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Abstract

The connection between topology and computer science is based on two fundamental in-
sights: the first, which can be traced back to the beginning of recursion theory, and even
intuitionism, is that computable functions are necessarily continuous when input and out-
put domains are equipped with their natural topologies. The second, due to M. B. Smyth
in 1981, is that the observable properties of computational domains are contained in the
collection of open sets. The first insight underlies Dana Scott’s categories of semantics
domains, which are certain topological spaces with continuous functions. The second in-
sight was made fruitful for computer science by Samson Abramsky, who showed in his
“Domain Theory in Logical Form” that instead of working with Scott’s domains one can
equivalently work with lattices of observable properties. Thus he established a precise link

between denotational semantics and program logic.

Mathematically, the framework for Abramsky’s approach is that of Stone duality, which
in general terms studies the relationship between topological spaces and their lattices of
opens sets. While for his purposes, Abramsky could rely on existing duality results estab-
lished by Stone in 1937, it soon became clear that in order to capture continuous domains,
the duality had to be extended. Continuous domains are of interest to semantics because
of the need to model the probabilistic behaviour and computation over real numbers. The
extension of the Stone duality was achieved by Jung and Siinderhauf in 1996; the main out-
come of this investigation is the realisation that the observable properties of a continuous

space form a strong proximity lattice.

The present thesis examines strong proximity lattices with the tools of Priestley duality,

which was introduced in 1970 as an alternative to Stone’s duality for distributive lattices.

vi



vii

The advantage of Priestley duality is that it yields compact Hausdorff spaces and thus stays

within classical topological ideas.

The thesis shows that Priestley duality can indeed be extended to cover strong prox-
imity lattices, and identifies the additional structure on Priestley spaces that corresponds
to the proximity relation. At least three different types of morphism have been defined
between strong proximity lattices, and the thesis shows that each of them can be used in
Priestley duality. The resulting maps between Priestley spaces are characterised and given

a computational interpretation.
This being an alternative to the Jung—Siinderhauf duality, it is examined how the two

dualities are related on the side of topological spaces.

Finally, strong proximity lattices can be seen as algebras of the logic MLS, introduced
by Jung, Kegelmann, and Moshier. The thesis examines how the central notions of MLS

are transformed by Priestley duality.
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Chapter 1

Introduction

1.1 Background

The semantics of programming languages is about developing techniques for designing
and describing programming languages. Such techniques are quite important because, in
most cases, if one relies only on ones intuition to design a programming language, then
one will run into counter-intuitive situations, and will need a rigorous technique to guide
one through the designing process. One of those situations where semantics techniques are
needed in designing languages is demonstrated in [115, chapter 7] on a language that is like
ALGOL 60 [64].

Among the semantics approaches [76, 78, 84] are the axiomatic, operational and deno-
tational ones. The axiomatic approach (also termed “’the program logic™), that originated
in [25, 33] and proved a success in [99, 31, 38, 74], is about establishing a set of axioms
to help in developing and verifying programs. An example of a program logic is Hoare
logic [33] whose axioms have the form {P} C {Q}. This is to be read as follows; if the
pre-condition P is satisfied before running the program C' and if C' terminates then the

post-condition () will be satisfied afterwards. The operational approach [88] of semantics



emphasises the way programs are executed on an abstract machine such as the Java Ab-
stract Machine. Early versions and properties of operational techniques are discussed in
[63, 69] and [92, 87], respectively. In the denotational approach [113, 30, 98, 71], the em-
phasis is on the mathematical meaning of language constructs. These three techniques of
the semantics of programming languages are related and, in some way, complement each
other [75, 21, 68].

The idea in denotational semantics, which can be traced back to [26, 17, 114], is to
use a category [70] to interpret programming language constructs; data types and programs
are represented by objects and morphisms, respectively. The properties of data types and
programs restrict the choice of an appropriate category to carry the denotational seman-
tics. In other words, a category that can successfully develop the denotational semantics
is subject to conditions. Two of these requirements are raised by the use of recursion in
defining procedures and data structures (data-types) and are stated for a concrete category

as follows.

1. A map which assigns to every endomorphism f on an object M a point m € M such

that f(m) = m (a fix-point for f).

2. With every functor G : A’ x A — A, there should exist an object M such that
G(M,M) = M.

Classical categories in mathematics such as sets, topological spaces, vectors spaces, and
groups fail to meet the requirements for a suitable universe for denotational semantics.
Domain theory, which was invented in 1969 by Dana Scott [100, 101, 102, 103, 105],
has proved so far to be a very convenient mathematical environment for denotational se-
mantics. In this theory, data types are represented by domains, which are ordered sets
satisfying certain conditions, and programs are represented by functions between domains.
Scott equipped domains with a certain topology named after him as the Scott-topology.

Hence computability of programs can be checked by testing the topological continuity of



their representing functions with respect to Scott-topologies on domains.

The Scott-topology helps establishing axiomatic semantics for programs as follows.
According to the geometric logic (logic of observable properties) [118] the Scott-open sets
of a domain are interpreted as properties, where a point in the domain satisfies a property
if and only if it belongs to the open set. Suppose C' is a continuous map (computable
function) from a domain D; to a domain D,. If P, is a property (a Scott-open subset) of
D, then P, := C~'(P,) is a property of Dy, by continuity of C. Moreover, it is certain that
if an input z to the program C satisfies P; then the output C'(x) will satisfy property Ps.
This idea was first proposed by Smyth in [107].

In 1936, Stone presented his famous representation theorem [110] which proved that to-
tally disconnected compact spaces represent Boolean algebras. This was the starting point
of a whole area of research known as Stone duality in which mathematicians are interested
in establishing “Stone-type” dualities between classes of topological spaces and algebras.
Stone duality was introduced to computer science by Samson Abramsky in his famous
paper, Domain Theory in Logical Form [2]. In this paper Abramsky showed that Stone
duality is the appropriate mathematical framework for studying the relationship between
denotational and axiomatic semantics.

In [2], Abramsky presented a logical representation for a particular Cartesian-closed
category of domains, namely the bifinite domains. In this framework, bifinite domains are
represented by propositional theories, and functions between bifinite domains are repre-
sented by a program logic axiomatising the properties of domains. Moreover, Abramsky
proved that the domain interpretation via bifinite domains and his logical interpretation are
Stone duals to each other and specify each other up to isomorphism.

Later in [54, 55, 50, 52, 56] Abramsky’s work was extended by Achim Jung, Philipp
Stinderhauf, Mathias Kegelmann, and Andrew Moshier to a class of topological spaces,

stably compact spaces defined as follows.

Definition 1.1.1. A stably compact space is a topological space which is sober, compact,



locally compact, and for which the collection of compact saturated subsets is closed under

finite intersections where a saturated set is an intersection of open sets.

These spaces are the appropriate general topological setting for compact coherent do-
mains in their Scott topologies. Coherent domains include bifinite domains and other in-
teresting Cartesian-closed categories of domains such as FS domains.

Bifinite domains are algebraic domains in which every element can be approximated
by finite (compact) elements below it. This is the main reason that one can go from the
domain side to the logic side of Abramsky [2] by constructing the lattice of open-compact
(with respect to the Scott-topology) sets. But for coherent domains this is not true anymore;
finite elements do not necessarily approximate elements of domains and hence we can not
just consider the lattice of open-compact sets. We have to work harder to understand the
more general situation of coherent domains. Achim Jung and Philipp Siinderhauf in their
papers [54, 55] managed to find a way to appropriately construct the lattices of observable
properties of compact coherent domains. According to their work if (X, T) is a stably

compact space then its lattice B x of observable properties is defined as follows:
Bx ={(O,K)|O€T,KeXxand O C K},

where K x is the set of compact saturated subsets of X. The computational interpretation

is as follows. For a point z € X and a property (O, K) € By:
e © € O < z satisfies the property (O, K),
e z € X \ K <= x does not satisfy the property (O, K), and
e z € K\O <= the property (O, K) is unobservable for .

We note that the condition O C K in the definition of By is necessary for avoiding any
contradictions; without this condition a point may be considered having and not having a

property at the same time.



This idea of constructing the lattice B x and interpreting it as the lattice of observable
properties is very convenient for dealing with continuous phenomena. For example, if we

want to classify people according to their heights, one can argue that:
e people of height in [160 cm — 180 cm] have about average height,

e people of height less than 150 cm or more than 190 cm do not have about average

height, and

e other people may or may not be considered having about average height and therefore

the property is unobservable for them.

As another example if we try to specify an interval on the thermometer inside which the
weather is cool then we will face a situation similar to the one explained in the example
above.

On the lattice B x of observable properties a binary relation (proximity relation) was

defined by Jung and Siinderhauf in [54] as:

(0,K) < (0, K'Y &5 K C O,

The computational interpretation of the proximity relation < can be stated as follows:

(0,K) < (0",K'Yy < (Vx € X) either (O, K') is observably satisfied for z or

(O, K) is (observably) not satisfied for x.

Thus we can say that < behaves like a classical implication.

A different way to understand the relation < is the following. For a property (O, K)
we interpret O as the set of positive information about the property and X\ K as the set of
negative information about the property. It makes sense to consider a property (O, K') to be
more definite than a property (O', K') if the positive and negative information of the first

property include the positive and negative information of the second property, respectively,



ie. if O' C O and X\K' C X\K. Now, it is easy to see that if a property (O1, K1) is
related to a property (O2, K5) under < then any property that is more definite than (O;, K;)
must be related to any property that is more definite than (O, K5).

The following algebraic structures (introduced in [54]) represent stably compact spaces

and abstractly capture their lattices of observable properties (of the form of B x).

Definition 1.1.2. A binary relation < on a bounded distributive lattice (L;V,A,0,1) is

called a proximity if, for every a,z,y € L and M Cg, L,

<0< =<,
M<a=\/M=<a,

)
( )
(< —A) a<M<=>a</\M,
( ) a<zVy= 32,y el)r <z, ¢y <yanda<z' VY,
( )

rAy<a= 32,y el)z <2, y<y andz' Ay <a.

M < a and a < M, respectively, stand for (VYm € M) m < a and (Vm € M) a < m.
A strong proximity lattice is a bounded distributive lattice (L; V, A, 0, 1) together with a

proximity relation < on L.

The notion of strong proximity lattice subsumes that of bounded distributive lattice as
the lattice order < is always a proximity.

Now we want to define a suitable notion of morphism between strong proximity lattices
in order to capture (represent) continuous maps (computable programs) between stably
compact spaces. While a map that preserves order and proximity relations (a proximity
homomorphism) between strong proximity lattices is the obvious choice for such a notion,
it is computationally too specialised; if we consider its manifestation on semantic domains
(compact coherent domains as stably compact spaces) then we realise it as a (an order-

preserving) Lawson continuous function [28]. This does not cover the computable maps

I'The qualifier “strong” distinguishes the concept from its precursor in [109], where (A— <) was not a
requirement.



which typically are only Scott-continuous. Therefore Jung and Siinderhauf arrived at a
situation similar to domain theory where also more than one kind of map is studied on a
fixed class of spaces such as embedding-projection pairs, Scott-continuous function, strict
Scott-continuous function, stable function, etc.

Two more general notions of morphism between strong proximity lattices were con-
sidered in order to capture all computable (Scott-continuous) functions between compact
coherent domains (in their topological setting of stably compact spaces). On the side of
strong proximity lattices, homomorphisms were replaced with approximable relations; a
notion that dates back to Scott’s morphisms for information systems in [104]. The defini-

tion is as follows:

Definition 1.1.3. Let (L;;V, A,0,1;<1) and (Lo; V, A, 0,1; <5) be strong proximity lat-
tices and let - be a binary relation from L, to L,. The relation - is called approximable if

forevery a € L,b € Lo, My Cgp Ly and My Cyy, Lo,

) Fo=<y=F,
) <iokF=F,
(V—F)  MiFb<\/MFb,
) abMy<=at )\ M,
) akF\/ M= (AN Cpy L) a <1 \/ N and (Vn € N)

(Im € My) ntEm.

The relation | is called weakly approximable if it satisfies all of the above conditions but

not necessarily (F —V).

The relationship between proximity homomorphisms and approximable relations is
analogous to that between Dijkstra’s weakest preconditions: A homomorphism A from
L, to L, specifies the weakest precondition h(¢) needed to be satisfied by the input so that

the corresponding output satisfies the condition ¢ at the end of the computation.



Now let us look at the computational interpretation of approximable relations. Suppose
f: X1 — X, is a continuous map between stably compact spaces (X1, T1) and (X, Ts).

Then the binary relation -y C By, x By, defined as:

(0,K) F; (0, K"y &% f(K) C O,
is an approximable relation [52]. Therefore the relation - relates all propositions (prop-
erties) (O, K), (O, K') where the satisfaction and un-observability of (O, K) by the input
entails the satisfaction of (O’, K') by the corresponding output. Moreover, the notion of
approximable relation was basically introduced to abstractly capture the set of all relations

established in this way i.e. the set:
{F| f is a continuous map between two stably compact spaces}.

Dealing with relations, rather than functions, puts no constraints on turning around the
direction. Thus Jung and Siinderhauf arrived at an equivalence of categories rather than a
duality; the category of stably compact spaces and continuous maps between them and the
category of strong proximity lattices and approximable relations between them.

The equivalence established in [54] played later a pivotal role in developing a logical
description (expounded in [50, 52]) for stably compact spaces similar to Samson Abram-
sky’s domain theory in logical form. The logical description is via the category MLS
(Multi Lingual Sequents) of logical systems. This category is the primary object of interest
in Mathias Kegelmann’s PhD thesis [56]. Figure 1.1 illustrates the situation.

Continuous domains have been the primary objects of interest of much research carried
out by both computer theorists and mathematicians. In the following, we briefly review
some of the recent research activity concerning these domains. Tix, Keimel and Plotkin, in
[91], introduced domain theoretical tools for combining probability with nondeterminism
for continuous domains. later, in [58], Keimel showed that these tools can be extended

to cover larger classes of spaces including stably compact spaces. Lawson and Xu, in
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[67], showed that the function space of continuous locally bounded functions, from core
compact spaces into poset, equipped with the Scott-topology and for which each interval
is a continuous sup-semilattice, has intervals that are continuous sup-semilattices. Smyth,
in [106], studied the partial metrizability of w-continuous domains. In [10], a study of the
logical content of continuous domains presented a finite information logic which was seen
as a complementary logic to MLS [50, 52, 56].

In 1937, Marshall Stone extended his celebrated representation theorem for Boolean al-
gebras [110, 111] to cover bounded distributive lattices [112]; the notion of Stone space was
extended to that of spectral space (stably compact space with a basis of compact open sets).
Typically the spaces defined by the latter notion are 7}, but not Hausdorff. In 1970, Hilary
Priestley realised that Stone’s duality for Boolean algebras can be differently extended to
bounded distributive lattices to produce Hausdorff spaces; Priestley enriched Stone spaces
with an order relation and obtained ordered topological spaces that are compact and totally
order-disconnected [89, 90]. These spaces are known as Priestley spaces and defined as

follows:

Definition 1.1.4. A Priestley space is a compact ordered space (X; T, <) such that for

every x,y € X, if z  y then there exists a clopen upper set U such thaty € U and x ¢ U.

Ever since they were invented, Priestley spaces have been receiving growing interest
and attention by both mathematicians and computer scientists. In the following, we cite re-
cent research related to Priestley duality. Many successful attempts for presenting Priestley
duality constructively (using constructive mathematics) in a localic form exist; for example
[116, 117] by C. Townsend, and [60] by M. Korostenski and C. C. A. Labuschagne. In
[81, 82], A. Palmigiano presented a categorical equivalence between the category K of
K" -spaces (ordered sets equipped with certain binary relations and associated with cer-
tain sublattices) and the category Coalg(V) of coalgebras of a certain endofunctor V' on

the category of Priestley spaces. A study about linear Heyting algebras, using Priestley
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duality, was presented by L. Rueda in [93]. In [72], N. Martinez and A. Petrovich used a
Priestley duality for MV-algebras to specify a condition that guarantees the uniqueness of

the implication for totally ordered M V-algebras.

1.2 Aim of our Research

Let (X, T) be a stably compact space, Kx be the collection of compact saturated subsets
of X, and
Bx ={(O,K)|0O€T,KeXxandO C K}

be the lattice of observable properties (introduced in the previous section) of (X, 7). This
is a strong proximity lattice. In logic, theories (or models) of B x are represented by prime
filters, which are the points of the Priestley dual space of Bx as a bounded distributive
lattice. Therefore if we can extend the Priestley duality of bounded distributive lattices
to cover strong proximity lattices then the resulting notion (on the topological side of the
duality) will be an abstract description of the models (theories) of properties of stably
compact spaces including compact coherent domains. This is indeed the first and the basic
objective of this thesis.

Therefore we can say that the primary aim of this thesis is to introduce Priestley
spaces to the world of semantics of programming languages.

Hence the research programme of the thesis is as follows:

1.2.1 The First Aim

The first goal, of the thesis, is to answer the following questions:

1. How can Priestley duality for bounded distributive lattices be extended to

strong proximity lattices?
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2. What is the computational interpretation of the answer of the previous

question?

1.2.2 The Second Aim

Having question 1 answered naturally motivates a curiosity to understand the direct links
between stably compact spaces and the answer of question 1. Therefore it is the second

aim, of the research, to answer the following question:

3. What is the direct relationship between the category resulting from an-
swering question 1 and the category SCS of stably compact spaces (com-
pact coherent domains in their Scott topologies = data types) and contin-

uous maps (computable programs) between them?

1.2.3 The Third Aim

The third goal of the research is to answer the following questions:

4. What are the direct links between the category MLS (a logical represen-
tation for the category SCS) and the category resulting from answering

question 17

5. How can the category resulting from answering question 1 help establish-
ing new semantics, in Priestley form, for essential concepts and facts of

the category MLS?

6. How can domain constructions be done in Priestley form (the category

resulting from answering question 1)?

We are also aiming for
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7. developing a study of the elements of the category resulting from answer-
ing question 1. This will be done by different means including directly

linking the elements of this category to existing structures in mathematics.

1.3 Achievements of the Research

1.3.1 Concerning the First Aim

To answer question 1, we introduce the notion of apartness relation [23, 24] on Priestley

spaces as follows:

Definition 1.3.1. A binary relation o on a Priestley space (X; <, T) is called an apartness

if, for every a, ¢, d,e € X,

(xT) o isopenin (X;T) x (X;T)
(foct
(xV
(<l
(11

a>cxd>e=— axe,
axc< (Vbe X)axborbxec,

)
)
) ax({enld) = (Vbe X)axb, boxcorbxd,
)

(teNtd) xa = (Vbe X)d x b, cx borbx a.

where A o« B is a shorthand fora < bforalla € A, b € B.

Remark 1.3.2. 1. For any Priestley space (X; <, T), £ is an apartness because the order

is closed in the product topology for Priestley spaces.

2. o is an apartness on (X;<,T) if and only if the dual of o is an apartness on

(X;>,7).

3. It aids the intuition to assume that an element can not be apart from itself but as a

matter of fact our results do not rely on this assumption.
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4. If we were to axiomatise indistinguishability instead of apartness, then (V) would
express the transitivity of this relation. Axiom (focl), however, would not have a
simple formulation.

5. On the real line, axioms (<].|) and (1<) are the same as (V).

Question 1 above is answered as follows:

The dual of a strong proximity lattice L is the corresponding Priestley space of
prime filters, equipped with the apartness,

Fo<<G<d:ef>(E|x€F)(Ely¢G)x<y.

Vice versa, the dual of a Priestley space X with apartness  is the lattice of

clopen upper sets equipped with the proximity,

A<y BEL A x (X\B).

Up to isomorphism, the correspondence is one-to-one.

From a representation point of view the answer to this question can be classified as

follows:
T, spaces Hausdorff spaces (75)
strong proximity lattices || Jung & Siinderhauf, [54] | the answer to question 1
distributive lattices Stone, [112] Priestley, [89, 90]
Boolean algebras Stone, [110, 111]

From a semantics point of view, in [52] the argument was made that the proximity <
relates two logical propositions (pairs of the form (O, K)) ¢ and 4 if the observation of ¢
always implies that 1 is actually true. Consequently, the logical system does not nec-
essarily satisfy the identity axiom ¢ F ¢, and while the paper [52] demonstrates that a

satisfactory and even elegant logical apparatus can still be built, the lack of this basic law
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of logic may feel strange. In, this thesis, the view is that the proximity is additional struc-
ture, over and above the lattice operations, and that for the latter the usual axioms of logic
are still valid. Consequently, a model of the logic is given by a prime filter as it is usually.
The additional structure on the logic then gives rise to an additional structure on the space
of all models (the Priestley space), which we read as apartness information.? The intuition
is that two states of affair (i.e., models) can be observably separated if and only if they
are “sufficiently apart.” To give an example, consider the real numbers represented in their
usual decimal representation. Mathematically, we deem a¢ = 1.000... and b = 0.999...
equal; constructively, the concrete presentation of a number is important, and in our exam-
ple one would find that a and b can not be told apart in finite time but their equality can
also not be established in finite time (if our only access to the numbers is by successively
reading digits).

Definition 3.1.1 attempts to capture the intuitive notion of apartness on a Priestley space.

We will show that the action of Priestley duality on morphisms can also be adapted to

the current setting.

Continuous order-preserving maps that reflect the apartness relation are in
one-to-one correspondence with lattice homomorphisms that preserve the prox-

imity relation.

Next, on the side of Priestley spaces, we introduce a notion for morphism which cor-
responds to the notion of approximable (weakly approximable) relations. Whereas in [54]
morphisms corresponding to approximable relations were proved to be functions that are
continuous with respect to the upper topology, now we can not expect a similar situation at
all. The reason is that the Priestley dual contains more points than the spectrum considered

in [54] and there is no reason to assume that the process acts functionally on the additional

’Indeed, there is a rather conventional way to fill in the right upper position in the table above. For this
one equips the collection of round prime filters of L with the topology generated by all U, := {F | z € F'},
and all O, :={F | Jy &€ F.x < y}, z € L. This yields the patch topology of a stably compact space which
is already obtainable from the Jung-Siinderhauf dual.
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elements. In keeping with the spirit of Definition 3.1.1, we instead consider relations be-
tween Priestley spaces which relate those pairs of elements that are “observably unrelated”

by the computational process. Here is the definition:

Definition 1.3.3. Let (X; <;;77) and (Xy; <o, To) be Priestley spaces with apartness re-
lations oc; and ocg, respectively, and let x be a binary relation from X; to Xs. The re-
lation x is called separating (or a separator) if it is open in Ty X Ts and if, for every

a,b€ Xi,dye € Xoand {d; |1 <i<n} C Xy,

a>1bxd> e= aXe,
bx d<= (Vc€ X;1) by corc X d,
bx d<= (Vce€ X5) b X corcxyd,

bx ()di = (Ve € X1) boc cor (31) ¢ x d;.

The relation X is called weakly separating (or weak separator) if it satisfies all of the above

conditions, but not necessarily (xnJ).

Some effort is required to show that we get a category whose objects are Priestley spaces
with apartness and whose morphisms are separators (weakly separators) (see Section 3.3.3),

but the expected equivalence does hold:

Let Xy and Xy be Priestley spaces with apartness relation. Then (weakly)
separating relations from X, to X, are in one-to-one correspondence with

(weakly) approximable relations from the dual of X to the dual of Xs.

1.3.2 Concerning the Second Aim

We show that the answer to question 3 will take the following form:

For a Priestley space (X; <, T) with apartness < and A, B C X we define:
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l. x[A] ={z € X |z x A} and [A]x = {z € X | A «x z}, where, as before, A x B
is a shorthand fora x b foralla € A, b € B.

2. core(X) ={z € X | [z]oc = X\ Tz }.
3. 7= {On core(X) | O is an open upper subset of X }.

One of our primary results, then, is the following:

Theorem 1.3.4. Let (X; <, T) be a Priestley space with apartness x. Then (core(X),T")
is a stably compact space. Moreover, every stably compact space can be obtained in this

way.

We also present a study about the relationship between frame homomorphisms, con-
tinuous maps, and separators. This leads to the result that the categories SCS and PSs (of
Priestley spaces with apartness and separators) are dual equivalent. Moreover, using Priest-
ley spaces with apartness, we prove some facts about the co-compact topology of a stably
compact space. We also show that a notion (of isolated set) that is crucial for proving the
theorem above is equivalent to the notion of round filter (ideal) of strong proximity lattices.

Let f be a continuous map from a stably compact space Y; to another one Y;. A
computational reading of the separator x ; corresponding to f could be the following. As
explained earlier, a property (O, K) is related to a property (O’, K'}) in the approximable
relation I if and only if the observability of the former property by an input to the function
f implies the satisfaction of the latter property by the corresponding output. Let us fix this

as a definition:

Definition 1.3.5. Let f : Y7 — Y5 be a continuous between stably compact spaces Y; and
Y;. Let By, and By, as defined above, be their lattices of observable properties. Then we

say that a property (O, K) € By, implies a property (O', K') € By, if f(K) C O'.

The separator i ; relates primes filters (models or theories of properties) of the strong

proximity lattice By, to prime filters of By,. Under x ; two filters are related if and only if
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the first filter contains a property that implies a property in the complement of the second
filter. Therefore if ' is the complement of x ; then a pair (F, G) belongs to X', if and only
if the set of all properties implied by a property in F' is contained in G.

Moreover, in this thesis we answer the following question:

How can the Jung-Siinderhauf duality between the category PLa, of strong
proximity lattices and approximable relations between them, and the category
SCS be extended to cover coherent spaces (the same notion of stably compact

space without requiring the topological space to be compact)?

Hence the objective here is to remove the compactness condition from the topological side
of the Jung-Siinderhauf duality. Answering the last question is very interesting because the
resulting algebraic structures will be computationally interpreted as abstract descriptors for
the lattices of observable properties of coherent spaces which include all coherent domains
in their Scott topologies.

Concerning this question, we show that removing the compactness requirement from
the notion of stably compact space is equivalent to removing the condition of having a top
element from the notion of strong proximity lattice. Removing the latter condition must be
associated by removing any use of the empty meet which is the top element. The resulting

definition is the following.

Definition 1.3.6. A binary relation < on a distributive lattice (L;V,A) with 0 is called a

proximity if, for every a,z,y € L and M Cg, L,

(x<) <o=<=x,
(V==) M=<a<=\/M<aq,
(< =A) a<zanda<y<=a<zAvy,
(x—=V) a<zVvVy= 32 vel)z <z, ¢y <yanda<1'Vy,

(A—=<) zAy<a= 32,y el)z<2,y<yandz' Ay <a.
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M < a and a < M, respectively, stand for (VYm € M) m < a and (Vm € M) a < m.
A zero-strong proximity lattice is a distributive lattice (L;V, A) with 0 together with a

proximity relation < on L.

Similar changes are made to morphisms to obtain zero-approximable and weakly zero-
approximable relations. Therefore we show that the category of coherent spaces and
continuous maps is equivalent to the category of zero-strong proximity lattices and zero-

approximable relations.

1.3.3 Concerning the Third Aim

Concerning question 4, we present direct functors between the category MLS and the cat-
egory PSws of Priestley spaces with apartness and weakly separators. These functors are
then used to prove the equivalence of these categories.
Concerning question 5, we introduce Priestley semantics (in PSws) for MLS’s concepts
and facts such as compatibility, Gentzen’s cut rule, round ideals and filters, and consistency.
Concerning question 6, we show how some domain constructions such as lifting, sum,
product, and Smyth power domain can be done in the Priestley form.

Concerning 7:

1. We introduce a full and faithful functor from the category PSws to the category SL
of directed-complete meet semilattices and Scott-continuous semilattice homomor-
phisms. This proves that the image of this functor is equivalent to PSws. Hence
bearing in mind that PSws is self-dual, the full subcategory consisting of the image
of the functor is also self dual. The self-duality of this full sub-category was first

noticed and proved in [65].

2. We prove an equivalence of categories between PSws and the Kleisli category SCSq

of the Smyth power monad (X, 1, J) where X [52, section 6] is an endofunctor K
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on SCS. For an object X € SCS, X (X) is the set of compact saturated subsets of X
equipped with the Scott-topology and for a morphism f : X — Y in SCS, X(f)

assigns to each compact saturated subset A of X the saturation of f(A).

3. We prove an equivalence of categories between PSws and the category SCSc of
stably compact spaces as objects and continuous relations of the form R C X x Y,

as morphisms where Y, is the co-compact topology on Y.

Finally we describe the way MLS can be extended to obtain an extension that provides

logical descriptions for coherent spaces.

1.4 Structure of the Thesis

The thesis consists of five chapters and three appendixes. The first chapter is an intro-
duction to the research area and the research programme behind the thesis. Chapter 2
reviews the literature related to the work presented in this thesis. Chapters 3, 4, and 5
achieve the first, the second, and the third aims of the research programme, respectively.
Appendixes A, B, and C present basic concepts from order theory, topology, and category

theory, respectively.



Chapter 2

Related Work

This chapter reviews work related to that presented in this thesis. In order to make the thesis
as self-contained as possible, concepts from order theory, topology and category theory are

introduced in Appendixes A, B, and C, respectively.

2.0.1 Organisation

The chapter is organised as follows.

1. Section 2.1 introduces Stone’s representation theorem for Boolean algebras and its
extension for bounded distributive lattices. A computational reading of Stone duali-

ties is presented as well.

2. Priestley’s representation theorem for bounded distributive lattices, as another way
of extending Stone’s representation of Boolean algebra, is reviewed in Section 2.2.
The Birkhoff representation theorem, which is a special case of Priestley duality
for finite distributive lattices is reviewed as well. Also, the relationship between

representations of bounded distributive lattices by Stone and Priestley is discussed.

3. Domain theory as a foundation for denotational semantics of programming languages

22
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is introduced briefly in Section 2.3. We discuss why domains, as defined in this
section, provide a convenient mathematical universe for the purposes of denotational
semantics. We also introduce in this section classes of domains which are of special

importance to us.

. Locale theory, its relationship to domains theory and Stone dualities, and its role in
computer science are discussed briefly in Section 2.4. Various dualities for classes of

domains are discussed as well.

. Samson Abramsky’s localic and logical representations of bifinite domains are pre-
sented in Section 2.5. The way domain constructions can be carried out in these

representations is briefly discussed.

. Stably compact spaces as the primary objects of interest in this thesis are introduced
in Section 2.6. We present a literature review of the work related to stably compact
spaces. This includes the relationship between arithmetic lattices and stably compact
spaces, continuous relations between stably compact spaces, and their probabilistic

power domains.

. Section 2.7 reviews the Jung-Siinderhauf representation theorem for stably compact
spaces by a class of bounded distributive lattices known as strong proximity lattices.

An extension to this theory is presented in this thesis.

. Finally, Section 2.8 reviews the category MLS which provides logical descriptions
for stably compact spaces and which is an extension to Samson Abramsky’s domain

theory in logical form for bifinite domains.
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2.1 Stone Duality

This section has two goals. The first goal is purely mathematical and the second one is
purely computational. The mathematical goal is to review Stone’s representation theorems
for Boolean algebras and bounded distributive lattices. The computational goal is to present

a computer-science interpretation of Stone duality. This section is based on [20, 41, 18, 2].

2.1.1 Stone Duality, mathematically

In 1936, Marshall Stone showed that the category BoolAlg, of Boolean algebras and Boolean
algebra homomorphisms, is dual to the category StoSpc, of Stone spaces (compact totally
disconnected spaces) and continuous functions [110]. Stone’s duality maps a Stone space
X to its algebra P7(X) of clopen subsets of X, and a Boolean algebra B to its space
filt,(B) of prime filters of B, equipped with the topology T generated by the following
basis set:

€ ={U, | a € B}, where U, = {F € filt,(B) | a € F}.
The topological space (filt,(B); T) is called the Stone dual space of B.

Remark 2.1.1. Let (B;V,A,0,1,) be a Boolean algebra. For every F' € filt,(B) and
a € B, abelongs to F'if and only if a’ does not belong to F'. Therefore filt,(B) \ U, = Uy

meaning that U, is also closed in the Stone dual space and hence is clopen.

This duality is justified as follows.
The lemma below proves that the Stone dual space of a Boolean algebra is actually a

Stone space.

Lemma 2.1.2. Let (B;V,A,0,1,) be a Boolean algebra. Then the Stone dual space
(filt ,(B); T) is compact, Hausdorff, and totally disconnected. Moreover, the set P? (filt (B))
of clopen subsets of filt,(B) equals the set {U, | a € B}.
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Proof. To prove the compactness of the Stone dual space , it is enough to show that every
open cover consisting of basic open sets has a finite subcover. Suppose O C € is an open
cover to filt,(B). Hence O = {U, | a € A} for some A C B. Now let J be the ideal

generated by A, i.e.
J={laV...Va,) |a,...,a, € A}.

By Lemma A.17, if J is a proper ideal then J is contained in a prime ideal I € ldl,(B).
Therefore A C I. Set F' = B\ I. By Lemma A.15, F' € filt,(B). Hence F' ¢ U, for every
a € A. This contradicts the fact that O is an open cover for filt,(B). Therefore I is not
proper, i.e. I = B. Thisimplies 1 € I implyingl =a,V...Va,, forsomeay,...,a, € A.
Hence

ﬁltp(B) =U =Usyv.va, = Uy U...UU,,,

which completes the proof of compactness.

Let Fy, Fy € filt,(B) be distinct elements of the Stone dual space . Then, without loss
of generality, there exists a € F} \ Fy. Hence F1 € U, and Fy € filt,(B) \ U,. This
completes the proof that the Stone dual space is Hausdorff and totally disconnected as U,
is clopen.

We now prove that P7(filt,(B)) = {U, | a € B}. One inclusion is given by Re-
mark 2.1.1. For the other inclusion, let V' € P7(filt,(B)). Then V = |J{U, | a € A},
for some A C B, because V' is open. V' is closed in filt,(B) and hence it is compact be-
cause the space is compact Hausdorff. Therefore there exists a finite subset A’ C A such

that V = (J{U, | a € A"} = Uy o O

Theorem 2.1.3. If B is a Boolean algebra then B and the Boolean algebra of clopen
subsets P7(filt,(B)) of the Stone dual space {filt ,(B); T) are isomorphic via the map

n: B — P(filt,(B));a — U,.
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Proof. By Lemma 2.1.2 n is well defined and onto. If a, b are distinct elements of B then
there exists a prime filter F' € filt ,(B) such that a belongs to F' and b does not belong to F’
(by Lemma A.16 where J = Ta and G = |b provided that b 2 a). Therefore 7 is one-to-
one. It is easy to check that 7 is a lattice isomorphism. Since n(0) = () and (1) = X, n is

also a Boolean algebra isomorphism. U

Theorem 2.1.4. If X is a Stone space then X is homeomorphic to the Stone dual space of

the Boolean algebra P (X) of clopen subsets of X.

Proof. Clearly,
e: X — filt,(PT(X));2 — {V € PU(X) |z €V},

is a well-defined map. ¢ is one-to-one because X is totally disconnected. To show that ¢ is
continuous, it suffices to show that the pre-image of a clopen set is clopen (the set of clopen
subsets of a Stone space is a basis for the topology). But this is true because for a clopen

set V of X we have
e'Uy)={reX|e(x)eUyt={zeX|Veeh}=V

Now we show that ¢ is onto. Note that £(X) is closed (being the image of a compact
Hausdorff space under a continuous map — Lemma B.6). Hence for F' € filt,(P7(X)) \
g(X), there exists V € P7(X) such that (X)) N Uy = () and F € Uy. This implies ) =
e Y(Uy) = V contradicting the fact that F' € Uy. It follows that ¢ is a homeomorphism
because both X and filt,(P7(X)) are compact Hausdorff spaces. O

On the morphism level, the duality sends a Boolean algebra homomorphism f : B; —
B, to the function f~" : filt,(B;) — filt,(B;) and a continuous map g : X; — Xo,
where X and X, are Stone spaces, to the map g~* : P7(X,) — P7(X)).

In 1937, Stone extended his representation theorem for Boolean algebras to cover

bounded distributive lattices [ 111]. The extension proves that the category DLat of bounded
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distributive lattices and lattice homomorphisms is dual to the category SpecSpc, of spectral
spaces and perfect maps between them. The notions of object and morphism of the latter

category are defined as follows.

Definition 2.1.5. A topological space (X, T) is spectral if it is well-filtered, and the set
of compact-open subsets of X is closed under finite intersections and is a basis for 7. A
topological space is well-filtered if for every filter base {A; | 7 € I} of compact saturated

sets and an open set O:

(NAicOo=(Fjel) 4 CoO.

