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Introduction

• We have so far dealt with discrete systems where mass, damping, and elasticity were assumed to be
present only at certain discrete points in the system.

• Known as distributed or continuous systems, it is not possible to identify discrete masses, dampers,
or springs.

• We must then consider the continuous distribution of the mass, damping, and elasticity and assume
that each of the infinite number of points of the system can vibrate.

• This is why a continuous system is also called a system of infinite degrees of freedom.

• We must then consider the continuous distribution of the mass, damping, and elasticity and assume
that each of the infinite number of points of the system can vibrate.
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Part 1  - Beam Free Vibration – Exact Solution

Vibration of Beams – Equation of motion

Consider the free-body diagram of an element of a beam shown in Fig., where M(x, t)

is the bending moment, V(x, t) is the shear force, and f(x, t) is the external force per 

unit length of the beam. 

Since the inertia force acting on the element of the beam is

Apply the equilibrium equation based on 

Newton’s Law 
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Equation of motion
The moment equation of motion about the y-axis passing through point O, leads to

By disregarding terms involving second powers in dx

Equation of motion

From the second equation → 𝑉 =
𝜕𝑀

𝜕𝑥
, then substitute in the 1st equation

From the elementary theory of bending of beams (also known as the Euler-Bernoulli or thin beam theory), the 

relationship between bending moment and deflection can be expressed as

where E is Young s modulus and I(x) is the moment of 

inertia of the beam cross section about the y-axis
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Equation of motion

This is the beam general equation of motion

Equation of motion

For a uniform beam, it reduces to
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Equation of motion

• In Mathematical-wise we are talking about initial-boundary value problem.

• We assume the solution of the partial differential equation as being a linear combination of simple component 

functions, which also satisfy the equation and certain boundary conditions. This is a reasonable assumption 

provided the partial differential equation and the boundary conditions are linear.

Free Vibration

Since the equation of motion involves a second-order derivative with respect to time and a fourth-order 

derivative with respect to x, two initial conditions and four boundary conditions are needed for finding 

a unique solution for w(x, t). 

Usually, the values of lateral displacement and velocity are specified as 𝑤0(𝑥) and ሶ𝑤0(𝑥) at so that the 

initial conditions become
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Free Vibration

The free-vibration solution can be found using the method of separation of variables as

Free Vibration

Which represents two linear, homogenous, 

ordinary differential equations with constant 

coefficients.  
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Free Vibration

Hence the solution of becomes

Free Vibration

The natural frequencies of the beam are
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Free Vibration

• The function W(x) is known as the normal mode or characteristic function of the beam and is called the 

natural frequency of vibration. 

• For any beam, there will be an infinite number of normal modes with one natural frequency associated 

with each normal mode. 

• The unknown constants 𝐶1 to 𝐶4 and the value of 𝛽 can be determined from the boundary conditions of 

the beam.

Free Vibration
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Free Vibration

Free Vibration
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Free Vibration

As an exercise try to obtain these values

Free Vibration

Determine the natural frequencies of vibration of a uniform beam fixed at 𝑥 = 0 and simply supported at 𝑥 = 𝑙,

ThenW(0) = 0 
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Free Vibration

The solution becomes

From the two other 

conditions

Free Vibration
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Free Vibration

The normal modes of vibration can be obtained as

The general or total solution of the fixed-simply supported beam can be expressed by the sum of the normal modes:

Beam Modes – Free beam
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Beam Modes – Fixed beam

Beam Modes – Cantilever beam

25

26



4/5/2020

14

Homework – Problem 1

Solve the differential equation for beam free vibration and derive and plot the 

first three natural frequencies for

1. Cantilever beam

2. Free-free beam

3. Simply supported beam 
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