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Abstract

In this paper, we present a novel framework for deriving closed-form exact expressions for the symbol error
rate (SER) of a-u fading channels assuming single-branch as well as equal-gain combining and maximal-ratio
combining receivers considering most of the commonly used modulation schemes. The proposed framework
is based on Mellin-transform and the SER expressions are given in terms of the univariate and multivariate
Fox H-functions, which have been recently extensively used in the literature. The proposed framework has the
following advantages over previous ones: first, it is straightforward and general, therefore it allows deriving the
exact SER expressions for cases untreated before in the literature, second, it enables direct derivation for the
asymptotic expressions of the SER for high average signal-to-noise ratios. To validate the obtained expressions,
we compare the results of the special case of Nakagami-m fading channel to those reported in the literature.
Furthermore, Monte Carlo simulations are conducted and their results are shown to perfectly match the analytic
expressions. Finally, the obtained asymptotic expressions for all the studied modulation schemes and diversity
receivers are shown to match the behavior of their corresponding exact values for a wide range of the SNR

values that are of practical interest.
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I. INTRODUCTION

Performance evaluation of digital modulation schemes over fading channels has been a long-studied
problem in the field of wireless communications. Lots of performance metrics have been traditionally
used to quantify the performance of such systems. This includes the symbol or bit error rate (SER/BER),
the outage probability (OP) or the amount of fading (AoF), among many others. The probability of
error, whether in the form of SER or BER, has probably been the most sought after metric among those
mentioned above [1]]. However, it is probably one of the most challenging to obtain, especially in closed
form. This is particularly true for the rather complicated recently introduced generalized fading models
such as the a-u [2], the x-p and the n-p models [3]. The classical way of obtaining the probability of
error for a specific modulation scheme has always been through averaging the conditional probability
of error on a specific signal-to-noise ratio (SNR) over the distribution of the SNR. As simple as it
sounds, the process rarely results in tractable integrals that lead to closed-form expressions and thus its
usability from a practical point of view has been limited to simple fading models such as the Rayleigh
distribution. Therefore, alternative frameworks have been proposed for deriving closed-form expressions
of the SER. One of the most popular approaches is presented in the seminal works by Alouini et al
in [4]] and [5], who have laid the foundation of what is commonly known as the moment-generating
function (MGF) approach. This approach has been successfully applied to the Rayleigh, the Nakagami-
m, the Rice, and the Nakagami-q fading models (see [1, Ch. 8] and references therein). However, it
requires performing some tricky integrations for moderately complicated fading distributions such as
the case of Nakagami-m. Moreover, when applied to rather complicated generalized fading models
such as the a-p one, this approach usually fails in providing closed-form expressions. Additionally, it
can not be straightforwardly used to estimate the asymptotic behavior of the SER for large values of

the average SNR, which is a useful metric for performance evaluation.

On another related front, diversity receivers have long been used as an effective way to mitigate the
detrimental effect of fading. Within the last couple of years, lots of works in the literature discussed
the performance of diversity receivers within the context of a-u fading. In particular, the problem of

performance analysis of selection combining (SC) diversity over a-u fading in the presence of co-
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channel interference has been discussed in [6]. In [[7]], we derived expressions for the OP of dual branch
SC and switch-and-stay combining (SSC) diversity in the presence of a single dominant independent co-
channel interferer with a minimum desired signal power constraint considering this fading model. Also,
the authors in [8] studied the signal-to-interference ratio (SIR-) based SC diversity system assuming
correlated branches. Among the most famous diversity techniques that have been widely studied are
the maximal-ratio combining (MRC) and equal-gain combining (EGC) [1]]. The OP when using EGC
and MRC diversity assuming a-p fading has been studied in [9] and [10] using the moment-matching
method where approximate expressions were obtained. In [[11], Aalo et al derived expressions for
the SER of EGC, MRC as well as SC diversity receivers over the generalized-Gamma (GG) fading
channel, which is an alternative representation of the a-u fading at hand. The expressions obtained
in this work, in spite of being exact, are not given in closed form. Instead, they are in the form
of numerical integrations where the integrand consists of the product or the sum of multiple Fox
H-functions [12] or Meijer G-function [13, Sec. 9.3], depending on the type of diversity used. The
expressions are therefore not very convenient to deal with. The work in [14] presents closed-form
expressions for the moments of the output SNR of the generalized selection combining GSC(2, L)
receiver when operating over the GG fading channel as well as infinite-series representations for the
MGF and the cumulative distribution function (CDF) of the output SNR. The BER and OP have also
been evaluated numerically and no closed-form expressions were reported. Also, in [[135], closed-form
upper bounds for the outage probability as well as the BER of the EGC receiver over the GG fading
channel have been derived. Although the results are quite neat, the validity of the bounds is restricted
to rational values of o and are, in fact, quite loose at high SNRs especially for small values of the
parameter . Another interesting work by Samimi and Azmi [16] uses a well-known infinite series
representation for the SER of the EGC receiver where the series terms are shown to be complicated
functions of Meijer’s G-functions. The authors then propose a method for approximating the series
terms in order to make evaluating the ASER more numerically tractable. Finally, in [17], the authors
evaluate the SER of the EGC and MRC receivers over the GG fading channel using the MGF-based
approach, where again the expressions are given in terms of complicated numerical integrations and

no closed-form expressions are given.

Thus motivated, in this paper, we provide the following contributions to the SER analysis of single
and multiple-branch receivers operating over fading channels in general and the o~ fading in particular.

First, we propose an alternative simple and straightforward framework for evaluating the SER. The
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framework could be used for any fading model but, in this paper, it will be specifically tailored to the
a-p case as a commonly used generalized fading model. The basic idea of the proposed framework is to
use the Mellin transform to express the SER in the form of a Mellin-Barnes integral [18]]. Fortunately,
special functions represented by Mellin-Barnes integrals, such as the generalized Hypergeometric
function, the Meijer G-function, and the Fox H-function, have been extensively studied since the
beginning of the twentieth century (for a survey on those functions and their properties, the reader is
referred to [12], [19], [20]). Therefore, we shall be able to obtain Exact closed-from expressions for the
SER of different modulation techniques such as coherent binary frequency shift keying (CBFSK), M-
ary amplitude shift keying (M-ary ASK), M-ary phase shift keying (M-ary PSK), M-ary quadrature
amplitude modulation (M-QAM), differential binary phase shift keying (DBPSK), and non-coherent
M-ary frequency shift keying (NC M-ary FSK). This virtually represents all the modulation schemes
that are in use in practice. The obtained closed-form expressions are nove]ﬂ and are given in terms
of the univariate and multivariate Fox H —functionﬂ Furthermore, they are valid for any values of «
and p. This 1s unlike the few expressions available in the literature for some scattered cases, which
usually assume some constraints on the values of « and/or i (e.g., [26]). We confirm the validity of
the obtained expressions by studying the Nakagami-m fading model as a special case of the a-u one
and showing that the obtained expressions indeed reduce to those previously reported in the literature.
Moreover, Monte Carlo simulation results are presented and are shown to perfectly match the analytic

expressions.