(3
Definition 2.1.6. A continuous map between spectral spaces is perfect if the pre-image of

a compact-open subset is compact.

It is easy to check that every Stone space is spectral.
The new duality still works in the same way on objects and morphisms except that it
sends a spectral space X to the algebra K2(X) of compact-open subsets of X rather than

to the algebra P7(X) of clopen subsets.

Remark 2.1.7. A Stone space X is compact Hausdorff, therefore the set K Q(.X) equals the
set P7(X).

2.1.2 Stone Duality, computationally

In this section, we describe a computational interpretation of Stone duality. Suppose we are
trying to develop a program P. Logically speaking, developing the program P will include
three step. The first step is to specify the properties {¢; | ¢ € I} that the program P has to
satisfy (expressed as (Vi € I) P E ¢;). The second step is to actually design the program
P. The third and the final step is to prove that every property ¢; specified in the first step is

actually satisfied by the program P; for every property ¢; specified in the first step, P F ¢;.
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It must now be apparent that the logical relationship P F ¢; is central to program design
and development.

Stone duality can be interpreted as a tool providing two equivalent perspectives for the
logical relationship P F ¢;. One perspective is provided by the topological side of the

duality as follows.
1. Data types of a programming language correspond to topological spaces.
2. Programs correspond to points in the topological spaces.
3. Properties of programs correspond to open sets.

4. The logical relationship P F ¢; is interpreted as follows. A program (point) x satis-

fies a property (an open set) O if and only if z € O.

The other equivalent perspective is provided by the logical (localic) side of Stone dual-
ity.
1. Data types of a programming language correspond to spaces of prime filters of lat-

tices.
2. Programs correspond to prime filters of lattices.
3. Properties of programs correspond to points of lattices.

4. The logical relationship P F ¢; is interpreted as follows. A program (prime filter) F’

satisfies a property (point) z if and only if z € F'.

The localic side of Stone duality can be described using axioms and inference rules.
This fact motivates using Stone duality, and other similar dualities, in establishing logical
descriptions (in the form of logical systems) for program development. Examples of such
logical systems are Abramsky’s domain theory in logical form for Bifinite Domains [2, 4]

and MLS [50, 51, 52, 77].
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2.2 Priestley Duality

In 1970, H. Priestley observed another way of extending Stone duality for Boolean algebras
to bounded distributive lattices [89, 90]. She showed that the category DLat of bounded
distributive lattices and lattice homomorphisms is dual to the category PSpc of Priestley
spaces (also known as ordered stone spaces) and continuous order-preserving functions.

This section is based on [20, 41].

Definition 2.2.1. A Priestley space is a compact ordered space (X; T, <) that is totally
order-disconnected, i.e. for every z,y € X, if z # y then there exists a clopen upper set V/

suchthaty € Vandz ¢ V.

There are two alternative ways for presenting Priestley duality; using prime ideals or
prime filters. Mathematically, they are entirely equivalent. Computationally however, it
is preferable to work with prime filters. This is so because if we consider prime ideals
then every point of a Priestley space will correspond to the prime ideal of clopen lower
sets that do not contain the point. In the logic of observable properties, this ideal is the
set of properties that are not satisfied by the point. Whereas if we consider prime filters
then every point of a Priestley space will correspond to the prime filter of clopen upper sets
containing the point. This filter is the set of observable properties satisfied by the point.
Therefore, we present and work with Priestley duality using prime filters rather than prime
ideals.

Priestley duality sends a Priestley space X to its algebra U7 (X) of clopen upper subsets
of X, and a bounded distributive lattice L to its space filt,(L) of prime filters of L ordered

by inclusion and equipped with the topology J generated by the following basis set:
C={U.\Us|a,be L}, where U, = {F € filt,(L) | a € F}.

For every a € L we let O, denotes the set filt,(L)\U,. Therefore the topology T has

a subbasis consisting of the sets U, and their complements, the sets O,. The topological
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space (filt,(B); C, T) is known as the Priestly dual space of L.

In the case of finite distributive lattices, Priestley duality cuts down to Birkhoff’s repre-
sentation theorem, which establishes a correspondence between finite distributive lattices
and finite ordered sets (on the topological side). In this case, the set of prime filters filt,,(L)

corresponds to the set of join-irreducible elements J(L) as follows:
F e filt,(L) <= (3r€J(L)) F =1z.

This is easy to prove because the meet of a prime filter is join-irreducible by primeness
of the filter. Moreover, the the upper set of a join-irreducible element is a prime filter
because every join irreducible element is join-prime (Lemma A.7). We note however that
the inclusion order on prime filters gets reversed when we consider their corresponding

join-irreducible elements. This is so because
(Vz,y € J(L)) x <y <=ty C ta.

Under Birkhoff duality, a finite ordered set P is sent to its lattice of lower sets O(P) or-
dered by inclusion, and a finite distributive lattice (L; <) is sent to its set of join-irreducible
elements J(L) with the order induced from L.

Therefore, bounded distributive lattices (finite distributive lattices) are precisely the
lattices of clopen upper sets (of lower sets) of Priestley spaces (of finite ordered sets). There
is a trade-off between having a simple dual for a finite distributive lattice and the way this
dual is ordered. On the one hand the dual in the finite case is a subset (join-irreducible
elements) of the lattice rather than a set of subsets (prime filters) in the general case, but on
the other hand the order of the finite case is the reverse of that of general case. This can be
optimised by ordering join-irreducible elements by the dual of the order induced from the
lattice.

Consequently we will have a version of Birkhoff duality under which the image of a

finite ordered set P is its lattice of upper sets U(P) ordered by inclusion and the image of
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a finite distributive lattice (L; <) is (J(L), <?), where
a<Pb<=a>0b.

We first introduce this version of Birkhoff’s representation theorem and then extend it

to Priestley duality.

2.2.1 The Finite Case: Birkhoff’s Representation Theorem

We would like to confirm that all principle upper and lower sets, sets of the form 1tz and
1z, below are calculated with respect to the order < not <?.
We start with reviewing the isomorphism between join-irreducible and meet-irreducible

elements of finite distributive lattices.

Lemma 2.2.2. Let L be a finite distributive lattice. Then the set of join-irreducible elements
J(L) ordered by the lattice order and the set of meet-irreducible elements M(L) ordered

by the lattice order are isomorphic via the following map:
9:3(L) — M(L);x — \/(L\1a).

Proof. As we have discussed above, (J(L), <) and (filt,(L), D) are isomorphic via the
map

f:3(L) — filt,(L);x — 1z
whose inverse is
f': filt,(L) — 3(L); F — J\ F.
Dually, (ldl,(L), C) and (M(L), <) are isomorphic via the map

h: M(L) —s ldl,(L);z —> lx

whose inverse is

B ldly(L) — M(L); T — \/ L.
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Also by Lemma A.15, (ldl,(L), C) and (filt,(L), D) are isomorphic via the map
m : ldl,(L) — filt,(L); I — L\I.
whose inverse is
m' : filt,(L) — ldl,(L); F — L\F.
The map g is order-isomorphism because it equals h o m o f. U
Birkhoff duality is justified by the following facts:
1. Every ordered set (P, <) is isomorphic to (J(U(P)), D) via the following map:

ep: P — J(U(P)); x — Tz

2. Every finite distributive lattice (L, <) is isomorphic to (U({(J(L), <?)), C) via the

following map

e L — U(I(L),<%));a— {z € (L) | 2 < a}.

Proof. For every a in L, nz(a) is a lower subset of (J(L), <) and therefore an up-
per subset of (J(L), <%). Hence 7, is well defined. We show that 7, is an order-
isomorphism. Clearly a < b implies 7;,(a) C 71;,(b). For the other direction, suppose

nr(a) C ng(b). Then by Lemmas A.6 and A.18

a=\/ma) < \/m) =0

It remains to show that 7y, is onto. Obviously # = n7,(0). Let

0 # {ar,...,a} € O((I(L), <)) = U((I(L), <)

and set a = a1 V...V ag. We show that ny(a) = {ai,...,a}. Every qg; is join-
irreducible and below « in the lattice order. Therefore every a; belongs to 7, (a). For
the other inclusion, let x € 7y, (a). Then x < a; V ...V a, which implies z < a; for
some 7, by Lemma A.7. Hence = € {a; ...ax} because {a; ...ax} is a lower subset

of the lattice. O
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Let (Ly;<;) and {Ls; <5) be finite distributive lattices and P; and P, be finite ordered
sets. Then Birkhoff duality sends a lattice homomorphism f : L; — Ly to the order

preserving map
1+ {3(L2), <3) — (A(L1), <0);y —> min{w € (L) | = € £ (Ty)},
and an order preserving map ¢ : P, — P, to the lattice homomorphism:
fo : W(P) — W(P);U — (D).

Remark 2.2.3. The function ¢ above is well-defined because by Lemma A.18 the set of

prime filters of a finite distributive lattice L is

filt,(L) = {1z [z € J(L)}.

Moreover, the inverse image of a prime filter under a lattice homomorphism is a prime

filter.

It is not hard to show that the following diagrams commute.

f

L1 ‘LQ P1 14

- P,

Uin NL, €p €p,

U(I(L1), <7)) Jo, (0(La), <) (BU(P.)), 2) 22 (3(U(P2)), 2)
Proof. 1. Leta € L;. Then

{r €d(Ls) |z < f(a)}
{z €d(L2) | ps(z) < a}
= ¢/ ({yed(Ly) |y < a})

= Jfo; (. (a)).

ML, (f(a’))

The second equality is true as follows

pr(r) <a= 2 < flpp(2) < fa) = = < f(a).
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For the other direction,

x<f \/{y€3L1 ly <a})= \/{f )|y €d(Ly)andy < a}.

Therefore by Lemma A.7 there exists y € J(L1) such that < f(y) and y < a. This
implies y € f~'(1z). Therefore ¢;(z) < y implying ¢;(z) < a.

2. Letx € P;. Then

¢r,(Tz) = min{Uel

2.2.2 The General Case

We now justify Priestley duality in its general case.

Lemma 2.2.4. Let L be a bounded distributive lattice. Then the Priestley dual space
(filt,(L); €, T) is compact and totally order-disconnected. Moreover, the set U (filt,(L))
of clopen upper subsets of filt, (L) equals the set {U, | a € L} and the set P?(filt,(L)) of
clopen subsets of filt (L) equals the set {U, \ Uy | a,b € L}.

Proof. By Alexander’s subbasis lemma (Lemma B.7), it is sufficient to show that every

open cover to filt,(L) by members of

{Us|a€e L}U{O, |be L}
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has a finite sub-cover. Suppose
O={U,|a€e Ay U{Oy | be B},;,A,BC L

is an open cover to filt ,(L). Let I be the ideal generated by A and F' be the filter generated
by B. By Lemma A.16, if I N F' = () then there exists a prime filter F’ such that I C F’
and INF'" = (. Hence F' ¢ U, for every a € A and F' ¢ O, for every b € B.
This contradicts the assumption that O is an open cover of ﬁltp(L). Hence INF # 0.
Fix a € I N F and suppose that A and B are nonempty (The empty cases cut down to
Lemma 2.1.2). Then there exist {a1,...,a,} € Aand {by,...,b,} C B such that

bl/\.../\bmgagalv...Va”.

For every G € filt,(L) eithera € Gora ¢ G. If a € G thena; V...V a, € G implying
a; € G for some j therefore G € Uy,. If a ¢ G then by A ... A by, ¢ G implying a; ¢ G

for some j therefore G € O,,. Hence
filt (L) =U1 = Uy U...UU,, UOy, U...UO,.

It is fairly easy to prove that the Priestley dual space is totally order-disconnected. The

proof of the rest of the lemma is similar to Lemma 2.1.2. U

Theorem 2.2.5. Let L be a bounded distributive lattice. Then L is isomorphic to the lattice
U7 (filt, (L)) of clopen upper subsets of the Priestley dual space (filt,(L),C,T) of L via
the following map:

n: L — U7 (filt,(L));a — U,

Theorem 2.2.6. Let X be a Priestley space. Then X is order-homeomorphic to the Priest-

ley dual space of the lattice U? (X) of clopen upper subsets of X via the following map:

ex 1 X — filt,(UW(X));2 — {V e U (X) |z € V}.
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Proof. Clearly ex is well-defined. Moreover, ex is an order-embedding because
r<yinX <= W el (X)) (zeV =ycV) <= ex(z) Cex(y).

Now, we show that ex is continuous by showing that the pre-images of subbasis mem-
bers are open i.e. by showing that ex' (Uy) and ex' (filt, (U7 (X)) \ Uy) are open for every
V € U7 (X). This is proved as follows:

ex (filt,(W(X)\Uy) = {z € X | ex(2) ¢ Uv} = X \ &' (Uv),

and

(Uy)={z € X |ex(z) €Uyl ={z € X |V € ex(2)} = V.

Finally, we prove that ex is onto. Note that ex (X) is a closed (by Lemma B.6 because
X is compact Hausdorff and ex is continuous). If F' € filt,(U7(X)) \ ex(X) then there
exists a clopen subset V' of the Priestley dual space filt,,(U”7 (X)) such thatex (X) NV =0
and F' € V (by totally ordered-disconnectedness). By Lemma 2.2.4 we can assume that
V = Ug, \ Ug,, for some Cy,Cy € UY(X). Hence § = €' (V) = C; \ Cs implying C; C
Cs. This is a contradiction because F' € Uc, N (filt, (U (X)) \ Ug,) = Uc, N Og,. O

Priestley duality acts on morphisms in the same way as Stone duality.
Now it is not surprising that the category SpecSpc of spectral spaces and perfect maps
between them is equivalent to the category PSpc of Priestley spaces and order-preserving

continuous maps between them. The following definition is needed.
Definition 2.2.7. Let (X, T) be a topological space.
1. A subset A C X is saturated if it is an intersection of open sets.

2. The patch topology of (X, T) is the topology on X generated by the set of open sets

and complements of elements in K x, the set of compact saturated subsets of X.
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The details of the equivalence mentioned above are as follows. For a Priestley space

(X7, <),
o the set TT of open upper subsets of X is a spectral topology on X,
e the specialisation order of (X, I7) is <, and

e for each subset O C X, O belongs to T if and only if O is open in the patch topology
of (X, TT).

For a spectral space (Y, T), if J” is its patch topology and <s is its specialisation order
then (Y, J’, <) is a Priestley space. Moreover, for each subset O C Y, O belongs to T if
and only if O belongs to T’ and is upper with respect to <g.

The part of the equivalence pertaining to the morphisms relies on the following fact.
For spectral spaces X and Y, amap f : X — Y is perfect if and only if it is continuous
with respect to the patch topologies of X and Y and order-preserving with respect to the

specialisation orders of X and Y.

2.3 Domain Theory

This section reviews basic definitions and results from domain theory with a focus on those

that are related to the work presented in this thesis. The section is based on [28, 4].

Definition 2.3.1. A poset P is a dcpo (directed-complete partial order) if it is closed under

suprema of directed subsets of P. P is pointed if it has a least element.

Definition 2.3.2. Let P be a dcpo and A C P. The set A is open in the Scott-topology on
P if it is upper and for every directed subset S C P, \/' S € A implies SN A # (). The
Scott-topology on P is denoted by op. The Lawson topology on P (denoted by \p) is the

topology generated by the following subbasis:

{ACP|Aco,or A= P\ 1z}
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Definition 2.3.3. Let P and () be dcpo’s and f a map from P to Q).

1.

2.

The map f is Scott-continuous if for every directed subset S C P, f(\V'S) =

V'{f(s) | s €5},

The map f is strict if it preserves the least element.

It is straightforward to prove that maps between dcpo’s are Scott-continuous if and only

if they are continuous (topologically) with respect to Scott topologies on dcpo’s.

Now we define some constructions on dcpo’s. For dcpo’s P and Q):

1.

The lifting of P denoted by P, is obtained by adding a least element to P.

. The Cartesian product P x @ is the set {(a,b) | « € P and b € Q} ordered point-

wise.

The function space [P — Q)] is the set of all Scott-continuous maps from P to @

ordered point-wise.

The strict function space [P — | ()] is the set of all strict Scott-continuous maps

from P to () ordered point-wise.

Suppose P and () are pointed. Then the coalesced sum A & B is the disjoint union

of A and B with identifying the least elements.

The category DCPO has dcpo’s and Scott-continuous maps between them as objects

and morphisms, respectively. The category DCPO | is the sub-category of DCPO whose

objects are pointed dcpo’s and whose morphisms are strict Scott-continuous maps. The

category DCPO is a very convenient mathematical environment to develop denotational

semantics of programs. The reasons behind this include the following. First it supports

the recursive definitions of programs (represented by elements of domains) and data types

(represented by domains). This was Scott’s original discovery in 1969 [4]. We quote two

theorems:
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Theorem 2.3.4. Let P be a pointed dcpo and f be a Scott-continuous map on P.
1. The map f has fix-points and the least of them is \/IlEN f™(L).
2. The map fpoint : [P — P] — P; f —> VIzeN f™(L) is Scott continuous.

The category DCPOF is the sub-category of DCPO whose morphisms are the embed-
dings (Definition A.12).

Theorem 2.3.5. Let G : DCPO® — DCPO be a continuous functor. Then there exists a
dcpo P such that
P = G(P).

Another convenient aspect of DCPO is that it admits a highly productive type-structure [86,
chapters 2,3].

In domain theory, the computability of processes is measured via testing the continuity
of representing mathematical structures (functions as elements of function spaces between
dcpo’s). This is the reason that a convenient notion of continuity is required for dcpo’s.
Consequently an approximation notion over dcpo’s is needed in defining continuity. This

justifies the importance of the following two definitions.
Definition 2.3.6. Let P be adcpo, A C Pand z,y € P.

1. x approximates y (denoted by x < y) if for every directed subset S of P, y < \/T S

implies z < s, for some s € S.

2. The element x is compact (or finite) if x < x. The set of all compact elements of P

is denoted by K (P).
3. fz={z€P|z<z}andtA = J{fa | a € A}. Dually, |z and | A are defined.
Definition 2.3.7. Let P be a dcpo.

1. P is a continuous domain (or domain) if for every z € P,x = \/T .
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2. Pis an algebraic domain if for every z € P,z = \/'{z € K(P) | z < z}.

3. Pis an w-algebraic domain if it is an algebraic domain and K (P) is countable.

CONT, ALG and wALG are the categories whose objects are continuous, algebraic
and w-algebraic domains, respectively, and whose morphisms are Scott-continuous maps
between objects in each category.

Although the categories DCPO and DCPO  are closed under the function-space con-
struction (Cartesian-closed), the subcategories CONT and ALG are not. The closure of
DCPO under function-space construction is very interesting for reasons including the fol-
lowing. Let A and B be two data structures represented by two dcpo’s P and (), respec-
tively. Now we are pretty sure that [P — @], the set of all Scott-continuous functions
from P to (), represents the set of all computable programs from A to B. Therefore every
computable program from A to B is represented by a point in the dcpo [P — @)]. This
would not be the case if DCPO were not Cartesian-closed.

The importance of continuous domains and the closure under the function-space con-
struction were the motivation for the research in [45, 47, 44, 43, 46, 48] in which Achim
Jung described maximal Cartesian-closed full subcategories of CONT and ALG. In the

following we present some of these subcategories.
Definition 2.3.8. Let P be a pointed continuous (algebraic) domain.
1. Pis an L-domain (an al-domain) if

(Va,b,c € P)a,b<c¢c=>aV bexists in Jc.

2. P is a bounded-complete domain or bc-domain (an abc-domain) if

(Va,b,c € P)a,b<c=>aV bexists in P.

3. P is a continuous lattice (an algebraic lattice) if

(Va,b € P) aV bexists in P.
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L, BC, and LAT (aL,aBC and alLAT) are the full subcategories of DPCO ,, whose
objects are L-domains, bc-domains and continuous lattices (al.-domains, abc-domains and

a-continuous lattices), respectively, and whose morphisms are the Scott-continuous.

Lemma 2.3.9. The categories L, BC, LAT, aL., aBC and aLAT are Cartesian-closed.

Definition 2.3.10. Let P be a poset and A a subset of P.

1. P has the property m if for every M Cy;, P, the set of upper bounds of M equals

the set Tmub(A ) where mub(M ) stands for the set of minimal upper bounds of M.

2. The mub-closure of A (denoted by mc(A)) is the smallest set that contains A and the
set mub (M) for every M C z;, me(A).

3. P has the finite mub property if it has the property m and mc(M) is finite for every
M - fin P.

4. P is a Plotkin order if it 1s pointed and has the finite mub property.

Definition 2.3.11. Let P be an algebraic domain. P is a bifinite domain if K(P) is a

Plotkin order. B is the full subcategory of ALG |, whose objects are the bifinite domains.

Remark 2.3.12. Note that the category ALG | is the sub-category of ALG, whose objects

are pointed algebraic domains and whose morphisms are strict Scott-continuous maps.

Definition 2.3.13. Let P be a pointed dcpo and f a Scott-continuous map on P. f is

finitely-separated from the identity map on P if there exists M C;, P such that:
(Vz € P)(3m e M) f(z) <m < x.

Definition 2.3.14. Let P be a pointed dcpo. P is an FS-domain if the identity map id p
on P is the supremum \/ZTE ; fi where {f; | i € I} is a directed family of Scott-continuous

maps on P, each of them finitely-separated from id p.
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Remark 2.3.15. It is not hard to prove that FS-domains are continuous. Therefore we define

the category FS to be the full sub-category, of CONT, whose objects are FS-domains.
Lemma 2.3.16. The categories B and FS are Cartesian-closed.

Remark 2.3.17. 1t is a fact that a bifinite domain is an FS-domain and an algebraic FS-
domain is a bifinite domain.

L and FS (aL. and B) are maximal Cartesian-closed full subcategories of CONT
(ALG)).
The following lemma which characterise compact saturated subsets of continuous do-

mains will be needed in Chapter 5.

Lemma 2.3.18. Let P be a continuous domain, K a compact saturated subset of P that is

contained in an open set O. Then there exists a finite set M such that

KC{ym<ymeM}CtM CO.

Coherent Domains

Coherent domains as defined below, are the primary objects of interest in this thesis. More
precisely, we are interested in studying compact (with respect to the Scott-topology) coher-
ent domains. This will be clarified in the next section. For the moment, we just introduce

the notion of coherent domain and state some results concerning it.

Definition 2.3.19. A continuous domain is coherent if the binary intersection of compact

saturated subsets is compact.

Alternatively, on a continuous domain P coherence can be defined via the lattice of

Scott-open sets op, or via the Lawson topology Ap as follows:

P is coherent <= ((v01,02,0 € O'p) (OR-4 01,0 < 02 = 0K 01 N 02)

<= the Lawson topology on P is compact.
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For an algebraic domain P, we can describe coherence via the set of compact elements

K (P) as follows. P is coherent if and only if
1. K(P) has property m, and
2. the set of minimal upper bounds of any finite subset of K (P) is finite.

Remark 2.3.20. The description of coherent algebraic domains via their sets of compact

elements justifies the terminology 2/3 bifinite domains for coherent algebraic domains.
Lemma 2.3.21. FS-domains and bifinite domains are coherent.

Some interesting facts about coherent domains are the following.
Lemma 2.3.22. Suppose P and () are continuous domains such that () is pointed.

1. If [P —> Q) is continuous then P is coherent or Q) is L-domain.

2. Q is an FS-domain if and only if Q and [Q — Q)] are coherent.

2.4 Locales

This section presents basic ideas from locale theory and a computational interpretation for

the theory. The section is based on [4, 2, 41].
Definition 2.4.1. A frame is a complete lattice satisfying the infinite distributive law:
x/\\/Y:\/{x/\y lyeY}.

Frame homomorphisms are functions between frames that preserve finite infima and arbi-

trary suprema.
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The category Frm is the category of frames and frame homomorphisms. The category
Loc is the opposite of the category Frm.

The starting point of locale theory is the following observation. There is an adjunction
(2, pt,n, €) between the category Top of topological spaces and continuous maps between
them and the category Loc. This observation and some other facts from category theory
and constructive mathematics led mathematicians (in particular topologists) to focus their
research on the category Loc instead of the category Top. Loc is an abstract category;
concretely one works with Frm.

In terms of Frm, the adjunction (2, pt, n, €) is detailed as follows. The functor,
Q2 : Top — Frm

sends a topological space X to its open-sets lattice ©2(X) (ordered by inclusion) and a
continuous map f to its inverse image f .
The functor,

pt : Frm — Top

sends a frame A to its collection of completely prime filters pt(A) equipped with the topol-

ogy whose open sets have the following form:
U,={F € pt(A) |a € F},a € A.
The functor pt sends a frame homomorphism f : A — B to the continuous map
pt(f)  pt(B) — pt(A); F — f7(F).

The elements of pt(A) are knows as the points of A and the topology defined on pt(A)
above is known as the point topology.

For a topological space X, the map

nx : X — pt(Q(X));2 — {0 [z € O},
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is continuous, open onto its image, and commutes with continuous functions. Therefore
the set {nx | X atopological space} is a natural transformation from the identity functor
on Top to the functor €2 o pt.

For a locale A, the map
€a: A— Qpt(A4));a— U,,

is a frame homomorphism and commutes with frame homomorphisms. Hence the collec-
tion {e4 | A is a frame} is a natural transformation from the identity functor on Frm to the
functor pt o €.

Therefore the functors €2 and pt¢ are dual adjoints to each other with ) and € as their

units.

Remark 2.4.2. Let L be a bounded distributive lattice. Then the Stone dual space of L is
homeomorphic to the space pt(ldl(L)) of the locale ldl(L) (ideals of L) equipped with the
point topology. The locales arising as the sets of ideals of bounded distributive lattices are
called coherent locales. The points of coherent locales equipped with the point topology
are precisely the spectral spaces. Moreover, the open-set lattices of spectral spaces are
precisely the coherent locales [41]. This establishes a duality between the category CohLoc
of coherent locales and perfect maps (locales homomorphisms whose corresponding frame
homomorphism maps compact (finite) elements to compact elements), and the category
SpecSpc of spectral spaces and perfect maps between them. This duality sends a perfect
maps f between spectral spaces, to the locale homomorphism corresponding to the frame
homomorphism f~!. A locale homomorphism f is sent, under the duality, into the inverse
image f* !, where f* is the frame homomorphism corresponding to f.

To complete our survey of the relationship between coherent locales, bounded dis-
tributive lattices and spectral spaces, we should mention the following. The sublattices
of compact (finite) elements (elements approximating themselves) of coherent locales are

precisely the bounded distributive lattices.
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Moreover, the category CohLoc is dual to the category DLat, of bounded distributive
lattices and lattice homomorphisms between them. On the morphisms level, this duality
sends a coherent map f : A — B to the restriction of the corresponding frame homomor-
phism to compact elements f* : K(B) — K(A). Suppose A, B are coherent locales and
g : K(A) — K(B) is a lattice homomorphism. The locales A and B are freely generated
by K(A) and K (B), respectively. Therefore g extends uniquely to a frame homomorphism
g’ + A — B. Hence the duality, being discussed in this section, sends g into the locale
homomorphism corresponding to the frame homomorphism ¢’

The observations reviewed in this remark are the core of the direct relationship between

Stone duality and locale theory.

Definition 2.4.3. 1. A topological space is sober if every closed irreducible set (a set
which is not the union of two of its closed proper-subsets) is the closure of a unique

point in the space.

2. A coherent space is a topological space that is sober, locally compact and such that

the collection of compact saturated subsets is closed under binary intersection.
3. A stably compact space is a compact coherent space.
4. A spectral space is a stably compact space which has a basis of compact open sets.
5. A complete lattice is spatial if its elements are separated by completely prime filters.

6. A complete lattice L is completely distributive if for every set {A; | i € [ and A; C L},

AVa= "V Ao

i€l F1-2504,; €T

7. A continuous lattice is a complete lattice in which every element is the supremum of

elements approximating it.
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8. An arithmetic lattice is a distributive continuous lattice in which

r<yadr<Kz = << YyANz

Sober spaces have interesting properties including the celebrated Hofmann-Mislove

theorem [59] which states that, in a sober space X, the set Sfilt(€2(X)) of Scott-open filters

of the open-sets lattice €2(X), is isomorphic to the set X x, of compact saturated subset of

X. This isomorphism simply maps a compact saturated set A to the set of all open sets

containing A. Conversely, a Scott open filter F of open set in X is mapped under this

isomorphism to the intersection [ J.

The functors €2 and pt establish a dual equivalence between the following categories:

the category of sober spaces and
the category of sober locally and
compact spaces

the category of coherent spaces and
the category of stably compact and

spaces
the category of spectral spaces and
CONT and
ALG and
the category of coherent and
domains

the category of coherent and

algebraic domains

the category of spatial lattices

the category distributive continuous

lattices

the category of arithmetic lattices

the category of arithmetic lattices

in which 1 <« 1

the category of algebraic arithmetic lattices
the category of completely distributive lattices
the category of algebraic completely
distributive lattices

the category of arithmetic completely
distributive lattices

the category of algebraic arithmetic completely
distributive lattices

Table 2.1: Stone dualities

Remark 2.4.4. In the table above, the morphisms on the topology side are always continu-

ous functions and on the lattice side are always the frame homomorphisms.

Remark 2.4.5. From Remark 2.4.2 and the table above it should be clear that the duality

between sober spaces and spatial lattices is the most general topological version of Stone

duality.
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(X,T) pt(L) equipped with the point topology

point completely prime filter

specialisation order the inclusion-of-sets order

open set completely prime filters containing an element x € L
saturated set completely prime filters containing an upper subset of L
compact saturated set completely prime filters containing a Scott open filter of L

Table 2.2: Topological concepts on duality sides

In this thesis, we are interested in studying coherent domains which are compact in
their Scott topologies. As we have already mentioned before, coherent domains include
Cartesian-closed subcategories of continuous domains like FS-domains and bifinite do-
mains and this points to the importance of studying the coherent domains. From Table 2.1
above, it is clear that coherent domains are coherent spaces. Stably compact spaces are
compact coherent spaces. Therefore the notion of stably compact space, the primary no-
tion of interest in this thesis, is a topological generalisation of compact coherent domains
in their Scott topologies.

Now we have two perspectives for different concepts in topology; the classical perspec-
tive appearing on the topological side of the dualities described above and the perspective
arising from the lattices (localic) side, using the point topology. In other words, classical
concepts from topology correspond to lattice-theoretic concepts on the frame side of the
dualities above. This is clarified in Table 2.2, where (X, T) is a topological space and L is

a complete lattice.

Lattice homomorphisms between distributive lattices can be replaced with certain con-
tinuous relations to obtain the category DLatj of distributive lattices and join-approximable
relations between them. This category provides a finitary representation for the cate-
gory SpecSpc of spectral spaces and continuous maps between them. The notion of join-

approximable relation is defined as follows.
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Definition 2.4.6. Let L and K be two lattices. A binary relation B C L x K is join-

approximable if for every [,I',l1,...,l, € Land k, k', k1,...,k, € K:
1. '!<IBkEk<K =1UBEF.
2. (V1<i<m)IBki= 1B (\icicpn ki)
3. (V1<i<n)li Bk= (V,c;c,li) BFk.
4. 1B (Vicicm ki) = 3M Cyin L) I =\ M and (Ym € M)(3i) m B ;.

Theorem 2.4.7. The categories DLatj and SpecSpc are equivalent. The equivalence sends
a spectral space X to its lattice of compact open subsets K (X) and a distributive lattice
L to its spectrum spec(L) of prime filters, equipped with the topology generated by the
following basis:

U={Fefilt,(L)|a€ F}aclL.

On the morphism level, a continuous map f : X — Y between spectral spaces X and 'Y

is sent to the binary relation By C KQ(Y') x KQ(X) defined as follows:
UB; V&L )V
And a join-approximable relation B C L x K is sent to the following continuous map:
fB : spec(K) — spec(L); F— {l € L | (3k € F)l B k}.

Moreover, this equivalence cuts down to an equivalence between coherent algebraic

domains and lattices whose elements are joins of finite subsets of join-prime elements.

We now introduce the concept of bifinite lattice together with a result which is crucial

for Abramsky’s logical form for bifinite domains.
Definition 2.4.8. A bounded lattice L is bifinite if

1. the top element is join-prime,
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2. elements of L are finite suprema of join-prime elements, and

3. for every finite subset M of join-prime elements, there is another finite subset /N of

join-primes such that M C N and

vAcM)3EBCV)\NA=\/B

Theorem 2.4.9. A lattice is bifinite if and only if it is isomorphic to the lattice of compact

open subsets of a bifinite domain.

2.4.1 Computational Reading of Locale Theory

In this section, we present a computational interpretation of locale theory. The idea is that
the elements of topological spaces denote programs and then the elements of the corre-
sponding lattices act as semi-observable properties of the programs. The properties are
semi-observable because the satisfaction of a property by a program can be determined
given a finite amount of information about the program but the violation of a property by a
program can not, in general, be determined in finite time.

Moreover, the Sierpinski space O (thought of as 2 equipped with the upper topology)

fits into the picture as follows. Given a topological space X, we have the following

properties of programs = open sets of topological spaces

= points of corresponding lattice.

Then the properties (open sets of X (22(X))) of elements (programs) of X correspond to

the continuous maps from X to O i.e.

Q(X) = (X — 0).
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2.5 Abramsky’s Logical Form for Bifinite Domains

In this section, we briefly review Abramsky’s famous paper, Domain Theory in Logical
Form [2]. The section is based on [2] and [4, section 7.3]. In this paper, Abramsky pre-
sented a logical representation for bifinite domains and he showed that the logical form is
Stone dual to the domain form. Moreover, Abramsky showed how to get domain construc-
tions (like the function-space construction) done in the logical formalism. He also proved
that the results of the same domain construction on domains and their logical representa-
tions are Stone duals to each other.

We first introduce the category DPL of domains prelocales and approximable relations

between them. This category is a main pillar for Abramsky’s work.
Definition 2.5.1. A domain prelocale is a structure (A, <, =, V, A,0,1,C,T) such that,

1. A is a countable set equipped with the preorder <. 0 and 1 are least and greatest
elements in A, respectively. = is the equivalence relation given by the intersection of

<and 2.
2. V and A are binary operations on A producing a join and a meet, respectively.
3. C'is a unary predicate on A such that

e (Vae A)C(a) &L s V-prime.

o C(1).
C(A) is the set of all V-prime elements in A.
4. Va € A)(3M Cpyp C(A)) ar \/ M.
5. (VU Cyin C(A)(AV Ci, C(A)) U CVand YW CU)(3ZCV) NZ=V Z.

6. T is a unary predicate such that for every M Cy;, A,
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e Va,be A)T(a),b < a=T(b).
o (Vme M)T(m)) = T(\VM).

o Vae A)T(a) <= a##1.

Definition 2.5.2. Let A and B be domain prelocales. A binary relation R C A X B is
approximable if for every a,a’ € A, b0’ € B, {ay,...,a,} C Aand {by,...,b,} C B,

L (VI<i<m)aRb)= aR N\ pbi
2. (V1<i<n)a Rb) =V g, RD.
3.aSd RY Sb=aRbD.

4. Cala),a R Ve bi = (3j) a R ;.

One of the main results, proved by Abramsky in [2], is that the category B of bifi-
nite domains and strict Scott-continuous maps between them is equivalent to the category
DPL. The details of this equivalence are given by the following functors. The functor

F': B — DPL sends a bifinite domain P to the domain prelocale
(KQ(P); C,=,U,n,0, P, {ta | a € K(P)}, KQ(P)\ {10r}),

and a strict Scott-continuous function f : P — () between bifinite domains to the

approximable relation Ry C KQ(P) x KQ(Q) defined by:
def -1
aRfb<=aC f(b).

The functor G : DPL — B sends a domain prelocale A to the bifinite domain spec(A) of
prime filters filt,(A) ordered by inclusion and an approximable relation R C A x B to the

strict Scott-continuous map fg defined by:

frI)={y | (3z €I)z Ry}.
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Moreover, Stone’s isomorphisms in the case of distributive lattices (Section 2.1), work
as natural transformations between the functors F' and G. These natural transformations

are defined as follows:
n:Ippy, — FoG;ar— {I € spec(A) | a € I},

and

e:lg—GoF;x+—{U € KQP)|zecU}.

This is, more or less, the reason why Stone duality was considered the appropriate math-
ematical framework for studying the relationship between denotational and axiomatic se-

mantics.

Definition 2.5.3. Pre-isomorphisms are onto, order-preserving and order-reflecting maps
between domain pre-locales. A domain prelocale A is a localic representation of a bifinite

domain P if A is pre-isomorphic to KQ(P).

