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Introduction

» We have so far dealt with discrete systems where mass, damping, and elasticity were assumed to be
present only at certain discrete points in the system.

» Known as distributed or continuous systems, it is not possible to identify discrete masses, dampers,
or springs.

» We must then consider the continuous distribution of the mass, damping, and elasticity and assume
that each of the infinite number of points of the system can vibrate.

 This is why a continuous system is also called a system of infinite degrees of freedom.

» We must then consider the continuous distribution of the mass, damping, and elasticity and assume
that each of the infinite number of points of the system can vibrate.
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Part 1 - Beam Free Vibration — Exact Solution

Vibration of Beams — Equation of motion

Consider the free-body diagram of an element of a beam shown in Fig., where M(x, t)
is the bending moment, V(x, t) is the shear force, and f(x, t) is the external force per
unit length of the beam.

Since the inertia force acting on the element of the beam is

the force equation of motion in the z direction gives

aw
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pA(x) dx (—.Ll': t)
]

ot . —(V +dV) + flx, 1) dx +V = pA(x) d.t‘_l—ﬂ[.r. 1)
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fix.1)
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Equation of motion
The moment equation of motion about the y-axis passing through point O, leads to
. . \ \ dx
(M +dM) —(V +dV)dx + fle,t)dx— — M =10

By writing

av dl
=2 ana  am =2,
ox

By disregarding terms involving second powers in dx

flx.1)
- _a \Ilrrl 'lf{x 1)+ dM(x, 1)
/ X § d-w
— (1) + flx, 1) = pAlx) —(x,1)
dx af” o
aM
e —Vien = Hrr] Ln;—dlr
ax I: L {} ‘ E La f} {] x {1 f) |-—[{I—n-| )

— — ——

Equation of motion v

(x,6) + filx.t) = pAlx) —(x, 1)
3 dr-

From the second equation - V = Z—Z, then substitute in the 1 equation M
dx

(x,1) = V(x,1) =0

—ﬂ(_r.r} + flx.1) = pA(x) %[x.:]
" it

From the elementary theory of bending of beams (also known as the Euler-Bernoulli or thin beam theory), the
relationship between bending moment and deflection can be expressed as

. d™ W .
M(x.t) = ENx) —(x,1)
ax”
\tl x 1) lf{x 1)+ dMix, 1)
where E is Young s modulus and /(x) is the moment of
inertia of the beam cross section about the y-axis o
R {x 0 HKI] |‘_(h_h|1.[1 0+ d¥ix,
— —_ f—
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Equation of motion

—‘};ﬂf(_r, 0+ flx 1) —pA(_r}%[x, f) M(x, 1) = Ellx) —
oax [§ (}_l.—

[T f}]+P:‘i( [x t) = flx,1)
/ /
£ /
flx )

\Jl’.r i) "lf(x 1)+ dMix, 1)

A fix
This is the beam general equation of motion ! L}L%*%H_L o
! o _‘—:.?.)
~ [.rr1| L I . (I 0 H”]|-—;—-w”} dVix z)
‘4—x—a—| dx |4-_ | K

Equation of motion

For free vibration, f(x, f) = 0, and so the equation of motion becomes

l.
S itw atw
{ L"F (x, 1) + ?[l’ 1) =0 )

For a uniform beam, it reduces to

4
o where
Ef— (x. 1) + flx 1) [
ax* “=Vpa
wx ) M{x )+ dM(x, 1)
3 fix o)
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o
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Equation of motion

For free vibration, f(x, f) = 0, and so the equation of motion becomes

4

Sdw Fw

c——(x, 1) + —(x1) =0
2 (xu) + (5 0)

dx [

where
.EI
\' pA

* In Mathematical-wise we are talking about initial-boundary value problem.