The second contribution of this paper is the study of the asymptotic behavior of the SER at
high average SNRs for all the previously mentioned modulation schemes. With the exception of the
contribution in [27], where the authors provided asymptotic SER expressions only for M-ary PSK over
a-p fading, the literature is really lacking of such investigations over this channel model. We believe
that asymptotic expansions have a very important practical value as they provide an indication of the
rate of the change of the SER with respect to the average SNR. Thanks to our proposed Mellin-based
framework for deriving the SER, the derivation of the asymptotic expressions is very straightforward.

The obtained asymptotic expressions are much simpler than the closed-form ones and can be easily

Results similar to those in this work for some binary modulation schemes have been reported in [21], however, the authors assumed
rational values for « in order to represent the results in terms of the Meijer G-function rather than the Fox H-function and be able to
evaluate the expressions numerically.

>The Fox H-function has been extensively used in the literature and a MATHEMATICA® implementation of the univariate version
has been reported in [22] and [23[] while a MATLAB® implementation for the bivariate version has been given in [24] and [25].
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evaluated to quantify the system performance in the high-SNR regime. Moreover, and unlike numerical
integration techniques, they are not subject to numerical underflow even when the exact SER is very
small. The third contribution of this work is generalizing the above results to the case of multiple-
branch EGC and MRC diversity receivers operating over a-x fading. This includes both the exact as

well as the asymptotic analysis.

The rest of the paper is organized as follows: the following section discusses the methodology
used to obtain the closed-form expressions for the probability of error. In Section we study the
Nakagami-m fading model as a special case and use its results to confirm the validity of the obtained
expressions. In Section we present expressions for the asymptotic behavior of the probability of
error in the high-SNR regime. Extension of the work to the EGC and MRC receivers case is carried
out in Section V| Numerical results and discussions are then presented in Section [VI| before the paper

is finally concluded in Section Some relevant appendices then follow.

II. SYMBOL ERROR RATE FOR THE SINGLE-BRANCH RECEIVER OVER a-p FADING WITH LINEAR

MODULATIONS

We first define the unconditional SER as the expectation of the conditional SER with respect to the
SNR, i.e.,
Po= [ Plemorlo)se(o)dc n
¢=0
where ( is the instantaneous SNR, P, is the unconditional SER, P(error|() represents the conditional
SER and f,(() is the probability density function (PDF) of the SNR. It is interesting to note here that
for some widely-used modulation schemes such as the M-ary PSK, a closed-form expression for the
conditional SER is actually not available. This is unlike its derivative with respect to ¢. Therefore, we
propose the following alternative form of the SER:
> dP
P - _/ (error|()
¢=o A

where F;(¢) is the cumulative distribution function (CDF) of the SNR. This form is directly derived

Fe(¢)dc, ()

by applying integration by parts to (I) and noting that F(0) = 0 and lim,_,, P(error|¢) = 0. Thus,

we may use either (I)) or (2)) to derive the SER depending on the modulation scheme.

Our proposed framework for deriving the SER is based on expressing the SER as a Mellin-Barnes
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integral. The resultant expression is easily represented in terms of a generic special function such as
the Fox-H function or the Meijer-G function. Depending on the specific values of the parameters, the
obtained expression may even reduce to simpler functions as in the case of Nakagami-m fading. In

our analysis, we will make a frequent use of the following definition of the Mellin-transform [28]:

Definition 1. Given a continuous function f(C) defined on the domain ¢ € [0,00|, then its Mellin

transform is defined as

£4(s) = M{F(O)} = /0 " poedc, 3)

The Mellin transform exists as long as the integral |, CO:OO |f(Q)|¢FYdC is bounded for some k > .

Moreover, the inversion of the Mellin transform is accomplished by means of the inversion integral

(O = M ()} = = / T p(s)cds )

21 Joino

for some c > k.

Usually the Mellin-transform of a function is valid only for complex values satisfying inequalities
of the form a; < R{s} < ay where the constants a; and a, depend on the function f(() itself. This
domain of analyticity is called the strip of definition of the Mellin-transform [28]. Now, the SER is

expressed in the form of a Mellin-Barnes integral thanks to the following theorem:

Theorem 1. Consider a general fading channel where the received SNR PDF is f:(() and its CDF
is F¢(C). Suppose their Mellin transforms are f*(z) and F*(z), respectively. If the Mellin transform
of P(error|() exists, then the unconditional SER for a single-branch receiver is given by any of the
following equivalent forms:

1 c+1+ico

P, =— ff (1= 2)h*(2)dz (5a)

N 2mi c+1—i00
1 c+1+ic0
— F*(=2)g"(2)dz (5b)

2mi c+1—ioco

where h*(z) is the Mellin transform of h(() = P(error|(), g*(2) is the Mellin transform of g({) =
—C%P(errorK), and the constant c is such that —c lies in the strip of definition of f*(z) and 1+ ¢

lies in the strip of definition of h*(z).
Proof. Since f:(¢) is a PDF, it is absolutely integrable and it is guaranteed to have a Mellin-transform,

April 4, 2014 DRAFT



f*(2). Hence, we may apply the Parseval relation of the Mellin transform [28], Eq. (2.31)] to (1) yielding

1 ¢ +ico
P =— fr(s)h*(1 — s)ds (6)

- 21

where the constant ¢ lies in the strip of definition of f*(s) and 1 — ¢ lies in the strip of definition of
h(1 — s). Applying the change of variables 2’ = —s, we obtain
1 c+100
P, =— (=2 (2 + 1)d, (7)

2mi c—100

where ¢ = —¢’. Equation (5a) is derived straightforwardly by applying the change of variables z = 2’41
to (7). Finally, (5b) is obtained by noting that F'({) = fOC fe(u)du and using [13 Eqgs. (17.42.2.ii) and
(17.42.3.4)] to get g*(z) = zh*(z) and F*(z) = —f*(z + 1)/z. Hence, f*(1 — z) = zF*(z) and
(5b) directly follows from (5a). It can also be derived by applying the Parseval relation of the Mellin
transform to (2). [

In this paper, we customize Theorem [I] to the case of a-y fading. Since it is easier to work with
the derivative of the conditional SER, d%P(error[C ), for most of the considered modulation schemes,
we prefer to use (5b) over (5a) in deriving closed-form expression of the unconditional SER, P.F| The

CDF of the SNR of a-u fading channels is given byﬂ

¢ o
F(C) = 7 <M"u <C> )

[(p)

where a > 0 is an arbitrary parameter, { = (E{¢*})"®, 1 > 0 is the inverse of the normalized

. o o _ _ E2(¢%)
variance of (* given by u = E(CT)—E2(Ca)

complete Gamma function, and +(.) is the lower incomplete gamma function [13 Sec. 8.310]. It is

8)

and [E(.) denotes the expectation operator. Also, I'(.) is the

straightforward to show that the Mellin transform of F(() is given by

1 1/a\ —7
F*(Z>:_zF(,u) (%) F(u—i—é) : —ap < R{z} <0. )

Hence, substituting (9) into (5b), we obtain the following expression for the SER of «-u fading

*In fact, both (5a) and (5B) are equally difficult for deriving the SER of the DBPSK and NC M-ary FSK modulation schemes but
we prefer to use (3b) in order to maintain a consistent analysis over all modulation schemes.