Lemma 2.5.4. Let A be a domain prelocale, P a bifinite domain and ¢ : A — KQ(P) a

pre-isomorphism. Then the map

7 =¢"1o (spec(d)) ™

is a domain isomorphism from spec(A) to P. Moreover, a pre-isomorphism from A to

KQ(P) exists if and only if spec(A) and P are isomorphic.

Remark 2.5.5. In Lemma 2.5.4, spec(¢) : spec(K2(P)) —> spec(A) sends a prime filter

F to its inverse image ¢ (F).

Definition 2.5.6. Let A and B be domain prelocales. Then A is sub-prelocale from B
(denoted by A < B) if

1. Ais a subalgebra of B with respect to V, A, 0 and 1.
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2. Sa=ANn<pand C(A) = ANC(B).

Lemma 2.5.7. Let A and B be domain prelocales and A < B. Then the following map-

pings are embeddings:
e : spec(A) — spec(B); F —— 15F,

and

p: spec(B) — spec(A); F — F N A.

One of Abramsky’s basic goals in [2], was to have domains constructions done on the
localic side. This means the following: suppose we are given two bifinite domains P; and
P, which have localic representations A; and A, via pre-isomorphisms ¢, and ¢, respec-
tively. Further suppose that F' is a binary domain-construction; hence F'(P;, P,) denotes
the domain resulting from applying the construction F' to domains P; and P». The goal now
is to construct, using only A; and As, a domain prelocale T'( A1, Ay) and a pre-isomorphism
¢ :T(A1, Ay) — KQ(F(Py, P,)). Abramsky outlined a schema for establishing various
domain constructions in the localic form. This schema guarantees that the construction
T(A;, Ag) satisfies natural and desired properties like the following. If By and B, are
sub-prelocales of A; and As, respectively, then T'( By, By) is a sub-prelocale of T'( Ay, A,).
Moreover, the following diagram commutes where I, e and e’ are the embedding mappings

resulting from Lemma 2.5.7.

spec(T(By, Bs))

spec(T(A;, Ag))

B TA

F(e,€)

F(Q1,Q2)

As an example, we explain the function-space construction. Suppose P and () are

‘F(Pl,Pg)

bifinite domains which have localic representations A and B via pre-isomorphisms ¢; and
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@9, respectively. The function space (the pre-locale) A — B is constructed as follows.

The carrier set of the prelocale A — B is generated by the following set:
G={(a—b)|a€ Aandb € B}.

The relations <4, p and &4 _,p and the predicates Cy _,p and T4, g are defined induc-
tively as follows, where a, a1, ...,a, € A, b,by,...,b, € B:

Axioms:
1. (a — /\19-3” b;) ~ Algign(a — b;).
2. (Vicicn @ — b) = \iic(ai — b).
3. The prelocale A — B is distributive.
Rules:
1. If C(a) then (a — V¢, 0i) = Vicicn(@ — bi).
2. Ifd’ Saand b SO then (a — b) S (a — V).

3. If (Vi) C(a;),C(b;i) and (VK C {1,...,n})(3L C {1,...,n}) Npex @ = Vier @

and (Vk € K,l € L) by 5 b; then C(/\iel(ai — bz))

4. IfC(d'),a" < aand T'(b) then T'(a —> b).
The required pre-isomorphism from (A — B) to KQ(P — @) is defined as follows:

(a — b)) — {f: P — Q| f is Scott-continuous and f(¢1(a)) C ¢2(b)}.

Bifinite domains were then given by Abramsky in [2, Chapter 4] a meta-language and
a logical interpretation which was established via the localic description illustrated above.
The logical interpretations were proved to be Stone duals of the to corresponding bifinite

domains.
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The meta-language has the following grammar:
o = 1[X[(0—=0)|(ox0)[(0®0) ]| (0)L | P(0) | recX.0,

where X belongs to a collection 7'V of type variables.
Suppose each variable in T'V is assigned a bifinite domain via the map (environment)

pp : TV — B. Then the semantic clauses of the grammar above are as follows:
Jp(1;pp) = the one element dcpo;
Ip(X5pp) = pp(X);

Jp((0 — 7);0p) = (Ip(o;0p) — Ip(T50p));

Ip(recX.o;pp) = FIX(Fr), where Fr(Q) = Ip(0; pp[X — Q).

In the last clause, FIX(Fr) is the solution to the domain equation FIX(Fy) = Fr and
pp[X — @] is the function (environment) from 7'V to B that maps X to () and any other
variable Y € TV to pp(Y).

Every type expression o is given a language £(co) of (computational or observational)

properties via the following inductive definition:

= true, false € £(0);

o€ Llo) = oA, dVY e L)
pello)ypel(r) = (p—)€Llo—T),
peLlo),el(r) = (pxv) € LloxT);

pe o) = (oofalse) € L(o®T);

e L(r) = (falsedr)) € L(oP7);

pello) = (9)reL((0)r);

¢ € Llo) = 04,00 € £(PP(0));

) =

¢ € L(o[recX.0/X] ¢ € £(o).
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There are many applications to Abramsky’s domain theory in logical form; for exam-

ple [40, 39, 80, 32, 14, 3, 1].

2.6 Stably Compact Spaces

Stably compact spaces are the primary objects of interest in this thesis and they have been
researched extensively [35, 34, 54, 62, 109, 49, 7]. One reason why stably compact spaces
are interesting for us is that they simply cover compact coherent domains in their Scott
topologies. Topologically, stably compact spaces are seen as a generalisation of compact
Hausdorff spaces in the 7j setting. This is a reason why mathematicians are interested
in studying stably compact spaces. As a reminder, stably compact spaces are defined as

follows:

Definition 2.6.1. A stably compact space is a topological space that is sober, compact,
locally compact and such that the collection of compact saturated subsets is closed under

binary intersection.
Stably compact spaces can be defined alternatively as follows.

Definition 2.6.2. A stably compact space is a topological space which is 7T, compact,
locally compact, well-filtered, and the collection of compact saturated subsets is closed
under binary intersections. A topological space is well-filtered if for every filter base { A; |

i € I} of compact saturated sets and an open set O:
(NAicO=(Fjel)4;CO.

The mathematical reason behind the equivalence of these apparently different defini-

tions of stably compact spaces is the following theorem proved in [28, Theorem II-1.21].

Theorem 2.6.3. For a locally compact T,y space X, the following statements are equiva-

lent:
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1. X is sober.
2. X is well-filtered.

3. For a Scott-open filter of open sets F and open set O,

OeFe[)FCoO.

We have seen in Section 2.4 that the Stone duals of stably compact spaces are the
arithmetic lattices in which 1 < 1 (the top element approximates itself).

In this section, we review some properties and results concerning stably compact spaces.
This section is based on [28, 49, 7, 53]. Let us start with the famous Hofmann-Mislove the-
orem [59, 29].

Theorem 2.6.4. For every sober space, there is a one-to-one correspondence between the

set of Scott-open filters of open sets and the set of compact saturated sets.

This one-to-one correspondence works as follows. The intersection of the elements of
any Scott-open filter of open sets is compact saturated. And the set of all open neighbour-
hoods of a compact saturated set is a Scott-open filter.

As a corollary of the Hofmann-Mislove theorem, we get the following result.

Corollary 2.6.5. Let (X,T) be a sober space and {K; | i € I} be a filtered family of

nonempty compact saturated subsets of X. Then (,.; K; is nonempty compact saturated

el
and for every O € 7T,

(1K CO«= (3iel)K; CO.
iel
This corollary makes it clear that compact saturated subsets of stably compact spaces
(which are Ty spaces) play a parallel role to that played by compact subsets of Hausdorff
(T3) spaces. Indeed, a stably compact space (X, T) is Hausdorff if and only if T = T

where T, is the topology (known as the co-compact topology) on X which has as a basis

the set of all complements of compact saturated subsets of X.
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For a stably compact space (X, T), we already know that I is an arithmetic lattice
whose order is the inclusion of sets. What is new is that the set of compact saturated subsets
of X denoted by X x and ordered by the reversed inclusion of sets is also an arithmetic

lattice. The order of approximation < can be characterised in J and K x as follows:
Theorem 2.6.6. For a stably compact space X,

o J and K x are arithmetic lattices.

e (VO1,0,€7)0; <0y <= (K € Kx) O; C K C O,.

o (VK1,Ky e Kx) K1 < Ky<—= (30 €7) K, CO C Kj.

Now we consider the relationship between stably compact spaces and their co-compact

topologies. This results is crucial for the next subsection.
Lemma 2.6.7. For a stably compact space (X, 7T),
e T, is the collection of complements of compact saturated subsets of (X, T).
e T is the collection of complements of compact saturated subsets of (X, T.).
e (X, T,.) is stably compact and its co-compact topology is (X, T).
e The specialisation order of (X, T.) is the inverse of the specialisation order of (X, T).

The specialisation order of X is closed in (X, T) x (X, T,).

2.6.1 Compact Ordered Spaces

There is a one-to-one correspondence between stably compact spaces and compact ordered
spaces [79]. The correspondence sends a compact ordered space (X, T, <) to the space X

equipped with the upwards topology (X, TT) where

Tt ={0eT|10 =0},
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and it sends a stably compact space (Y, §) to (Y, G,, <g) where G, is the patch topology on

Y generated by the following subbasis:
g U {V'\ K | K is compact saturated subset of Y},

and <g is the specialisation order of the topology G.

Definition 2.6.8. A map f from a stably compact space Y to a stably compact space Y is
perfect if it is continuous and the compact saturated subsets of Y are preserved under the

pre-image f~L.

On the morphism level, there is a one-to-one correspondence between continuous order-
preserving maps between compact ordered spaces and perfect maps, between stably com-

pact spaces. This correspondence is detailed as follows.

Lemma 2.6.9. A map f from a stably compact space Y to a stably compact space Y is

perfect if and only if
1. the map f is continuous with respect to patch topologies on Y and Y, and
2. the map f is order-preserving with respect to specialisation orders of Y and Y.

Interestingly, stably compact spaces are closed under arbitrary products and the product
topology can be obtained as the upwards topology of the product of corresponding compact

ordered spaces.

2.6.2 Continuous Relations

In [53], topologically closed relations between stably compact spaces were studied as mor-
phisms for the category of stably compact spaces. They were seen as an extension to

continuous maps and were shown to be in one-to-one correspondence with pre-frame maps
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(maps that preserve finite meets and directed joins) [8] on the localic side of Stone duality.
We call them continuous relations’.

The motivation for studying these relations is that experiments show that in order to
generalise Abramsky’s logical form for bifinite domains [2] to continuous domains one
needs to consider a purer logic than Abramsky’s. This turns out to be translated into con-
sidering continuous relations between stably compact spaces rather than continuous maps.
This need for relations appeared already in denotational semantics like in [12, 16].

continuous relations between stably compact spaces can be treated as functions as fol-

lows.

Proposition 2.6.10. Let R be a continuous relation from a stably compact space X to

another one Y. Then
fr: X —XKy;z—{yeY |z Ry},

is a continuous map where Xy is equipped with the Scott-topology. If f : X — Ky isa

continuous map then
Ry ={(z,y) e X xY |y € f(z)}

is a continuous relation from X to'Y. Moreover, the maps f — R; and R — fg are

inverse to each other.

However, the continuous relations that correspond to functions can be characterised as

follows.

Proposition 2.6.11. Let R be a continuous relation from a stably compact space X to

another one Y such that for every x € X, fr(x) has a least element denoted by r(z). Then

r: X — Y,z —r(x),

I'The notion of continuous relation is the same as that of closed relation in [53].
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is a continuous map. If f : X — Y is a continuous map then

{(z,y) e X XY | f(z) <y}

is a continuous relation from X to'Y where the order on'Y is the specialisation one. More-

over, the two maps presented above are inverses to each other.

Lemma 2.6.12. Let X and Y be stably compact spaces and Y, the co-compact topology of

Y. If R C X x Y, is a continuous relation then the map
frR: X = Ky;z—{yeY |z Ry}
is continuous with respect to the Scott-topology on Ky-.

The details of the relationship between continuous relations between stably compact

spaces, and pre-frame maps between arithmetic lattices in which 1 < 1 are as follows.

Lemma 2.6.13. Let R C X X Y be a continuous relation between stably compact spaces

(X,Tx) and (Y, Ty). Then
Qp: Ty —Tx;0—{zeX|VyeY)z Ry=—y e O},
is a pre-frame morphism.

Lemma 2.6.14. Let f : Ly — Lo be a pre-frame map between arithmetic lattices L, and
Ly where 11, < 1y, and 11, < 1p,. Then pt(f) C pt(Ls) X pt(Ly) where for completely
prime filters Fy € pt(Ly) and Fy € pt(Ly),

def .
Fy pt(f) I < [T (F) C R,
is a continuous relation.
Therefore we have the following equivalence of categories:

Theorem 2.6.15. The category SCSc, of stably compact spaces and continuous relations
between them, is dually equivalent to the category ALatp, of arithmetic lattices, in which

top elements approximate themselves and pre-frame maps between them.
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2.6.3 Probabilistic Power Domain

Suppose that P is a program that is modelled by a continuous map f : P, — P, from a
continuous domain P; to another one P, and that makes some decisions randomly. Then a
function (called a (probability) valuation) from the Scott-topology on P, to [0, 0o] is defined
and used in modelling the behaviour of the program. The idea is that every Scott-open set
O of P, is assigned a weight by the valuation function, which is supposed to measure
the probability that the output of the program will belong to the open set O. This idea
originated in [94, 61].

The notion of (probability) valuation, appearing in mathematics in [83, 37, 13] and

introduced to computer science in [104, 42], is defined as follows.

Definition 2.6.16. Let (X, T) be a topological space. A function p : T — [0,00] is a

valuation if

2. (VOl, 0Oy € r.T) 0, C0Oy = /,6(01) < ,U,(OQ), and
3. (VOl, 02 € r.T) ,U,(Ol) + ,Uz(OQ) = /,L(Ol U 02) + /,L(Ol N 02)

 is a probability valuation if additionally p(X) = 1. A valuation y is continuous if for

every directed family {O; | O; € T and i € I},

,U(U 0;) = sup;e u(0;).
i€l
For many classes of topological spaces, continuous valuations can be extended to Borel

measures, as in [66, 6, 5], which are defined as follows.

Definition 2.6.17. Let (X, T) be a Hausdorff space and B(X) be the o-algebra generated

by elements of T. A function m : B(X) — [—00, 00] is a measure (or Borel measure) if

1. m(0) =0,
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2. (VA,B€ B(X))ANB =0 = m(A)+m(B) =m(AU B), and

3. for every increasing sequence {A,, | n € N} C B(X),

m(U A,) = supenm(An).

neN

A measure m is a Radon measure if
1. itis inner regular; i.e for every A € B(X)

m(A) = sup{m(K) | K is a compact subset of A}, and

2. for every compact subset of X, m(K) < oc.

In [57, 49, 7], the focus is on studying valuations and measures on stably compact
spaces; integration is used to study the effect of these valuations and measures, that are
defined on stably compact spaces, on continuous maps.

In [7], the Riesz representation theorem was used to provide a direct proof for the fact
(proved in [66]) that a valuation on a stably compact space X can be uniquely extended to
a Radon measure on the o-algebra generated by the open sets of the compact ordered space
corresponding to X.

The Riesz representation theorem states that for every compact Hausdorff space X and
for every positive linear functional ¢ on the space C(X) of all continuous maps from X to

the real line, there is a unique Radon measure m such that

(Vf € C(X)) 6(f) = / Tz e X | f(2) > r})dr.

The other interesting fact that is proved in [7] is that a natural topology can be defined
on the set of continuous valuations on a stably compact space to get another stably compact

space. This can be achieved as follows.
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Theorem 2.6.18. Ler (X, T) be a stably compact space and let B<(X) be the set of all
continuous valuations p, on X, in which u(X) < 1. Let 8 be the the weakest topology on
B<1(X) such that for every bounded continuous (with respect to T the topology generated

by open upper sets of [0,¢]) g : X — [0, 00|, the mapping

u—>/ m({z € X | gla) > r})dr

is continuous. Then (B<,(X), 8) is a stably compact space.

The above theorem is still true if we replace B < (X) with the set B;(X) of all contin-

uous valuations 4, on X, in which pu(X) = 1.

2.7 Jung-Siinderhauf Representation Theorem

In this section, we review Jung-Siinderhauf representation theorem [54] which associates
bounded distributive lattices with certain binary relations (proximity relations) to provide
finitary representations for stably compact spaces. The resulting structure is defined as

follows:

Definition 2.7.1. A binary relation < on a bounded distributive lattice (L;V,A,0,1) is

called a proximity if, for every a,z,y € L and M Cg, L,

) <o=<=<x,
) M<a+e\/M=<aq,

<=A) a<M<=a=< \M,
) a<zVy= 32,y el)r <z, ¢y <yanda=<z' VY,
) sAy<ea= 32y el)r=<z,y<yandz Ay <a.

M < aand a < M, respectively, stand for (Ym € M) m < a and (Vm € M) a < m.
A strong proximity lattice is a bounded distributive lattice (L;V, A, 0, 1) together with a

proximity relation < on L.
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The concept of strong proximity lattice has precursors in the literature in [109, 29, 108].
Semantically, for a stably compact space (Y, T), we explained in Chapter 1 that its

lattice of properties
{{(O,K) | O € T, K is a compact saturated subset of ¥ and O C K},

has special importance. The concept of strong proximity lattice is meant to capture these
lattices in a purely mathematical form.
The continuous maps between stably compact spaces were given finite descriptions via

approximable relations which are defined as follows.

Definition 2.7.2. Let (L;V, A,0,1; <) and (Ly; V, A, 0,1; <5) be strong proximity lat-
tices and let - be a binary relation from L, to L,. The relation - is called approximable if

for every a € Ll; be LQ, Ml gﬁn L1 and M2 gﬁn LQ,

) Fo<y=F,
) <iok=F,
(v—F)  Mikb<=\/M*kb,
) aI—Mz(E)al—/\MQ,
) ak\/My= (3N Cp L) a<; \/ Nand (Vn € N)

(Im € My) nkE m.

The relation I is called weakly approximable if it satisfies all of the above conditions but

not necessarily (F —V).

The semantics interpretation of the elements (pairs (O, K)) of property-lattices is that
each pair represents a property satisfied by members of O, unsatisfied by elements in the
complement of K and undecidable for elements in K \ O. Given a continuous map (com-
putable program) f : Y7 — Y5 between stably compact spaces, a property (O, K) of Y;

implies a property (O, K') of Y3 if and only if the output under f, of any input that satisfies
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or is undecided for the property (O, K), satisfies the property (O’, K') or equivalently if
and only if f(K) C O'. The approximable relations are meant to be a mathematically ab-
stracted form of binary relations between property-lattices where two properties are related
in these relations if and only if the first property implies the second one.

The basic output of [54] is the equivalence between the category PLa of strong proxim-
ity lattices and approximable relations, and the category SCS of stably compact spaces and
continuous maps between them. This equivalence is proved by making use of the already
established duality, reviewed in Section 2.4 and in [28], between the latter category and
the category of arithmetic lattices in which the top element approximates itself and frame

homomorphisms between them.

2.7.1 From Strong Proximity Lattices to Stably Compact Spaces

Definition 2.7.3. Let (L, V, A, 0,1, <) be a strong proximity lattice and I be a non-empty
subset of L. The set I is a round ideal if it is closed under binary suprema and lower with

respect to the proximity relation i.e.
Veel)zel<= (Fyel)z<y.

Round filters of L are defined dually. The set of all (prime) round ideals of L is denoted by
(rldl, (L)) ridl(L). Dually (rfilt,(L)) rfilt(L) denotes the set of all (prime) round filters of
L.

The following theorem presents some interesting result about round ideals of strong

proximity lattices.

Theorem 2.7.4. For a strong proximity lattice (L, V, A, 0, 1, <), the ordered set (rldl(L), C)

is an arithmetic lattice in which

o L KL,
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o the meet of a subset {I; | j € J}is{z € L | (3y € ;I;) = < y} and finite meets

are the intersections,

o the join of a subset {I; | j € J}is{z € L | (3M Cpin U; ;) < \/ M} and

directed joins are the unions, and
e I J<= (Fxel)IC{yeL|y=<z}CJ.

The following corollary follows from the duality between arithmetic lattices in which

1 < 1 and stably compact space.

Corollary 2.7.5. For a strong proximity lattice (L,V,N,0,1, <), the point topology on

pt(rldl(L)) is a stably compact space whose set of open sets is isomorphic to rldl(L).

The corollary explains how we get stably compact spaces from strong proximity lat-
tices. However, this way of obtaining stably compact spaces can be be smoothed as fol-
lows.

We start off with a strong proximity lattice (L, V, A, 0,1, <) and then equip the space
rfilt, (L) (known as spectrum of L and also denoted by spec(L)) with the topology (known

as canonical topology) generated by the sets of the following form:
O, ={F € spec(L) | a € F}, a € L.

Then this topological space is homeomorphic to pt(rldi(L)) equipped with the point topol-
ogy. This is proved in [54, Theorem 21]. This justification makes it clear that the lattice
ridl(L) is isomorphic to the lattice of open subsets of the canonical topology on spec(L).
Next we present some interesting correspondence between round filters of strong prox-
imity lattices and ordered sets of compact saturated subsets of stably compact spaces or-

dered by superset inclusion.

Lemma 2.7.6. For a strong proximity lattice (L;V, A\, 0,1, <), the ordered set of of Scott-
open filters of ldl(L) (denoted by Sfilt(L)) is isomorphic to lattice rfilt (L) via the following
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mappings:
¢: Sfilt(L) — rfilt(L); F—{z e L|{yeL|y=<z}eTF}

and

¥« rfilt(L) — Sfilt(L); F — {I € rldl(L) | IN F # 0}.

The following corollary follows from the one-to-one correspondence between the lat-
tice of compact saturated subsets of pt(rldl(L)), on the stably compact spaces side, and the
the lattice of Scott-open filters of rld{(L), on the arithmetic lattices side. This correspon-
dence is an entry in Table 2.2 of Section 2.4. This particular one-to-one correspondence
follows from Hofmann-Mislove Theorem [4, 59, 36] which states that, in a sober space
X, the set of Scott-open filters of the open-sets lattice £2(X) is isomorphic to the set of

compact saturated subset of X.

Corollary 2.7.7. For a strong proximity lattice (L;V, A, 0, 1, <), the ordered set of compact

saturated subsets (K pi(nairy), 2) is isomorphic to the ordered set (rfilt(L), C).

2.7.2 From Stably Compact Spaces to Strong Proximity Lattices

Definition 2.7.8. For a stably compact space (Y, T), let Ky denote the set of compact

saturated subsets of Y.

Theorem 2.7.9. For a stably compact space (Y, T), the algebra (By;V, A, 0,1; <), where
1. By ={(O,K) e Tx Xy | O C K}.
2. (O,K)V(O',K'Y=(OUO',KUK").
3. (O, K)N(O'", K'Y =(ONO',KNK').

4. 0=(0,0) and1 = (Y, Y).
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5 (0,K) < (0", K" & K C O

is a strong proximity lattice. Moreover, the topological space (Y, T) is homeomorphic to
the canonical topology on the space spec(B). Therefore the spectra of strong proximity

lattices are exactly the stably compact space.

2.7.3 Morphisms
Lemma 2.7.10. e Given an approximable relation R C Ly X L,
fr:rldl(Ly) — rldl(Ly); I — {x € L1 | By € Ly) = Ry},
is a frame homomorphism.

e For a frame homomorphism f : rldl(Ly) — rldl(L,), where Ly and Ly are strong

proximity lattice, the binary relation Ry C Ly X Ly defined as :
aRDpEL e f{zeL|z<b}),

is an approximable relation.

Moreover, the maps f — Ry and R — fg are inverses of each other.

Bearing in mind the one-to-one correspondence between frame homomorphisms and
continuous maps between stably compact spaces, the one-to-one correspondence between

the latter and approximable relations follows from the lemma above.

2.8 Multi Lingual Sequent Calculus

In this section, we review the category MLS (Multi Lingual Sequent) [50, 51, 52, 77]
which was presented to provide logical descriptions for stably compact spaces in a way
that generalises Abramsky’s domain theory logical form for bifinite domains.

The elements of this category are defined as follows.
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Definition 2.8.1. 1. Let (A4;V,A, T, L) and (B;V,A, T, L) be two algebras of type
(2,2,0,0). Abinary relation i from finite subsets of A to these of B is a consequence
relation if for every ¢, ¢ € A, I',T" Cpip A, 9,90 € Band A, A’ Cyyy, B,

(LL) (VO Cpin B) {1} - O.
(LT) THFA«< T, '+ A.

LA) ¢, 0, TF A<= oA, T F A.

(R TFA<=THFA, L.

(RT) VO Cpin A)OF{TH}

RA) THEA ¢ andT'H A <= TF A ¢ A

)
)
)
LV) $TFAandy, T+ A < ¢V ih,TF A,
)
)
)
RV)

F'FA YW <=TEFA VY.

W) TFA=T"TFA,A"
2. A consequence relation I on an algebra (A; V, A, L, T) is closed under (Cut) if

(Cut) TIFA ¢andd,OIF A=A, 0 IFA,A.

3. A consequence relation I on an algebra (A; V, A, L, T) has interpolants if
(L—1Int) ¢ TIFA= (3¢ € A)l-¢ andd,TIF A,

(R—Int) TIFA¢= (3¢ € A)TIF A, ¢ and ¢ I ¢.

4. A coherent sequent calculus is an algebra (A;V, A, T, L) together with a conse-

quence relation |- on A such that |- is closed under (Cut) and has interpolants.

5. A consequent relation - from a coherent sequent calculus (A;V, A, T, L,IF4) to a

coherent sequent calculus (B; V, A, T, L, IFg) is compatible if

FaokF=F=FolFg,
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where the composition above is defined as follows,
'EA; 6 l.—’ A

THFA, O, A
T(F o F)A

where (Vf € [T, A)(Yg € I, ©;) f N g #0.

(Cut — Comp)

Coherent sequent calculi and compatible consequence relations are, respectively, the
objects and morphisms of the category MLS. The composition in MLS is (Cut — Comp).

Compatible consequence relations can be characterised as follows.

Lemma 2.8.2. Let - be a consequence relation from a coherent sequent calculus A to

another one B. Then - is compatible if and only if

6 THA= (3¢ € A) ¢IF4 ¢ and ¢,T F A;

)
(R — Int") 'FA¢= (3¢’ € B)T'F A, ¢ and ¢' IFp ¢;
( ) kg pand p,© A= T,0F A;and

)

THA ¢anddlFg A =T F A, A.

The composition rules (Cut) and (Cut — Comp) are related as follows.

Lemma 2.8.3. Let (A;V, A\, T, L,IF) be a coherent sequent calculus such that |+ has in-

terpolants. Then
IF oIk =IF <= the relation I is closed under (Cut).

Definition 2.8.4. Let A and B be coherent sequent calculi, - a compatible consequence

relation from Ato B, X C Aand Y C B. Then
l. X[F]={¢p€e B |3l s X) T F o}

2. FY ={¢ € A| (3A Cpin V) ¢ F A}
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Definition 2.8.5. Let A be a coherent sequent calculus, |- a compatible consequence rela-
tionon A and I C A. The set [ is a round ideal of A if I = [IF]I. Round filters are defined
dually. The set of all round ideals (filters) of A is denoted by ridi(A) (rfilt(A)). The set of
all prime round ideals (filters) of A is denoted by rldi,(A) (rfilt,(A)).

Remark 2.8.6. Let (A;V, A, T, L, IF) be a coherent sequent calculus. For every X C A,
X |[H] is a round filter and [F] X is a round ideal.

Logically, round filters represent theories. The consistency of a theory in logic means
that it is a proper subset of the whole language. Therefore a theory is consistent if and only
if its representing round filter is contained in a prime round filter (model).

Suppose A and B are coherent sequent calculi and I~ is a compatible consequence
relation from A to B. Suppose X is a set of formulas that are satisfied in A and Y is
a set of formulas that are not satisfied in B. If I respects the latter information about
satisfaction and dissatisfaction of formulas i.e it does not link any finite subset of X to any
finite subset of Y then the pair X and Y is consistent with respect to = (or -—consistent).

Formally the definition is as follows.

Definition 2.8.7. Let (4;V, A, T, L,IF4)and (B; V,A, T, L, IFg) be coherent sequent cal-
culi and F a compatible consequent relation from A to B. Let X C Aand Y C B. Then
the pair (X, Y') is -—consistent if for every I' C s, X and A Cyyp, YV, (I, A) & .

The following lemma links consistency to round ideals and filters.

Lemma 2.8.8. Let (A;V, A, T, L,IF4) and (B;V,A\, T, L,IFg) be coherent sequent cal-
culi and = a compatible consequent relation from A to B. Let X C AandY C B. Then

the following statements are equivalent:
1. (X,Y) is -—consistent.

2. (X, [IFB]Y) is F—consistent.
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“

(X[IF4],Y) is F—consistent.
4. (X[F],Y) islFp—consistent.
5. (X, [F]Y) is |k s—consistent.

6. X[F]N[Fa]Y = 0.

N

X[FAN[HY =0.
8. (31 € rldl,(B)) [FelY C I and (X, 1) is F—consistent.

9. (31 € filt,(A)) X[lFa] € F and (F,Y) is -—consistent.

2.8.1 MLS and Strong Proximity Lattices

Strong proximity lattices were the basis for establishing the category MLS. Therefore this
category and the category PLwa of strong proximity lattices and weakly approximable
relations between them are equivalent. The equivalent sends a strong proximity lattice

(L; V, A, 0,1, <) to the coherent sequent calculus (L; V, A, 0, 1, ) where
PHoA &S AT <\ A,

and a weakly approximable relation relation GG from a strong proximity lattice L to a strong

proximity lattice K is sent to the compatible consequence relation - defined as:
ke A &S ATG /A

The equivalence mentioned above sends a coherent sequent calculus (A4; V, A, T, L IF)
to L/ = where = is the least congruence such that L/ = is a bounded distributive lattice.

The lattice L/ = is equipped with the following proximity relation:

6] <i- [7] <= 6 IF .
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It also sends a compatible consequence relation - to the weakly approximable relation G-
defined by:

0] Gr [1] &5 6+ 1.

The relation = has the following interesting property: if v1 = 7i,..., 7 = 7» and

0 =01, ...,0m = O, then

T R e 0/ PR VA | M

2.8.2 MLS and Stably Compact Spaces

The stably compact spaces and continuous relations? of the form R C X x Y,, where
X and Y are stably compact spaces and Y, is the space Y topologised with the topology
generated by the complements of compact saturated subsets of Y, is a category whose
composition is the usual relation compositions. This category is equivalent to the category
MLS. This equivalence is detailed as follows. If A is a coherent sequent calculus then the
set spec(A) of all prime round filters on A topologised with the topology generated by the
sets of the form

O, ={F € spec(A) |p € F}, 0 € A,

is a stably compact space.
Suppose - is a compatible consequence relation from A to B. Then the relation

R, C spec(A) x spec(B). defined as
FR F & FHCF

is continuous.

If X is a stably compact space then the algebra (Ax;V, A, L, T;IF), where

1. Ay = {{O0,K) € Tx x Xx | O C K};

2The notion of continuous relation is the same as that of closed relation in [53].
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2. (0,K) V{0, K'y = (0OUO', K UK");

3. (0,K) A (O, K'Yy = (0N O, KNK');

4. L =(0,0)and T = (X, X);

5. Ty A L5 N{K | (30)(0,k) e T} C U{O | (3K)(0, k) € A},

is a coherent sequent calculus.
Let A and B be two coherent sequent calculi and R C spec(A) x spec(B). be a con-
tinuous relation. Then IF4 o Fg o |-, where F is the consequence relation from A to B

defined as
Thp A LS ((VF € spec(A)) /\F €eF = \/A € ﬂ{G € spec(B) | F R G}),

is a compatible consequence relation from A to B.



Chapter 3

Strong Proximity Lattices in Priestley

Form

3.1 Overview

This chapter extends the celebrated Priestley’s representation theorem for bounded dis-
tributive lattices to represent the wider class of strong proximity lattices introduced in
Section 2.7. We begin by studying the problem in the finite case, extending Birkhoff’s
representation theorem for finite distributive lattices to represent finite strong proximity

lattices.

3.1.1 The Finite Case

Recall from section 2.2.1 that Birkhoff’s representation theorem associates with a finite
distributive lattice L the set J(L) of join-irreducible elements, ordered by the reverse <2 of
the inherited lattice order <. If the finite lattice is also equipped with a proximity (Defini-

tion 2.7.1), then our proposal is to equip J(L) with an apartness relation defined as follows:

77
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Definition 3.1.1. A binary relation o< on an ordered set (P, <) is an apartness if, for every

a,c,d,e € P,
(Tx)) a>cxd>e= axe,
(xV) aeaxc<= (Vbe X)axborbxec,
(ocdd) ax(enld)= (Vbe X)axb, bxcorb xd,
(Mx)  (tentd) xa= (Vb€ X)dxb, cxborbx a.

where A o« B is a shorthand fora o< bforalla € A, b € B.
Remark 3.1.2. 1. For any ordered set (P, <), £ is an apartness.

2. o is an apartness on (P; <) if and only if oc™! is an apartness on (P; >).

In Section 3.2, we will show that finite ordered sets with apartness represent finite prox-
imity lattices. The translations between the two structures are as follows. The apartness on
J(L) is defined by

zosy Sz <g(y),

where g(y) is the meet-irreducible element corresponding to y (see Lemma 2.2.2 for detail
of this correspondence). Vice versa, the dual of a finite ordered set (P, <) equipped with
an apartness o< is its lattice of upper sets ordered by inclusion C and equipped with the
proximity,

A=<y BELL A (X\B).

We will further show that the action of Birkhoff duality on morphisms can also be

adapted to the current setting as follows.

Order-preserving maps between finite ordered sets which reflect the apart-
ness relation are in one-to-one correspondence with lattice homomorphisms

between finite strong proximity lattices that preserve the proximity relation.
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3.1.2 The General Case

In the general case we need to link the apartness relation with the topology of the Priestley

space:
Definition 3.1.3. A binary relation o on a Priestley space (X; <, T) is an apartness if
1. o< isopenin (X;T) x (X; 7).
2. o is an apartness on the ordered set (X, <).

Remark 3.1.4. 1. For any Priestley space (X; <,T), £ is an apartness (because the or-

der is required to be closed for ordered spaces).
2. oc is an apartness on {X; <, T) if and only if oc ! is an apartness on (X; >, T).

3. Intuitively, it is helpful to assume that an element can not be apart from itself but

actually we mathematically do not need this assumption.

4. In case we axiomatise indistinguishability rather than apartness, that is X2\ o< rather
than o, then (xV) will express the transitivity of this relation. Axiom (foc!), how-
ever, will not have a simple formulation. This is discussed in greater detail in Sec-

tion 3.4.

5. On the real line, axioms (x].|) and (1<) are the same as (V).

We will prove that:

The dual of a strong proximity lattice L is the corresponding Priestley space of
prime filters ordered by inclusion and equipped with the apartness,

Fo<<G<d:ef>(E|x€F)(Ely¢G):c<y.

Vice versa, the dual of a Priestley space (X; <, T) equipped with apartness x
is the lattice of clopen upper sets equipped with the proximity,

A<y BES A (X\B).
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Up to isomorphism, the correspondence is one-to-one.

Also, the action of Priestley duality on morphisms can be adapted to the new setting as

follows.

Continuous order-preserving maps that reflect the apartness relation are in
one-to-one correspondence with lattice homomorphisms that preserve the prox-

imity relation.

Mathematically, Priestley maps are a good choice for establishing the duality, but com-
putationally this is not necessarily true. Priestley maps are, in a way, not general enough;
their manifestation on semantic domains are (order-preserving) Lawson continuous func-
tions [41]. This does not cover the computable maps which typically are only Scott-
continuous. This fact creates a situation similar to one that happens very often in domain
theory where more than one kind of mapping is defined on a fixed class of spaces, for
example, embedding-projection pairs, Scott-continuous function, strict Scott-continuous
function, stable function, etc.

In order to capture more computable functions, two more general notions of morphism
were introduced by Jung and Siinderhauf in [54, 52] on the side of strong proximity lat-
tices; approximable relations and weakly approximable relations (Definition 2.7.2). This
technique dates back to Scott’s morphisms for information systems [104]. In this chapter,
we study the transformation of these morphisms under our duality.