» We assume the solution of the partial differential equation as being a linear combination of simple component
functions, which also satisfy the equation and certain boundary conditions. This is a reasonable assumption
provided the partial differential equation and the boundary conditions are linear.

flx1)
\Jl’.r i) "lf(x 1)+ dMix, 1)

Vix, J'] V!x )+ dVix

x u(x f) |~—:Lr—=-

— -—— -z

9
itw li
0—4( 1) +J—[r 1) =0
Free Vibration L [E
V pA
Since the equation of motion involves a second-order derivative with respect to time and a fourth-order
derivative with respect to x, two initial conditions and four boundary conditions are needed for finding
a unique solution for w(x, t).
Usually, the values of lateral displacement and velocity are specified as w, (x) and w, (x) at so that the
initial conditions become
wix,t = 0) = wylx)
wx f) M{x 0+ dMix, 1)
oW
—{1r—ﬂ—1tlp{ “
_{x 0 Vix, r] |‘_‘k_hvu 0+ dvix
10



Free Vibration

The free-vibration solution can be found using the method of separation of variables as

wix, t) = W(x)T(r)

2. -
wherea = w isa posiive constant

11

Free Vibration

where

Which represents two linear, homogenous,
ordinary differential equations with constant

coefficients.

12
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[ET
V pA
flx1)
\4'[.1' i) "lf(x 1)+ dMix, 1)
f)
.‘u n Vi ” |._t;x_..m |
A
—_ [
4
a'w Fw
—(x 1) + —(x1) =0
it (x.1) Jf‘[ )

“'?[-1'] = (Ce*F

T(t) = Acos wt + B sinwt

\'il:x ) M{x 1) + dM(x, )

(J

Vix, r] Vu )+ dVix

|a—,;x—..

-(x 1)
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Free Vibration

“‘?[I:l = (Ce**

where C and s are constants, and derive the auxiliary equation as
st-pgt=0

The roots of this equation are
$12 = B, 834 = X

Hence the solution of becomes

W( -1-']' - C]vl‘."ﬁx + sz_ﬁx + [d:jfr.-H‘t 4 [‘:4E._1-ﬁ-r

13

Free Vibration

W( .l'} = C]i‘_"ﬁx + sz—ﬂx 4= [‘:jff.iﬁ 4+ [‘:4€_1'ﬁ'-t'

Wix) = Cyeos Bx + Casin Bx + Ciycosh Bx + Cysinh Bx
or
= (j(cos Bx + cosh Bx) + Cilcos Bx — cosh Bx)

+ Cysin Bx + sinh 8x) + C4(sin Bx — sinh Bx)

The natural frequencies of the beam are

3 |1i:!i 3 | El 1 1)
w)= B, | {JB”'_ / 4 | J{_fL Miiag
VpA Vpai —+ %_"j\;{?

:x r\l |
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dW(x) .
- — BW(x) =0
dx
flx1)
\4'[.1' i) "lf(x 1)+ dMix, 1)
f)
u(x f) Vix, ” |-—rLr—" Vu 0+ dvig
\
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V pA
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Free Vibration

» The function W(x) is known as the normal mode or characteristic function of the beam and is called the
natural frequency of vibration.

» For any beam, there will be an infinite number of normal modes with one natural frequency associated
with each normal mode.

* The unknown constants C; to C, and the value of 8 can be determined from the boundary conditions of
the beam.

.f{x 1)
Mix, r| 'lf{x 1)+ dMix, 1)

et

H.n Lt(r}—dlr

o]

— — -———x
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Wix) = (?]f"ﬁ'r + (?36_{” - (_‘_aff.ﬁx 1 E4E—J'ﬁ.r

Free Vibration

For free vibration, f{x, ) = 0, and so the equation of motion becomes

The common boundary conditions are as follows: .“" W = (x, f) + 8
it
1. Free end: where
rw 0 ¢ = I.'ﬂ
ax’ V pA
i P w
Shear force = %(EJ" 1:) =0
ax dx=
2, Simply supported { pinned) end:
M W
Deflection = w = 0, Bending moment =0
. l_
3. Fixed {clamped) end: ; “l ) ‘f{«f 1)+ dM(x, 1)
i 1)
- [
Deflection = 0, Slope = 1 =10 | {_J‘- 5 'L *+1Lii I
dx | j _f