*1t is worth mentioning here that when the channel suffers from a-y fading with parameters (v, 1), the SNR, which is proportional
to the square of the fading envelope, will also be -y distributed but with parameters (5, x). In this paper, we assume that the SNR
directly follows an c-p distribution with parameters (o, p1).
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d TABLE 1
SUMMARY OF THE DERIVATIVE 7*P(ERROR|C) FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED.

d¢

d
Modulation Scheme _d_CP (CITOTK )
1

2/2mC
\/§(M — 1) 6—3(/(M2—1)
M/m(M2 —1)¢

sin(rr/M) ‘% L (ﬁ COS(W/M))
M-QAM \/M—l\/( 6 { 1 QW—lQ,( 3¢ ﬂe%/?(Ml)

CBFSK —¢/2

M-ary ASK

M-ary PSK g~ s (m/M)¢

+
VI \ (D |V VM M1
1
DBPSK 56—4
M—1
M—-1
NC M-ary FSK (_1)"+1( )%e—n@‘/(nﬂ)
o n (n+1)
channels:
1 1 c1+1i00 1 Ml/a Z P
pom L L LN 2 g 0
F(u)%i/zcl_mz< Z ) p=—)g(2)dz (10)

where ¢, is a real constant such that 0 < ¢; < au. Based on the result above, closed-form expressions
for the unconditional SER can be directly obtained as a Mellin-Barnes type integral if one can derive a
closed-form expression for g*(z) (or h*(z)) in Theorem [1| Depending on the value of the parameters,
the obtained expression can be either directly represented in terms of the Fox-H function or reduced
to simpler ones such as the Meijer-G function and the hypergeometric function as will be shown later
in the sequel. Another important advantage of the expression in Theorem (1] is that it enables a direct

derivation of the asymptotic expressions for P. when f is large as will be detailed in Section

Hence, our main problem now reduces to finding closed-from expressions for ¢*(z) in Theorem
which is the Mellin transform of —( d%P(errorK ). Fortunately, this is possible for the above-mentioned

modulation schemes where the derivatives of the conditional SER are summarized in Table [l In this
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table, ('(.) is the complement of the Gaussian-Q functiorf| defined by

Q'(z) = / \/%e—ﬂ/%zt, (11)
0

and the derivatives provided are directly obtained from the corresponding closed-form expressions
for the conditional probability of error provided in [1, Ch. 8] with the exception of the M-ary PSK
case, which we have proved previously in [29, Appendix 1]. Generally, as seen from Table [l it is
noted that dP(error|¢)/d( contains one or more of the factors =%, e~ /\/C, and e *Q'(v/al)/\/C
where a and b are positive constants. Thus, ¢*(z) is a linear combination of the following terms:

M{Cexp(—bC)}, M{/Cexp(—b()} and M{\/Cexp(—b()}Q’'(v/al). Accordingly, using Theorem

we derive the expressions summarized in Table [lI| for the unconditional SER. In this table, we have

1 crtioe e\ zy\ 1 b
B 1 c1+1i00 ,ul/a z N\ 1 .
L) = 5r /Z:q_m (T> r (u - E) M {\/Ze }dz, (12b)
1 c1+ico Iul/oz z 2\ 1 . -
noh =gy | () Tl o) p{Viewade ke a2

And the required Mellin-transforms can be derived straightforwardly by substituting the corresponding

function in and making use of the definition of the gamma function yielding
M {¢e ™} = b I (2 4 1), (13a)
M {\/Ee—bC} = p~(+1/21 (z + %) : (13b)
M {\/Ze*bCQl(\/E)} L1 /CQHOO (a/2)Sbi(z+s+1/2)F (1 — s) r (z + s+ %) ds (13c)

- 2/7 2mi s—cg—ioo s 2

where ¢, is a real constant such that 0 < ¢ < 1/2. For deriving (I3c), we made use of the relation

between the Gaussian-() function and the incomplete Gamma function in [13] Eq. (8.359.4)]. Thus,

and after some manipulations, we obtain the following final expressions for Zy(b), Z;(b), and Zy(a, b):

SIn fact, it is also possible to use the ordinary Gaussian-Q function in our analysis. However, the complementary function is more
convenient because its Mellin transform is a bit simpler.
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10

TABLE II
SUMMARY OF THE P, FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED IN THIS PAPER.

| Modulation Scheme | P,
1 1
CBFSK - WL <2>
3(M — 1) 3
M-ary ASK | YN 1)21 (M2 — 1)
M-ary PSK SIH%M) %Il (sin®*(w/M)) + I, (2 cos®(w /M), sin® (/M)
VM -1 6 [ 1 3 VM -1 3 3
AN N, \/vr<M—1> a7 (=) = (=)
DBPSK %Io(l)
NC M-ary FSK le(—l)”“ <M N 1> "7, ( o )
Y — n (n+12°\n+1
1 1,1 /Ll/a <1= 1)
Zo(b) = = ; 14
O( ) bF(,u) 1,1 bC (u’ 1/@) ( a)
1 1,2 ,Ul/a (1/271>7(171>
Ti(b) = Hy: | 5= : (14b)
=G\ o [0
1 0,1;1,1;1,1 [ @ Ml/a (1/2;1,1) (1,1) (1,1)
Ty(a,b) = ———pgoktit [ & H 14
2(a,b) /BT (1) Loi212 | 5p o B 1/2.1.0.1) (. 1/a). (0.1) (14¢)

where H™"(¢) is the univariate Fox-H function defined by [12 Eq. (1.2)] and Hppmamssme (&, £y )

P,q;P1,915---5PLqL

is the multivariate H-function defined by [12, Eq. (A.1)]. Finally, substituting Eqs. (I4) into the
expressions in Table |[I, we obtain the final closed-form expressions for the SER for the single-branch
receiver over -y fading as summarized in Table It is worth mentioning here that the obtained
expressions for M-ary ASK, M-ary PSK, M-QAM and NC M-ary FSK, are all novel and have never
been reported before in the literature. Also, the result for CBFSK is identical to [21, Eq. (10)]. The
expressions are valid for any combination of v and p without any restrictions and they accommodate
other fading models as the Weibull and Nakagami-m ones as special cases. We will discuss the special

case of Nakagami-m in details in the following section.

One important note is due here; we highly believe that the proposed methodology will be applicable
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11

TABLE III
FINAL FORM OF THE P, FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED IN THIS PAPER.

[ Modulation Scheme | P,
1 L2 (26 1(1/2,1),(1,1)
CBrSK A 2 < - l(n1/0).(0.7)
M—1 o ((M?*=1)pt*|(1/2,1),(1,1)
M-ary ASK M/l (n) ( 3¢ (u,1/a), (0, 1)>
IR S T N T 1/2 1), (1,1)
M-ary PSK L)V [ \sin W/Mf w 1a), (0,1)
1 1,0:;1,1;1,1 #l/a (1/2§171); (171)3 (1>1)
\/\/fum.z,l,z (Cot (m/M), sm/ (W/M)Q — (1/2,1),(0,1); (p, 1/(1),(0,1))}
2(vM 1o [(2(M —1)pt*|(1/2,1),(1,1)
M-OAM M/aT () {H 2 ( 3¢ (1, Lav), (0, 1))
i I VM — 1H1.0,1,1,1,1 <1 2(M — 1)N1/a (1/2;1,1); (1,1); (1,1) >
ﬁ 0.1;1,2,1,2 ’ 35 s (1/27 1)7 (07 1); (/17 1/(1), (07 1)
1 (e (1,1)
DBPSK 2T (1 )H“( ¢ |, 1/@))
1 R=, (M =1\ 1 (e D] (1,1)
NC M-ary FSK () ;(—1) < n )n T 1H171 ( né (i, 1/a)>