First note that we can not expect to obtain functions on the side of Priestley spaces with
apartness. This is so because the Priestley dual contains more points than the spectrum
defined in [54] and there is no guarantee that the process acts functionally on the additional
elements. In keeping with the spirit of approximable relations, we alternatively consider
relations, rather than functions. These relations between Priestley spaces are meant to relate
those pairs of elements (models or theories of properties) that are “observably unrelated”

by the computational process. We will discuss the computational intuition in Section 3.1.3.
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Here is the definition:

Definition 3.1.5. Let (X; <;;77) and (Xy; <o, To) be Priestley spaces with apartness re-
lations ox; and oy, respectively, and let x be a binary relation from X; to X,. The re-

lation X is called separating (or a separator) if it is open in Ty X Ty and if, for every

a,b€ Xi,de € Xoand {d; | 1 <i<n} C Xy,

(T1x 4
(Vi

) a>1bxd>e= aXe,
) bxd<= (Vce X))bxycorexd,
(xV) bxd<= (Ve€ Xy)bxcorcxsd,
)

(xnd)  bx[)ldi=> (Vc€ X1)bog cor (3i) ¢ x di.

The relation x is called weakly separating (or a weak separator) if it satisfies all of the

above conditions, but not necessarily (XxnJ).

Some effort will be required to show Priestley spaces equipped with apartness relations
and (weak) separators between them are indeed the objects and morphisms of a category,
(see Section 3.3.3), but once this is established, it can be shown that the desired equivalence

does hold:

Let X1 and Xs be Priestley spaces equipped with apartness relations. Then
(weakly) separating relations from X, to Xy are in one-to-one correspondence

with (weakly) approximable relations from the dual of X, to the dual of X.

Remark 3.1.6. From a representation point of view the various dualities can be classified

as follows:

T() T2

strong proximity lattices || Jung & Siinderhauf, [54] this chapter

distributive lattices Stone, [112] Priestley, [89, 90]

Boolean algebras Stone, [110, 111]
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It should be mentioned that there is a rather conventional way to fill in the right upper
position in the table above. For this one equips the collection of round prime filters of L
with the topology generated by all U, := {F |z € F},andall O, := {F |y & F.x < y},
x € L. This yields the patch topology of a stably compact space which is already obtainable

from the Jung-Siinderhauf dual.

3.1.3 Computational Motivation

Dealing with relations, rather than functions, puts no constraints on the direction of mor-
phisms; so we can turn around the direction and we will get an equivalence of categories
rather than a duality. The relationship between proximity homomorphisms and approx-
imable relations is analogous to that between Dijkstra’s weakest preconditions [85] and
Hoare logic: A homomorphism h from Lo to L; specifies the weakest precondition h(¢)
necessary for ¢ to hold at the end of the computation. On the other side, an approximable
relation - from L, to L, relates propositions ¢, 1) where the observation of ¢, before the
computation, guarantees v/ to be satisfied afterwards.

Before we embark on the mathematical details of our duality, let us consider a compu-

tational motivation for it.

1. Let (X, T) be a stably compact space (e.g., a compact coherent domain together with

its Scott topology) and K x be the set of compact saturated subsets of X. Then
Bx ={(0,K)|OeT, KeXxandO C K},
is the lattice of observable properties of X, where a property (O, K) is

(a) satisfied by elements in O,
(b) unsatisfied by elements in X \ K, and

(c) unobservable for elements in K\O.
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Note that O C K guarantees that no contradiction can arise concerning the satis-
faction of properties in B x by elements of the space X. From this we can say that
strong proximity lattices are abstract algebraic descriptions for lattices of observable

properties of stably compact spaces.

For a stably compact space X, models (or theorems) of properties are prime filters
of elements of Bx. Hence these models are precisely the points of the Priestley
dual space of B x as a bounded distributive lattice. Therefore by answering the main
in this chapter (describing the Priestley dual of strong proximity lattices) we are
actually establishing purely topological descriptions (Priestley spaces with apartness)

for models of observable properties of stably compact spaces.

On the morphism level, we have the following computational interpretation. Suppose
f + X — Y is a continuous map between stably compact spaces X and Y. Then
the approximable relation |, corresponding to f, relates a property (O, K) of X
to a property (O, K') of Y if and only if f(K) C O'. The last condition means
that if the property (O, K) is satisfied or unobservable for the input of the function
(program) f then the output f(z) must satisfy the property (O’, K'). In other words
two properties are related under the relation - if and only if the satisfaction and non-
observability of the first property, by the input of the program, implies the satisfaction
of the second property by the corresponding output. We say that the property (O, K),
of X, implies the property (O', K'), of Y, if the former property is related to the latter

one under .

Let x'; be the complement of the separator x ; corresponding to f. Then, as we will
see in detail in the next chapter, a model F7 is related to a model F3 in [><’f if and only

if F5 contains the set of all properties implied by any property in F}.

. As we have explained above, in [52] the argument was made that the proximity <

relates two logical propositions (properties) ¢ and v if the observation of ¢ always
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implies that v is actually true. Consequently, the logical systems, MLS, (corre-
sponding to strong proximity lattices) do not necessarily satisfy the identity axiom
¢ = ¢. The lack of this basic law of logic may feel weird. Still the paper [52] presents
a satisfactory and even elegant logical apparatus for strong proximity lattices. In this
thesis, the view is that the proximity relation is additional structure, over and above
the lattice operations, and that for the latter the usual axioms of logic are still valid.
Consequently, a model of the logic is given by a prime filter, as it is usually. The
additional structure on the logic then gives rise to additional structure on the space
of all models (the Priestley dual space), which we read as apartness information. The
intuition is that two states of affair (i.e., models) can be observably separated if and
only if they are “sufficiently apart.” To give an example, consider the real numbers
presented in their usual decimal expansion. Mathematically, we deem a = 1.000. ..
and b = 0.999. .. equal; constructively, the concrete presentation of a number is im-
portant, and in our example one would find that a and b can not be told apart in finite
time but their equality can also not be established in finite time (if our only access to
the numbers is by successively reading digits). This indeed agrees with what we have
explained in the first part of this subsection as the relation x; is the complement of

[><f.

3.2 An Extension of Birkhoff’s Representation Theorem

3.2.1 From Finite Ordered Sets with Apartness to Finite Strong Prox-
imity Lattices

We define the dual for a finite ordered set with apartness as follows:

Definition 3.2.1. Let (P, <) be a finite ordered set equipped with apartness oc. Then

Proz(P) = (U(P);U,N, 0, P; <),
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where U(P) is the collection of upper sets of P and < is the binary relation defined on

U(P) as:

def

A<y B Ax (P\B).
Remark 3.2.2. x = £ = <« = C.

Lemma 3.2.3. Let (P, <) be a finite ordered set equipped with apartness . Then the

relation < of Prox(P) satisfies the condition (<=<).

Proof. Suppose A <, Cand D = P\ C. Hence A x D. Fixa € A. Set O, = {z €
P | a x z}. By (Toxl)) O, is a lower set with a oc O, and (X'\O,) o< D by (V) and the
fact that a oc D. Set B = |, 4,(P\O,). Therefore B € U(P), A o< (P\B) and B o< D.
Hence A <, B and B <, C. Therefore <, C <4 0 <.

For the other inclusion, suppose A <, B, B <, Cand D = P\C. Then A x (P\ B)
and B« D. Foranya € Aandd € D:

(Vbe P)b¢ Borbe B= (Vbe P)axborbxd=>axd, by (xV).

Therefore A o D which implies A <, C. This proves <, 0 <5 C <. O

Remark 3.2.4. In the proof of Lemma 3.2.3 we only need (focl) and (V). Furthermore to

prove (o<V), given the lemma, we only need (Tocl).

Lemma 3.2.5. Let (P, <) be a finite ordered set equipped with apartness x. Then the

relation < of Prox(P) satisfies (< —V).
Proof. Suppose A <, UUV,C = X\U and D = X\V. Hence A «x (C N D) implying
(Va € A)(Ve € C)(Vd € D) a  (Jenld).

Fixce Candd € D. Set O, ={be€ P |boxc}and Oy = {b € P | b x d}. By
(tocd), O, and Oy are upper subsets of P. Clearly O, « ¢ and Oy o d. Moreover, by
(o), A ox (X\(O. U Oy)).
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Set U' = (,ccOc and V' = (\,c,0q. Hence U’ and V' are upper subsets of P

satisfying:
o U ox C,hence U' <, U,
o V' D, hence V! <, V,and
e Ax X\(U'UV'), hence A <, U'UV".
0]

Remark 3.2.6. In the proof of Lemma 3.2.5 we only need (focl) and (ocl)). Furthermore
to prove (ox}l), given (< —V), we only need (foxl).
The following lemma is proved dually to Lemma 3.2.5.

Lemma 3.2.7. Let (P, <) be a finite ordered set equipped with apartness <. Then the

relation < of Proz(P) satisfies (A— <).

Theorem 3.2.8. Let (P, <) be a finite ordered set equipped with apartness . Then
Proz(P) = (U(P);U,N, D, P; <) is a finite strong proximity lattice.

Proof. Clearly (U(P);U,N,, P) is a finite distributive lattice. Lemma 3.2.3 proves that
<« satisfies (<<). (V— <) and (< —A) are proved as follows. For any A € U(P) and
{4 [1<i<n} CUP),

JAi <« A = | Ai x P\A <= (Vi) 4; x P\A <= (Vi) 4; < A, and

2

A=< A == Ao P\[ )4 = [J(P\4) <= (Vi) A o (P\A;) <= (Vi) A < A;.

Lemmas 3.2.5 and 3.2.7 prove (< —V) and (A— <), respectively. O
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3.2.2 From Finite Strong Proximity Lattices to Finite Ordered Sets

with Apartness

We remind the reader of the following. For a lattice L, the sets of join-irreducible and
meet-irreducible elements of L are denoted by J(L) and M(L), respectively.

Recall from Lemma 2.2.2 that the map g : * — \/(L\Tz) is an order-isomorphism
from J(L) to M(L). It is characterised by the property

zLa<=a<yg(z)
which holds for all z € J(L),a € L.
Definition 3.2.9. Let (L; V, A, 0, 1; <) be a finite strong proximity lattice. Then
Pries(L) = (J(L), <?, ),

where <? = >, the order inherited from L, and o< is the binary relation defined on J (L)
as:

:Co<<y<d:ef>m<g(y).
Remark 3.2.10.
rogyer=<gy) = r<gly) =gy 2y,
that is, if the proximity relation is trivial then so is the apartness.

Lemma 3.2.11. Let (L; V, A, 0, 1; <) be a finite strong proximity lattice. Then the relation
< of Pries(L) satisfies (Tocl).

Proof. Leta,c,d,e € J(L)? be such thata > cand d >% e. Thena < candd < e in L.

Therefore by (V— <) and (< —A),

a<cxsd<e=a<c=<g(d) <gle)=a<gle) = ax<e.
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Figure 3.1: A pictorial description of Lemma 3.2.12.

Lemma 3.2.12. Let (L;V,A,0,1; <) be a finite strong proximity lattice. Then for every
a,b €L,
a<b<={red(lL)|r<a}xs{yed(L)|y<Lb}.

Proof. By Lemma A.18,

Vizedl)|z<a=a<b=AlyeML) b<y}
< {zedl)|z<a} <{yeM(L)|b<y}, by (V= <) and (<X —A).
So it remains to show that
{ye ML) [b<y}=g({zed(L) |z £b}),
but this is immediate from the equivalence
rLb<=b<g(x)
mentioned above. U

Figure 3.1 gives a pictorial illustration of Lemma 3.2.12. The idea is that the element
a approximates the element b if and only if the join-irreducible elements in the area A are

apart from the join-irreducible elements in the areas B and C.

Lemma 3.2.13. Let (L;V, A, 0, 1; <) be a finite strong proximity lattice. Then the relation
< of Pries(L) satisfies (xV).
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Proof. Forany a,c € J(L),

axzc <= a=<g(c
<= (FleL)a<landl < g(c), by(<=<)
< (FleLlaos{bed(L)|bLi}and{be J(L)|b<I1} xsc
— (Vbed(L))aoxsborbox c.

The second last equivalence is true by Lemma 3.2.12 and the right-to-left direction of the

last equivalence is satisfied by setting I = \/{b € J(L) | b x< c}. O

Lemma 3.2.14. Let (L;V, A, 0, 1; <) be a finite strong proximity lattice. Then the relation
< of Pries(L) satisfies (<))

Proof. Let a,c,d € J(L). We notice that ¢ N |d in J(L) with respect to <? is the same
as Tc¢ N 1d in J(L) with respect to <, the order inherited from the lattice. Suppose a o
(teN1d).
For any y € M(L) with g(c) V g(d) < y letz € J(L) be such that y = g(z). Then:
gle)vyld) < g(x) < z £g(c)Vyg(d)
< 1z £ g(c)and z £ g(d)

<— c<crandd<z.

Soa xg z,ie a < g(z) =y. Apply (< —A) and get a < g(c) V g(d).
Hence
aocs (feNtd) = a=<g(c)Vg(d)
32,y e L)z <g(c), ¥ <g(d)anda < 2’ V', by (< =V)

{bed(L)|b<z'} <g(c), {bed(L)|b<y'} < g(d) and

Il

axs{beJ(L)|b£ ' Vy'}, by Lemma 3.2.12.

= (VWeJ(L))aoxgb, boxg e, orboc d.
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The following lemma is proved dually to Lemma 3.2.14.

Lemma 3.2.15. Let (L; V, A, 0, 1; <) be a finite strong proximity lattice. Then the relation
o of Pries(L) satisfies (11Tox).

Theorem 3.2.16. Let (L; V, A, 0, 1; <) be a finite strong proximity lattice. Then the relation

o of Pries(L) is an apartness on the finite ordered set (J(L), <?).

Proof. Conditions (Toxl), (xV), (oc)d) and (110ox) are satisfied by Lemmas 3.2.11, 3.2.13,
3.2.14, and 3.2.15, respectively. U

3.2.3 The Representation Theorem
Objects

We show that the translations of the previous two sub-sections are (essentially) inverses
of each other. Since our theory is based on Birkhoff duality, only the behaviour of the

proximity and the apartness relations need to be examined.

Definition 3.2.17. A lattice homomorphism (isomorphism) between strong proximity lat-
tices is said to be a proximity homomorphism (proximity isomorphism) if it preserves (pre-

serves in both directions) the proximity relation (relations).
Theorem 3.2.18. Let (L;V, A, 0,1; <) be a finite strong proximity lattice. Then the map:
nr : L — Prox(Pries(L));z — {a € J(L) | a < z},
is a proximity isomorphism.
Proof. By Birkhoff’s theorem, 7y, is an order-isomorphism. For every x,y € L:
z<y <= {a€dl)|a<z}xs{bed(L)|b<Ly}, by Lemma 3.2.12
< {acd(L)|a<z} <. {b€d(l)]|b<y}

= nL(r) <« NL(y).
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O

Definition 3.2.19. Let P, and P, be finite ordered sets equipped with apartness relations

o; and g, respectively. A map f : P, — P is said to be:

e an apartness map from P; to P, if it is order-preserving, and for every a,b € P,

fla) oz f(b) = a 01 b,

e an apartness isomorphism from P; to P, if it is an order-isomorphism and for every
a, be P17

a i b <= f(a) oca f(b).

Theorem 3.2.20. Let (P, <) be a finite ordered set equipped with apartness . Then the
map:

ep : P — Pries(Proxz(P)); x — 1z,
is an apartness-isomorphism.
Proof. By Birkhoff’s theorem, €p is an order-isomorphism. For every c¢,d € P:
cxd <= fcoxld, by (Tocl)

< fc <« P\ld

< fc oy, 1d, because g(1d) = P\ld

< ep(c) x4, ep(d).

U

Lemma 3.2.21. Let (L;V, A,0,1; <) be a finite strong proximity lattice and (P; <) be a

finite ordered set equipped with apartness .

1. If < is the lattice order and <' is the order of J(L)? then

<=<<=xs=¥.
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2. The relation < of Proxz(P) satisfies the following:

X =% = <=<.

Proof. 1. The left-to-right direction follows from Remark 3.2.10. For the other direc-
tion, suppose that oc; = £’. Then by Remark 3.2.2 <, = C. Forevery a,b € L,
a<b < ny(a) <« nr(b), by Theorem 3.2.18
<~ {ze€d(l)|z<a} C{xeM(L)|z<b}
= \/{x €d(L)|z<a} < \/{x € J(L) | = < b}, by Lemma A.6

<= a <b, by Lemma A.18.

2. The left-to-right direction follows from Remark 3.2.10. For the other direction, sup-
pose that <, = <. Then by Remark 3.2.2 x5 = 2. Forany a,b € P,
axb <= ep(a)xg, ep(b), by Theorem 3.2.20
— Ta21h
& a£b.

O

Remark 3.2.22. As we have proved that the trivial cases of apartness relations (ox = «£) and
proximity relations (< = <) translates into each other, it is obvious that our representation
theorem is a proper extension of that of Birkhoff.

Remark 3.2.23. Suppose the cardinality of L is greater than 1 and 2 denotes the set of
all lattice-homomorphisms from L to 2 ordered point-wise. Then J(L)? is isomorphic
to 2L [20]. A join irreducible element x of L corresponds to the characteristic function f,

of . For the binary relation o< (Definition 3.2.9) on J(L)?, we note that for z,y € J(L):
Ty = =gy
<— (Ja,beLl)a>z, bFyanda<b

e (Fa,bel) fola) =1, f,(b)=0anda < b.
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Therefore the ordered set 2% equipped with the apartness defined as follows:
fos f L (Ja,be L) f(a)=1, f'(b) =0anda < b

is apartness isomorphic to Pries(L).

By Lemma 3.2.12, for every =,y € L:
z=y<={fe2"|f(z) =1} s {f €2" | fly) =0}

Morphisms

Lemma 3.2.24. Let (L1, <1; <1) and (L, <o; <o) be finite strong proximity lattices and

Py and P, be finite ordered sets equipped with apartness relations <1 and s, respectively.

Then
1. For a proximity homomorphism f : Ly — Lo, the map
Pries(f) : Pries(Ly) — Pries(Ly);y — n%lln{x c (L) |z e f 1y},
is an apartness map.
2. For an apartness map ¢ : P, — P, the function
Proz(y) : Prox(P,) — Prox(Py);U — ¢ 1 (U),
is a proximity homomorphism.

Proof. 1. Pries(f) is well defined order preserving map by Section 2.2. Suppose a, b €
Pries(Ls). We first notice that

i) f(\V(Li\1Pries(f)(b)) < V(L2\1b). This is true because

FO\(Li\tPries(£)(b)) = \/ £(Li\tPries(f)(b)),
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and
F(Li\1Pries(f)(b)) C L\ T0.

This inclusion is proved as follows. If ¢ € L1\ 1Pries(f)(b) then, by definition
of Pries(f), f({x € J(L1) | x < ¢}) C Ly\1b. Therefore

\ f{z €d(L1) |z < c}) € Ly\1b.

But

V iz edLy) |z <eh) = f(\{zed(Lh) |z <c}) = f(o):

Now we have:

Pries(f)(a) ocs, Pries(f)(b) = Pries(f)(a) <1 \/(L1\1Pries(f)(b))
= f(Pries(f)(a)) <2 f(\/ (L2 \1Pries(f)(b)))
= a < f(Pries(f)(a)) <2 f(\/(Li\1Pries(f)(b)))
<\ (L:\10)
= a = \/(L2\1D)

= aXg, b

2. By Section 2.2, Proz(¢y) is a lattice homomorphism from U(P;) to U(P;). For every
A, B € U(Py):
A<y, B = Axs (P\B)
¢ H(A) ot o H(P\B)
¢ 1(A) ot P\¢ 1(B)
97 (A) <, ¢~ (B)

Proz(p)(A) <«, Proz(p)(B).

.
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Remark 3.2.25. Let (L1;V,A,0,1;<4) and (Ls; V, A, 0, 1; <5) be finite strong proximity
lattices and (P;, <) and (P;, <) be finite ordered sets equipped with apartness relations oc;
and o<y, respectively. Let f : L; — Lo and ¢ : P, — P, be a proximity homomorphism
and an apartness map, respectively. Then the following is true by Birkhoff’s representation

theorem (Section 2.2).

e The following diagrams commute.

L, / L,

MLy TL>
Proz(Pries(Ly)) Proz(Pries(f)) Prox(Pries(Ls))
P L4 P,
€py €P
Pries(Proz(Py)) Pries(Proz(¢)) Pries(Proz(P))

e The map f — Pries(f) establishes a one-to-one correspondence between proximity-
homomorphisms from L; to L and apartness mappings from Pries(Ls) to Pries(L1).
The map ¢ — Proz(y) establishes a one-to-one correspondence between apart-
ness mappings from P, to P; and proximity-homomorphisms from Proz(P;) to

Proz(Py).
e The mapping f is one-to-one <= Pries(f) is onto.
e The mapping f is onto <= Pries(f) is an order-embedding.

We let FOSa be the category whose objects are finite ordered sets equipped with apart-
ness relations, and whose morphisms are apartness maps. FPL is the category of finite

strong proximity lattices and proximity homomorphisms. Theorems 3.2.18 and 3.2.20 and
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10
y z a
T b
0 d c
Q
0

L = Proz(Q) = U(Q)

Figure 3.2: An ordered set together with its corresponding distributive lattice.

Lemma 3.2.24 show that Birkhoff duality between finite distributive lattices and finite or-

dered sets can be restricted to the (non-full) sub-categories FOSa and FPL. All in all:

Theorem 3.2.26. The functors Pries and Proz establish a dual equivalence between the

categories FOSa and FPL.

3.2.4 Examples

1. The binary relation x = £ \{(z,0)} defined on the ordered set () in Figure 3.2 is
an apartness. The lattice L in the same diagram together with the binary relation

< =< \{(a, a)} is the finite strong proximity lattice corresponding to (Q, <; ).

2. Let C be the chain {0,...,k}. Its corresponding finite distributive lattice, under
Birkhoff duality, is C&® T, the chain C' with a new top element added. In the following
table, the left-hand side column shows some apartness relations on C' and the right-

hand side column shows their corresponding proximity relationson C' @ T.



97

oxon(C <conC T
> <
def
> n<sm<=n=0orn—1<m
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3. Suppose (P; <) is a bounded finite ordered set and P is a disjoint union |x U Ty for
some z,y € P. Then x = fy X |z is an apartness relation on P. The relation <

on Proz(P) can be characterised as follows:

A< BE& A=0p, B=PorAC1tyC B.

Remark 3.2.27. The third case of example two is a special case of the this example.

4. Suppose (P;;<1) and (P,; <) are bounded disjoint ordered sets. It is straightfor-
ward, but may be tedious, to prove that x = (P; x P,) U (P, x P;) is an apartness

relation on the disjoint union (P, U Py; <). Note that generally o & £ and clearly
U(P,UP) ={AUB|AcU(P)and B € U(P,)}.

Now suppose P; and P, are finite sets. We study the relation < defined on U(P; U
P,). We have

AUB <, CUD <= (AUB)x (PUPR)\(CUD)
< (A=0QorC=P)and (B=0orD = P,).

5. Figure 3.3 shows an apartness map :

¢ (Q; <1500 = £1 \{{a, 6)}) — (P;<o5000 = Ty x )
and the associated proximity homomorphism

f i (Prox(P); <) — (Proz(Q); <«,)-
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Y g
o ola) =z
)
P
Q g P
?Q=f(P)
YNa, 8,7} = f({s,z
070 5
B =f({s
{7, 8} {s,ﬁ)})
{} {8}
; 0= f(0)
L =U(P) > M =U(Q)

Figure 3.3: An apartness map and its corresponding proximity homomorphism

Note that the ordered sets (P, <;) and (Q, <), equipped with apartness relations
o and oo, respectively, and their corresponding finite strong proximity lattices are

explained in detail in examples 1 and 3 above.

3.3 An Extension of Priestley’s Representation Theorem

In this section we extend our duality from the finite to the infinite case, that is, from Birkhoff
duality to Priestley duality. Recall from Section 3.1.2 that this involves two changes in our

methodology: firstly, we need to equip the dual of the lattice with a topology, and secondly,
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we need to work with prime filters of proximity lattices, rather than join-irreducible ele-
ments. There is a small advantage from the second change; the order on prime filters is just

inclusion, rather than the reverse of the lattice order.

3.3.1 From Priestley Spaces with Apartness to Strong Proximity Lat-

tices

We remind the reader that we denote the sets of clopen lower and upper sets of a Priestley
space X by O7(X) and U7 (X), respectively. We begin with two preparatory technical

results.

Lemma 3.3.1. Let (X;<,T) be a Priestley space. For closed lower subsets A,B C X
and O € T, if AN B C O, then there exist V1, Vy € O7(X) such that A C Vi, B C V, and
VinV, CO.

Proof. In a Priestley space every closed lower subset is the intersection of clopen lower

subsets containing it. Therefore

ANB = (W eO (X) [ACWIn[ |{W' €0’ (X)|BC W'}
= ({WnW | W, W e0”(X),ACWand BC W'}.

By the compactness of (X'\O) and the closeness of sets W N W', there exists a finite set
{WinW] | W;, W € O7(X), ACW;,BC W/and1 < i <n}
such that (), ,,, (W;NW/) C O,sowecanset Vi =), c;c, Wiand Vo =, ..., W/. O

Lemma 3.3.2. Let (X; <,T) be a Priestley space. For closed lower subsets Ay, ..., A, C
X and O € T, if (N, Ai C O, then there exist Vi,...,V, € O7(X) such that for every i
A; CViand (), V; C O.

Lemma 3.3.3. The proof follows the same lines as that of the previous lemma.
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Lemma 3.3.4. Let (X;<,T) be a Priestley space equipped with apartness . For closed
subsets A)B C X, if A < B then there exist U € U (X) and V € O7(X) such that
ACU BCVandU x V.

Proof. By (Toxl), TA o« |B. Recall that TA and |B are closed subsets of X because
J is a Priestly topology. We first show that there exist open sets O; and Oy such that
1A C Oy, {|B C Oy and O; x O,. Fix x € 1A. Then for every y € |B, by openness
of o, there exist Oy, Oy € T such that x € Oy, y € Oy and Oy, x Oyy,. The set
{04y | y € | B} is an open cover of | B, and so a finite sub-cover {Oy,, | 1 < i < n}
exists. Set O1; = (), O1y, and Oy = |J, Oay,. Then O;, and Oy, are open sets with
x € O14,4B C Oy and Oy, x Og,. Now, the set {O1, | x € 1A} is an open cover of 1A
and so a finite sub-cover {O1,,; | 1 < i < m} exists. Set Oy = |J; O15, and Oy = [); Ogg,.
Then O; and Oy are open sets with 1A C O, B C O, and Oy x Os.

Now as (X, <,T) is a Priestley space, 1A = N{U € UM (X) | JA C U} C Oy,
and because X'\ O, is a compact subset of X, there exists a finite set of clopen upper sets
{U; e W(X)|1<i<n}suchthat J[A C (,U; C O;1. Set U = (), U;. Then U is a
clopen upper subset of X withtA C U C O,. Similarly there exists a clopen-lower subset
V of X with [ B CV C O,. Therefore U o< V, which completes the proof. OJ

Remark 3.3.5. Singletons are closed subsets in a Priestley space. Therefore, as a special
case of Lemma 3.3.4 we have that for every a, b € X, if a o b then there exists U € U7 (X))
and V € O7(X) suchthata € U, b€V andU < V.

Remark 3.3.6. Our proof of Lemma 3.3.4 uses only the openness of « and (foc/). Con-

versely, considering Remark 3.3.5, the lemma implies (Tocl) and the openness of .

We define the dual for a Priestley space with apartness as follows:

Definition 3.3.7. Let (X; <, T) be a Priestley space equipped with apartness oc. Then

Proz(X) = (U (X);U,N, 0, X; <),
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where < is the binary relation defined on U7 (X) as:

A<y BES A (X\B).

Remark 3.3.8. Note that if X carries the trivial apartness % then the lattice U7 (X') will be
equipped with the trivial proximity <« = C. In fact, the converse is also true: if <y, = C

then o« = £.

Lemma 3.3.9. Let (X; <, T) be a Priestley space equipped with apartness . Then the

relation < of Prox(X) satisfies (<=<).

Proof. Suppose A <, C and D = X\C. So A x D. Fixa € Aandset O, = {z € X |
a x z}. Then O, € T by openness of o, a x O, and (X\O,) x D by (xV) and the fact
that e o< D.

Now by Lemma 3.3.4, there exists a clopen upper subset B, of X such that (X\O,) C
B, and B, « D. Therefore a x (X\B,). Using Lemma 3.3.4 again, there exists
U, € U (X) such that a € U, and U, x (X\B,). The set {U, | a € U} is an open
cover of A which is compact as it is closed. Hence a finite sub-cover {U,, }1<i<p exists.
SetU = U1§z’§n Uy, and B = U1§z‘§n B,,. Therefore U and B are clopen upper subsets of
X with A C U « (X\B) and B < D which implies A <, B and B <, C. This proves
<x € <« <x-

For the other inclusion, suppose A <« B, B < C'and D = X\C. Then A « (X\B)
and B < D. Pick any ¢ € Aand d € D, then any b € X is either in B or in X \ B, so
a « borb o dfrom which a o< d follows by (V). Therefore A o< D which implies
A=<, C. O

Remark 3.3.10. In the proof of Lemma 3.3.9 we need the openness of o, (<)) and (V).

Furthermore, to prove (xV), given the lemma, we need the openness of o< and (Tocl).

Lemma 3.3.11. Let (X; <,T) be a Priestley space equipped with apartness . Then the

relation < of Proz(X) satisfies (< —V) and (A— <).
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Proof. Suppose A <, UUV,C = X\U and D = X\V. Then A  C N D implies
(Va € A)(Ve € C)(Vd € D) a x ({cNld).

Fixce Candd € D. SetO, ={z € X |z xc}and Oy = {z € X | x x d}. By (1<)
and openness of o, O, and O, are open upper subsets of X. Clearly O, & ¢ and Oy x d.
Moreover, by (oll), A o« (X\(O.U Oy)).

By Lemma 3.3.4 and Lemma 3.3.1,

Ao (X\O) N (X\Oqg) hence (I, Va € 07(X)) (X\O,) C V.,

X\Oy) CVyand A < (V. N V)

(
(

and  (X\V,)  cand (X\V,) « d
(AW, Wy € 07 (X)) c € W, d € Wy,
(

X\V.) o« W, and (X\Vy) x W,.

The sets {W, | ¢ € C} and {W; | d € D} are open covers of compact subsets C'
and D, respectively. Therefore finite subcovers {W,, | ¢; € Cand1 < i < n} and
{Wy, | d; € Dand 1 < i < m} exist.

Set U' = N, X\V,, and V' = [, X\V,. Then U’ and V' are clopen upper subsets
satisfying U’ oc C' C |J; W, which implies U’ < U. Equally, V' o< D C J, Wy, implies
V' <« V. Finally A oc X\(U' U V") implies A <, U' U V".

The argument for (A— <) is dual to this. U

Remark 3.3.12. In the proof of (< —V) in Lemma 3.3.9, out of the conditions on , we
need the openness of o, (focl) and (ocl)). Furthermore to prove (ocl|), given that <

satisfies (oc].|), we need the openness of oc and (Tocl).

Theorem 3.3.13. Ler (X;<,T) be a Priestley space equipped with apartness . Then
Proz(X) = (U7 (X);U,N, 0, P; <) is a strong proximity lattice.
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Proof. Clearly (O7(X);U,N, 0, X) is a bounded distributive lattice. Lemma 3.3.9 proves
that < satisfies (<<). (V— <) and (< —A) only require Boolean manipulation similar to

the finite case. Conditions (< —V) and (A— <) are proved by Lemma 3.3.11. O

3.3.2 From Strong Proximity Lattices to Priestley Spaces with Apart-

ness

We remind the reader of the following. For a lattice L, the set of prime filters of L is denoted
by filt,(L). This is ordered by inclusion and equipped with the Priestley topology T,
generated by the collections U, = {F € filt,(L) | v € F}and O, = {F € filt,(L) | x ¢
F}. Obviously, O, = filt,(L) \ U, and so each U, is a clopen upper, and each O, a clopen

lower set.

Definition 3.3.14. Let (L;V, A, 0, 1; <) be a strong proximity lattice. We set
Pries(L) = (filt,(L); C, Tp; o),
where oc is the binary relation defined on filt,(L) as follows:
Fo<<G(d:ef)(E|x€F)(Ely¢G)x<y.

Remark 3.3.15. In the finite case, the definition of apartness relation on filt,(L) given in
Definition 3.3.14 cuts down to that of apartness relation on J(L) given in Definition 3.2.9.
This can be proved as follows.

Recall from Section 2.2 that for a finite distributive lattice L the set of prime filters

filt,,(L) corresponds to that of join-irreducible elements J(L) as follows:

F e filt,(L) <= (3a € J(L)) F = *Ta.
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Suppose F, G € filt,(L). Then F' = ta and G' = 1b for some a, b € J(L). Therefore

Fx,G << ([@HzeF)Tyé¢G)z=<y
— (Fz>a)FyPtbz=<y
= @z>a)@ByecI\thz<y
= a =< \/(I\1h) = g(b), by (< —A), (< =V)

& aoxgb.

Remark3.3.16. < =< — x,=¢.

We will now show that o<, does indeed validate the requirements for an apartness. The

following preparatory result extends the definition to the basic clopen sets U, and O,.

Lemma 3.3.17. Let (L;V, A, 0, 1; <) be a strong proximity lattice and x,y € L. Then
Tz <y <= U, x5 O,.

Proof. (=) is clear. For the other direction, suppose =,y € L such that x £ y. Set
E={Ie€JL)|yeland (Vt € I)x At} £ # () because |y € £. (£, C) is a poset. If
{I;} is a non-empty chain in (£, C) then clearly | J, I; € £. Therefore by Zorn’s Lemma &
has a maximal element J. We claim that J is prime. Suppose a,b € L\ Jbuta Ab € J.
Jo = J{a Ve | ¢ € J} is an ideal properly containing J. Because J is maximal in &,
Jo & €. So there exists ¢, € J such that x < a V ¢,. Similarly, there exists ¢, € J such that

x < bV ¢,. Now, by [54, Lemma 7], we note the following:

x<aVeandzr <bVe = zxz<(aVe)Vegandz < (bVe) Ve,
< z<((aVe)Ver) AN((bV )V ca)

< =< (aAb)V(cVcp).

This gives a contradiction, because J € £ and (a Ab) V (¢, V ) € J.
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Recall that F(L) is the collection of filters in L. Set ( = {F € F(L) | z € F and (Va €
F)(Vb e J) a £ b}. ¢ # 0 because Tz € (. (¢, C) is a poset. If { F}} is a non-empty chain
in (¢, C) then clearly U; F; € (. Hence by Zorn’s Lemma ¢ has a maximal element F'. We
claim that F' is prime. Suppose a,b € L\ FbutaVb € F. Then F, = t{aAc|c€ F}is
a filter properly containing F'. Because F'is maximal in (, F,, & (. So there exists ¢, € F'
and d, € I such that a A ¢, < d,. Similarly, there exists ¢, € F' and d, € I such that

a A ¢y < dp. By [54, Lemma 7], we note the following:

aNcg<dgandbAcy <dy = (aNc))ANcy=<dyVdy
and (b A cy) Neg < dyVd,
< ((aNca)Ney) V(BN cy) ANeg) <dg V dy

< (aVb)A(caNcy) <dgV dp.

The last statement is a contradiction, because (a V b) A (ca A cy) € F, dy V dy € I and

F € (. Hence F is a prime filter. Set G = L \ J. Then F and G are prime filters with
zeF, y¢ G, and F ¢, G
which completes the proof. U

Lemma 3.3.18. Let (L;V, A, 0, 1; <) be a strong proximity lattice. Then the relation
of Pries(L) is open in T, X T, and satisfies (Toxcl).

Proof. Clearly o satisfies (Toc)). Now suppose F' o< G. Then there exist z,y € L such
thatx < y,z € Fand y ¢ G. Therefore

{Fefit(L)|rzeF} o, {GE€fit,(L)|y ¢ J}.
But these sets are open in the Priestley space which proves the openness of ox_. U

Remark 3.3.19. Let (L;V, A, 0,1; <) be a strong proximity lattice. Then the relation o<
of Pries(L) satisfies Lemma 3.3.4 by Remark 3.3.6 and Lemma 3.3.18.
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Lemma 3.3.20. Let (L;V, A, 0, 1; <) be a strong proximity lattice. Then the relation
of Pries(L) satisfies (V).