H\I] 1-[1(}‘:.”-[

|*—(h—'|

— — — -
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Free Vibration

4. End connected to a linear spring, damper, and mass (Fig. 8.16(a)): When the end of a
beam undergoes a transverse displacement w and slope dw/dx. with velocity dw/

and acceleration #*w/@t”, the resisting forces due to the spring, damper, and mass are

ny
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iy

Beam

proportional to w, dw/dr, and 3%/ ar%, respectively. This resisting force is balanced by

the shear force at the end. Thus

d aw dw aw
= Er =a| kw + e— +
a_r( a_ﬁ) "|: YT T ):2] @97 7
=0 x=1
where ¢ = —1 for the left end and +1 for the right end of the beam. In addition, the
bending moment must be zero; hence
e
ElI— =10
Py (8.98)
flx1)
M[.r t) ?Tﬂnﬁ Mix, 1) + dMix, 1)
x uu p M| 0T )
Y
_ R .
17
5. End connected to a torsional spring, torsional damper, and rotational inertia (Fig. gﬁvi__\ T,
8.16(b)): In this case, the boundary conditions are Ky ;‘5\ ['|/ \\,) Beam ( m‘l (( ki
EI @ o aw a*w w ;E 3_ ,SS“@
— — d CoT— A — R -
ax? ax " dxar Y avar? (8.99) x=0 p
where a = +1 for the left end and —1 for the right end of the beam, and
d aw
—| EI =0
dx |: ax* :| (8.100)
M(: /) Imﬁﬁ Mix, 1)+ dM{x, 1)
Vi 1) V[x )+ dVvix,z)
|({1 n | e _,_
Yy
— —_ -—
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End Conditions Frequency

of Beam Equation Mode Shape (Normal Function) Value of 8.{
F ree Vi b rati O n Pinned-pinned sin g i =0 W) = C fsin ] il -
*:* P
Byl = 3w
By = d=n
Free-free cos B cosh B0 = 1 Wy(x) = C,[sin Byx + sinh Bx Bl = 4730041
+ op(c08 Bux + cosh Box)] @yl = 7.853205
where Byl = 10.995608
o _ (sin Bl — sinh .a,,!) :3;; = ':—:37'_fﬁ_d
- ]7”{ or rigid-
Fixed-fixed \cosh i = cos body mode)
. cos B4 cosh B0 = 1 Wi x) = C [sinh B x x — sin B,x Bl = 4730041
. . 7 + ag(cosh Box —cos B.x)] Bl = 7833205
As an exercise try to obtain these values where Bl = 10995608

. {'sinh Byl — sin lﬂ,,}\ Byl = 14137165
" \ros BJ —cosh BJ

Fixed-free
.,

cos B4 cosh 81 1 Wi x) = C [sin B,x — sinh B,x Bl = LE75104
— a,(cos B,x —cosh B.x)] Bl = 4694001
where Byl = 7854757

o (sing +sinh Byl = 10.995541
" A\tosBJ +coshBl)
Fixed-pinned

tan B — tanh Buf =0 Wyix) = C[sin B,x — sinh §,x Bl = 3926602
+ o (cosh B,x — cos B,x)] Bl = T.06E3E3
where Byl = 10.210176

{'sin Bl — sinh B4 \ Byl =13.351768

" '\ms Bl — cosh 8,/
Pinned-free - -
—— tan B — tanh B0 =0 Wilx) = Cfsin fox +aysinh Bx]  gr = 3926602
h where B = T.068583
{ sin g4 ) Byl = 10.210176
< : [ =13.351768
» " \Gah ﬁ&i 0 ar gl
body mode) v >

W(x) = Cycos Bx + Cysin Bx + Cieosh Bx + Cysinh B
or

W(x) = Cy(cos Bx + cosh Bx) + Cs(cos Bx — cosh Bx)

Free Vibration

+ Cysin Bx + sinh Bx) + C4(sin Bx — sinh Bx)

Determine the natural frequencies of vibration of a uniform beam fixed at x = 0 and simply supported at x = [,

Solution: The boundary conditions can be stated as

w(0) = 0
dw
—(0) =0
dx{ )
Wil =0
dw, d*w
El =0 (1) =0
dxz( ) o dx* )
W(0)=0 Then O+ Cy=10
dW , .
I , = B[ = Cysin Bx + Cycos Bx + Cysinh fx + Cycosh Bx] oy = 0

BlC2+Cq) =0 LS

10



Free Vibration
The solution becomes W(x) = Cj{cos Bx — cosh Bx) + Cssin Bx — sinh Bx)

From the two other Ci(cos Bl — cosh BI) + Cyfsin Bl — sinh BI) =10
conditions

—Ci(cos Bl + cosh BI) — Ca(sin Bl + sinh BI) = 0

For a nontrivial solution of C; and s, the determinant of their coefficients must be zero.