to more general fading distributions such as the extended generalized-KC (EGK) fading distribution [30]
or even the more general family of the H-function distribution [31]], [32ﬂ The reason for such a belief
is that the Mellin transforms of those distributions, f*(z) and F*(z), exist and are in the form of a ratio
between products of complex gamma functions; see [12, Chapter 2, Eq. (2.8)] and note that the EGK
fading distribution is a special case of the H-function distribution (upon using [33, Theorem 6.1] with
some arrangement). Hence, according to Theorem I and noting that 2*(z) and g*(z) are independent
of the fading distribution, we can easily deduce that the SER will still be a linear combination of
some functions Zy(b), Z;(b), and Zy(a,b), which are a bit different from those defined in (14). The
main difference, however, is that the term I'(x — z/«) in (14)) will be replaced by a ratio of products
of complex Gamma functions. Hence, the functions Zy(b), Z;(b), and Z(a,b) are the inverse Mellin
transform of a ratio of products of complex Gamma functions and thus they can be represented in

terms of higher order Fox-H functions.

®It is worth mentioning here that results pertaining to the performance of some binary modulation schemes over the H-function
distribution of families have been already presented in [32].
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III. A SPECIAL CASE: NAKAGAMI-m FADING

It is of interest to see if the SER expressions of the single-branch receiver over a-u fading reduce
to those of Nakagami-m fading by setting o« = 1 and p = mﬂ In Appendix |A] we shall prove that,
for the Nakagami-m fading, the expressions for Zy(b), Z;(b), and Zy(a, b) reduce to

Zo(b) = %cb(b), (152)
ST N S
10 = B gtars (. im 1000 "), (15b)

Z(a,b) ! ?0) Fl(l‘m —m;g; (15c¢)

1

C Vaby1+2bja \2 2

where ¢(s) = (1 + sC/m)~™ is the MGF of the Nakagami-m distribution, »F}(a, b; ¢; z) is the Gauss
hypergeometric function [13} Eq. (9.100)] and F}(a; b, b'; ¢, ¢, x, ) is the Appell series [34, Eq. (5.7.6)].

(o)) 1 >
14+2b/a’ 1+ 2b/a

Substituting (I5) into the results in Table [[I, we obtain the final expressions for the unconditional SER

for Nakagami-m fading channels as summarized in Table

First of all, we see that the probability of error expressions for CBFSK and M-ary PSK reported in
the table are identical to Egs. (5) and (10) in [35], respectively. In addition, the expression for DBPSK
is identical to [13, Eq. (8.183)] and that for NC M-ary FSK reduces to [13, Eq. (8.161)] after some
simple manipulations. Also, the expression for M-ary ASK is reducible to the one in [1, Eq. (8.105b)]
after using [13, Eq. (9.131)]. Finally, for the M-QAM case, the following expression is provided in
[35) Eq. (12)] for Nakagami-m fading:

2 VM-1 3 (m +1/2) 1 _ 3¢ B
be= ="/ ¢(2(M—1)) Ty 2| mymth <1+2m(M—1))

2 vii-1\" /3 3 143(/2(M—1)m 1
_W(Qm“)( VM ) ¢<(M—1))FI (1’m’1’m+2’ 1+3§/(M—1)m’2>' (16)

In Appendix [B] we show that this expression is indeed equivalent to that provided in Table We

now switch our attention to the asymptotic analysis for the probability of error.

"Note that the Nakagami-m fading scenario is obtained by setting & = 1 and not o = 2 because we started our analysis with the
SNR being a-p distributed with parameters (c, i) and not with parameters (5, p1).
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TABLE IV
THE P. EXPRESSIONS FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED IN THIS PAPER ASSUMING THE NAKAGAMI-m
FADING MODEL AS A SPECIAL CASE.

| Modulation Scheme | P,
N —1
1 T(m+1/2) (1 1 ¢
BFSK 2 ) ,F Som L[ 14 >
CBFS o/7 D(m+1) ¢(2)2 L\ megim ( T om
A —1
M —1T(m+1/2) 3 1 3¢
M-ary ASK F, Sm L1 ——
ay My T(m 1) ¢(M2—1)2 v\ megim ( T onar =)
~ —1
.92 M 12
¢ (sin*(7/M)) F(m+1/2)2F1 m,l;m—Q—l; 1+Csm (/M)
NS 2I'(m + 1) 2 m
M-ary PSK
M 11 2(r /M
+—COS(7T/ )1 —;m,——m;§; cos” (/M) , cos*(m /M)
VT 2772 2" 1 4 2¢ sin?(w/M)
2\/M—1¢ 3
T M 2(M —1)
~ —1
2 T(m +1/2) 1 3¢
AU 3 Som+ L1
M-QAM ANV M Tt 2 ("”2’”“r < o —1)
~ —1
2 VM —1 11 3 3¢ 1
S R cim s —m S| 2
A v 2 m’2’(+m(]\/[—1)> "2
DBPSK %@5(1)
M-1
M—-1 1 n
NC M-ary FSK —1)"*t
¢ ary FS n:l( ) ( n )n+1¢(n+1)

IV. ASYMPTOTIC ANALYSIS OF THE PROBABILITY OF ERROR

It is of practical interest to derive asymptotic expansions of the SER for very large values of the
average SNR, This is achieved by investigating the asymptotic behavior of the integrals Zy(b),
7, (b), and Z,(a, b) when the average SNR,  is large. Towards that end, asymptotic expressions can be
easily derived using the complex residue theorem. Generally, all the poles of the complex integrands
in are simple. Moreover, the poles may be divided into two sets: those lying to the left of the
contour of integration and those lying to the right of it, the latter being given by z = a(u + k) where

8We refer to é as the average SNR though it is not equal to the ordinary mean of the SNR E {(} for a # 1. However, it does serve
as an intuitive measure of the most likely value of the SNR even if a # 1.
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C1 +iR

(6] —iR

Fig. 1. Path of the complex contour integration used to evaluate Zo(b). When é is sufficiently large and as R tends to oo, the integration
over the half circle in the path £ will be negligible. Hence, the integration over £ will be equivalent to the integration from c¢; — ico
to c2 + 200. The asymptotic expansion is obtained by considering only the pole at z = au encircled by a thick line.

k is an integer. An illustration for the case of Zy(b) is shown in Fig. [Ill According to [36, Theorem
1.7 and Theorem 1.11], asymptotic expansions of the Fox-H function can be obtained by evaluating
the residue of the complex integration at the poles closest to the contour of integration. Moreover, for
large values of é , we should consider the poles lying to the right of the contour. Thus, we determine
the asymptotic expansion by evaluating the residue at z = apu. Taking into consideration that the value
of the residue of I'(u — z/a) at z = au is —a, we derive the following asymptotic expansions for
To(b) and T, (b) when ( is considerably large:

P+ ap) P (5 + ap)

IO(b) bF(u—i— 1) (bC)_aM7 Il(b) ~ \/EF(,LL—F 1)

(bC) o (17)

For Z,(a,b), we first use the fact that [13, Eq. (9.113)]

JR(AB; Cz) = &) L /: - F(S+A3€;i +Cf)9)F(—s)

T(A)D(B) 2ri (=2)"ds
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where the path of integration separates the poles of I'(s + A) and I'(s + B) from the poles of I'(—s).