Proof. Forany F,G € filt (L),

Fox;G < (FaeF)(Ice\G)a<c
< (FbeL)a<bandb < c, by (<=<)
<— U, x5 Opand Uy x< O, by Lemma 3.3.17

<= (VH € filt,(L)) F s Hor H o< G.

The right-to-left direction of the last equivalence is proved as follows. Set O = {H €
filt,(L) | H ocq G}. Then O is an open set with F' oc (filt,(L)\O) and O o< G. Finally
apply Lemma 3.3.4 to get a clopen lower set A around filt (L) \ O with F' oc A and hence
filt,(L) \ A o<< G. By the compactness of filt,(L) \ O the set A can be chosen to be of the
form O. [

Lemma 3.3.21. Let (L;V, A, 0, 1; <) be a strong proximity lattice. Then the relation

of Pries(L) satisfies (<]) and (11x).

Proof. Let F,G, H € filt,(L) be such that F' o< (JH N {G). Recall that | H and |G are
closed subsets of T. Recalling Remark 3.3.19, we can apply Lemma 3.3.4 and 3.3.1 to
geta,z,y € Lsuchthat F € U,, |H C O, |G C Oy and

Uy x4 O3 N Oy = Opgyy.
Hence, by Lemma 3.3.17, a < z V y. Now we have

a<zVy hence (3z',y'el)z' <z, ¢y <yanda<12'Vy, by (<-V)
hence Uy o< Oy, Uy x4 Oy and U, x5 Oy, by Lemma 3.3.17

hence (VK € filt,(L)) K o4 H,K o< Gor F o K.

The argument for (1) is dual. O
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Lemmas 3.3.18, 3.3.20, and 3.3.21 prove:

Theorem 3.3.22. Let (L;V, A, 0, 1; <) be a strong proximity lattice. Then the relation

of Pries(L) is an apartness on the Priestley space (filt,(L); C, Tr).

3.3.3 One duality and two equivalences
Objects

This subsection shows that the translations of the previous two sub-sections are inverses of
each other. Our representation theorem relies on the Priestley duality, therefore only the

behaviour of proximity and apartness need to be studied.

Theorem 3.3.23. Let (L;V, A, 0,1; <) be a strong proximity lattice. Then the map
n. : L — Proz(Pries(L)); z — Uy,

is a proximity isomorphism.

Proof. By Priestley duality, 7y, is a lattice isomorphism. For every z,y € L,

r<y <= Uyog Oy = filt,(L)\U,, by Lemma 3.3.17
— U; <« Uy

= (@) <« ney)-
O

Definition 3.3.24. Let X; and X be Priestley spaces equipped with apartness relations o<y

and oy, respectively. A map f : X; — X, is said to be:

e an apartness map from X, to Xj if it is continuous, order-preserving, and for every
a, be X17
fla) o2 f(b) = a 1 b,
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e an apartness homeomorphism from X; to X, if it is an order-isomorphism that is

also a homeomorphism, and for every a,b € X1,

axy b= f(a) oz f(b).

Theorem 3.3.25. Let (X; <, T) be a Priestley space equipped with apartness . Then the

map

ex : X — Pries(Proz(X));z — {U € W (X) |z € U},
is an apartness homeomorphism.

Proof. By Priestley duality, ex is an order-isomorphism and a homeomorphism from X

onto filt,(U7(X)). For every z,y € X, we have

Ty <= AU eWX)FV e X)relUyeVadlU xV
= U eWX)EV e (X)reUyeVadU <, X\V
— {UeWX)|zeU}x,, {UecU(X)|yeU}
= ex(z) <, ex(y).

The first equivalence is true by Lemma 3.3.4. U

Lemma 3.3.26. Let (L;V,A,0,1;<) be a strong proximity lattice and (X;<,T) be a

Priestley space equipped with apartness .

1. The relation . of Pries(L) satisfies the following:

2. The relation < of Prox(X) satisfies the following:

X=%£ &= <x=<.
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Proof. 1. The left-to-right direction follows from Remark 3.3.16. For the other direc-

tion, suppose that < = £. Then by Remark 3.3.16 <, = C. Forany z,y € L,

<y <= n(r) <« no(y), by Theorem 3.3.23
— {Fefit,(L)|re F} C{F € filt,(L) |y € F}
— z<y.

The last equivalence is true by Lemma A.16 after identifying J and G of the lemma

with |y and 1z, respectively.

2. The left-to-right direction follows from Remark 3.3.16. For the other direction, sup-

pose that <, = <. Then by Remark 3.3.16 & = Z. Forany z,y € L,

rxy <= ex(r) <«, €x(y), by Theorem 3.3.25
— {UeW(X)|zeU}Z{UecU(X)|yeU}

<= z £ y, by the Priestley’s separation condition .

O

Remark 3.3.27. Since we have shown that the trivial apartness relations (x = £) and
proximity relations (< = <) get translated into each other, it is clear that our representation

theorem is a proper extension of that of Priestley.
Morphisms

Morphism I: Apartness Maps and Proximity Homomorphisms

Lemma 3.3.28. Let X, and X5 be Priestley spaces equipped with apartness relations
and s, respectively, and (L1;V, A, 0,1; <1) and (L9; V, A, 0,1; <9) be strong proximity

lattices.
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1. For a proximity homomorphism f : Ly — Lo, the map
Pries(f) : Pries(Ly) — Pries(L,); F — f~(F),
is an apartness map.

2. For an apartness map ¢ : X1 — X, the function
Prozx(¢p) : Prox(X,) — Proz(X,);U — ¢ 1 (U),
is a proximity homomorphism.

Proof. 1. Pries(f) is a well defined continuous order preserving map by [20, Theorem

11.31]. For every F,G € ﬁltp(LQ),

Pries(f)(F) <<, Pries(f)(G) = (3 a € Pries(f)(F))
(3b ¢ Pries(f)(G)) a <1 b
= f(a) <2 f(b)
— F o, G, because f(a) € F

and f(b) ¢ G.

2. Proz(yp) is a lattice homomorphism by [20, Theorem 11.31]. We prove that it pre-

serves the proximity relation. For every Uy, Us € UT(X 2),

Uy <, Us = Uj 9 Xo\Us

7 (U1) o1 97 (X2 \ Ua)

7 (Uh) o X1\ ' (Ue)

e (T1) <a (o)
Proz(p)(Uy) <«, Proz(p)(Us).

el
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We define PS to be the category whose objects are Priestley spaces equipped with apart-
ness relations, and whose morphisms are apartness maps. We also define PL to be the the
category of strong proximity lattices and proximity homomorphisms. Therefore theorems
3.3.23 and 3.3.25 and Lemma 3.3.28 show that the classical Priestley duality between dis-
tributive lattices and Priestley spaces can be restricted to the (non-full) sub-categories PL

and PS. To summarise:

Theorem 3.3.29. The functors Pries and Proz establish a dual equivalence between the

categories PS and PL.

Remark 3.3.30. All the information about Pries(f) and Proz(¢p) stated in Remark 3.2.25

is still valid for the general case by Priestley’s representation theorem [20, Theorem 11.31].

Morphism II: Approximable Relations and Separators

As explained in the introduction, to cover all Scott-continuous maps (representing com-
putable programs), between stably compact spaces, Jung and Siinderhauf introduced wider
classes of morphisms for lattices; strong proximity lattices were equipped with approx-
imable and weakly approximable relations (Definition 2.7.2). PLa ( PLwa) is the cate-
gory whose objects are strong proximity lattices and whose morphisms are approximable
(weakly approximable) relations. In this category, the composition is given by relational
product.

The counterpart of PLa (PLwa) is the category PSs (PSws) of Priestley spaces equipped
with apartness relations as objects, and separating (weakly separating) relations (Defini-
tion 3.1.5) as morphisms. To fill all the mathematical gaps, in the following, the first ob-
jective is to introduce the translation between separating and approximable relations. The
other objective is to present identities and a definition of composition, and then show that

the laws for a category are satisfied for PSs and PSws.
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Definition 3.3.31. Let X; and X be Priestley spaces equipped with apartness relations o<y
and o<y, respectively, and let x C X x X, be a separating relation. For A € Proz(X;) =
U7 (X,) and B € Proz(X,) = U7 (X)),

Ab, B<ES A x (X,\B).

Definition 3.3.32. Let (Lq;V,A,0,1;<1) and (Lo; V, A, 0, 1; <) be strong proximity lat-
tices and let - be an approximable relation from L, to Ly. For F' € Pries(L;) = filt,(L1)
and G € Pries(Ly) = filt,(Ls),

Fx . GE& 3ze@Ey¢G)aty.
The following facts are proved similarly to their counterparts earlier in this chapter.

Lemma 3.3.33. Let X, and X5 be Priestley spaces equipped with apartness relations
and g, respectively, and let X C X; X Xy be a separating relation. For closed subsets
A C X, and B C Xy, if A X B then there exist U € U7 (X,) and V € O7(Xy) such that
ACU BCVandU x V.

Lemma 3.3.34. Let (L1;V, A, 0,1; <1) and (La; V, A, 0, 1; <o) be strong proximity lattices

and let = be an approximable relation from Ly to Ly. Then
(VCL € Ll)(Vb € LQ) abb<= U, xp O,.

Theorem 3.3.35. Let X, and X5 be Priestley spaces equipped with apartness relations
and s, respectively, and let x C X X Xy be a separating relation. Then the relation
Fx satisfies (- — <2), (=<1 —F), (V="F), (F —=A) and (F —V). So it is an approximable

relation between Proz(X:) and Prox(Xs,).

Theorem 3.3.36. Let (Lq;V,A,0,1;<1) and (La;V, A, 0,1; <9) be strong proximity lat-
tices and let = be an approximable relation from L to Lo. Then the relation X satisfies
(1, xds), (Vx), (XV) and (Xnl). Therefore it is a separating relation between Pries(L1)

and Pries(Ls).
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Lemma 3.3.37. Let (L;V, A, 0,1; <1) and (La; V, A, 0, 1; <o) be strong proximity lattices
and let = be an approximable relation from Ly to Ls. Let X1 and X4 be Priestley spaces
equipped with apartness relations 1 and s, respectively, and let x C X; x Xy be a

separating relation. Then
o I X y<=ex, (z) Xr, €x,(y).
o atb<=ny(a)Fx. nL,(b).

Proposition 3.3.38. Let (X;<,T) be a Priestley space with apartness . Then  is a

separating relation from X to X.

Proof. (1,xl5), (V) and (XxV) are clearly satisfied. (xnJ) is proved by induction on n
as follows. The cases where n = 0, 1 or 2 are clear. For the induction hypothesis, suppose
(xnJ) is true for n = m and m > 2. We now prove that (xnJ) is true forn = m + 1.

Suppose that for some b € X and {d; ..., dn1} C X, b o [N cicpnyq didi- We note the

following
(N ddi= () 4dinldma
1<i<m+1 1<i<m
=J{tlte () ddi} nldma
1<i<m
= J{tnldn [te () ldi}
1<i<m
Therefore

box () hidie= (Ve () ddi)boc (1N Ldmy)-

1<i<m+1 1<i<m
Now letc € X besuch thatb ¢ cand ¢ ¢ dp1. Thenby (ocl)), (Vt € (g i) €
¢ and by the induction hypothesis there exists 1 < j < m such that ¢ < d; which completes

the proof. U
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Definition 3.3.39. Let X, X5, and X3 be Priestley spaces equipped with apartness rela-
tions o<1, o, and oc3, respectively. Let X C X; X X5 and X' C X, x X3 be separating
relations. The composition x o X’ C X; x X3 is defined as follows:

(V—comp) axox'c <L (Vbe Xy)axborbx'ec.

The following technical lemma is needed to show that the composition of two separators

satisfies (xnJ):

Lemma 3.3.40. Let X1, and X, be Priestley spaces equipped with apartness relations 1,
and g, respectively. Let x C X; x Xy be a separating relation. For every a € X and
{A;]1<i<n}CO7(Xy),

a X ﬂAi:> (Vz € X1) a oy z or (Fi) z X A;.

1

Proof. Suppose by way of contradiction that x € X; and d; € A; such that @ ; x and
(Vi) z ¥ d;. On the other hand, we note that a x ()Jd; C [ A;. Then by (xnl) there

exists ¢ such that x x d;, which is a contradiction. O

Lemma 3.3.41. Let X1, Xy, and X3 be Priestley spaces equipped with apartness relations
X1, Xg, and s, respectively. Let x C X1 X Xy and X' C X5 X X3 be separating rela-

tions. Then the composition of X and X' is again a separating relation.

Proof. Suppose x X o X" yandset O = {t € X, | t x" y}. Then O is an open subset of
X, with z x (X,\0). By Lemma 3.3.33, there exist U € U7 (X;) and V € O7(X5) such
thatx € U, X;\O C V and U x V. Therefore (X5\V) x’ y. By applying Lemma 3.3.33
again, there exists W € O7(X3) such that y € W and (X,\V) x’ W. Hence U x V
and (Xo\V) x’ W implying U x o x’ W. This proves that X o X’ is open and satisfies
(T1xds).

(V) is proved as follows. Let x X o x’ y and z € X; such that x ; z. We claim
that z X o X’ y. Lett € X5 such that z ¥ t. Therefore, by (VX) x ¥ t, and so ¢t X' y, by

definition of composition. Hence z x o x’ y. (xV) is proved similarly.
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(xnJ) is proved as follows. In the following let O; = {t € X, | t X' d;}.

bxowx' (Vld = (WreXp)bxrorrx'[ld

(Vr,t € Xo) b x 1,7 o tor (i) t X' d;, by (xnl)
(Vt € Xp) b x tor(3i)t x'd;, by (xV)

b x ()(X2\0;) and (Vi) O; ' d;

(3

(Ve € X1) b oy cor (Fi) e X (X2\0;)

il

and O; X' d;, Lemma 3.3.40

I

(Ve € X1) b oy cor (F) ¢ x o X' d

Lemma 3.3.42. PSs and PSws are categories.

Proof. For associativity of composition we compute:

r(Xxox)ox"y < (VreXz)zxox'rorrx"y
— (VreXz)(VseXy)ozxs, sx' rorr x"y
— (VseXy)zxsorsx ox"y

— 1z xo(x' ox")y.

Identities are given by the internal apartness relations which is a valid choice by Lemma 3.3.38.

They satisfy oc; o X = X and X o o = X by definition. U

Theorem 3.3.43. The categories PSs (PSws) and PLa (PLwa) are equivalent to each

other.
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Figure 3.4: The lattice B

3.3.4 Examples
The Unit Interval
Consider the strong proximity lattice:
B ={((o,1];[k,1]) |0 <k <o <1},

where

((0,1], [k, 1]) =< ((o, 1], [k, 1]) €& o' < k.

It represents the unit interval (with the Scott topology) as a stably compact space under the
Jung-Siinderhauf duality. Figure 3.4 gives a pictorial description of the lattice B.
For a given r € [0, 1], we define a horizontal line hl, and a vertical line v, of the lattice

B as follows:
hi, = {((r,1],[k,1])) |0 <k <7}, vl, ={((0,1],[r,1]) [T <0< 1}.
The following facts describe the Priestley space (X; T, <, oc<) which represents B.
1. X is the set of prime filters of B which can be described concretely as follows:

X ={F,F2,G;,G>|0<r<1},
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Figure 3.5: The prime filters F},  and G? 5 of the lattice B

where

F! =1hl,, F?> =1hl, \ hl,, G} = tvl, and G? = tol, \ v,.
A pictorial descriptions of Fjj 5 and G2 5 is given in Figure 3.5.

For a computational interpretation, assume some concrete representation of real num-
bers as finite and infinite streams of digits. A stream that begins with 0.5 and then
stops explicitly (indicating that all following digits are zero) corresponds to value
G? in that it validates all tests z < 0.5 + € with € > 0. On the other hand, a stream
that begins with 0.4 and then produces 9’s forever, corresponds to G} 5 in that the test
x < 0.5 does not produce “false” in finite time. No test can distinguish between the
two streams by looking at a finite initial segment of digits; the most we have is a test

(z < 0.5) which terminates for one and never answers for the other.
2. < = C. Figure 3.6 shows the space X.

3. The following collection is a sub-basis for T,

8(T)={lF? |G?, 1F' and 1G} | 0 <7 < 1},

4. VA, Ap € X) A, s Ap <=1 >1'.
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T=F=0G;

FfI\

. oG
Frl .
F,?QG%

T
Fy :

G\IG(I)

1L =F; =Gj

Figure 3.6: The space X

Proof. 1. Itis clear that X C filt,(B). For the other direction, let ' € filt,(B). If
F = B\{Llg} or FF = {Tg} then F is clearly in X. Therefore we assume that
F does not have any of these forms. We also assume that F' ¢ {F?, G.,G? | 0 <
r < 1}. we claim that F = F! for some 0 < r < 1. Suppose ((o1,1], [k1,1]) €
F,((01,1], [k2,1]) & F and ko > k1. As F ¢ {G},G? | 0 < r < 1}, there must exist
((09, 1], [k3,1]) € F and ((01,1], [ks,1]) & F such that ke > k3 > ki and 0y < o0;.
Hence

((017 1]7 [klv 1]) A ((027 1]7 [k37 1]) = ((01, 1], [k3’ 1]) ¢ F

which is a contradiction. Therefore
((01,1], [k1,1]) € F = hl,, C F.

SoF e {F2F0<r<1}butF ¢ {F? 0<r<1}. Hence F = F for some

0<r<1.
2. By definition, < = C.
3. For ((o, 1], [k, 1]) € B,

@) X1 = TF, ULGE,
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() X\ X1 = {F2 UG}, and

(C) X([O,l],[O,l]) = X and X(@’@) = @

Hence the set {|F? U |G2,1F} U1G;| 0 < k < r < 1} is sub-basis for T and
therefore the {{F?, |G? 1F!, G} | 0 < r < 1} is a also a sub-basis for 7.

4. Let A,, A € X be such that A, oc A,r. Then there exist z; = ((01, 1], (k1, 1]) € A,

and xo = ((02, 1], (ko, 1]) € B\ AL such that z; <g 5 and we have
x1 <p Ty => [k1,1]) C (02, 1] = k1 > 0.
But we have k; < r because x; € A, and 0, > 7’ because x5 ¢ A!. So we get
r>k>o0>1r=r>r.

Let A,, Ay € X be such that 7 > /. Letz; = ((r' + 27772 1], [/ + 277 1))

and 2o = ((r' + ’"_T’J, 1], [ + T_TTI’ 1]) . Then z; € A, and 25 € B\ A,.. Moreover,

x1 <3 T because [’ + B(zil), 1]) C (r' + 5=, 1]. Therefore A, oc A,

O

Neo

Ny, denotes the the chain N with co adjoined as a top element. We define a topology T on

Ny, as follows:

UeT<E& ¢ U or (0o € Uand N \U is finite).

(N, T) is a Priestley space and its lattice of clopen upper sets is isomorphic to the chain
(N @ 1,>) [20]. In the following table, the left-hand side column shows examples of
apartness relations, on (N, T). Their corresponding proximity relations on N @ 1 are

shown in the right-hand side column of the table.
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xonN <<conN®1

> >

> \ (00, 00) >U{(n,n+1) | neN}

Tex le—1,forsome () <ceN n<o<m<d:ef>n20,m:10rn202m

The Cantor middle third’ Set

The Cantor "middle third” set C' considered as a subset of [0, 1] and ordered by the natural
order of reals is a Priestley space [20] and its lattice of clopen upper sets is isomorphic
to the chain B = {(), C} U Fg, where Fr = {F | F is aremoved interval}, ordered as
follows:

Fy §F2<d:(af>F1 C tF,.

The following table shows two apartness relations on C' and their corresponding proximity

relations.
o on(C <sxonB
> <

MrnC)x (IrNC),reFeFp | <K& P =0F=CoF,<F<F

The Algebraic Chain

Let C be an algebraic chain and T be the interval topology on C. Then (C; T) is a Priestley

space and its lattice of clopen upper sets is
B ={0,C} U {1k | k is finite}.
Fix a finite element f € C'. Then the binary relation
ocg =1 x (LA\Sf)-

is an apartness on C' and its corresponding proximity relation on B is defined as follows:

U= U U=0,U'=C,or(U=1kU =1k and k > f > k).
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Ordinals

Let X be the set of all ordinals less than or equal to an ordinal A ;i.e.

X ={¢1£ <A,

and J be the order topology on J; i.e the topology which has a sub-basis consisting of open

intervals:
{€1E<Bland{{[B<E<ALBSA
Then (X; T) is a Priestly space [11, chapter 1] and its lattice of clopen upper sets is

B={0,I\}U{IA\LB] B <AL

Fix an ordinal v € X. Then the binary relation
oy = (LAY) x ()
is an apartness on X and its corresponding proximity relation on B is defined as follows:
U~o, UL U =0,U" = |\ or (U= 1\, U' = [\’ anda > 7 > o).

Remark 3.3.44. Let (8 be an ordinal which is not a limit ordinal and T be the order topology
on S. Fix an ordinal y < (. Then o, is an apartness on the Priestley space (5; <, 7). This
so because 3 = X\ + 1 for some ordinal A and the order type of 5 is {a | a < B} = |\

The Power Set

Suppose S is a set and (p(5), C) is equipped with the topology T that have the following

subbasis:
{tH{s}h p(S\t{s} | s € S}.

Then (p(S), C; T) is a Priestley space [20]. Fix s € S. Then the binary relation :

o = M{s} x (p(S)\1{s})
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is an apartness on @(S).
Clopen upper subsets of ((S) are precisely the sets of the form
UF: {Ag S ‘ {817"'7571} gAand<817"'75n> € H E}v
1<i<n
where F' = {F; Cp S| 1 < i < n}. Therefore <, is defined on clopen upper sets as

follows:

U<, U & U=0,U=U(p(S)), or (U=Up,U' = Up,

F; = {s} for some i and s ¢ U Up.

3.4 Indistinguishability vs. Apartness

We noted in Lemma 3.3.26 that the proximity relation on a strong proximity lattice is the
lattice order (< = <) if and only if the corresponding apartness relation on the representing
Priestley space is the complement of the space’s order (ox = £). This observation suggests
representing the negation of the proximity relation (rather than the proximity relation itself
as we have been doing so far). In other words, representing the negation of the proximity
relation looks promising in terms of obtaining a simpler binary relation on the other side of

the duality (the side of Priestley spaces). The important question now is the following:

How would the primary definitions of interest (apartness relations on ordered
sets and Priestley spaces and (weak) separators) look like provided that we
represent the negation of the proximity relation rather than the proximity rela-

tion itself?
In the following, we introduce the answer to this question.

Definition 3.4.1. A binary relation o on an ordered set (P, <) is co-apartness if, for every

a,t,x,y € P,
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2. X 0oX=X.
3. 3tePlaxtxz,y= (3t' € P)axt <uzv.
4. (FteP)r,yxtxa= (' € P)z,y >t xa.
where A o< B is a shorthand for a o< bforalla € A,b € B.
Remark 3.4.2. 1. For any ordered set (P, <), < is a co-apartness.
2. o is a co-apartness on (P; <) if and only if oc ! is a co-apartness on (P; >).
Definition 3.4.3. A binary relation o on a Priestley space (X; <, T) is co-apartness if
1. o isclosedin (X;T) x (X;T).
2. o is an apartness on the ordered set (X, <).

Definition 3.4.4. Let (X1; <;;7T) and (X5; <5, T5) be Priestley spaces equipped with co-
apartness relations oc; and o<y, respectively, and let X be a binary relation from X; to X5.

The relation X is co-separating (or co-separator) if it is closed in T x T3 and if, for every

a€ X;and {d; | 1 <i<n} C X,
1. <iox o<, C K.
2. X =1 0 X.
3. X = X 0 Xg,
4. (e X))axyt Xdy,...,dy = (Tt € Xo)axt <d,...,dp.

The relation X is weakly co-separating if it is closed and satisfies all of the above condi-

tions, but not necessarily the last one.
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From the proofs established using apartness relations, in this chapter, two facts should

be clear now:

1. Priestley spaces equipped with co-apartness relations and co-separators (weak co-
separators) between them are indeed the objects and morphisms, respectively, of a

category. We let this category denoted by CPSs (CPSws).

2. The whole theory established in this chapter can be represented using the categories
CPSs and CPSws rather than PSs and PSws. The results that we would get using
the former categories are analogous to that we have proved in this chapter using the

latter categories.

We prefer to work with the categories PSs and PSws rather than with CPSs and CPSws

for two reasons:

1. Binary relations that are very similar to apartness relations occur naturally in con-
structive mathematics. Therefore our terminology suggests that apartness relations
on Priestley spaces are related to, for example, Giuseppe Sambin’s pre-topologies,
[95, 96, 9]; this is indeed the case as follows. Let (X; <, T) be a Priestley space

equipped with apartness . A lower set O in X is said to be isolated if
O={zreX|X\O xz}.
The set of all open lower isolated subsets of X is denoted by iso;(X).

Theorem 3.4.5. Let (X ; <,T) be a Priestley space equipped with apartness x. Then
is0y(X) is closed under finite intersections. Therefore (iso;(X);N, X) is a commu-

tative monoid. The relation <1 on iso;(X), defined by

0, <0, &L 0, x (X\0»),

satisfies the requirements for a precover in the sense of [96].
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2. Experiments show that working with apartness relation is mathematically more con-
venient; proofs established using apartness relations are more tidy than proofs estab-

lished using the co-apartness relations.



Chapter 4

Stably Compact Spaces in Priestley

Form

4.1 Introduction

In [54], the category PLa, of strong proximity lattices and approximable relations between
them, was proved to be equivalent to the category SCS, of stably compact spaces and
continuous maps between them. In the previous chapter, we have extended Priestley duality
to cover the class of strong proximity lattices; this was done via equipping the Priestley
spaces with an apartness relation. It was shown that the category PSs, of Priestley spaces
with apartness and separating relations between them, is dual to the category PLa.

The facts mentioned above imply immediately that the category PSs is dual to the cat-

egory SCS. But is there a direct translation between these two categories? In other words:

What is the direct relationship between Priestley spaces equipped with apart-

ness and stably compact spaces ?

The answer, which we will develop in this chapter, will take the following form:

For a Priestley space (X; <, T) with apartness < and A, B C X we define:
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l. x[A] ={z € X |z x A} and [A]x = {z € X | A «x z}, where, as before, A x B
is a shorthand fora x b foralla € A, b € B.

2. core(X) ={z € X | [z]oc = X\ Tz}
3. T"={OnN core(X) | O is an open upper subset of X }.
One of our primary results, then, is the following:

Theorem 4.1.1. Let (X; <, T) be a Priestley space with apartness . Then {core(X),T")
is a stably compact space. Moreover, every stably compact space can be obtained in this

way.

The second objective of this chapter is to extend the Jung-Siinderhauf representation
theorem for stably compact spaces to cover coherent spaces. In other words, we will re-

move the compactness requirement on the topological side of Jung-Siinderhauf duality.

4.1.1 Organisation

The chapter is organised as follows. Section 4.2 presents some preparatory results that are
necessary for the following sections. Sections 4.2 and 4.3 investigate the direct relationship
between Priestley spaces equipped with apartness relations and stably compact spaces. The
relationship between frame homomorphisms, continuous maps and separators is studied in
Section 4.4. This leads to the result that the categories SCS and PSs are dual equivalent.
Section 4.5 uses Priestley spaces with apartness to prove some facts about the co-compact
topology of a stably compact space. In section 4.6, we link the notions of isolated set and
round filter. In Section 4.7, we extend Jung-Siinderhauf duality for stably compact spaces

to cover coherent Spaces.
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4.2 Preparatory Results

Definition 4.2.1. Let (X; <, T) be a Priestley space with apartness o< and let A be a subset
of X. Then

l. x[A] = {z € X | x x A} and [A]x = {z € X | Ax z}, where A x Bis a

shorthand fora x bforalla € A, b € B.

2. Anupper set U C X is said to be isolated if U = x[X\U]. A lower set D C X is
said to be isolated if D = [X\D]cx. The set of all upper isolated open subsets of X
is denoted by iso,(X) and the set of all lower isolated open subsets of X is denoted

by iso;(X).
3. core(X) ={z € X | [z]oc = X\Tz} = {z € X | X \ tz is isolated}.

Remark 4.2.2. For every x € core(X), = & .

The following lemma follows from condition (V) in the definition of apartness relation

(Definition 3.1.1).

Lemma 4.2.3. Let (X; <, T) be a Priestley space with apartness <, a € X andV,B C X.
Then
axVand X\V x B= a x B.

An Example

Consider the unit interval example shown in detail in Section 3.3.4. Let 0 < r < 1. Then
A=1G}and B, = J,..,
because G2 € X\A and G} ¢ G? which means that A # «[X\A]. On the other hand,

B, is isolated because, clearly, B, = «[X\B,|. Moreover, {B, | 0 < r < 1} is the set of

TG, are open upper subsets of X. We note that A is not isolated

isolated upper proper subsets of X.

Lemma 4.2.4. Let (X; <,T) be a Priestley space with apartness x. Then
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1. For a closed subset C of X, x[C] € is0,(X).
2. For every upper isolated open set I, I = | J"{x[V] | V € OT(X) and TUV = X }.

Proof. 1. By Lemma 3.3.4, &¢[C] is a union of clopen upper sets and hence is an open

upper set. We have

rxC < (Vy)zxyoryxC by (xV)
= WyxC)zoxy
— (VWye (X\x[C])x xy

— rx (X\x[C)]).
This completes the proof of 1.

2. The equality in (2) follows from Lemma 3.3.4 together with the fact that I is isolated
as follows. From I = [X\I] we get for all z € I, x oc X\I. Both {z} and X\/
are closed, so we can apply Lemma 3.3.4 to obtain U € U7 (X) and V € 07(X)
such that z € U, X\I C V and U V. In other words, UV = X and z € x[V].
For the directness of the union, let V; € O7(X),1 <4 < 2, such that V;U T = X.
Then clearly V; N'V3 € O7(X), (Vi N Vo) UT = X and o[V4], ox[Va] C [V1 N Vo).

U

Corollary 4.2.5. Let (X; <,T) be a Priestley space with apartness . Then
(Vz € X) «x[z] € is0,(X).

Theorem 4.2.6. Let (X;<,T) be a Priestley space with apartness x. Then (is0,(X); C)
forms an arithmetic lattice in which 1 < 1. The following statements are true for all

I,J € isoy(X) and {I} }kex C 150, (X):

1. Niex Ir = X[Ugex (X\Ii)]. Finite infima are intersections.
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2. Viex I = <[gex (X \I)]. Directed suprema are unions.
3 I <= 3FAVe0X)[xVandVUJ=X.

Proof. 1. Let A denotes the r.h.s. of 1. By Lemma 4.2.4(1), A belongs to iso,(X). Itis
clear that A is contained in all 1. For the converse, let I be an isolated open upper
set contained in all I;. Then I = o[X\I] and X\I D |, (X\Ix). Since X\I is
closed, also X\I D [J,(X\I;). Hence I C o[J,(X\I})]- If the K is finite, then
XN 2 U (X\ k)

OC[U (X\I})] = ‘X[U X\[] = ﬂ x[X\I;] = ﬂ 1.
keEK keEK kEK keEK
2. Let B denotes the r.h.s. of 2. Again by Lemma 4.2.4(1), B belongs to is0,(X). It
is clear that B is the least upper bound of {Ij}re k. If {I}}rex is directed, then we

show that B C |J,c g Ir as follows:

r€EB = 7rx ﬂX\Ik
keK

= 3V eO’ (X)) roVand ﬂ (X\1x) C V,by Lemma 3.3.4

keK

= (@FkeK)zeL C L

kEK
The last implication is true because | J, . Ix is an open cover to the compact set
X\V. Hence by directness of {Ij}rex, X\V is contained in I} for some k£ € K.
Therefore x o (X \I) implying = € I.

3. The implication from left to right in (3) follows immediately from Lemma 4.2.4(2).
For the converse assume the right hand side, and let J C U; Jy in is0,(X). Since
X\V is compact, for some k, VU J, = X, or X\J, C V. From this it follows
that J, = x[X\Jx] 2 [V] and the latter is a superset of I by assumption. With

this characterisation, the continuity of iso,(X) now follows from Lemma 4.2.4(2).
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X < X follows by setting V' = () in 3. The way-below relation on iso,(X) is

multiplicative:

IKJLF = AW,hedX)VuJ=X, buF=X,TxV,UV,
= ViUl e 07(X), iuW)u(JNF)=Xand I < V; UV,

= IKJNF.
Finally we prove that iso, (X) is distributive.

z2€IN(JVF)=IN(JVF) = zx (X\I)andz x (X\(JUF))

= X\ n(Ju F)))

(
o (
o< (X\((InJ)u (I N F)))
(

=

= zx (X\(UAJ)N(X\(IAF)))

= z€(IANJ)V({IAF).

The other inclusion is always true. U
The following corollary follows from Table 2.1 that is given in Section 2.4.

Corollary 4.2.7. Let (X;<,T) be a Priestley space with apartness <. Then the point
topology pt(iso, (X)) on iso,(X) is a stably compact space whose lattice of open subsets

is isomorphic to 150, (X).
In the following, Sfilt(iso, (X)) denotes the set of Scott-open filters in iso,(X).

Lemma 4.2.8. Let (X;<,T) be a Priestley space with apartness x, © € X, C a closed
subset of X, and F € Sfilt(is0,(X)). If A= {z € X | x[z] € F} then

I x[r] e F<= AV, €07 (X))z €V, V, C Aand x[V,] € F, and

2 CCA=x[CleTF
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Proof. 1. The left-to-right direction is obvious. For the other direction we have

x[z]€F = AV e0’(X))x[z]UV = X and x[V] € F, by Lemma 4.2.4(2)
— (X\V)xzand x[V] € F

= 3V, e (X)zeV, (X\V)xV,, x[V]€F

— (Y e V,) x[V] C x[V,] C «[v], and [V] € F by Lemma 4.2.3
—

Ve C ®(F) and x[V,] € F.

2. The right-to-left direction is proved as follows. For every ¢ € C, x[C] C ||

implying [c] € F. Therefore for every c € C, ¢ € A.

The other direction is proved as follows. By the first part of the lemma for every
c € C, there exists a clopen lower set V. such thatc € V. C A and x[V,] € F. The
set {V. | ¢ € C'} is an open cover to the compact set C. Therefore a finite subcover

{V,, | 1 <i < n} exists. Now it is easy to check that

3

(exlVel) = ol Vel € x[CTand [Y(x[Ver)) € -

Therefore [C] € &F.

Lemma 4.2.9. Let (X;<,T) be a Priestley space with apartness . Then iso;(X) =
Sfilt(iso, (X)) via the mappings:

@ : Sfilt(is0y, (X)) — is0y(X); Fr— {2 € X | x[x] € F}, and
U : 4s0)(X) — Sfilt(isoy(X)); F — {I € iso,(X) | FUI = X}.

Proof. We show that ® is well-defined. ®(&F) is open lower because it is a union of clopen

lower sets by Lemma 4.2.8(1). It remains to show that [X \®(F)]oc = ®(F). This is proved
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as follows.

x[z] € F = 3V e€0’(X))(X\V)xrand x[V] € F, by Lemma 4.2.4(2)
— AV el(X))(X\V)xz, VC&F), by Lemma 4.2.8(2)
= X\®(F) x z.

The other direction of the first implication is also true as follows. By (V)
(Vy € X)y x V =y x z, because (X\V) x z.

Therefore [V] C |z]. Hence x[z] € F because «[V] € F. The other direction of the
last implication is also true by Lemma 3.3.4.

Clearly W(F') is an upper set and closed under finite intersections. We show that W (F’)
is Scott-open. Let {I;};c; be a directed family in iso,(X) such that V;EJ I, € ¥(F).
Then by the directness of {I};c; and compactness of X\ F' we have

ULevF)= X\FC|JI= 3k X\F C I, = I, € I(F).
jeJ jed
Clearly ® and ¥ are monotone. We now show that they are inverses of each other. We

have

Vod(F)={I €is0,(X) | ITUDF)=X}=7.
This is true because by Lemma 4.2.8(2)
TUP(F) =X <= X\ICPF) <= =x[X\I] e TF.

We also have

PoV(F)={re X |x[z]UF=X}=F.

This is true because

r€F<— (X\F) xz<+= (X\F) C x[z] <= x[z]UF = X.
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The following corollary follows from Table 2.2, given in Section 2.4, of correspon-
dences between concepts on the topological and localic sides of Stone duality. In the fol-
lowing, for a topological space X, let KXx denote the set of compact saturated subsets of

X.

Corollary 4.2.10. Let (X; <,T) be a Priestley space with apartness x. Then (iso;(X), C)

and (Kpy(iso, (X)), 2) are isomorphic.

