE“=
e I Hx _ o 2(x-1)+2 2 ; o 2T
_{";_!l}l ]. 3
2 4 CRK=—r7—=.e"
—e’.e /2 VN
y{x_l}; A 27
— T 3, -2
_e? e (%) = =
: . \27
_% x—l: B 2 -
el . e %] “Vr©
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Exercises and Solutions
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Thank You!
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