Hence, and after simple manipulations, we can write Zy(a, b) as

B \/a /c1+ioo (Iul/oz)z B (1 §_g)
Io(a,b) = VIR 2) (20) e i bf D(p—z/a)T(2)2F) 5% +1; 5 "5 dz. (18)

Noting that the Gaussian hypergeometric function 5 F}(a, b;c; z) is an entire function with respect to

b, the asymptotic expansion for large f can be written as

LT 1 1
TIr(a,b) ~ VaprTlap + >2F1 (—,1+04#;§' a) (
bv2rl(pn+ 1)

> Si—g7 ) B0 (19)

Based on the above obtained asymptotic expansions for Zy(b), Z;(b) and Zy(a,b), the asymptotic
expressions for the SER for high average SNR detailed in Table [V]directly follow. We notice from the
table that all the asymptotic expansions can be given in the form P, f " where the proportionality
constant depends on the modulation scheme. Thus, for high é’ , it is straightforward to compare different

modulation schemes by simply comparing the proportionality constants of their asymptotic expansions.

V. EXTENSION TO MULTI-BRANCH MRC AND EGC DIVERSITY RECEIVERS

The above analysis can be directly extended to the case of MRC and EGC diversity receivers
operating over independent -4 fading channels. Assume that the diversity receiver combines signals
coming from L branches and let the instantaneous SNR at the [ branch be (;, which we assume to
follow the a-p distribution with parameters a; and ;. In this context, we assume that the instantaneous
SNRs at the L-branches (;, ¢ = 1,..., L are independent and non-identically distributed (i.n.i.d.). The
unconditional SER can thus be represented by the following integral:

P, :/C 0P(err0r|Cc)f<c(Cc)alCC (20)
where (. is the SNR at the combiner output, which is a function of the SNRs ¢;, [ = 1,..., L and
fe.(C.) is its PDFE. Generally, it is very difficult to obtain a closed-form expression for the PDF (or the
CDF) of the output of either the EGC or MRC diversity receiver. Therefore, the above expression is
not much useful in deriving a closed-form expression for the unconditional SER. Alternatively, we can

express the conditional SER directly in terms of (;,...,(r. Hence, the unconditional SER is simply
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ASYMPTOTIC EXPRESSIONS FOR P. FOR THE DIFFERENT MODULATION SCHEMES OVER a- FADING.
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\ Modulation Scheme \

Asymptotic P,

pTG +ap) (E\
corE VAT ) (2)
(M- DTG +op (30 )
M-ary ASK M/ + 1) <M2—1>
MN 2 .o —af
_— 11 M
M-ary PSK P(L+p)y/m (CS ! ))
’ (L) + A pG L, E 11+a 3—aﬁ<fﬁ
9 92 H \/7—_{_ H 1 M3 27 M
2 \/M—1< 3¢ >_a”
M-QAM o Ml)ﬁ 1\/M 2(% ! 1 1 3
DBPSK Wg an
M-1 . M—1 " F(l I Oglu) n& —at
NC M-ary FSK ;(_1) H( n >(n—|—1)F(1—|—,u) ntl

the expectation of the conditional SER with respect to the joint distribution of (y,...,(y, i.e.,

P, = E{PerrorlCi, ..., (1)} = /C
(21)

Since the SNRs (1, ..., (; are statistically independent, their joint PDF is simply the product of their

T
individual PDFs. Denoting { = [Cl CL} , the unconditional SER is given by the following

P = /C (error|¢) (Hfgl Q)

where f,((;) is the PDF of (; and | ¢ is a shorthand for i) COIOZO .

L-dimensional integration:
(22)

J5 - Similar to the case of single
branch communication and some modulation schemes such as the PSK, we need to work with the
derivative of the SER since, unlike the SER itself, it has a closed-form expression. In this case, we
need to apply the by-parts integration rule to only one of the variables, say (i, as stated in the following
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lemma:

Lemma 1. The average SER of a digital modulation scheme operating over L i.n.i.d. faded branches

could be written as:

- /C a% (error|¢) Fe, (G1) (chl g) (23)

Proof. The SER can be represented by the following integral:

:/4 /c o/c P(error|¢) f¢, (¢1)dCy (chl G > d¢p ... déG. (24)

Applying integration by parts to the innermost integration yields

P = /gz_o .. /gL_o lP(errorK)Fcl(Cl) .

= —/%P(erroﬂ( )Fe, (Gh) (H fo (G ) (25)

<

o0

- 8i1 P(CI‘I'OI"C FCl Cl dCl} (H fCl Cl > dCL cee d<2

=0

where the last line follows from the fact that ¢, (0) = 0 and lim¢, . P(error|¢) = 0. O

We may now use either or to derive the required SER. In order to express the SER in
terms of the multivariate H-function, we need to represent the SER as a Mellin-Barnes integral type
as shown before in the single-branch case. A generalization of Theorem [I] is thus provided in the

following theorem:

Theorem 2. The unconditional SER for a diversity receiver combining L statistically independent

signals can be represented by one of the following equivalent L-fold complex integrations.

P, = 27” /(Hf 1—zl> “(z)dz (26a)

L

-5/ (H aF*(—zn)  (2)dz (26b)

=1

. y
) c1tioo [ where the

where 7z = [zl . ZL] and the integral sign fz is a shorthand for rmey oo " Jzp ey —ico

constants {c;} are real and chosen properly. The function h*(z) is the L-dimensional Mellin-transform
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of P(error|C) defined by
L
h*(z) = My {P(error|)} = /P(error\(:) <H Clzl_l> d¢ (27a)
¢ =1

1 0
= Z_lML {—Cl a—QP(error]C)} (27Db)

Proof. The proof is direct generalization to that of Theorem [I] with the use of the Parseval’s relation

for the multidimensional Mellin transform [37, Chapter 3, Theorem 3.14]. Therefore, it is omitted. [

Applying the special case of independent branches with o~y fading, we have the following important

corollary.

Corollary 1. The unconditional SER for a diversity receiver combining L statistically independent

signals that are a-y faded can be represented by the following L-fold complex integration:

1
P. = . /A(z)h*(z)dz (28)
(2mi) T, D) Ja
where 7z = [21 . ZL] and the integral sign fz is a shorthand for f;licifim e f;;:;?im where the
constants {c;} are real and satisfy 0 < ¢; < oypy, L =1,..., L. The function \(z) is given by

L ul/al 2 2
Mo =TT (2= ) v (m-2). 9)
l

=1

Proof. For a-p fading channels, the Mellin transform of the CDFs Fy,((;), l =1,..., L are given by

F*(2) ! <”l/a>_ZlF( +Zl> < R{z} <0 (30)
Zl) = — —_— — 1, — Z
: 20(wm) \ ¢ T a :
Substituting into and making some arrangements, the corollary is proved. O

According to Theorem [2] the procedure for deriving closed-form expressions for the SER is a direct
extension to that followed in the single-branch case and it goes as follows: first, we write the conditional
SER (or its derivative) as a direct function of (i, ..., (;, second, we derive its L-dimensional Mellin
transform h*(z) as defined in Theorem [2| Finally, we plug the obtained expression for h*(z) in (28)
in order to express the SER as a Mellin-Barnes integral and consequently in terms of the multivariate
H-function. For CBFSK, M-ary ASK, M-ary PSK, and QAM modulation, it is easier to work with
the derivative of the conditional SER. Hence, we use for deriving h*(z). For these modulation
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schemes, the derivative of the conditional SER is a linear combination of one or more of the functions
in the first column of Table [X| in Appendix C, to which we refer as the basic functions, g(¢). In
this table, we also list the Mellin transform of those basic functions as well as the corresponding

Z-functions defined by

1
(2m0)® [T D)

It is straightforward to prove that, for MRC diversity, the final expression for the SER will be that

7z

t/Mm%Aumxnw. 31)

provided in Table [II| with the functions Z;(-) and Z(-) replaced by the functions Z; y;rc(-) and
Ty mre(+) in Table [X} Similarly, for the EGC diversity, we use the functions Z; gee () and Zs pao ()
given in Table [X| in place of Z,(-) and Zy(-) to obtain the final expressions for the SER.