The following lemma is the first step towards smoothing the way in which we get stably

compact spaces from Priestley spaces equipped with apartness relations.

Lemma 4.2.11. Let (X;<,T) be a Priestley space with apartness x. Then core(X) is
isomorphic to pt(iso,(X)).

Proof. By definition of core(X) (Definition 4.2(3)), it is enough to show that the maps of
Lemma 4.2.9 are well defined when restricted to lower isolated sets of the form X'\1z,

where = € core(X), and completely prime Scott-open filters. Suppose x € core(X).
U(X\1z) ={I € is0,(X) | (X\Tz)UI = X} ={I € iso,(X) |z € T}.
Let {Ii}iEI - ZSOu(X) such that VZEI{I'L} € \I](X\TLE) Then
x € \/{IZ} =T X\UIi = X\UIi Clrlx=X\tz <=1z € UI,-.
iel iel i€l iel
Hence W (F') is completely prime.

Suppose F is a completely prime element in Sfilt(iso,(X)). Set C = X\®(F). We
first show that C # (). Suppose X = ®(F). Then by Lemma 4.2.8(2), x| X] € F. For
every I € iso,(X)

X\ C X = o[ X] C o[X\I] = I.
Therefore every I € iso,(X) belongs to F because x| X | does. Hence F = iso,,(X) which

is a contradiction because F is a proper subset of iso,(X) as a completely prime filter.



135

Therefore C' # ). We show that C' = 1z for some z € X . For the sake of contradiction we
assume that C' has more than one minimal element. Let A be the set of minimal elements
in C'. For two different elements a, b of A, there exists a clopen upper set U, containing
a but not b. The set {U, | a € A} is an open cover of C' which is compact because it
is closed. Then a finite sub-cover {U,, }1<i<y exists. Therefore C' C | J, <i<n Ua;- Hence
Micicn X\Us; € @(). This implies, by Lemma 4.2.8(2), o[, ;<,, X \Us,;| € F. But we
have, By (),

o () X\Ua] € <X\ | [X\UoJl = o[ (] X\x[X\UaJ]= \ o[X\Uai]-

1<i<n 1<i<n 1<i<n 1<i<n
Therefore \/, ,.,, x[X\U,,] € F. Hence there exists i such that o«[X\U,,] € F. Therefore
X\U,, € ®(F) and C C U,,. The last implication is a contradiction because U,, does not

contain one of the minimal elements of C'. Hence ®(F) = X\ 1z for some z € X. O

Remark 4.2.12. As the definitions of iso,(X) and iso;(X) are dual to each other and by

Remark 3.1.4.2, every result obtained above about iso,(X) has a dual fact concerning

iso(X).

Definition 4.2.13. Let (X; <,T) be a Priestley space with apartness oc. Then J” is the
topology on core(X) defined by

T = {core(X) N A | Ais an open upper setin X }.

Lemma 4.2.14. Let (X; <,T) be a Priestley space with apartness x. Then the topology T’

defined above on core(X) can be equivalently defined as follows
T = {core(X)NF | F € iso,(X)}.

Proof. Let A be an open upper subset of X and set F' = o<[X'\ A]. Then by Lemma 4.2.4(1)
F € is0,(X). Let z € core(X). Then

reEA<= M CA=X\ACX\Tz=tlx<=rx X\A<=z € L.
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Theorem 4.2.15. Let (X ; <, T) be a Priestley space with apartness <. Then {core(X),T")

is homeomorphic to the point topology on pt(iso,(X)).

Proof. As proved in Lemma 4.2.11, core(X) is isomorphic to pt(iso, (X)) via the map-
pings:

A pt(isoy (X)) — core(X); F— min{z € X | x|[z] € F}, and

O : core(X) — pt(isoy(X));x — {I € isoy (X) |z € T}.

We note that A and © are respectively related to the mappings ® and ¥ of Lemma 4.2.9

as follows:

1. &(F) = X\TA(F).

2. O(z) = ¥(X\1z).

Let I € is0,(X). Then
O 10;) =0 1 ({F € pt(isou (X)) | I € F}) = {x € core(X) | z € I} = I N core(X).
Let A be an open upper set.

A (core(X)NA) = A '({x € core(X) |z € A})
= {F e pi(isou(X)) [ A(F) € A}
= {F e pt(isou (X)) | A(F) € U U}

UeUT(X),UCA
= U {Fept(ison(X)) | AF) € U}
UeU7 (X),UCA
- U {Fentlison(X)) | X\U C &)}

UeUT (X),UCA

= U {Fentlison(X)) | x[X\U] € F}

Ueu?(X),UucA

= U Oxpx\v]-

Ueu?(X),UucA
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The second last equality is true because by Lemma 4.2.8(2),
x[X\U] € F <= X\U C o(F).
O

Remark 4.2.16. Let (X, <, T) be a Priestley space with the trivial apartness o« = €. Then
core(X) = X and 7" is the set of open upper sets of X. Therefore the set of open upper

subsets of any Priestley space is a stably compact topology on the same space.

We have already noted the following but we recall it in a remark as we will need to refer

to it later in the chapter.

Remark 4.2.17. The mappings A and © of Theorem 4.2.15 are respectively related to the
mappings ¢ and ¥ of Lemma 4.2.9 as follows:

1. ®(F) = X\TA(T).

2. O(z) =¥ (X\1z).

4.3 From stably compact spaces to Priestley spaces with

apartness

In the previous section we have presented a fairly nice way of obtaining stably compact
spaces from Priestley spaces equipped with apartness relations. In this section we show
that every stably compact space can be obtained in this way and is a retract of a Priestley

space with apartness.

Definition 4.3.1. Suppose (Y, T) is a stably compact space and Ky is the set of compact

saturated sets in Y. Then

By ={(0,k) € Tx Ky |0 C k}.



138

Remark 4.3.2. As shown in [54, Theorem 23], (By; A, V, (0, 0), (Y, Y); <) where A and V

are pair-wise intersection and union, respectively, and

(0,k) < (o, k') &L k C 0,

is a strong proximity lattice.

Remark 4.3.3. Pries(By) = (filt,(By); C, Tp, x<) is the Priestley dual of By equipped
with the apartness oc.. filt,(By) is the set of prime filters of By. Tp is the Priestley
topology generated by the sets Ui,y = {F € filt,(By) | (0,k) € F'} and Ooy = {F €
filt ,(By) | (o, k) & F'}. Obviously, O,y = filt,(Bx)\U,r) and so each U, ) is a clopen
upper, and each O, ) a clopen lower set. Moreover, every clopen upper (lower) has the

form U, ) (O(o,r)). X< is the apartness on Jp(By ) defined as follows

Fo, GEL 3(0,k) € FYE(d, k) ¢ G) k C o

Lemma 4.3.4. Let (Y,T) be a stably compact space. Then (Y,T) is homeomorphic to
(core(filt,(By)), Tp).

Proof. Because core(filt,(By)) and Y are sober, it is sufficient to prove that the topologies

are isomorphic. The following mappings accomplish this task:
W (T, C) — (isoy(filt,(By)), C); U — o [O,y)), and

@ : (isou(filt,(By)), ©) — (T, ;U | J{o | Uiy € W).

® is clearly well-defined and W is well-defined by Lemma 4.2.4(1) and they are clearly

monotone. We show that they are inverses of each other.

W) = {0 | Uiow) € ocx[0m]} = U
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This is proved as follows:

z € d(T(U)) = (FoeT)(Fk e Ky) z € oand Uy, ) € x[Oqu,y))
= (o€ T)(Fk € Ky) z € oand Uy x< O,y
temga 33T (35 € T)(3k € Ky) = € oand (0, k) < (U,Y)
= (FoeT)FkeXKy)z€coCkCU

<= zel.

The last equivalence is true because X is locally compact.

Also we have
T(@(U)) = o< [O@ay,y)] = U

This is true because

G X< O(q;(u),y) G e U(o,k) X< O(cp(u),y),by Lemma 3.3.4
(3 (0,k) € G) (0,k) < (2(U),Y)

(3 (0,k) €G) 0 C k C B(U)

1117

(3 (O,k‘), (O k)egx)GEU(ok U(Ozk,)Cu

and o C k C o', because k is compact

< (3 (0,k), (k) € Bx) G € Uy, Uo ) C U,
and Uor) o< O(or 11y

— G o filt,(Bx)\U, by Lemma 3.3.4

— Gel

The left-to-right direction of the second last equivalence is true because

ﬁltp(By)\u g ﬁltp(BY)\U(o’,k’) == O(ol,kl).
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Theorem 4.3.5. The cores of Priestley spaces equipped with apartness relations are pre-

cisely the stably compact spaces.

Example

The unit interval [0, 1] equipped with the Scott topology is a stably compact space. Its
corresponding strong proximity lattice and Priestley space with apartness were explained

in detail in Section 3.3.4.

4.4 Morphisms: separators and continuous maps

In this section we prove the one-to-one correspondence between separators and frame ho-
momorphisms. This is sufficient to prove the equivalence between the category PSs, of
Priestley spaces equipped with apartness relations and separators, and the category SCS
of stably compact spaces and continuous maps. The equivalence of these categories fol-
lows because, as we have mentioned before in several occasions, the category of arithmetic
lattices and frame homomorphisms is equivalent to the category SCS [4, Section 7].

We also present the direct relationship between separators, between Priestley spaces
equipped with apartness relations, and continuous maps, between stably compact spaces.

We begin by reminding the reader of the following lemma which was presented in
the previous chapter (Lemma 3.3.33) and which is refereed to in several occasions in this

section.

Lemma 4.4.1. Let (X1; <1, T1) and {Xo; <o, To) be Priestley spaces equipped with apart-
ness relations ox; and gy, respectively. Let X C X X Xy be a separator. Then for closed
subsets A C X and B C Xo, if A x B then there exist U € U7 (X,) and V € 07 (X))
suchthat ACU, BCVandU x V.
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Lemma 4.4.2. Let (X1; <1, T1) and {Xo; <o, To) be Priestley spaces equipped with apart-

ness relations oc; and Xy, respectively. Let X C X1 X Xy be a separator. Then
hy @ i504(X2) — is0,(X1); I — x[X2\1].
is a frame homomorphism.

Proof. Similarly to Lemma 4.2.4.1, hg([I) is proved to be in iso,(X7) and so h, is well
defined. Clearly, hy is a monotone and preserves finite infima. Now we show that A,

preserves arbitrary suprema. Let {I;},c; C is0,(X3). Then

aeh[x(\/lj) = al><X2\\/Ij

- = ax (Xz\JcZ[Xz\ LEJJIJ-])
= ax (X U 1), be (xV)
= ax ﬂX:i;j
= a ocfj;a\ U X [X5\I;])
= ac/ h(JZJ)

The left-to-right direction of the second last equivalence is by (Vx) and the fact that

(U x[X\L) x ([ X2\Ly).

jed JjeJ
The other direction is proved as follows. By Lemma 4.4.1, there exists V € 07(X,)
such that a x V and (Xp\U,;c;1;) € V. Then by compactness of Xp\V the collec-
tion {/;};es has a finite subsets {;}1<j<n such that (Xo\U,<;<, f;) C V. Therefore

a X [Nicjen X2\L;. Hence by (xnl), a o1 (X1\U,<jc, X[X2\1;]) implying a oq
(X1\ Ujes X[X2\I;]) as required. O
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Lemma 4.4.3. Let (X1; <1, T1) and {Xo; <o, To) be Priestley spaces equipped with apart-
ness relations 1 and s, respectively. Let h be a frame homomorphism from iso,(X3)

t0 i50,(X1), then the binary relation X, C X1 X Xy defined as follows:
def
a Xp b:<= a € h(xz[b]).
is a separator.

Proof. Xy, is open and satisfies (1, x|,) as follows.

axpb = a € h(xz[b])
= (U € U (X1)) a € U C h(cxy[b]), because h(x[b]) is open upper in X;
= (AU e U (X1))3V € O7(Xy)) a € U C h(op[V]) and b€ V
= AU eW(X))3V e (Xy)acU beVandU x, V.

That the third implication is true is seen as follows. By Lemma 4.2.4.2, the fact that A
preserves joins, and the fact the compactness of U, there exist a clopen lower set V' in X,
such U C h(ocp[V']) and X5\V'oxeb. Then by Lemma 4.4.1, there exists a clopen-lower
set V' such that Xo\V’' o3 V and b € V. Then by (xV), o3[V'] C 3[V] and hence
h(oca[V']) C h(xg[V]). Therefore a € U C h(xo[V]) and b € V.

(Vx) is satisfied because:

axpb <= ach(cxab])

> aog Xi\h(x[b])

— (Vz € X1)aoqaora o Xi\h(oa[B]), by (V)
<— (Vz € X1) axy zorz € h(xy[b])
—

(Vz € X1) a o1 x orx Xy, b.
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(xV) is also satisfied because

a € h(xzlb]) <= a € h(xa[Xo\xa[b]])
— (Vo € Xo\xa[b]) a € h(xsa[z])

<— (Vz € Xy)ax,xorz oy b.

The right-to-left direction of the second equivalence is true because, as proved above, a €
h(oca[z]) implies there exists V,, € O7(X5) such thatz € V, and a € h(o[Vy]). {Ve |z €
(X2\ox2[b]) } is an open cover to X, \ox[b] which is closed and hence is compact. Therefore

a finite subcover {V;, | 1 <14 < n} exists and
a € ﬂ h(oca[Vy,]) = h(ﬂ Vi) = h(ocz[U Va,]) © hoca[Xo\ox[bo]]).
(xn) is satisfied because:
axyNld; => a € h(cxol[ ){di]), as proved in the previous section
— a€ h(ocz[;fz\U xa[di]]), by (ocV)
= aeh(\/ ocg[di]; = \/ h(o2[di)
= aoxq XI\ U h(0<2[dz']z)
_ i
—

(Vz € X1) a o< z or (Fi) z € h(oxa|d;])

(Vz € X1) a o<q zor (Fi) z Xy d;.
0]

Lemma 4.4.4. The maps between separators and frame homomorphisms defined in Lemma

4.4.2 and 4.4.3 are inverses of each other.

Proof.
hy,(I) = xp[Xo\I] ={a € X1 | a € h(xo[X2\I])} = h(I).
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aXp b <= a€hy(xfb))={zreXi|zx (Xo\oxefb])}
< a X (Xo\xo[b])
— (VzeXy)axzorrogb

<= a X b.
O

Theorem 4.4.5. The category PSs, of Priestley spaces with apartness and separators, is

equivalent to the category SCS of stably compact spaces and continuous maps.

In the following we present a direct way of getting the continuous map corresponding

to a separator and vice versa.

Lemma 4.4.6. Let (X1; <1, T;) and (Xo; <o, Ty) be Priestley spaces equipped with apart-

ness relations oc; and s, respectively. Let X C X1 X Xy be a separator. Then
fx : core(X1) — core(X3) : © — max([z]x),

is the continuous map (with respect to the sta compact topologies an corre-
th t p (with respect to the stably pact topologies T and T,

sponding to the separator X.
Proof. By Lemma 4.4.2 the separator X corresponds to frame homomorphism:
hy @150, (X2) — is0,(X1); I — X[X2\1].
By Section 2.4, this frame homomorphism corresponds to the following continuous map:
fry 2 pt(is0y(X1)) — pt(iso,(Xo)) : Fr— h;l(ff).

Let z € core(X;). By Lemma 4.2.15, {I € iso,(X;) | z € I} is the completely prime
filter in pt(iso,(X1)) corresponding to z. Under f, , {I € iso,(X1) | € I} is sent to
{I € is0,(X3) | x € hx(I)} which is the same as {I € is0,(X3) | x X X5\I}. Again by
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Lemma 4.2.15, the completely prime filter {I € iso,(X3) | X Xo\I} corresponds to the

following point of core(X5):
max{y € Xy | z X Xo\xa[y|}
By condition (xV) (in the definition of separators) this is the same as
max{y € X, | z X y} = max([z]x).
U

For the other direction, according to the theory presented in [54], a continuous function
f Y7 — Y, between stably compact spaces (Y7,77) and (Y3, Ty) corresponds to the

approximable relation -y C By, X By, defined as follows:
(0,k) Fy (0, k) <L f(k) C 0.

As we have proved in the previous chapter, the approximable relation - corresponds to

the separator x ; C filt,(By,) x filt,(By,) defined as follows:

Fx;F' &L (30,k) € F)3(d, k) ¢ F') f(k) C .

4.4.1 Computational Reading

We now present a computational reading of the separator x ; corresponding to a continuous
map f. Let f be a continuous map (computable program) from a stably compact space (data
type) Y7 to another one Ya. Let (o0, k) € By, and (o', k') € By, be such that f(k) C o'. As
we have mentioned in the introduction of the thesis, the elements of the strong proximity
lattices By, and By,, which are pairs of the form (o, k), have the following computational

interpretation. Each pair (o, k) represents a property that is

e satisfied by members of the open set o,
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e unsatisfied by the elements in the complement of the compact saturated set &, and
e unobservable by members of £.

Therefore the condition f(k) C o' is interpreted as follows. If the property (o, k) is
satisfied or unobservable by the input, of the program f then the corresponding output will
satisfy the property (o', k). Hence a property (o, k) is related to a property (o', k') in the
approximable relation I if and only if the satisfaction and un-observability of the former

property implies the satisfaction of the latter property. Let us fix this as a definition:

Definition 4.4.7. Let f : Y; — Y5 be a continuous map between stably compact spaces
Y] and Y;. Let By, and By,, as defined above, be their lattices of observable properties.
Let (o, k) and (o', k') be two properties (elements) of By, and By, respectively. Then we
say that the property (o, k) implies the property (o', k') under the program (map) f if and
only of f(k) C o'.

Lemma 4.4.8. Let f : Y1 — Y, be a continuous map between stably compact spaces
Y1 and Ys. Let By, and By, be their lattices of properties. Let {0, k) and (o', k') be two
properties (elements) of By, and By,, respectively. Let \-¢ be the approximable relation

corresponding to f. Then
(0,k) ¢ (0, k'Y <> (0, k) implies (0, k').

The separator x ¢, corresponding to f and i, relates prime filters, which are in the
language of logic, models of properties, of the strong proximity lattice By, to prime filters
of the strong proximity lattice By,. Under x ; a model F' € filt,(By,) is related to a model
F' € filt,(By,) if and only if there is a property in the model F' that implies a property in

the complement of the model F'. This has the following computational consequence.

Lemma 4.4.9. Let f : Y1 — Y5 be a continuous map between stably compact spaces Yy

and Ys. Let
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o By, and By, be their lattices of properties, respectively, and filt ,(By,) and filt ,(By, )

be their corresponding Priestley spaces, respectively,
® X be the separator corresponding to f, and

o F' be a model in filt ,(By,) that is not related, under the relation X f, to a model F'
in filt,,(By,).

Then the set of all properties implied by a property in F is contained in F".

4.4.2 Examples

Consider the unit interval [0, 1] together with its Scott topology. It is a stably compact
space and its corresponding Priestley space X was explained in detail in Section 3.3.4.
In the following we show the separators that correspond to two simple continuous (with

respect to Scott topology) maps on [0, 1].
1. The function

S:[0,1] — 0,1]

{0 : 0<zx <
T

N [—

1. 1
2 T >75

corresponds to the separator X, C X x X defined as follows

1 1
D(S:{(.’L'T,yTI)EXXX‘5<7"§1,0§7‘I<§}.

2. The function

T:00,1] — [0,1]

r — 1z
corresponds to the separator X C X X X defined as follows

Gr={(z4,y2) e X x X [t>r,0<r <1}
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4.5 The Co-compact Topology

This section has two objectives. The first one is to prove in full detail the isomorphism in
Corollary 4.2.10. The second objective is to show that co-compact topology on core(X),
for a Priestley space X equipped with apartness o, is homeomorphic to the core of X?
equipped with oc L. In other words, this section investigates the direct relationship between
Priestley spaces equipped with apartness relations, their duals, their cores and co-compact
topologies of their cores. This is important because the co-compact topology plays a pivot
role in the relationship between stably compact spaces and compact ordered spaces. The

later relationship was discussed in detail in Section 2.6.

Theorem 4.5.1. Let (X; <,T) be a Priestley space with apartness x. Then (iso;(X), C)

and (K core(x)), 2) are isomorphic via the following mappings:
comp : i501(X) — Keore(x); F' — core(X)\F, and
S Keore(x) — 1501(X); K — X\TK.
Proof. Let F € iso;(X). Then

F U(F), via Theorem 4.2.9

{F € pt(iso, (X)) | ¥(F) C F}, via Hofmann-Mislove Theorem|4]
= {F e pt(iso (X)) | F C ®(F)}, because ® = ¥ !

— {A(F) | F € pt(iso,(X)) and FF C ®(F)}, by Theorem 4.2.15

— {A(F) | F € pt(iso, (X)) and A(F) ¢ F'}, by Remark 4.2.17

= core(X)\F, because A is onto.
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Let K € Kore(x)- Then

K +—— {O(z) |z € K}, by Theorem 4.2.15
— ﬂ{@(x) | z € K}, via Hofmann-Mislove Theorem[4]

— B( ﬂ{@ z) |z € K}),via 4.2.9

ﬂ{@ )) | # € K}, because ® preserves intersection
= ﬂ{@ (X\1z)) | z € K}, by Remark 4.2.17

= [fX\1z |z €K}
= X\1K.

O

Lemma4.5.2. Let (X; <, T) be a Priestley space with apartness <. Then (core(X), (T core(x))c)

is homoeomorphic 10 {core(X°), T sore(x2)) via the mappings:
f: core(X) — core(X?); x — max(X\x[z]), and

g : core(X?) — core(X);y — min(X\[y]x).

~

Furthermore, the frame isomorphism between is01(X) = (Teore(x))e and iso,(X 9)

T spec(x?) that arises from this homeomorphism is the identity.

Proof. Letx € core(X). Then by Corollary 4.2.5, «[z] € is0,(X). Suppose c, d are two
distinct maximal elements in X \o[z]. Then (T¢ N 1d) o z. Therefore by (1<), we have
cx z,dx zorz x x. Butx & x because x € core(X). Hence ¢ x z ord x z; i.e.
¢ € «[x] or d € [z], which is a contradiction. Therefore X \ox[z] = |y for some y € X.
Therefore oc[z] = X \}y and hence X\ ]y is isolated. So max(X\x[z]) = y € core(X?).
Dually, g is well-defined. We show that

z = min(X \[max (X \o[z])]x).
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We first prove that
max(X\x[z])]x = [z]x.
One inclusion is proved as follows:
rxt = o max(X\o|[z]) or max(X\o[z]) o t, by (xV)
= max(X\x[z]) o t, because x € X \ox[z].
The other inclusion is proved as follows.
max(X\x[z]) x t = max(X\x[z]) x z or z x t, by (xV)
= r .
Since X\ 1tz = [z]cx,
tr = X \[max(X\x[z])]x.
Therefore
2z = min(X \[max (X \o[z])]x).
Dually for y € coreX?,
y = max(X \x|[min(X\[z]x)]).
By Theorem 4.2.15, every open set on core(X °P) is of the form
OF = {y € core(X?) |y € A}
for some open lower set A € is0,(X?) = iso;(X). Let x € core(X). Then
max(X\x[z]) € 04 <= max(X\x|z]) € A
— X\x[z]C A
— X\A C «|z]
— re[X\4x=A4
—

x € core(X)\comp(A).
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4.6 Isolated Sets and Round Ideals and Filters

As we have seen so far, the concepts of lower and upper isolated subsets of Priestley spaces
equipped with apartness relations play a pivot role in our theory, in general, and in this
chapter, in particular. In this section, we yet introduce another meaning for isolated sets;
we show a one-to-one correspondence between lower (upper) isolated subsets of a Priest-
ley space equipped with apartness and round filters (ideals) of the corresponding strong

proximity lattice.

Theorem 4.6.1. Ler (X;<,T) be a Priestley space with apartness . Then the lattice

(is04(X); C) is isomorphic to the lattice {rldl(Pries(X)); C) via the mappings:
U : i50,(X) — ridl(Pries(X)); O — {U € U'(X) |U C O}, and
® : rldl(Pries(X)) — is0,(X); I — UI.
Proof. We first show that U and ® are well defined.
1. 1, _T(O) = ¥(O) because for any U € U (X)),

Uel(0) — Ux(X\0)

= (X\[U]x) ox (X\O) by (V)

< (@U eW (X)) (X\[U]x) CU and U’ x (X\O) by Lemma 3.3.4
— AU eWX)Ux (X\U)andU' C O

— AU eW(X))U =<4 U and U’ € ¥(0).

For the second equivalence, we note that [U]ox is open by the dual of Lemma 4.2.4(1).
Also, ¥(0) is clearly lower and closed under finite unions. Therefore ¥ is well-

defined.
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2. We notice that

red(]) &= BAUeWX)reUel

— AUUeWX)rzeU=U €l

— BU eW(X))zx (X\U)and U’ € I, by Lemma 3.3.4
= zx (X\O(])).

For the the right-to-left direction of the last equivalence, by Lemma 3.3.4, there
exists V € O7(X) such that z o< V and X\®(I) C V. Then U’ exists because
®(I) is an open cover to the compact set X \V. ®([) is clearly an open upper set and

hence ® is well-defined.

¥ and ® are clearly monotone and they are inverses of each other by Priestley’s represen-

tation theorem. |

Corollary 4.6.2. Let (X;<,T) be a Priestley space with apartness <. Then the set of

prime round ideals of Pries(X) is isomorphic to the core(X?).
Proof. If follows from Theorem 4.6.1, Remark 4.2.2 and [20, exercises 11.17]. [

Remark 4.6.3. Let (X; <,T) be a Priestley space with apartness <. Then, dually to The-
orem 4.6.1 and Corollary 4.6.2, the lattice (iso;(X); C) is isomorphic to the lattice
(rfilt(Pries(X)); C) and the set of prime round filters of Pries(X) is isomorphic to the
core(X).

4.7 An Extension of Jung-Siinderhauf Representation The-

orem

In this section we extend the Jung-Siinderhauf representation theorem [54] (reviewed in

Section 2.7) between strong proximity lattices and stably compact spaces. We show that
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removing the compactness condition from the stably compact spaces side is equivalent to
removing the condition of having a top element from the strong proximity lattices side.
Removing the latter condition must be associated by removing any use of the empty meet

which is the top element. The resulting definition is the following.

Definition 4.7.1. A binary relation < on a distributive lattice (L;V, A) with 0 is called a

proximity if, for every a,z,y € L and M Cg, L,

(<x<) <o=<=<x,
(V==) M=<a<\/M=<aq,
(x=A) a<zanda<y<=a<zTAY,
(x—=V) a<zVvVy= 32,y el)r <z, ¢y <yanda<1'Vy,
(A—=<) zAy<a= 3,y el)z<a,y<yandz' ANy <a.
M < a and a < M, respectively, stand for (Vm € M) m < a and (Vm € M) a < m.

A zero-strong proximity lattice is a distributive lattice (L;V, A) with 0 together with a

proximity relation < on L.

On the morphism level the definition of approximable relations need to be adjusted to

get the following definition.

Definition 4.7.2. Let (L1;V, A, 0; <1) and (Ls; V, A, 0; <5) be zero-strong proximity lat-

tices and let - be a binary relation from L to Ly. The relation |- is called zero-approximable
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if forevery a € Ly,b € Ly, My Cg,, L1,b,¢c € Ly and My Cg,, Lo,

(F—=<2) Fo=<y=F,
(x1=F) =<1ok=F,
(V—F)  MiFb<\/MFb,
(k=AY  abFbandatc<akbAc,
(F-v) aF\/My= (3N Cpn L1) a =, \/ Nand (Vn € N)
(Im € My) ntEm.

The relation - is called weakly zero-approximable if it satisfies all of the above conditions

but not necessarily (F —V).

Therefore we prove that the category of coherent spaces, which are those topological
spaces that are sober and locally compact and in which binary intersections of compact
saturated subsets are compact, and continuous maps between them is equivalent to the
category of zero-strong proximity lattices and zero-approximable relations between them.

One interesting point about this extension is that coherent spaces cover all coherent
domains in their Scott-topologies whereas stably compact spaces cover only coherent do-

mains which are compact in their Scott-topologies.

4.7.1 From Zero-Strong Proximity Lattices to Coherent Spaces

We get coherent spaces from zero-strong proximity lattice in exactly the same way we get
stably compact spaces from strong proximity lattices. All proofs still work perfectly for the

general case in this section.

4.7.2 From Coherent Spaces to Zero-Strong Proximity Lattices

The proof of the basic result (Theorem 2.7.9) in the direction from stably compact spaces

to strong proximity lattices is not obviously true for the general case of coherent spaces and
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zero-strong proximity lattices. The reason is that the proof relies on the fact that for any
stably compact space (Y, T), the ordered set (Ky, D) is an arithmetic lattice and hence for
every K € Ky,

K=({KeXy | K <K}

This fact is not obvious for coherent spaces; it needs to be proved for achieving the more
general result.

In the following we first prove this for coherent spaces and then we review in full detail
how we get zero-strong proximity lattices from coherent spaces.

We remind the reader that for a coherent space (Y, T), Ky is the collection of compact

saturated subsets of Y.
Theorem 4.7.3. For a coherent space (Y, T),
I. (VK,K' € Xy) K < K' < (30 € T)K' C O C K.

2. for every K € Ky, the set {K' € Xy | K' < K} is filtered and its intersection
equals K.

Proof. 1. By the Hofmann-Mislove Theorem [59, 29] and local compactness,
K' = ﬂ {N | N is compact saturated and K’ C N°}.

The set in the right hand side is filtered and hence the intersection is a directed join
in the lattice (the order is superset inclusion) of compact saturated subsets of Y.
Suppose K < K'. Then there exists N suchthat K < N < K'ie. K'C N C K.
Therefore K C N° C N C K.

For the other direction, suppose K’ C O C K. If K’ < (\{K;}ier i-e. ({Ki}ier C

K'then ({K;}icr C O. Hence by Hofmann-Mislove Theorem, K; C O, for some i € I.

Therefore K; C Kie. K < K.
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2. Let K € Xy. From 1, it is clear that
{K’ € Ky ‘ K,<<K},

is filtered and K C ({{K' € Ky | K' < K}. For the converse, suppose x belongs to
the intersection and O is an open set open which contains K. By local compactness,
there exists a compact saturated subset N C O such that K C N°. Therefore

N < K and hence it contains z. So z € O. Therefore
xEﬂ{O|O€TandK§O}:K.
U
Theorem 4.7.4. For a coherent space (Y, T), the algebra (By,Vy, Ay, Oy; <y ), where
e By :={(0,K)eTxXy|OCK}
o (0,K)Vy (0,K"):=(0OUO", K UK"),
e (O,K)ANy (O,K'):=(0NO',KNK"),
o Oy := (0,0),
e (0,K) <y (0,K) <L K CO.

is a zero-strong proximity lattice. Moreover, (Y, T) and spec(By ) equipped with the canon-

ical topology are homeomorphic.

Proof. Clearly, (By, Vy,Ay) is a distributive lattice with 0y as its bottom element and
<y o <y C <y. The other inclusion (<y C <y o <y) follows from local compactness.
It is easy to prove (V— <) and (< —A).

(< —V) follows from compactness. To show (A— <), suppose K; N Ky C O, where
0 e7,K, Ky € Ky. Since

K; = ﬂ{KZf € Ky | K! < K;}, fori=1,2,
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KiNnK,=(\{K|NnK}| K|, K} e Xy, K| < Ky, K, < Ky}. The latter intersection is
a filtered intersection of compact saturated subsets of Y. Therefore by Hofmann-Mislove

Theorem [59, 29], there exists K] N K, C O.

Now we show that (Y, T) and spec(By) equipped with the canonical topology are
homeomorphic. It is enough to show that the topologies are isomorphic, because the topolo-
gies are sober. To show that, we define:

U (T, C) — (rldl(B),C); 0O — {(U,K) e B|U C K C O},
and
©: (rldl(B),C) — (T,C); 1 — | J{O | GK € Xy) (0,K) € I}.

It is easy to check that W, ® are well defined and monotone. Now, we show that ¥, ®
are inverses to each other.

(¥(0) = (J{O'eT|@EK € Xy) (0, K') € ¥(0)}
= (J{0'eT|EBK eXy) 0’ CK' C O}

= O, by local compactness.

(O,K) e ¥(®(I)) <= OCKC®()
= OCKC|J{0'|BK e Xy) (0, K') eI}
<= K C O, forsome (O', K') € I, because K is compact
and I € ridi(B)
— (0O,K) €l

O

The Jung-Siinderhauf machinery works perfectly (without any modifications) for the
new morphism, i.e under Jung-Siinderhauf duality, there is a one-to-one correspondence
between zero-approximable relations and continuous maps between coherent spaces.

Therefore we have the following result:
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Theorem 4.7.5. The category of zero-strong proximity lattices and zero-approximable re-
lations between them is equivalent to the category of coherent spaces and continuous func-

tions between them.



Chapter 5

Priestley Semantics for MLS

5.1 Introduction

In Chapter 3, the notion of apartness relation (Definitions 3.1.1 and 3.1.3) on Priestley
spaces was introduced to accomplish the task of extending the Priestley duality of bounded
distributive lattices to a duality theorem for strong proximity lattices (Definition 1.1.2).
Therefore the category PSws, of Priestley spaces equipped with apartness relations as ob-
jects and weakly separating relations (Definition 3.1.5) between them as morphisms was
introduced in Chapter 3 to represent the category PLwa of strong proximity lattices as ob-
jects and weakly approximable relations between them as morphisms (Definition 2.7.2).
The objects of the latter category were introduced, by Achim Jung and Philipp Siinderhauf
in [54] (reviewed in Section 2.7) to provide a finitary representation for stably compact
spaces (Section 2.6) which are topological spaces that capture most semantics domains in
the mathematical theory of computation. Therefore it was essential to study the direct links
between Priestley spaces equipped with apartness relations and stably compact spaces; this
was done in Chapter 4.

The category PLwa and the duality established in [54], then, are the basis for a log-

ical description (expounded in [50, 52] and reviewed in Section 2.8), of stably compact

159
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spaces, similar to Samson Abramsky’s domain theory in logical form, [2]. This logical
description is via the category MLS (Multi Lingual Sequents) which has logical systems,
the so-called coherent sequent calculi, as objects and consequence relations, the so-called
compatible consequence relations (Definition 2.8.1), between them as morphisms. It was
shown, in [52], that the categories MLS and PLwa are equivalent. Therefore it is obvious
that the category MLS is a logical description to the category PSws.

Hence, once again it is our duty to explore the direct links between the categories PSws
and MLS. This is the first goal of this chapter whose second goal is to show that PSws
provides a useful semantics for MLS. The latter goal is achieved via establishing Priestley
semantics (in PSws) for different MLLS’s concepts and facts i.e. via translating MLS’s con-
cepts and facts into corresponding concepts and facts, respectively, in the category PSws.
The third object of this chapter is to further our study of Priestley spaces equipped with
apartness relations. This will be done via linking the category PSws to other categories in
mathematics.

In the previous chapter we have shown how the duality, in [54], between strong prox-
imity lattices and stably compact spaces can be extended to cover coherent spaces. For this
end, we have introduced the notion of zero-strong proximity lattice. Therefore the fourth
goal of this chapter is to show how MLS can be extended to describe coherent spaces. The
fifth and the final goal of this chapter is to show how domain constructions (like lifting,

sum, product and Smyth power domain) can be done in the Priestley form.

5.1.1 Organisation

The chapter is organised as follows. Section 5.2 presents preparatory results that are nec-
essary for the following sections. Sections 5.3 and 5.4 investigate the direct relationship
between the categories MLS and PLwa. The equivalence of these categories is proved

directly in Section 5.5.
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Section 5.6 has two objectives:

1. Introducing Priestley semantics (in PSws) for MLS’s concepts and facts (such as

compatibility, Gentzen’s cut rule, round ideals and filters, and consistency).

2. Introducing a full and faithful functor from the category PSws to the category SL
of directed-complete meet semilattices and Scott-continuous semilattice homomor-
phisms. This results in proving that the category PSws is equivalent to the image of
this functor and therefore the full subcategory consisting of the image of the functor
is self-dual as PSws is. The self-duality of this full sub-category was first noticed

and proved in [65].

In Section 5.7, we show that the category PSws is equivalent to two other categories:

1. The Kleisli category SCSy of the Smyth power monad (XK, 1, [ J) where X [52, sec-
tion 6] is an endofunctor K on SCS. For an object X € SCS, X(X) (or Kx) is the
set of compact saturated subsets of X equipped with the Scott topology and for a
morphism f : X — Y in SCS, K ( f) assigns to each compact saturated subset A of

X the saturation of f(A).