(cos B — cosh BI) (sin Bl — sinh BI)|
—(cos Bl + cosh BI)  —(sin Bl + sinh BI) 0

21

Fixed-pinned - -
P tan B — tanh Bod =0 Wy(x) = CJsin B,x — sinh B,x
+ oy (cosh B,x — cos B,x)]
where

{'sin B,d — sinh G\

Free Vibration - ()
Expanding the determinant gives the frequency equation
cos Bl sinh Bl — sin Bl cosh Bl = 0
or
tan 3! = tanh B!
The roots of this equation, 8/, give the natural frequencies of vibration

1/2
m,,—{ﬂ,;]?(i), n=12 ...

pAlt

cos 3,0 — cosh
P B _ Bl
sin B,/ — sinh B,/

22

Bl
[ ¥]
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Y

3926602
7068583

Byl = 10.210176
Byl =13.351768

11
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Free Vibration

cos 3,0 — cosh 8.0

Wix) = Cht[[ms B,x — cosh B,x) — (sinﬁ T sinh B )(sin Brx — sinh ,Bn_x]}

The normal modes of vibration can be obtained as
wal x, 1) = Wil x) (A, cos wet + B, sin wyl)

The general or total solution of the fixed-simply supported beam can be expressed by the sum of the normal modes:

w(x, 1) = giwn[x‘ f)

‘ \_,_
23
Matuml frequencies INqu.ul modes
@x) = cosh gx + cos ax — gsinhax + sina,x)
TEl - _ coshagl — cos gL
"’*=C*HI|JE * " sinhal — sina,L
n Ca = (al) fa It Shape
1 2EE 0982502 (LE308 ——_ D228 ,__F-mL_—H
2 61.6728 1000077 0 0.122L BEEL
0.600L
3 120.9034 0999967 013640 —008d . 0544l -
03581 9061
4 199.8504 1000001 L] 0073 S00L 8271
3TTL . 7230
5 2R.5555 100000 0.2523 0.408L
!E.ZE‘SL —0.501L  0.040L
& | S
24
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Beam Modes — Fixed beam

Matum| frequencies I MNomal modes
@ ix) = cosh ax — oos g,y — a,lsinhax — 50 a.x)
ET . 085 duel. — coshael
ﬂ'a=cn\ijﬁ * " sina,l — sinha,L
n C, = la LT a, i Shape
1 223733 0982502 (LE308 [T T
[+———1L——=1]
2 61.6728 1000777 0 | e D500l |
[ B —— |
3 1209034 0999967 03640
B41L
4 199 85%4 TG00 1] 2TEL i
5 20%.5555 100000 02323 ﬂgg 05811
‘ \:
Matum| frequencies I MNormal modes
@, = (cosh a,x — cos a,x) — o dsinh a,xr — sin a,x)
[ El 08 @l + cosha,l
= Cx I'i'll'_ g=—
il * sina,l + sinha,L
n Cy =la L)’ 7, i} Shape
1 35160 0.7 34059 0. 7830 - —
I L il
2 20345 1018466 0.4340 | e T BLTTAL
[ e
3 61.6972 0.999225 0.2589 | e BEDIL -
f T———T.e88L
4 1200902 1000033 0.0017 F&w
Gl
5 1949 8600 1000000 0.0707 0.274L 0.7230
0.500L 06261
‘ S

13
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Homework — Problem 1

Solve the differential equation for beam free vibration and derive and plot the
first three natural frequencies for

1. Cantilever beam
2. Free-free beam
3. Simply supported beam
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