On the other hand, we found that for DBPSK and NC M-ary FSK modulation, it is easier to derive
h*(z) using the conditional SER itself, i.e., using (27a). For these modulation schemes, the basic
functions and their Mellin transforms are listed in Table | XI| in Appendix C where the Z-functions are
given by

1
(2m0)E TTi, D)

The unconditional SER is thus given by

T t/meuw@»w. (32)

1 gy M—1\ 1 n
. _ - _ . _ _1\n+1 -
DBPSK: P, — 220,0(1), NC M-ary FSK: P, > (-1) ( . )n+ T <n+ 1) (33)

n=1
where Z, .(-) depends on the type of the combining scheme used. The final expressions for the SER
for different modulation schemes and MRC diversity are summarized in Table |VI| and those for EGC
diversity are in Table [VII

Finally, in order to obtain the asymptotic expressions for the SER of the MRC diversity and EGC
diversity, we first derive the asymptotic expansions of Zy yrrc(b), Zy mrre(b), Zovrre(a,b), Lo pao (D),

7y gce(b), and Zy gearre(a, b) using the complex residue theorem as done before in Section Doing
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TABLE VI
FINAL FORM OF THE P. FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED IN THIS PAPER WHEN MRC DIVERSITY IS
APPLIED.
| Modulation | P,
Qltl al/él
CBESK 1 01Tl U2, ) (1L )
Qﬁ Hlel F(;,Ll) LLLLis11 1/(;L ~ (07 17 B 1) (/1‘17 1/0‘1) ce (,UL, 1/QL)
2pp " /L
M? — 1))/ /3¢
M-1 0,1;1,1;...51,1 ( )./1 /Cl (1/2;1,...51) (1,1) (1,1
M-ary ASK My/a T, T )HL’1 L3l : 0:1,....1) (. Vaa) o (pr, /o)
o (M2 = i/ /3¢, |
/a1 / . 2 s
3 M
1 Ho,l,ll 41, i /5111. (/M) (1/2;1,...51) (1,1) . (1,1)
VAT TG | LI /) (/e
y VAILn T 2(#2//;)/ sin®(m/M)Cy,
[-PSK cot“(m
L e [ 1S EADG /210 (L) (1,1) (L,1)
Y L : (0;0, 1 L) (1/2,1),0,1) (u,ar) ... (uz,1/ag)
1/ sin? (m /M),
2(M — 1)u TS
VM) o I R Ay
M L T e : 0,1.,1 ,111171(11 /1,]_”1(J£L
ﬁHl:l (:u‘l) (A[ o 1)‘” /ozL/3<
M-QAM
+Vﬁf* lHO"l L | 2(M — 1)u1/a1/3C1 (1/2;1,1,...,1) (1,1) (1,1) (1,1)
\/’TT L1121 1511 : (0 0,1,..., 1) (1/27 1)7 (0* 1) (:uh 1/0{1) te (/J’La 1/aL)
2(M — D)y /3¢,
L 1/
DBPSK 1 L g 2 B
200 00u) MG (s L)
M-1 " L o
(—1)n+t <M— 1) U (D™ (1,1)
NCFSK H A S )
; n+1 n 11} N ng (. 1/ cq)

so, we have the following asymptotic expressions for MRC diversity

. I'( 1 + al'ul o,
To,mrc(b) ~ H (bC)

=1
( +21104le LF1+Oéle £y
Ty mre(b) ~ iyt (bG) e,
\/_F(1+Zl 1011#1 H 1+,u i
Vva I'( 1 + azm
Zo mre(a,b) ~ o1 [ 1+ Z QU s _a —; H
b/ 2 2 2b P
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TABLE VII
FINAL FORM OF THE Pe FOR THE DIFFERENT MODULATION SCHEMES CONSIDERED IN THIS PAPER WHEN EGC DIVERSITY IS
APPLIED.
| Modulation | P
_ Lﬂl/m/Zél
CBFSK 2 eonmean [ - L2 ... (1,2
Hlel F(/M) 0,51,1;..51,1 1/0.1 . (0;17.”71) (/14171/061) (,UJL71/O‘L)
Ly J/QC/L A
L(M? — 1),/ /126,
M-ary ASK MHUQ;Llj-@lﬁl : ' - (1,2) (1,2)
MTE, () B0 e e |O5 L 1) (s Ya) (1 a)
- L(M? = D)p/ " J12¢,
Ly’ J4sin® (x/M)C
oL-1 0oLt m'/ . (/M) B (1,2) (1,2)
’ Ot : 0:1,01) (s Y an) o (e, 1/ ar)
[1% T) L;LlL/ﬂ’l/leinz(w/]\/[)CL
M-ary PSK cot?(m/M)
PR IEREREE Lm/’“/sm (/M) (1/2,1,1 1) (1,1) (1,2) ... (1,2
7 LELELL.LL : (0;0,2,. 2) (1/2,1),(0,1) (p1,1/c1) ... (pz,1/ar)
L/ fsin? (e /M)y ]
L(M — 1)y /6,
2 VM~ 1) | pooiia o - 12 ... (12
ML, T R ' O L 1) (1) o (pr, 1 o)
Hl—l (Nl) L(M — 1),M1L/QL/6CL
M-QAM 1
+\/M— L0l 1 il 2L(M — 1)#/”/361 (1/2:1,1,...,1) (1,1) (1,2) ... (1,2
BELEL L1 (0;0, 2 2) (1/2,1),(0,1) (1, Y/ea) ... (pr,1/ou)
2L(M—1 er3é,
) Lu /“1/44
DBPSK 2L 1ﬁ HO.O;I,l;,A.:l,l ! - (172) (172)
15, D) B8t ™ (1/2;1,...,1) (. Vo) .. (pr,1/or)
_ Ly '/4CL _
L(n+ D)™ /4né
NCFSK QL‘f Z D™ (M =1 oo S ~ (1,2) ... (1,2
& 1 n+1 n OB L Vo o s |W/ZL D) (s 1/en) e (s L ar)
- i Ln+D)py ™" [4nCy

and the following expressions for the EGC diversity

NG L O(1+200) |, i)
F(%+Zf:1azuz) P+ T\ L ’

L A\ Tarp
(142 4
T pae(b) ~ H 2004 (—Q> , (35b)