2. The category of stably compact spaces as objects and continuous relations of the

form R C X x Y, as morphisms, where Y, is the co-compact topology on Y.

In Section 5.8, we show how the category MLS can be modified (in a very simple way)
to provide a logical description for the class of coherent spaces which includes coherent
domains in their Scott topologies. Section 5.9 shows how domain constructions can be

done in the Priestley form.

5.2 Preparatory results

This section presents technical results that are necessary for the following sections.
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Lemma 5.2.1. Let (X, <,T) be a Priestley space equipped with apartness x. Then the

following statements are true for every a,c,d € X:

(R—x) ax{cnNid)= (Vbe X)ax (IbNld)orbxec,
(L—x) (fenNtd) xa = (Vb€ X)cxbor(tbN1d) x a.

Proof. We have

ax ({enNld) = MreX)axz, vxcorzoxd, by (o<ll)
= (Vz,be X)axz, xxb, boxcorzxd, by (xV)
= (Vo,be X)axz, x x ({bNld)orb e, by (Toxl)
= (VWbe X)ax (JbNld)orbxc, by (xV).
The argument for (L— ) is dual. O

Lemma 5.2.2. Let (X, <,T) be a Priestley space equipped with apartness x. Then the

following statements are true for every a,cy,...,c, € X:

ax (daan...Nle) = (VbeX)ax (IbNdeaN...Nley) orb oy,

(TerN..Ntey) xa= (Vb€ X)cr xbor (thNteaN...NTe,) x a.

Proof. The proof follows the same lines as that of Lemma 5.2.1. We will just have to use

(xnl) instead of (Tocl). Recall that o satisfies (xnl) because o is a separator. O

Lemma 5.2.3. Let (X; <, T) be a Priestley space equipped with apartness x. Let U1, Uy €
O7(X) andV € O7(X) such that Uy NUs x V. IfO = {z € X | U; o z} then

(X\O) NUs) V.

Proof. By(fo<]) O is a lower set and is open by Lemma 3.3.4. Obviously, U; o< O. Let
z € (X\O)N U, and a € V. Then there exist e € X\O and d € U, such that z € Te N 7d.



163

By definition of O there exists ¢, € U; such that ¢, & e. But (fc. N 1d) o a because
U N Uy x V. Then by condition (L— ) of Lemma 5.2.1 (Te N 1d) o a which implies

T X a. |

Lemma 5.2.4. Let (X1; <1;T;) and (Xo; <o, Ty) be Priestley spaces equipped with apart-
ness relations i and s, respectively. Let X be a weakly separating relation from X,
to Xy. Then the following statements are true for every a,e € X1, ¢,d € Xo:

(R— x) ax ({enld) <= (Vb€ X5) a x (LbNJd)orb xs c,

(L—x) (tante) x c<= (Vb€ X1)axy bor (ThbNte) X c.

Proof. We have

ax (Jenld) = (Vt€ X;)ax tort o ({enld), by (xV)
= (Vt,be X1)ax t, t xo (JbN]d), orb oy ¢, by Lemma 5.2.1

= (Vb€ X1)ax (JbNld)orb o, c, by (XV).
The other direction is proved as follows:

(Vbe Xs)ax (Jbnld)orbos e = (Vb€ Xo)ax (1bN1z), 7 oxadorb oy c
= (VbeXo)axb, bocorboyd
— (Vb€ X»)a x borboc (Jen ld) by (Tocl)
— ax (lcnld) by (xV).

The first implication is true by the left-to-right direction, proved above, and the second is

true by taking z = b. The argument for (L— x) is dual. U

Lemma 5.2.5. Let (X;<,T) be a Priestley space equipped with apartness x. Let V €
O7(X) and U, Uy, ..., U, € UT(X) such that (", U; NU) x V. If for every1 < i <n
O; ={x € X | U; x x} then

(X\O)NTU) x V.

1
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Proof. By(fTocl) every O; is a lower set and is open by Lemma 3.3.4. Obviously, U; « O;.
Let z € (),(X\O;) NU and a € V. Then there exists d € U and for every i there exists
e; € X\O; such that z € (), te; N 1d. For every i, by definition of O; there exists . € U;
such that ¢! ¢ e;. But (), 1¢; N 1d) o a because (), U; NU) o< V. Then by Lemma 5.2.2
(MN); Tei N 1d) o< a which implies z o a. O

Corollary 5.2.6. Let (X; <,T) be a Priestley space equipped with apartness . Let V €
O7(X) and Uy, ..., U, € UT(X) such that (\,U; < V. If for every1 < i < n, O; =
{r € X | U; x z} then

ﬂ X\O; x V.

Proof. The proof follows from Lemma 5.2.5 because X € U7 (X) and (), U; =), Ui N X.
U

Lemma 5.2.7. Let (X, <,T) be a Priestley space equipped with apartness x. Then the
following is true for every upper set D in X, ¢,d € X, and A, B,C C X:

. AC B=> [B]x C [A]x.
2. ([ANB]x) N (AN Clx) = [AN (BUO)]e.
3. coc (X\D) = [D Nfd]oc C [fe N d]oc

4. coc (X\D) = [D N 1o = [clox;

Proof. (1) and (2) are obvious. (3) is proved as follows.

cox (X\D), (DNtd) xa = (Vb€ X)coxbor(thNtd) o a
— (WbteX)coxb boct, dxtortoa, by (1)
= (VteX)cxt, dxtortxa, by (xV)
— (Vt€ X) (fentd) x tort o a, by (focl)
—  (fen1d) o a, by (ocv).
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(4) follows from (1), (3) and (focd). O

5.3 From PSws to MLS

This section explores the direct way of obtaining coherent sequent calculi and compatible
consequence relations from Priestley spaces equipped with apartness relations and weakly

separating relations, respectively.

Lemma 5.3.1. Let (X1; <1;Ty) and (Xo; <o, Ty) be Priestley spaces equipped with apart-
ness relations o and s, respectively. Let X be a weakly separating relation from X,
to Xy. Then a consequence relation \-,, from the algebra (U7 (X,); N, U, 0, X}) to the al-
gebra (U7 (X5);N,U, 0, Xy) is defined as follows:

T ALD (M) x (X2\UA).

Lemma 5.3.2. Let X, Xy, and X3 be Priestley spaces equipped with apartness relations
X1, Xo, and gz, respectively. Let X1 C X1 X X9 and X9 C X5 X X3 be weak separators.
Then

Fayoxs = Fxy© P,

Proof. Suppose I' Fy ox, Aand O = {z € X, | (NI') x; z}. Then, by Lemma 3.3.33,
O is open, and by by (V — comp) (X2\0) X2 (X3\ UA). Again by Lemma 3.3.33, there
exists W € U7 (X3) such that (") x; (X5\W) and W x4 (X3\ U A). Hence
The, W Why, A
['Fy,0oby, A
For the other direction, suppose I' -, 0 F, A. Then

(Cut — Comp).

Chu, Ay, Ty, Ay TR Apand O o, AyOo i, AL, O, Fy, A
Hence

(NT) %1 (Xo\UA;), (NT) X1 (X2\ U Ag),...,(NT) x1 (X2\UA,),
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and

(NO1) X2 (X3\UA), (NBOy) xo (X3\UA),...,(NO,,) xs (X3\UA).

Therefore

(NI) xq (Ui (X2\ U A;)) and (U;(NO;)) xo (X35\(UA)).

But we have U;(X5\ U A;) = Xo\(M; U A;) and N; U A; = Uy N Xy, where X € TLA,.
By the side condition of (Cut — Comp) each Xy covers ©;, for some j. Therefore for

every Xy, NX; C NO,, for some j. Consequently, Uy N X, C U;(NO;). This implies
(NI) X1 (X2\(Up(NXy))) and (Up(NXy)) X2 (X5\ U A),
which implies that
(Vz € X3) (M) x1 z orz Xo (X3\UA).
Therefore
(M) x1 0 x5 (Xz\UA),
which implies I' o, A. 0]

The following corollary which follows from the previous two lemmas makes it clear that

(V — comp) provides a Priestley semantics for (Cut — Comp) of consequence relations.

Corollary 5.3.3. Let X1 and X o be weak separators. Then
A |_D<10 |_[><2 ' <= (ﬂA) X1 0 KXo (Xg\U F)

Lemma 5.3.4. Let (X; <,T) be a Priestley space equipped with apartness <. Then t is

a consequence relation which has interpolants on the algebra (U7 (X); N, U, 0, X).

Proof. We proof that - satisfies condition (L — Int) of Definition 2.8.1. Suppose ¢, I"
A. Then (¢ N (NI)) x (X\UA). Set O = {x € X | ¢ x z}. Then by Lemma 5.2.3
((X\O) N (NT")) o (X\ UA). Now by Lemma 3.3.4 and the dual of Lemma 3.3.1, there
exists @' € U7 (X) such that (X\O) C ¢’ and (¢' N (NI')) o< (X\ UA). Therefore ¢ ko ¢'
and ¢',T" -, A. The argument for (R — Int) is dual. O
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Remark 5.3.5. Using Lemma 3.3.4 and the dual of Lemma 3.3.1, it is not hard to prove
that if -, has interpolants then o satisfies (L— o) and (R— o). Therefore (L— ) and

(R— ) provide a Priestley semantics for the concept of interpolation in the category MLS.

Definition 5.3.6. Let (X; <, T) be a Priestley space equipped with apartness ox. Then
coh(X) = (UT(X);N, U, 0, X; ko),

where F is the binary relation defined on U7 (X) as follows:

I A LD (M) & (X2\UA).

Corollary 5.3.7. Let (X,<,T) be a Priestley space equipped with apartness x. Then

coh(X) is a coherent sequent calculus.

Proof. Recall that a consequence relation on an algebra with interpolants is closed under
(Cut) if and only if it is closed under (Cut — Comp) (Lemma 2.8.3). The closeness of
F« under (Cut — Comp) follows from Corollary 5.3.3 and the fact that c is closed under
(V — comp). O

Corollary 5.3.8. Let (X1;<1;T) and (Xo;<9,Ty) be Priestley spaces equipped with
apartness relations 1 and s, respectively. Let X be a weak separator from X, to Xo.

Then coh(x) = b is a compatible consequence relation from the algebra (U7 (X1); N, U, 0,
X1) to the algebra (U7 (X3); N, U, 0, X5).

Proof. The compatibility of - with -, and -, follows from Corollary 5.3.3 and the fact

that oc; o X = X = X 0 Xs. O

5.4 From MLS to PSws

Definition 5.4.1. For a coherent sequent calculus (L;V, A, L, T;F), we let = stands for

the least congruence [73] such that L/ = is a bounded distributive lattice.
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Definition 5.4.2. Let (L;V,A, L, T;F) be a coherent sequent calculus. Then a subset

I C L is said to be an ideal if it satisfies the following conditions:
l.aelandaAnb=b=0b¢€ I.
2. a,bel = aVbel.

If an ideal I additionally satisfies the condition:
aNbel = a€clorbel,

then [ is said to be a prime ideal.

Filters and prime filters of coherent sequent calculi are defined dually to ideals and
prime ideals, respectively. We let filt (L) and ld{(L) denote the partial orders of filters and
ideals, respectively, ordered by inclusion. We also let filt,,(L) and ldl, (L) denote the partial

orders of prime filters and prime ideals, respectively.

Lemma 5.4.3. Let (L;V,A\, L, T;F) be a coherent sequent calculus. Then filt(L) and

filt(L] =) are isomorphic via the following maps:
U filt(L) — filt(L/ =); F — {[¢] | ¢ € F'}, and
©: filt(L) =) — filt(L); F — (7.
Proof. Let F € filt(L). Then W is well-defined because
[¢] € U(F)and [¢)] > [¢] = d€ FanddV ¢y = = ¢ € F = [¢] € ¥(F)), and

[0, [¥] € U(F) = $p,p € F = ¢ NP € F = [p N9] € U(F).

Let F € filt(L/ =). Then ® is well-defined because

PEPF),oVy=¢ =[] >[p| €« F= [¢] € F= ¢ € &(F), and
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0, € Q(F) = [¢,[¥] € T = [g|A[¥] =[pAY] € F = d A1) € ®(F).

It is also true that F = ¥(®(F)) and F = ®(¥(F')) because
(9] € F = ¢ € B(F) < [¢] € ¥(P(F)), and

e F = [9] CF = [g] € U(F) & ¢ € &(V(F)).

O

Corollary 5.4.4. Let (L;V, A, L, T;F) be a coherent sequent calculus. Then filt ,(L) and

filt,(L/ =) are isomorphic via the mappings of Lemma 5.4.3.

Definition 5.4.5. Let (L;V, A, L, T;F) be a coherent sequent calculus. Then
Pries(L) = {filt, (L), <, Ty, xr), where

T is the topology generated by the collections Uy, = {F' € filt,(L) | ¢ € F'} and Oy =
{F € filt,(L) | ¢ ¢ F'}. And oc- is a binary relation on filt,,(L) defined as follows:

Fo F, & 3geR, ¢ F) ok .

Lemma 5.4.6. Let (L;V,A, L, T;F) be a coherent sequent calculus. Then (filt, (L), C

,T1), of Pries(L), is a Priestley space and ., of Pries(L), is an apartness.

Proof. The bounded distributive lattice L/ = together with the binary relation < defined

as follows:
def

(8] < [¥] = o F ¥,

is a strong proximity lattice. Therefore it enough to show that Pries(L/ =) is apartness
homeomorphic to Pries(L) (see Section 2.8). It is easy to check that the mappings of
Lemma 5.4.3 satisfy

Uty = ¥ (Uy) and Uy = & (Ug))-
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Therefore the Priestley topology on filt,(L/ =) is homeomorphic to Tz on filt,(L) via

these mappings. It remains to show that
(VFl,FQ € ﬁltp(L)) F, xp Fy <— ‘I/(Fl) X< \II(FQ)
This is proved as follows:

Fix F, <= ([@Q¢cF,v¢F)o-

— (3] € V(F), [¥] & V(F2)) [¢] < [¥]
= U(F) g U(F).

5.5 Equivalence of PSws and MLS

Lemma 5.5.1. Let (L;V, A, L, T;F) be a coherent sequent calculus and ¢, € L. Then
I ¢F ¢ <= Uy ot O
2. Uy NUy = Uppy and Uy U Uy, = Ugyy.

Proof. 1. We have

¢ F1p = [@] <[] <= Ujg) x4 Opg) <= Ug xr Oy, by Lemma 5.4.6.

2. Let F € filt(L) and ¢ Ay € F. Then ¢ V (¢ A ) = ¢. Therefore, by the dual of
Definition 5.4.2(1), ¢ € F'. Similarly

YAYeEF =€ F.

This proves Uypny C Uy NUy. The other inclusion is clear. The argument for
Ug UUy = Ugyy 1s dual.
O
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Theorem 5.5.2. The categories MLS and PSws are equivalent.

Proof. We prove that the functor coh introduced in Corollaries 5.3.7 and 5.3.8 is faithful as

follows:
axb = AU, eUW(X)),U,eU(Xy))a€cU, b¢ Uyand U, x (X\Uy)
= AU, eU (X)), U, eUT (X)) a€cU bé Uyand Uy -, Us
= U, eU (X)), U, e W (Xy)a€U, b¢ Uyand Uy ko Uy
= AU, eU(X)),U, eUW (X)) a€cU bé¢ Uyand Uy x' (X\Uy)
<« ax'b.

The first and the last equivalences are true by by Lemma 3.3.33. Now we prove that coh is
full. Let I be an arbitrary compatible consequence relation between objects in the image

of the functor coh. Set
xr = | {U x (G\U) | U e W(Xy), U' € W(Xy), U U,

It is easy to check that x| is a weak separator.
Before we show that coh(x-) = I, we need to notice that for U € U7(X;) and U’ €
U7 (Xo),
Uxe (X\U) <= URU.

The left-to-right direction is obvious. The other direction is proved as follows. Fix z € U.

Then
(Vy € Xo\U)(3 U, € UW(X1), U, € U(X3)) z € Uy, y € Xo\U, and U, - U,

Therefore (\{U,, | y € U} C U'. Hence, by co-compactness of U’, a finite intersection
(WU, | 1 <4 < n}is contained in U'. Set U, = (), Uy,. By (W), (LA) and (RA),
U, b U'. The set {U, | * € U} forms an open cover to U. Hence a finite subcover

{Us; |1 < j < m}exists. By (LV), U; Uy; = U’ and hence by (W) we have U - U".
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Now we show that coh(x) = I as follows:

Ty A <= [T x (X2\[JA)

= (r+-Ya

— I'FA.

Finally, we show that every equivalence class (up to isomorphism) of objects in MLS
meets the image of the functor coh. Let (L;A,V,0,1;F) be a coherent sequent calculus.

We show that L and coh(Pries(L)) are isomorphic in MLS. To this end we define:

Tk Us,...,Us, <% Tr6y,...,0,
Us,,....Us b T &L 5, .. 6, FT.

Obviously F; and F4 are well-defined compatible consequence relations. It is straightfor-

ward to check -1 o =9 =t and -3 o -} = =, using that facts that - = - o I~ and

UJI,...,UJn '_oq_ U¢1,...,U¢m <~ ﬂU(giockﬂOd,j
i J
<= Ups; &+ Oy,g;, by Lemma 5.5.1.2
< A - V;0;, by Lemma 5.5.1.1

& 0y O E 1y, O

5.6 Semantics

This section has two goals; the first one is to establish Priestley semantics (in PSws) for
concepts in the category MLS. The other goal is to introduce a full and faithful func-
tor (called ISOu) from the category PSws to the category SL of directed-complete meet

semilattices and Scott-continuous semilattice homomorphisms. As it is well known from
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category theory, this proves that the category PSws is equivalent to the image of the functor
IS§0wu. Therefore the image of this functor, which is a full subcategory of SL, is self-dual as

PSws is. The self-duality of this full subcategory was noted first by J. D. Lawson in [65].

5.6.1 Compatibility

Lemma 5.6.1. Let (X1; <1;T;) and (Xo; <o, Ty) be Priestley spaces equipped with apart-
ness relations i and s, respectively. Let X be a binary relation from X, to X, that is

open in T1 X Ty and satisfies (1,X|,). Then the following statements are equivalent:

1. - is compatible.
2. x satisfies (V) and (xV) and hence is a weak separator.

3. X satisfies conditions (L— x) and (R— x) of Lemma 5.2.4.

Proof. We first prove that 1 implies 2. (Vx) is proved as follows.

bxd < (AU, € W (X)) (U2 € U (X)) be Uy, d¢ Uyand Uy x (X\Uy)
= QU e W (X)) Uy e U (X)) be Uy, d¢ Uyand Uy F, Uy
— (AU,U e U (X)) Uy e U (X)) be Uy, dg Uy, Uy bo, U
and U - U, by Lemma 2.8.2
— (AU,U e U (X)) Uy e U (X)) be Uy, d ¢ Us, Up i (X1\U)
and U x (X5\Us)
— (Mee X;)bx;core X d.
The left-to-right direction of the last equivalence is true as follows. Set O = {z € X; | z X d}.
Then by Lemma 3.3.33 O is open and b o (X;\O). Now we apply Lemmas 3.3.4
and 3.3.33 to get the required clopen upper sets. The argument for (x V) is dual.

(2) implies (3) is Lemma 5.2.4. Finally we show that (3) implies (1). We do this via

proving the conditions of Lemma 2.8.2. We first prove (L — Int') as follows. Suppose



174

&, B A, Then ¢ N (NI) x (Xo\ UA). Set O = {x € Xy | ¢ oy x}. Then by
Lemma 3.3.4 O is open lower, and by Lemma 5.2.3(X\O) N (NI') x (X3\ U A). Now by
Lemmas 3.3.33 and 3.3.1 there exists ¢’ € U7 (X;) such that X\O C ¢’ and ¢' N (NI') x
(X2\ U A). Therefore ¢ by, ¢ and ¢',T" - A. (L — Cut) is proved as follows. Suppose
I' Fo, ¢ and ¢,0 F A. Therefore NI' o¢; (X;1\¢) and ¢ N (NO) x (Xz\ U A). Fix
c € NI"and a ¢ UA. Then for every b € X; and d € NO, we have ¢ ; b or (TbN1d) X a.
Therefore, by condition (L— x) of Lemma 5.2.4, (t¢N1d) x a. Since this is true for every
d € NO, we have (Tc N (NO)) X a. Again since this is true for every ¢ € NI, a ¢ UA, we
have ((NI') N (NO)) x (X3\ U A). Therefore I', © F, A. The arguments for (R — Int’)
and (R — Clut) are, respectively, dual to that of (L — Int') and (L — Cut). Therefore - is

compatible. U

5.6.2 Gentzen’s Cut Rule

Lemma 5.6.2. Let (Xy; <1;T1) be a Priestley space equipped with apartness relations .

Then the following statements are equivalent:
1. F« is closed under Gentzen’s cut rule (or (Cut)) .
2.  is closed under (N — comp).

Proof. (1) = (2) is proved as follows. Suppose a & o « band set O = {z | a x z}.
Then a < O and (X\O) oc b. Now by Lemma 3.3.4 there exits C € U’ (X) such that
a < X\C and C o b. By the same lemma again there exist U € UY(X) and V € 07 (X)
suchthata € U, b€ V,U x X\C and C V. Therefore U -, C and C -, X\V. By
the assumption, U F, X\V and hence U o V implying a o b.

For the other direction, suppose I' - A, ¢ and ¢,0© F, A be two sequents with
A={b1,...,0p}and © = {0y, ...,0,,}. We claim that (TN O) o (X\(JAUUA)).
Leta € (NI'N(M©O)and b € X\(UA UUJA), we claim that ¢ & o o b. From the first
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sequent NI" o< (N;(X\0;) N (X'\@)). Set C; = <[ X \d;]. Then by the dual of Lemma 5.2.5
a o (M X\C;)N(X\@). Similarly if we set D; = [6;]x, then by Lemma 5.2.5 (N; X'\ D;) N
¢ « b. Moreover, by the choice of a and b we have a o< U; D; and U;C; ox b. Let x € X be
such that a ¢ x we claim that z o< b. Then x € X\ U; D; because a o< U; D;. If € ¢ then
x o bbecause (N X\D;)N¢ x b. If x ¢ ¢ then z € U;C; because a o< (N;X\C;)N(X\¢).
Therefore x € b. Hence for every x € X, a « x or x & b. Therefore a o< o o< b which

implies by assumption a o b. U

5.6.3 Round Ideals and Filters

Recall the notions of round ideal and filter of coherent sequent calculus is reviewed in

Section 2.8.

Lemma 5.6.3. Let (X;<;T) be a Priestley space equipped with apartness relations .
Then

1. is0,(X) and round ideals of the coherent sequent calculus (U7 (X); N, U, ¢, X; o)

are isomorphic via the following mappings:
U i50,(X) — rldl(UW(X)); I — {UCT|U eW (X)}, and
O 1 rldl(UT (X)) — ds0u(X);T— | JJ.

2. is0y(X) and round filters of the coherent sequent calculus (U” (X); N, U, ¢, X; o)

are isomorphic via the following mappings:
W - isoy(X) — rfilt(U(X)); F — {U e W(X) | X\F CU}, and

@ : rfilt (U (X)) — iso(X); F— X\[)F.
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Proof. 1. We show that ¥ is well defined by proving that ¥(I) = [~ |¥([).

UeU(l) «— Ux(X\I)
— @BU eW(X)U' CTandU x (X\U'), by Lemma 3.3.4
= (BACH Y())U x (X\UA)
= (BACHII)UFLA

— U € [F]Y().

U is clearly an order-preserving map. Now we show that @ is well-defined.

relJI = @AUeNzeU
= AUETLACmNzeUkryA
— (AUEe€T,ACs;pd)zelU x (X\UA)
— AU eNzelUx (X\U)

= T X (X\UJ),by Lemma 3.3.4.

The right-to-left direction of the last equivalence is proved as follows. By Lemma 3.3.4
there exists U, U’ € U7 (X) such thatz € U, U’ C |JJIand U  (X\U'). Because J

is an open cover of U’, there exists V' € J such that U’ C V and this implies U’ € J.

U (®(J)) = J and ®(¥(I)) = I follows from the Priestley’s representation theo-
rem [20, 11.29].

2. The argument for this is dual to that of (1).

For the rest of this section the reader needs to recall Theorem 4.2.6 and its dual.

Lemma 5.6.4. Let (X;<;T) be a Priestley space equipped with apartness relations .

Then the mappings

T — is0y(X); O — [X\Ol]x and T — i50,(X); O — x[X\O]
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are Scott-continuous retractions on 7J.

Proof. The maps are clearly monotone. Idempotence follows from the definition of isolated

sets. Scott-continuity is proved as follows. Let {O; | i € I} be a directed subset of T. We
claim that | ;. (<[X\O;]) = x[X\(U,c; Oi)]-

ze| Jx[X\0)]) <= @iel)zx(X\0)

i€l
— zx (X\ U 0;).
i€l
The right-to-left direction of the last equivalence is proved as follows. By Lemma 3.3.4,
there exists U € U7 (X) such that z o X\U and U C (J,; O;. The by the compactness of
U and the directness of {O; | i € I}, there exits ¢ € I such that z o« X\O; C X\U. O

The following Lemma is a straightforward generalisation of Lemma 4.2.4.

Lemma 5.6.5. Let (X1; <1;T1) and {(Xo; <o, To) be Priestley spaces equipped with apart-
ness relations i and s, respectively. Let X be a weak separator from X, to X,. Then

for closed subsets A C Xy and B C Xy, [A]Xx € is0;(X3) and X[B] € is0,(X1).
Theorem 5.6.6. Let (X1; <1;T1) and (Xs; <o, Ts) be Priestley spaces equipped with apart-
ness relations i and s, respectively. Let X be a weak separator from X, to X,. Then
the mappings:

X +— iso(X)

X — (Fr— [X\F]X)

Y — iso(Y)
establish a functor ISOl from PSws to the category SL of directed-complete meet semilat-

tices and Scott-continuous semilattice homomorphisms. Dually, The mappings
X — is0,(X)
X — (X[X\I]+— 1)

Y +— iso,(Y)
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establish a contra variant functor ISOu from PSws to SL.

Proof. From Lemma 5.6.5, [X\(.)]x is well-defined. Also [X\(.)]ox is the identity on
isoy(X) by definition of iso;(X). Similarly to Lemma 5.6.4, the maps above are proved to

be Scott-continuous. Clearly, [X\X]x = [@]x = Y. For the binary meet we have
[XA(FNG)]x = [(X\F) U (X\G)]x = ([X\F]x) 0 ([X\G]x).
It remains to show that ISOu(ix o X5) = ISOu(x1) o ISOu(X3).

2 € (ISOu(x1) o ISOu(x»))(F) 2 € [Xo\[X1\F]x1]x2

11

(XZ\[Xl\F]D(l) Xo T
(BU € U (X)) (Xo\[X1\F]x1) CU
and U x4 x

(BU e W (X)) (X2\U) C [X1\F]x,

!

and U Xq x
(AU e W (Xy)) (Xi\F) x1 (X\U) and U x4
(X1\F) X1 0 Xy x

S [Xl\F]D(l 0 KXo

rrey

x € (ISOu(xq o X9))(F).

The left-to-right direction of third last equivalence is proved as follows. Set O = {y € X |
y Xo x}. Obviously O x5 x. Moreover, by Lemma 3.3.33 O is an open upper set, and by
(V — comp) (X1\F) X1 (X2\0). Then we can apply Lemma 3.3.33 to get U. O

The next two lemmas are essential for the following subsection.

Lemma 5.6.7. Let (X;<;T) be a Priestley space equipped with apartness relations .
Then for every X # F € is0;(X), the following statements are equivalent where {Vy, ..., V,} C
O7(X):
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1. F is meet-prime in the lattice iso;(X);
2. (X\F)x (Vi) = (39) V; C F.
3. F = X\1z, for some x € X;

Proof. (1) = (2): Suppose (X\F) o ([, Vi). Set O; = [V;i]. Then by the dual of
Corollary 5.2.6 (X \F') o< (X\U;0;). Each O; is open therefore we can apply Lemma 3.3.2,
to get {Uy,...,U,} C U7(X) such that U; C O; and (X\F) o (X\U; U;). We notice that

(X\F)nU)lx = [(X\F)N (U;U;)], by Lemma 5.2.7(2)

2

C [X\F|x = F, by Lemma 5.2.7(3)
By (1) There exists 1 < 7 < n such that
Vi € Uil € [(X\ F) NUJox C F.

(2) = (3): Suppose a, b are distinct minimal points in X\ F'. Then by Presley separa-
tion condition, there exist U, € U’ (X) containing a but not b and Uy, € U’ (X) containing
b but not a. The set {U, | a is maximal in X'\ F'} is an open cover to the compact set X \ F'.
Therefore a finite subcover {U,, | 1 < i < n} exists. Hence N;(X\U,,) € F which
implies (X \F') & N;(X\U,,). Therefore by (2) there exists 7 such that X\U,, C F which
implies X\ F' C U,,. But this is a contradiction because U,, does not contain all elements
of X\F.

(3) = (1): Suppose Fy, F» € iso;(X) and they are not contained in F'. Then z € F
andz € F,. Sox € Fy N Fyand hence Fy N Fy, € F. O

Lemma 5.6.8. Let (X;<;T) be a Priestley space equipped with apartness relations .
Then if I € iso,(X) and F € iso;(X) are maximal with respect to the property F U I #

X, then F is meet-prime in the lattice is0;(X).
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Proof. Suppose F' is not meet-prime, then by Lemma 5.6.7 there exists {V;...,V,} C
O7(X) such that (X\F) ox (M;V;) and V; € F forevery 1 < i < n. Set O; = [V;]. Then
by the dual of Corollary 5.2.6 (X\ F') «x (X\U;0;). Each O; is open therefore we can apply
Lemma 3.3.2, to get {U1, ..., U, } € U7 (X) such that U; C O; and (X\F) o< (X\ U; Uj).

Therefore V; C [U;]ox and hence
(V1<i<n)[U]x ZF.

Therefore

Vi<i<n)(FzeX)U;xzandz ¢ F
= (V1<i<n)3reX)U; xzand X\F « x
= (V1<i<n)(FzeX)(X\F)NU;) xzandz ¢ [X\F|ox
— (VI<i<n)F=[X\Flx G [(X\F)NUlx.

Hence for every 4, I U [(X\F') N U;Jxc = X because F' is maximal with respect this prop-

erty. We notice that
V1<i<n) TU[X\F)NUjjx =X = TU[)[(X\F)NUjx =X

= TU[X\F)n|JU]x=X

= IUF =X.

The second implication is true by Lemma 5.2.7(2). The last implication is true because for

every c € (X\F), c < (X\ |J, U;) and hence by Lemma 5.2.7(4),

[Ten U Usi]ex = [c]ox
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Therefore

[(X\F)QUUi]OC = [U TCﬂUUi]O(

- [C:Q;ngw)]oc
- ﬂ\ (tenJuilx
] cEﬁFM(X :
_ X\Flx=F

5.6.4 Consistency

Definition 5.6.9. Let (X;;<;;77) and (Xy; <5, T5) be Priestley spaces equipped with
apartness relations oc; and o<y, respectively. Let x be a weak separator from X; to Xo.

A pair of sets A C X; and B C X is said to be x —close if (A x B).

Lemma 5.6.10. Ler (X1; <1; T1) and (Xy; <o, Ts) be Priestley spaces equipped with apart-
ness relations <y and s, respectively. Let X be a weak separator from X, to Xs. For every

F € is0)(X1) and I € iso,(Xs), The following statements are equivalent:
1. (X1\F, I\ X,) is x—close.
2. (U(F)), V(1)) is F-consistent, where the functions ¥ are defined in Lemma 5.6.3.

Proof. Suppose (X1\F, X,\I) is x—close. This is equivalent to (X;\F') ¥ (X2\7) and,

by Lemma 3.3.33, the last is equivalent to

(VU e U (X))(VU' e W (X)) X\F CUandU' C I = U i X,\U'.
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Again this is equivalent to
(VA Cjin U(F)) and (VI' Crin U(1))) (NA) ¥ (X\UT)
which is equivalent to
(VA Cpin U(F)) and (VT C i U(I)) Aty T
which means that (®(F'), U(I)) is F-consistent. O

Lemma 5.6.11. Ler (X1; <1; T1) and (Xy; <o, Ts) be Priestley spaces equipped with apart-
ness relations x, and s, respectively. Let X be a weak separator from X1 to Xs. For a

pair of closed subsets A C X1 and B C X, the following statements are equivalent.

1. (A, B) is x—close.

2. (A, Xo\oxo[B]) is x—close.

3. (X1\[A]ox1, B)is x—closet.

4. (Xo\[A]x, B) is xxa—close.

5. (A, Xi\X[B]) is o<y —close.

6. [A]x U xg[B] # Xo.

7. [AJoc; U x[B] # Xj.

8 (Fa€e A ye Xy, b€ B)a K yxsb.

9. (Fa€e A zeX,beB)agk; x Kb
10. (Qa€ A, ye€core(X?), b€ B)a i yogksb.

11. (Ja€ A, x € core(X1), b€ B)a gk x ¥ b.
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Proof. (1) = (3): If (X1\[A]ox1) X B then by (Vx) A x B because A o ([A]oxy).

(3) = (5): If A ox; (X1\X[B]) then by (Vx) A x B because (x[B]) x B. By the
same condition this implies that (X;\[A]x;) x B.

(5) = (7): If [A]ox; U X[B] = X; then X;\x[B] C [A]o; which is equivalent to
A x1 (X1\X[B]).

(7) = (1): If A x B, then, by (Vx), for every, z € X;, A &x; x or x X B. Therefore
[Alc; U X [B] = X.

Clearly (9) is equivalent to (7), Therefore (1), (3), (5), (7) and (9) are equivalent.
Moreover, (11) implies (9) is obvious.

(7) = (11): Suppose [A]oc; U x[B] # X;. Set
S ={F €is0;(X;y) | [A]c; C Fand F U X[B] # X;}.

By the dual of Theorem 4.2.6, the directed joins in is0;(X) are unions. For a directed
subset D C S, It is true that

(Vd € D) dU x[B] # X; = (| J d) U x[B] # X,

deD

otherwise (., d is an open cover to the compact set X\ x[B] which implies by directness
of D that d U x[B] = X, for some d € D. By Zorn’s Lemma S has a maximal element
say M and by Lemma 5.6.8, M is a meet-prime in iso;(X;). Therefore, by Lemma 5.6.7,
M = X\1Tz = [tz]o; = [z]ox; for some x € X. Therefore © € core(X;) and [A]ox; C
X1\ Tz which implies = ¢ [A]cx; because [A]x; is lower by the dual of Lemma 4.2.4(1).
Hence there exists a € A such that a ¢¢; z. Finally [z]ox; U x[B] # X implies that there
exists t € X; and b € B such that z %y t ¥ b. This by (V) implies z ¥ b.

The argument that (1), (2), (4), (6), (8) and (10) are equivalent is dual. O

Lemma 5.6.12. The functors ISO!l and 1SOu of Theorem 5.6.6 are full and faithful.

Proof. Let (X1; <1;T1) and (X5; <5, T) be Priestley spaces equipped with apartness rela-

tions oc; and o<y, respectively. Let x| and X5 be weak separators from X; to X satisfying
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[X\F|x1 = [X{\F]x, for every F € is0;(X;). Then

aX;b <= {a,b)isnot x; — close
< (X;\[a]x1,b) is not x; — close, by Lemma 5.6.11(1), (3)
> (Xo\[X1\[a]oxi]x 1, b) is not ocxs — close, by Lemma 5.6.11(1), (4)
> (Xo\[X1\[a]oxi] X2, b) is not oxg — close, by assumption
< (Xi\[a]ox1,b) is not Xy — close, by Lemma 5.6.11(1), (4)
<= (a,b) is not x5 — close, by Lemma 5.6.11(1), (3)
< a Xy b.