Zo.pco(b) ~ (35a)

Vor(1 +Zl voa) iy T+ ) L
Vva 2 I (1 + Zz=1 o, %Q %3 _%) L L1+ 2cq11) o, 466, s
In,pce(a,b) ~ Vi — 11 raem M\ T . (350
r (5 + 0 alﬂl) 1=1 H

Substituting into the expressions in Table [[I, we obtain the asymptotic expressions in Table [VIII
Similarly, the asymptotic expressions of the SER with EGC are obtained by substituting (35) into
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TABLE VIII
ASYMPTOTIC EXPRESSIONS FOR P, FOR THE DIFFERENT MODULATION SCHEMES OVER «-/t FADING WITH MRC DIVERSITY.

| Modulation | Asymptotic P,
A\ O
CBFSK F(% - Zlel Qufiy) - I'(1+ Oézul)uuz Q
2yl (1+ 30 oum) 1oy DO +m) 70\ 2
L 2 —aqpy
M-ary ASK (M = D0(5 + iy upu) H I'(1+ Oél,uz)um 3G
ML+ ogm) o D+m) 7\ M2 -1
1 + al/’l’l 17 -2 “ —«
2\/—H T(1 + ) (it (sin? (/M) )~
M-ary PSK
g F( + 3 1O‘l:“l> 2 cot(m/M) 1 L 3 (T
+ 2 F 5,1+ZO¢1M;§; cot <M>
r <1+Zl 1Oél/j,l> ﬁ =1
VM 2 —aifi
2(vM —1) H L1+ ay) 3¢
M\/_ LT 4g) 7\ 2(M = 1)
M-QAM
Q r (% +ZlL:1 alﬂl) M —1 1 L
% L +2 2F1 5’1+Zalul72a_1
r (1 + 25 041#1) VT =
L
1 I'(1 R
DBPSK 5 H IE + Oél'ul ;ilcl—alul
=1
M- 1 'rLJrl 2 —Qp
M—1 P(l + aypu) ng
NCFSK w
nz; n+1 ( n )E T(+m) " \ntl

the expressions in Table [lI] and are given in Table Similar to single-branch communication, the

—Q

asymptotic SER is proportional to H1L:1 él where the proportionality constant depends on both the

modulation scheme and the type of the diversity receiver.

VI. NUMERICAL RESULTS

In this section, we compare the exact expressions of the SER to their corresponding asymptotic
expansions for single-branch communication as well as MRC and EGC diversity receivers. First, we
investigate the single-branch case in Figs. and 4| where we plot the expressions for a group of
binary, 4-, 8- and 16-symbols based systems. In these results, we consider different combinations of «
and . The solid lines represent the exact expressions while the dashed ones represent the asymptotic

behavior of the SER in the high average SNR regime. Also, the markers denote results obtained via
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| Modulation | Asymptotic 2
L
CBFSK 1+ CW! it [ 28
2r (1 + Zlel O‘lﬂl) 1=1 P14 ) L
L “ —O
M -1 I'( 1 2 12
Mrary ASK H + alm aupf" <2Q>
MT < +30 OélMl) 1=1 (M2 —-1)L
= (] +2ozlm dsin?(n/M)G)
92 H py' I
M-ary PSK =5 , y .
cot(?T/L ) JF (2’1_'_20‘1,“17 . — cot? (;}))
1 + Zl 1 alﬂl) V7l (l +> oq,ul> =1
2 =
i F1+m il r=nL
M-QAM =
1 2(vV/M — 1) L
% L ™ ) . 2 F1 2,1+Zalm;2, 1
T (1 + > Ozz/iz> e (5 +> Cvz,uz) =
L A\ Ml
I'lt+2 4
DBPSK ﬁL (P 1+ ) ( % )
2 (% +20 041/41) o1 P+ m)
- —
NCFSK VT — (- <M_ 1 ﬁ P(L+2aum) 0  4ng "
P(3+Siom) o nrt A on Jog T+m) " \Zin+1)

Monte Carlo simulations, which were carried out via MATLAB®, which was also used to implement
the Fox-H function. The number of transmitted symbols used in the simulations is the maximum of
10* and 1000810050/ ae)l where P,, is the computed asymptotic value of the SER and [.] denotes the
rounding operation. The a-y variates were generated either via the classical inverse CDF method or

the method proposed in [38].

As seen from the figures, the simulation results perfectly match the results of the analytical ex-
pressions, which indeed proves the validity of the presented expressions in this paper. Moreover, the
proposed asymptotic expressions in Table [V| seem to perform well for high values of SNRs, roughly
when the exact value is less than 10~%. Moreover, for high average SNR, the logarithm of the exact SER
has almost a constant slope, which depends only on the values of « and v and not on the modulation
scheme used. This is totally consistent with our derived asymptotic expressions.
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QPSK
10k E
b CBFSK ]
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10 F DBPSK 3

-9 ! !

10
CiB

Fig. 2. Exact and asymptotic values of the SER of QPSK, CBFSK and DBPSK for ao = 6.2 and p = 0.9. The solid lines represent the
exact expressions while the dashed ones represent the asymptotic behavior. Markers represent the results of Monte Carlo simulations.

We now switch our attention to the multiple-branch receiver case where we plot the SER results
assuming identical branches with & = 2.5 and p = 1 for EGC in Fig. [5] and for MRC in Fig. [6| In
Fig. 5l we consider 16-NCFSK and 16-ASK modulation schemes while in Fig. [6l we consider 16-
QAM and 16-PSK ones. In each figure, we consider both the dual-branch (L = 2) and the quad-branch
(L = 4) cases. Similar to the single-branch case, it is evident that the asymptotic expressions provide
an efficient tool to estimate the SER at high SNR values. Comparing to the case of single-branch
communication in Fig. [ we easily notice the substantial reduction of the SER obtained by employing
diversity receivers. In all cases, the asymptotic expansion successfully tracks the decrease rate of the

logarithm of the SER.
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Fig. 3. Exact and asymptotic values of the SER of 8-ASK, 8-NCFSK and 8-PSK for a = 2, 4 = 3 and a = 1, p = 3. The solid lines
represent the exact expressions while the dashed ones represent the asymptotic behavior. Markers represent the results of Monte Carlo
simulations.

VII. CONCLUSIONS

In this paper, we have proposed a novel framework for deriving the SER of virtually all modulation
schemes when communicating over fading channels. The framework was then applied to the -y fading
case assuming both single-branch communication as well as EGC and MRC diversity receivers. The
proposed framework has enabled us to easily derive exact expressions for the SER for the CBFSK,
M-ary ASK, M-ary PSK, M-ary QAM, DBPSK, and NC M-ary FSK modulation schemes, which
are given in terms of the univariate and the multivariate Fox-H function. Furthermore, we have shown
that the obtained expressions reduce to the well-known results of Nakagami-m fading when we set

a=1and p=m.

Thanks to our proposed framework, we have also been able to directly derive asymptotic expressions

for the SER for all the above-mentioned modulation schemes and diversity receivers. The obtained
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' a=25,u=1
v 16-ASK

MR

16-PSK
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16-QAM

\ 16-NCFSK]
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ol

SER
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10 E 4
i 16-PSK \
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a=6,u=15>5 \ \

10'8 I I I I I
5 10 15 20 25 30 35

Can
Fig. 4. Exact and asymptotic values of the SER of 16-ASK, 16-NCFSK, 16-PSK and 16-QAM a =6, p = 1.5 and oo = 2.5, pp = 1.

The solid lines represent the exact expressions while the dashed ones represent the asymptotic behavior. Markers represent the results
of Monte Carlo simulations.

asymptotic expansions are not only very accurate for large values of the average SNR but also very
stable to compute because closed-form expressions for their logarithms is available. Moreover, they
are consistent with the fact that the rate of change of the logarithm of the SER primarily depends on
the particular values of v and p and not the modulation scheme. This statement has been verified in

Section
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Fig. 5. Exact and asymptotic values of the SER for a dual- and quad-branch EGC receiver employing 16-NCFSK and 16-ASK with
a=25and p=1.

APPENDIX A

EXPRESSIONS FOR Zy(b), Z1(b) AND Zy(a,b) FOR NAKAGAMI-m FADING

For the Nakagami-m distribution, we set « = 1 and ;1 = m in (I4). Applying the change of variables

/

2/ = —z for Zy(b), we get

11 [ati o\ 1 o\
I — - 1—\ / 1—\ _ ! o> / —— 1 _>
o(0) bl'(m) 2mi /Z (m + 2)1(=2) m dz b * m

'=—c1—100
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Fig. 6. Exact and asymptotic values of the SER for a dual- and quad-branch MRC receiver employing 16-QAM and 16-PSK with
a=25and p=1.

where we used [13 Eq. (6.422.3)]. Similarly, we apply the change of variables z = 2’ + m for Z;(b)
yielding

/

B 1 m\™ 1 [T TEOD( +m+ 120 +m) (m\®

_Dm+1/2) (bl " [N U
= A (m+ 1) <Hm> QFl(m’Q’m“’Hbé/m) e

where we used [13, Eq. (9.113)] followed by [13, Eq. (9.131.1)]. Finally, we make the change of
variables z = 2/ +m and s = s’ + 1/2 for Zy(a, b) and using [13, Eq. (9.185)] and [39, Eq. (39) and
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then (25)], we can prove that

m\"™ ra\/2T(1/2)'(m) a m
I2(a’b):—2\/b_7rlf(m) (b_é'> <2_b> —;(23/2) Fy (m+1;%>m§;,m+1;—2—b,—b—é_>

L (m\" /a\1/2 m\ " 1 3 a a/2b
=—| = — 1+ — Flzlmiz— ————
\/bw(bC) <2b> ( bc) 1<2 2’ 2b 1+m/b(>
1
2

A\ —Mm N —1
1 b 2\ ~? 1 2b\ b 25\ !
B LS 1+ = F ;——m,m;§; 1+=) 4% 1+ =
b m a 2 2 a m a

(37)
APPENDIX B
THE PROOF OF THE EQUIVALENCE OF THE M-QAM EXPRESSION IN TABLE [[V|AND
First, write Fy (3;m, 3 —m;3;x,3) in its Euler integral form [34, Eq. (5.8.5)], i.e.,
11 31 1/ m=1/2
F (i;m’i_m;ﬁ;x’ﬁ) :§/u0u1/2(1—uzc)m <1—g> du
1 2 m—1/2
- —/ w2 (1 — )™ (1 - 9) du (38)
2 )y 2

Substituting u = 2v in the first integral and u = 2/(2 — v) in the second, preforming some manipu-
lations, and making use of the Euler integral form of the hyper-geometric function [13, Eq. (9.111)]

and that of the Appell Fi(-) function, we easily obtain the following relation

1 1 3 1 r 1/2 1
Filzm,——m;—iz, - | = zMQFI =, m;m+1;2z
2 2 2772 2 I'(m+1) 2

2 —I)—mFl (1'm 31 _1) (39)

2m + 1 2'2(1—x) 2

Substituting (39) into the M-QAM expression in Table [[V|with x = (243 C/m(M — 1))~ proves the
g Y P

required equivalence.

APPENDIX C

BASIC FUNCTIONS FOR THE SER FOR THE DIFFERENT MODULATION SCHEMES
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BASIC FUNCTIONS USED FOR SER OF CBFSK, M-ARY ASK, M-ARY PSK, QAM MODULATION, THEIR MELLIN TRANSFORMS

AND THE CORRESPONDING Z-FUNCTIONS. ¢2 IS A REAL CONSTANT SUCH THAT 0 < c2 < 1/2.

‘ 9(¢) | Mellin Transform and corresponding Z-function
D(XE z+1) =
M {g(Q)} = <> b (2),
Cle—bCMRc \ﬂr (21:1 2+ 1) =1
N /aveell L gy ¢
VCMRe . ) = 1 FOLL L . ./)Cl (1/2;1,...51) (1,1) (1,1)
1,MRC 7\/51_[{;1 () L1111 1/%-/1)5 0;1,...,1) (1, 1/cvy) (pr, 1/ ar)
—2l catico ' (2 — s S+ZL:Z+l s
Mi{g(O)} = = Hl 1073 (=) L/ (3-9T ( =171 2> <1> ds.
er <Zl:1 2+ 1) 2mi S=co—100 S 2b
Ge P re Q) (\/alane) T mre(a,b) =
VCmre 170/1213 A
;HO,I:I,III | G (1/2;1,1,...,1) (1,1) (1,1) (1,1)
QMHlL:] F(/l,l) LELELLSLL : (0;0717"' 71) (1/2*1)(071) (Mlvl/al) (MLﬁl/aL)
,Ui/ab / béL
2L L
Mi{g(€)} = zl+ [Tcab/L)=1(22),
\/a ﬁF (21:1 21+ 1) =1
L8 Telel I e 4bA
' Loscol) = 2V [ . L3 (1.2
o N L e : 1051, ..001) (1,1 an) ur, 1/
\/5H1:1 IN(™) LH}‘/O‘L/ZLbCL ( ) 1,1/ (pr,1/ar)
. 1 , N L 1
Mulg(©)} = o 2 I TR0/ D)= 1 /‘” PG (s Xia+3) (&) as
VorT (2 ZIL:1 2+ 1) 270 s=ey—ioo S 2b
Iy pcela,b) =
\/%Q’I’CEGCQ/(\/M> beC’C( ) a/Qb
2 e | BTAGI02L L4 (0 (1,2)
VBT, Dy (0:0.2.....2)  (1/2,1),(0.1) (Vo) .. (e 1/ar)
w15
TABLE XI

BASIC FUNCTIONS USED FOR DBPSK AND NC M-ARY FSK MODULATION, THEIR MELLIN TRANSFORMS AND THE

CORRESPONDING Z-FUNCTIONS.

‘ 9(¢) ‘ Mellin Transform and corresponding Z-function
Mifg(¢)y = [ vT(=),
e~ bCMRC lL: "
U (™™ (1)
Ton b Hy ;
O,MRC( ) L F(,Ul) 1,1 ( bCl (m’ 1/041)
2L /m L .
Mr{g(Q)} = 7 v ; H(4b/L) 'T'(22),
r (Zzzl 2+ 5) =1
—ecc
(& L,u 1/ax /4b€
To,zcc(b) 25T 00t ' - (1,2) (1,2)
’ LoD OERE 1/a (1/2;1,...,1) (1, 1/an) (e, /o)
- “JAby
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