Hence the functor ISO! is faithful.
Let f : is0;(X1) — is0;(X2) be a Scott-continuous semilattice homomorphism. We

define a binary relation x  C X; x X, by
xp=|JIUXV|UeUW(Xy), VeO(Xy)and f([Ulo;) Uoca[V] = X5}

We show that x ; is a weak separator. Obviously x ; is open in J; X T3 and satisfies
condition (1;xJ,). The condition (V) is proved as follows. Suppose a X b. This is

equivalent to
(AU € W (X1))3V € O7(X3))a € U,b € V and f([U]oc;) U op[V] = X
Moreover,

f([Ulx1) Uo[V] = Xy <= Xp\oo[V] C f([U]ox)
—= AU eUW (X)) Xo\oxo[V] C f([U'oxy) and U ox; X \U’
—= QU eUW (X)) U o X;\U'and f([U")ox1) Uoxa[V] = Xo

< (VreX))aox;zorz xsb.
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The left-to-right direction of the second equivalence is true because by the dual of Lemma 4.2.4(1):

f(Uler) = fUY[K]oi | K € W(X1) and K U [Uoc; = X1})
= UNf([K]x:) | K € U7(X;) and K U [U]oc; = X4},

is an open cover to the compact set X\ ([V]oxz) taking into consideration the directness
of the union. The other direction of the same equivalence is proved as follows. It is true
that U oc; X1\U" and U’ o1 [U’]ox;. Therefore by (V) U oc; [U']oxy implying [U']oc; C
[Uloci. Hence Xo\oca[V] € f([U']ox1) € f([U]ocr) implying Xo\oco[V] € f([Uoxa).
The right-to-left direction of the last equivalence is proved as follows. Set O = {z €
X | @ 1 z}. Hence a < O and O is a lower open subset of X;. Moreover, for every
r € X;\O, there exists U, € U7(X;) and V, € O7(X,) such that z € U,, b € Vj, and
F([Ug)ox1) Uocg[Vz] = Xs. The set {U, | z € X;\O} is an open cover to X \O which is
compact and hence a finite subcover {U,, | 1 < ¢ < n} exists. Set U’ = U;U,, and V =
N;Vy,. Therefore a oc; X1 \U’ because X1\U' C O. We prove f([U']|ox;) Uoxo[V] = X5 as

follows. Forevery 1 < i < n,V CV,, and hence x3[V,,] C oca[V]. Therefore

%

(V1 <i<n) f([Us]oc) Uo[V] = X,

= [ f(Us]ox1) Uoca[V] = X,
1<i<n
= f( ﬂ [Uz,]x1) U xo[V] = Xo, because f is Scott-continuous
1<i<n
= f([ | Usloxt) Uos[V] = X,
1<i<n

= f([U'loc1) Uoa[V] = Xo.

By Lemma 3.3.4, U exists.

The (xV) is proved as follows. Suppose a X ; b. This is equivalent to

(AU e U (X1)3V € O (X3))a e U,be Vand f([U]ox1) U oxa[V] = Xo.
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Moreover,

f([U]ex1) U oo V] = Xo\f([Uloxi) ocg V

3T € U (X3)) (X2 \f([U]ext) ocg Xo\T and T o<y V

IHIIIII

Vz € Xq)a Xy zorz oy b.

The second equivalence is true by (xV) and Lemma 3.3.4. The prove of the last equivalence
is similar to its counter part in the prove of (Vix) above.

In the following we show that ISOIl(x ¢) = f.

[(X)\F]x; = {z€Xy|X)\F x;z}
= UNV |V e0?(Xy),U e U (X1), (X1\F) C U and f([U]o<y) U xo[V]
= UV |V e 07(X,),V C f([U]x1),U € U (X1) and (X;\F) C U}
= UN{f([Ulx)) | U € W(Xy), (Xi\F) C U}
= fUY[Ulx; |U € U (X1),FUU = X })

= f(F),by the dual of 4.2.4(2).

The second equality is proved as follows. For every a € X\ F, there exists U, € U7 (X)
and V, € O7(X,) such thata € U,, z € V,, and f([U,]ox1) U xo[V,] = X,. The set
{U, | @ € X;\F} is an open cover to X \F which is compact and hence a finite sub-
cover {U,, | 1 < i < n}exists. Set U' = U;U,, and V = N;V,,. As proved above

f([U')x1) U oa[V] = X5. The union is directed as follows. Suppose V; and V5 are clopen
lower subsets of X, that belong to the collection on the right hand side of the second equal-
ity. Then there exists clopen upper subsets U; and U, of X; such that fori = 1,2,(X;\F) C
U; and f([U;]ox1) U oo[V;] = Xo. Therefore (X;\F) C U; N U,. Moreover fori = 1,2,
F([UL NUg)xy1) U xa[V;] = Xg because f([Ur]oxt), f([Usz]x1) € f([Ur NUs]oxy). There-
fore f([Uy N Us]oxy) U (oc2[Vi] N oxa[Va]) = Xa. Hence f([Uy N Usloxy) U o[V U V,] =

(
(
AT e U (Xy)) f([U]oxt) Uoca[X\T) = Xy and T oc, V
(

= X,}
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Xo implying V; U V; belongs to the collection on the right hand side of the second equality.

The third equality is proved as follows. Because f([U]ox;) € iso;(X5), we have

V C f([Ulx1) <= Xo\f([U]ex1) e V
= X\ f([Ulor) C ocfV]
— f([U]x1) Uoxa[V] = Xs.

The fourth equality is true because f([U]ox1) as an open lower subset of a Priestley space
is the union of all clopen lower sets contained in it. The second last equality is true because

f is Scott-continuous. [

5.7 Two More Equivalences of Categories

In [52, Section 6], the category SCS of stably compact spaces and continuous functions
between them was equipped with an endofunctor X. For an object X € SCS X(X) (or
XK x) is the set of compact saturated subsets of X equipped with the Scott topology, and for
a morphism f : X — Y in SCS X (f) assigns to each compact saturated subset A of X
the saturation of f(A). The endofunctor X defines a monad (X, |, | J) in the category SCS
where the unit | assigns to each object X in SCS the function X — Kx;x —— |z (the
lower closure with respect to the specialisation order) and the multiplication [ J assigns to
each object X in SCS the function Ky, — Kx; A — [J A. The monad (X, |, ) is
called the Smyth power monad.

In this section, we study the Kleisli category SCSy of the Smyth power monad (X, |, |J)
and show that it is equivalent to the category PSws. This is the first goal of this section.

The second object of the section is to show that the category PSws is equivalent to the
category of stably compact spaces as objects and continuous relations of the form R C

X x Y, as morphisms where Y, is the co-compact topology on Y.
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Lemma 5.7.1. Let (X;<;T) be a Priestley space equipped with apartness . Let I €
i504(X) and F € iso)(X) be suchthat F U I # X. Then there exists x € core(X)\I such

that x < F'. Moreover,
F = ﬂ{[m]oc | z € core(X), x x F}.
Proof. We have
FUI#X <+ [X\F]xUx[X\I]# X, by definition of iso, and iso,
< (Jaé¢ F, xe€core(X),be¢ I)a¢kz b, by Lemmab.6.11(7), (11).
x ¢ I because x ¢ X\I and x ¢ F because X\F  z. Therefore x € core(X)\I and
because X\ F o F', x o< F'. For the second claim we have
y¢F — (X\F)xy
= X\F & «[y]
= «yJUF #X
< (Jz € core(X)\x[y]) z x F
<~ (Jz € core(X))r x Fandx ¢ y.
Therefore
Vye X)y € F <= ((Vz € core(X)) z x F =y € [r]x).
U
For the next lemma we recall the following fact which was proved in chapter 4 (Corol-
laries 4.2.7 and 4.2.10, and Theorems 4.2.15 and 4.5.1). For a Priestley space (X, <,T)

equipped with apartness , is0,,(X) is isomorphic to the open set lattice 2(core(X)), and

is0;(X) is isomorphic to the lattice K core(x). The isomorphisms are given by

I < core(X)NI, (5.7.1)

F < core(X)\F. (5.7.2)
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Lemma 5.7.2. Let (X;<;T) be a Priestley space equipped with apartness x. Then the
sets

o(V)={F €iso)(X) |V CF}, V eU (X).
form a basis for the Scott-topology on (iso;(X), C).

Proof. By the dual of Theorem 4.2.6, the directed suprema of in iso;(.X) are unions so
by the compactness of V' the sets o(V) are Scott-open. The sets Tz = {y | z < y} in
any domain form a basis for the Scott-topology. Therefore it is enough to show that these
sets are of the form o(V'). Let F' € iso;(X) and pick an element F' € TF'. Then by the
interpolation property of domains there exists F” € iso;(X) such that F! <« F" <« F.
The fact F” < F corresponds to K" < K for some compact saturated subsets K" and
K. So there exists an open set O such that K C O C K" by Theorem 2.6.6. From the
correspondence 5.7.1 and 5.7.2 above there is I € iso,(X) such that core(X)\F C I and
INcore(X) C core(X)\F". So FU I = core(X). If FUI # X then by Lemma 5.7.1
there is a x € core(X)\I such that x «c F. This implies x € F and hence x o x which
is impossible for core points (Remark 4.2.2). Hence F'U I = X implying X\/ C F. We
recall that F' is the union of clopen upper sets contained in it. Therefore by compactness of

X\ there exists V € U (X) such that X\I C V C F. Hence F € o(V).
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We show that o(V') C TF’. We have

G € o(V) VvV C ﬂ{[m]oc | z € core(X), © o< G}, by Lemma 5.7.1
Vo € core(X), txG)z xV

Vz € core(X), z x G) x ox X\
xel
Vz € core(X), r x G) F" C X\1tz = [r]x

(
(
(Vz € core(X), =
(
(
(Vz € core(X), z x G) x < F"

(
(X), )
(X) G)
Vz € core(X), 2 x G) z ¢ F"
(X) G)
(X) )

F" C n{[ac]oc | z € core(X), r x G} = G, by Lemma 5.7.1

A

F' <« @.
[l

Lemma 5.7.3. Let (X1; <1;T1) and (Xo; <o, To) be Priestley spaces equipped with apart-
ness relations o<; and o, respectively. Then there is a one-to-one correspondence be-

tween weak separators from X; to Xo and continuous maps from core(X;) to K eore(xs) =

i50y(X>).
Proof. Given a weak separator X from X; to Xy, the map
fx 2 core(Xy) — iso(X3) : x — [z]X
is well-defined by Lemma 5.6.5. Now we show that f is continuous

[HOW)) = {z € core(Xy) | V C [a]x}
= {z € core(Xy) |z x V}
= {z€core(X)) |z€UxV,UecU (X)},by Lemma 3.3.33
= (Jleore(X) U | U e W (X), U x V}.
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We show that the map (x— f,) is one-to-one. Suppose X # x’, Then by Lemma 5.6.6
there is F' € iso;(X1) such that [X\F|x # [X\F]x'. Without loss of generality, we
can assume that there exists y € X, such that (X\F) x y and (X\F) ¥' y. So
FUx'[y] # X;. Then by Lemma 5.7.1 there exists z € core(X;) such that z o¢; F
and x ¥’ y. Therefore x X y because X\F X y and z %' y. Hence fx(z) # fu (2)

proving that f,. # fu.

We show that the map (x—— f,) is surjective. Let f be a continuous function from

core(X1) to iso;(Xz). Set
x;={UxV|UeUW (X)), VeO(Xy), and f(core(X;)NU) C o(V)}.
We prove that oc; o X o ¢y 1s a weak separator from X to X,. First notice that
xy 0 (Xfoocg) = (x1 0 Xf)o e
as follows.

z(xgoxploxey <= (Vre€Xy)xoxgoXsrorrXyy
= (VreXy)(VseXi)roxys, sXprorr oy
< (Vse€ X))z oxgsorsxyoxyy

<~ $oclo([><foo<2)y.
Condition (1, x,) is proved for &c; o X f o 5 as follows.

t>rxioxpoxey>2z = (VreXp)rzoqoxsrorr gy > 2
(Vre X))z ocp 0 Xprorr g 2
t>x (x;0Xyp)oxg 2
(Vse X1)t >z oxy s, Or s Xj0Xg 2

(VSEXl)tO(180rSD<fOO(22

el

tO(10D<fOO(22.
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Condition (Vx) is proved for oc; o X ; o x5 as follows.

ToxpoNXpoxagy <= (Vs€Xj)roxgs0rsXyoay
— (Vs,te X))z oqt, toxgsors Xpoxyy

— (MteX))zoxit, toxgoNXypoxsy.

Dually condition (V) is proved for oc; o X f 0 o.

We prove that f, = f.

Fryr = |V € 07(X2) | (AU € UT(X)) & € core(X1)NU C f7(o(V))}
= (J{veoT(Xy) |z e f o))}

= | J{V e 07 (Xy) | f(z) € o(V)}

= (J{veoTXy) |V C fx)}

= f(x).

The second equality is proved as follows. Suppose z € f~(o(V')). By continuity of f
there exists an open upper set I such that I N core(X;) = f~'(o(V)). Therefore z €
I N core(X;). Because I is the union of clopen upper sets contained in it, there exists a
clopen upper set U C U7 (X;) such that z € U C I and hence z € U N core(X;) C
f1(o(V)). The last equality is again true because in a Priestley space every open upper

set is the union of clopen upper sets contained in it. U

In the following we would like to study the Kleisli category SCS« of the Smyth power
monad (XK, |, | J). We first study the composition in this category. Let (X1; <1, T1), (Xo; <o
, To) and (X3; <3, T3) be Priestley spaces equipped with apartness relations o<1, o and 3,
respectively. Let f : core(X;) — is0;(X3) and g : core(X,) — is0;(X3) be continuous
functions. The composition of f and g is | JoXK(g) o f : core(X;) — is0;(X3). For z €
core(X1) we calculate in detail the image of z under this composition. First x is mapped

to f(x) which is a lower isolated subsets of X,. The compact saturated subset of core(X3)
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corresponding to f(z) is core(X2)\ f(z) (Theorem 4.5.1). Then this set is mapped to the
saturation of its image under g which is equivalent to {{¢(y) | v ¢ f(z)}. Notice that this
downward closure is taken in the lattice (iso;(X3); C). The last step in constructing the
composition is to take the union which is an infimum in the lattice X;,0,(x,). Hence the last

step is equivalent to taking the infimum of {g(y) | ¥ ¢ f(z)} in the lattice is0;(X3) which
is [X5\Hg(y) | v ¢ f(2)}] ocs. Therefore

z— X\ [ No) |y ¢ f(@)}] s .

Theorem 5.7.4. The category PSws is equivalent to the Kleisli category SCSy of the Smyth
power monad (X, |, )).

Proof. By the Lemma 4.3.4, all objects are reachable up to an isomorphism. Most of the
facts needed about the morphisms have already been proved in the prove of Lemma 5.7.3.
Therefore we just need to show that the mapping introduced in the prove of Lemma 5.7.3
is a functor.

For a Priestley spaces (X; <; T) equipped with apartness relations o. The image of o
is

foc 2 core(X) — iso(X) : z — [z]ox = X\ Tz.

Note that X\ 1z as a lower isolated set is corresponding to core(X)\ (X \Tz) as a compact
saturated set which is the same as core(X) N f, the upper closure of x in core(X) (with
respect to the specialisation order). Therefore the identity o< is mapped to the unit of the
monad which is the identity in the Kleisli category.

Let (X1; <1;T1), (Xo; <o, Ty} and (X3; <3, T3)be Priestley spaces equipped with apart-
ness relations o<y, o<y and o3, respectively. Suppose x; C X; X Xy and Xy C Xy X X3
are weak separators. To show that the composition is preserved we need to show that for

every x € core(X;):

fl><101><2(x) = fl><1 © sz(x)'
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This is the equivalent to proving

[2]x1 0 %o = [Xa\ [ W] | #1 y}] ocs.
This is proved as follows:

T X10NXot = (Vyé¢[z]x1)yxat

= te( Wyl |z ¢y}

Therefore
[2]x1 0o = [ [{[ylx2 | 2 ¢y}

which completes the prove since [z]x1 o Xo € is0;(X3). O

Let (X; <;T) be a Priestley space equipped with apartness ox. Clearly the dual of  is
an apartness on X2 and iso, (X?) ~ iso;(X). The topology on core(X?) is specified by

i80,(X?) and hence by iso;(X ). Now we notice that
(Vz € core(X))(VF € iso)(X)) z € F <= min(X\«[z]) € F.

This notice together with Equations 5.7.1 and 5.7.2 and Lemma 4.5.2 is enough to show that
core(X?) ~ core(X). as follows. Every open set of core(X?) is of the form core(X?)NF
for some F € is0,(X?) = is0;(X). But core(X?) N F = core(X) N F and the latter set
is the complement of a compact saturated subset of core(X') and hence open in core(X)..
This argument is true in the other direction as well. Therefore the co-compact topology X

of a stably compact space X is a stably compact space and (X.), = X.

Definition 5.7.5. Let (X;;<q;77) and (Xy; <9, T5) be Priestley spaces equipped with
apartness relations o<; and oo, respectively. Suppose X C X; X X, is a weak separa-

tor. We define a binary relation R, C core(X;) x core(Xs) as follows:

xRKy<d:ef>xpéy.
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Remark 5.7.6. Let fy : core(X;) — core(X32). be the continuous function corresponding

to X. Then it is straightforward to check that

TRy y<=y¢ fu(z)

Lemma 5.7.7. Let (X1; <1;T1) and (Xo; <o, To) be Priestley spaces equipped with apart-
ness relations <y and s, respectively and X C X, X Xy a weak separator. Then Ry is

continuous (closed) in core(X1) x core(X3)..

Proof. Suppose (x,y) be in core(X1) x core(Xy) but not in R,. Then x X y. Therefore
there exist U € U7 (X;) such that z € U and U x y. Set A = U N core(X;) and B =
[U]x N core(Xs). Then A is open in core(X;) and core(Xy)\[U]x is compact saturated
in core(Xs) its complement is B and hence B is open in core(Xs).. Clearly A x B and

hence (A x B) N Ry = (). O

Lemma 5.7.8. Let (X1; <1;T;) and (Xo; <o, Ty) be Priestley spaces equipped with apart-
ness relations x; and xa, respectively and R C core(X1) x core(Xs). a continuous rela-

tion. Then the binary relation 1 o X g 0 X9, Where
xp=|J{UXV|UeW(X1),Ve0(Xy), and (UxV)NR =0},
is a weak separator.
Proof. By Lemma 2.6.12 the map
Jr: core(X1) — Keore(xz); ¢ — {y € core(Xy) |z Ry}
is continuous. By Theorem 4.5.1, the map fr can be rewritten as
fr: core(Xy) — iso)(X2); 2 — Xo\M{y € core(Xs) | x R y}.

Now we calculate the weak separator corresponding to fr. By Lemma5.7.3, ; 0 X g 0 o,

where

Xp = {U xV ‘ U e u“T(Xl), Ve O‘T(XQ), and fR(core(Xl) N U) - O(V)},



196

is the weak separator corresponding to fz. We notice that

fr(core(X1)NU) C o(V)

[ A A A

nvU))

nv))

NU)) X\ fr(z) C X2\V
nv))

nv))

0

O

Theorem 5.7.9. The category PSws is equivalent to the category of stably compact spaces

as objects and continuous relations of the form R C X X Y, as morphisms. The composi-

tion in the latter category is the usual relation composition.

Proof. We prove that the translations between continuous relations and continuous maps

in Lemmas 5.7.7 and 5.7.8 are inverses of each other. Let (Xi;<;;77), (Xo; <o;T5)

and (X3; <3,73) be Priestley spaces equipped with apartness relations o<;, o and o3,

respectively and x; C X; X X5 and Xy C X5 x X3 weak separators.

Let R C core(X;) x core(Xs). be a continuous relation. Then

rxy <= QU eU (X,)3V €O (Xy)zeUy€eVandU x; V, by Lemma 3.3.33

= U eUWX)AV e (Xy)zelUyeVand(UxV)NR,, =0

— D<R><1 Y.

Also we have

xRy <= =z ¥gy, by definition of X

<= 1z Ry, y, by definition of R, .

My € core(X3) |z Ry} C Xo\V
{y € core(Xy) |z Ry} C Xo\V
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Therefore it remains to show that the composition is preserved under these translations.

Let x; C X; x Xy and X9 C X5 x X3 be weak separators. We show that
Rlxlolxz = R[xl o R[><2-
This is proved as follows:

T Ryjox, 2 = (2,2) ¢ X1 0 Xg
— (@yeXo)rwiyisz
= [z]x1U xo[z] # X
< (Jy € core(Xa)) T Y1y Ko 2
<~

(Fy € core(Xs)) x Ry, y Ry, 2.

5.8 Logic for Coherent Spaces

In the previous chapter we have seen that removing the requirement of having a top ele-
ment from the side of strong proximity lattices is equivalent to removing the compactness
requirement from the side of stably compact spaces, in the Jung-Siinderhauf represent-
ing theorem. Therefore we proved that zero-strong proximity lattices represent coherent
spaces. As strong proximity lattices were the basis for coherent sequent calculi, the ques-

tion now is the following:

How can the notion of coherent sequent calculus be extended to provide a

logical description of coherent spaces ?

The answer, as the reader may have already guessed, is to remove the truth unit T
from the notion of coherent sequent calculus and to do all necessary changes that must be
associated with this.

We arrive at the following notion.
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Definition 5.8.1. Let (A4;V, A, L) and (B;V, A, L) be two algebras of type (2,2,0). A
binary relation - between finite subsets of A and B is zero-consequence if for every ¢, €

AT Cpin A, ¢, 0 € Band A, A’ Cpipy B,
(LL) (VO Cin B) {L} F 6.

(LA) ¢, 0, T F A<= ¢Ah,TF A,

(LV) ¢,TFAand),TF A < ¢V, T FA.
(RL) THFA<=TFA,L

(RA) THA, ¢ and T F A < T F A, ¢ A
(RV) THA, ¢ < TF A ¢AVip.

W) THFA=T'"TFA,A.

Recall that the notion of interpolant and the composition rule Cut were reviewed in

Section 2.8.

Definition 5.8.2. A zero-coherent sequent calculus is an algebra (A; V, A, L) together with

a zero-consequent relation |- on A such that I is closed under Cut and has interpolants.

Definition 5.8.3. A zero-consequent relation - from a zero-coherent sequent calculus (A4; V,

A, L IF4) to a zero-coherent sequent calculus (B; V, A, L, IFg) is compatible if
Fpob=F=Folg.

We let MLS, stands for the category whose objects are zero-coherent sequent calculi
and whose morphisms are compatible zero-coherent relations. Our experiments show that
the whole theory (of MLS) still works perfectly for MLS,. This means that MLS, provides
a logical description for coherent spaces including coherent domains in their Scott topolo-
gies. However the observations made in this section and Section 4.7 are simple, they are

quite powerful as they provide algebraic and logical interpretations for coherent domains.
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5.9 Domain Constructions

In this section we hint at the way simple domain constructions can be done in our Priestley

form.

5.9.1 Lifting

Suppose (Y, Ty) is a stably compact space and (X; Tx, <) is a Priestley space equipped
with apartness <. Suppose S[-] : core(X) — Y is a homeomorphic map. The lifting of
(Y, Ty) is the space (Y, T, ), where Y, =Y U{Ll}and T, =Ty U{Y,}. Now we add
a bottom element (with respect to <) L to the Priestley space as follows. We set X | =
X U{L} and let Ty, be the topology generated by Tx U {{L}}. Then (X,;Tx ,<,)Iis

a Priestley space and the binary relation
x; = UX x{L})

is an apartness on it. It is not hard to check that core(X ) = core(X) U {_L}. The home-
omorphic map S[-] can be extended to a homeomorphism between core(X ) and Y, by

defining S[ L] = L.

5.9.2 Sum

Suppose (Y7, Ty,) and (Y3, Ty, ) are stably compact spaces and suppose (X1; Tx,, <;) and
(Xo; Tx,, <o) are Priestley spaces equipped with apartness relations oc; and o<y, respec-
tively. Let Si[-] : core(X;1) — Y7 and Ss[-] : core(Xy) — Y2 be homeomorphic maps.
The sum of Y; and Yj is the topological space (Y, T), where Y is the disjoint union of Y;
and Vs, i.e. Y = Y] U Ys, and T is generated by Ty, and Ty,. Let

1. X:Xlqu,

2. <=<7U <y, and
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3. T be the topology generated by J; and To.
Then (X; T; <) is a Priestley space and the relation
x = ox; U o U(X] x Xo) U (X x X)
is an apartness on it. It is obvious that core(X) = core(X;) U core(X5) and that the map
S[-] : core(X) — Y2 — Sifz], if x € core(X;),1 =1,2.

is a homeomorphism.

If the stably compact spaces represented by the X; and X, are pointed, then core(X})
and core(X2) will have bottom elements _L; and Ly, respectively. In this case we construct
the coalesced sum just like the usual sum after unifying 1, and L. The apartness o, in

this case, will be constructed as follows:

o = o U oo UCXI\{ L1} % X\ {Lo}) U (Xo\{ Lo} x X1\ {L;}).

5.9.3 Product

Suppose (Y7, Ty,) and (Y3, Ty,) are stably compact spaces and suppose (X1; Tx,, <;) and
(Xo; Tx,, <o) are Priestley spaces equipped with apartness relations oc; and oxy, respec-
tively. Let Si[-] : core(X1) — Y7 and Sy[-] : core(X;) — Y be homeomorphic
maps.

Let (X; T; <) be the product of (X71; Tx,, <;) and (Xs; Tx,, <9). Then (X;T;<)is a

Priestley space. We equip X with the following relation
(x,y) o< {z',y") &L v 7l ory oc Y.

It is not hard to prove that o is an apartness on X and core(X) = core(X1) X core(Xs).
The map
S[T : core(X) — Y1 x Yasi (2, y) — (Si[z], Sa[y])-

is a homeomorphism.
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5.9.4 The Smyth Power Domain

Suppose (Y, Ty) is a stably compact space, (X; T x, <) is a Priestley space equipped with
an apartness < and S[-] : core(X) — Y is a homeomorphic map.

The Smyth power domain of Y is the set of compact saturated non-empty subsets or-
dered by the reverse inclusion. In this section, there is no problem in excluding the empty
set therefore let us not bother removing it from the collection of compact saturated sets.
We have shown that (K core(x), 2) is isomorphic to (iso;(X), C).

By Lemma 5.7.2, the Scott topology on (iso;(X), C) is given by
T ={04]ACO(X)},
where
04 = {F € iSOl(X) | AC F}

By Lemma 2.3.18, the set of compact saturated sets in the Scott topology on (iso;(X), C)
is given by

T={(\B|BC{lFU--ULlE, |F €iso(X)}}.

We consider the strong proximity lattice
B={(0,K)|0eT,KeTy,and O C K},

where the order is the point-wise inclusion and the proximity relation is given by

(0,K)< (0, K'Y & K CO.

Let (X'; T, <') equipped with ' be the Priestley dual of B. Then by the representa-
tion theorem introduced in Chapter 3, core(X') is homeomorphic to Ky equipped with the

Scott topology.



Appendix A

Order Theory

This appendix reviews concepts and results from order theory, that are related to and needed

in the work presented in this thesis. The appendix is based on [20, 28].

Definition A.1. A binary relation < on a set P is called an order if for every x,y, z € P,
1. z <z,
2. 2 <y,y<zx =z =y, and
orlyy<z=z <z

The relation < is a pre-order if it satisfies conditions 1 and 3 but not necessarily 2. A set is
called an ordered set, a poset, or a partially ordered set if it has an order. x < y is read as

“x is less than or equal to .
Definition A.2. Let (P, <) be a poset and S C P.
1. The dual of (P, <) is the poset {P, <%) where z <% y if and only if y < z.

2. Anelement x € P is an upper bound of S if for every s € S, s < z. Lower bounds

are defined dually.

202
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3. Anelement s € S is minimal in S if there is no s’ € S such that s’ < s. Maximal

elements are defined dually

4. If S has a least upper bound then this element is called the supremum or join of S
and is denoted by \/ S. The infimum or meet of S is defined dually to the supremum
and is denoted by A S. Provided that S = {s1, ..., s,} and its supremum (infimum)

exists then it is also denoted by s1 V...V s, (51 A ... A Sp).

5. P is a meet-semilattice (join-semilattice) if for every z,y € P, x Ay (z V y) exists.
P is a lattice if for every x,y € P,z V y and x A y exist. P is a complete lattice if
for every A C P,\/ A and )\ A exist.

6. If P has a least (greatest) element then this element is denoted by 0 (1) or by L (T).

P is bounded if it has least and greatest elements.

7. The lower of S (denoted by |S) istheset {z € P | (3y € S) x < y}. The upper
of S (denoted by 15) is defined dually. 1 and |z are shorthand for 1{z} and |{z},
respectively. S is a lower set if S = |.S. Dually, an upper set is defined. The set of
all lower (upper) subsets of P is denoted by O(P) (U(P)).

8. Anelement x € P is join-prime or V-prime if for every a,b € P,z < a V b implies

a < xora <y.Meet-primes or A-primes are defined dually.

Definition A.3. A filter base F is a collection of nonempty sets such that
Fi,5%€e¥F= 3F €% FC F NF.
Lemma A4. Let P be an ordered set, z,y € P, and O € O(P). Then
r<y<=lrCly<= (y€ O =z €0).
Lemma A.5. Let L be a lattice and x,y € L. Then

Ly rVy=y<=rANy=rw.
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Lemma A.6. Let P be an ordered set, x € P, and A, B C P. Suppose \| A, \ A,\/ B,
and )\ B exist in P. Then

1. Vae A)a<V\VAand NA<a.

22 2<NA<= MaeA)z<a

3. VA<z<= (Mac€A)a<uz.

4. Vae A)(VbeB)a<b=\ A< AB.
5 ACB=\A<\/Band NA> A\B.

Lemma A.7. Let L be a distributive lattice and x,y € L such that x # 0 and y # 1
provided that L has 0 and 1. Then

x is join-irreducible <= ((Vay,...,ax € L)z < a1V.. Vay = (Ti € {1,.. ., k}) z < @;).
Dually,
y is meet-irreducible <= ((Vay,...,ar € L)z > aiA.. Nay, = (Fi € {1,...,k}) x > a;).

Definition A.8. Let P be a poset and S be a non-empty subset of P. The set S is directed
if

r,yeS = (Fz€S)x,y<z
Dually, S is filtered if

z,y€ S = (Jz€8)z< .

The supremum of S in P, if it exists, is denoted by \/T S. P is directed-complete if it is

closed under joins of directed subsets.
Definition A.9. Let L be a lattice and I be a non-empty subset of L.

1. The set [ is an ideal if it is lower and closed under binary suprema. Filters of L are

defined dually. The set of all ideals (filters) of L is denoted by ldI(L) (filt(L)).
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2. Anideal [ of L is called maximal if the only ideal properly containing it is L. Maxi-

mal filters are defined dually.

3. A properideal I of L is prime if forevery x,y € L,ifxt Ay € I'thenx € [ory € I.

Prime filters are defined dually. The set of all prime ideals (filters) of L is denoted by
ldl,(L) (filt,(L)).

4. If L is complete then an ideal I of L is completely prime if for every S C L,

\/SeI=SnI#0.

5. If L is complete then a filter F" of L is Scott-open if for every directed subset S C L,
\/'S € F implies SN F # (. The set of all Scott-open filters of L is denoted by

Sfilt(L).
Definition A.10. A lattice L is distributive if for every a,b, c € L,
aAN(bVe)=(aNnb)V(aAec).

Definition A.11. A distributive lattice (B;V, A) is a Boolean algebra if it has least and
greatest elements 0 and 1, respectively, and is equipped with a unary operation ’ such that

for every b € B:
1. bvO=bandbA1l =0, and
2.bA =0andbVd =1.
Definition A.12. A map f from an ordered set P to an ordered set () is

1. order-preserving (monotone) if for every a, b € P,

a<b= f(a) < f(b).
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2. order-reflecting if for every a,b € P,

fla) < f(b) = a <.

3. order-embedding (embedding) if for every a,b € P,

a < b= f(a) < f(b).

4. order-isomorphism if it is onto and an order-embedding.

Definition A.13. A map f : A — B between lattices A and B is a lattice homomorphism

if for every a, b € A,

flavb)=f(a)V f(b) and f(a Ab) = f(a) A f(D).

If A and B are Boolean algebras then f is a Boolean (Boolean algebra) homomorphism if it
additionally preserves 0, 1, and the unary operation’. An embedding is a one-to-one lattice
homomorphism. A lattice isomorphism is a bijective lattice homomorphism. A Boolean

(Boolean algebra) isomorphism is a bijective Boolean homomorphism.

Definition A.14. Let L be a lattice and x € L. The element x is join-irreducible if x # 0

(provided that L has 0) and for every a,b € L,
r=aVb=—xr=aorx =0

Meet-irreducible elements are defined dually. The set of all join-irreducible (meet-irreducible)

elements in L is denoted by J(L) (M(L)).
Lemma A.15. Let L be a lattice and I C L. Then
I'€ldl,(L) <= (L\I) € filt,(L).

Lemma A.16. Let L be a distributive lattice and J and G be an ideal and a filter respec-
tively of L. If JN G = () then there exist I € ldl,(L) and F = L\ I € filt (L) such that
JCITand G CF.
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Lemma A.17. Let B be a Boolean algebra and J be a proper ideal of B. Then there exists
I € ldly(L) such that J C I.

Lemma A.18. In a finite distributive lattice, every element is the join (meet) of join-

irreducible (meet-irreducible) elements below (above) it.



Appendix B

Topology

This appendix reviews topological concepts and results, that are related to and needed in

the work presented in this thesis. The appendix is based on [15, 22, 19].

Definition B.1. A topological space is a pair (X, T) where X is a set and T is a collection

of subsets of X such that:
1. The sets ) and X belong to 7.
2. The collection T is closed under finite intersections and arbitrary unions.

The collection T is called a topology on the set (space) X. The elements of T are called
open sets and their complements are called closed sets. A subset A C X is clopen if it is

closed and open.
Definition B.2. Let (X; T) be a topological space.

1. A closed set in T is irreducible if it is non-empty and is not a union of two of its

closed proper subsets.

2. Aset S C X is saturated if it is an intersection of open sets.
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(X;T) is Ty if for every pair of distinct points z, y € X, there exists an open set that

contains z but not y.

(X; T)is Ty or Hausdorff if for every pair of distinct points z, y € X, there exist two
disjoint open sets V, W € T suchthatz € V andy € W.

. A subset S C T is a basis for the topology T if every element in J is a union

of elements of S. The set S is a subbasis for the topology T if the set of finite

intersections of elements in S is a basis for 7.

. Aset.S C Tis an open cover for X if [ J S = X.

(X, T) is compact if every open cover to X has a finite subcover.

. X, T) is locally compact if for every z € X and O € T such that z € O, there exists

V € T and a compact set K C X suchthatx € V C K C O.

(X, T) is totally disconnected if for any two distinct points z,y € X, there exists a

clopen set containing = but not y.

The closure of a set S C X is denoted by S and defined by

S = m{C | C is a closed set containing S}.

(X, T) is sober if for every closed irreducible subset C' C X, there exists a unique

point z € X such that {z} = C.
The binary relation <g defined on X by
xﬁ;y(d:ef>((VOe‘J')x€O:>yeO),

is a pre-order and is known as the specialisation order of (X,T). This pre-order

defines an order iff (X, T) is Tj.
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Definition B.3. Suppose f : X; — X, is a map between two topological spaces (X, T7)
and (X, Ty). Then

1. fis continuous if it satisfies any of the following equivalent conditions.

(a) (VO € 72) f_l(O) € ‘:Tl.
(b) For every closed set C of Xo, f1(C) is a closed subset of X.

(c) If 8 is a basis or subbasis for T, then
(VO € 8) f~1(0) € T;.

2. f is a homeomorphism if it is bijective and continuous, and its inverse image f =" is

continuous.

3. fisopenif
(YO € T7) f(O) € T.

Definition B.4. An ordered space is a topological space (X, T) equipped with an order <
that is closed in (X x X, T x T), where T x T is the topology on X x X generated by the
basis {O x O' | 0,0" € T}.

Definition B.5. Let (X; T, <;) and (X;;T7, <;) be ordered space and f : X; — X, be
amap. Then f is an order-homeomorphism if it is an order-isomorphism and a homeomor-

phism.

Lemma B.6. Suppose f : X1 — X, is a map between two topological spaces (X1,7T1)
and <X2, TQ>

1. If (X1, 71) is compact Hausdorff and f is continuous then f(X1) is compact.

2. If (X1, T4) is compact Hausdorff, (X5, Ts) is Hausdorff, and f is continuous and

bijective then f is a homeomorphism.
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The following lemma is known as Alexander’s subbasis lemma.

Lemma B.7. Suppose (X, T) is a topological space and § is a subbasis for T. (X,T) is

compact if and only if every open cover for X contained in & has a finite subcover.

Lemma B.8. Suppose (X, T) is a compact Hausdorff topological space and C C X. Then

C is closed if and only if it is compact.



Appendix C

Category Theory

This appendix, which is based on [70, 97], reviews concepts and results from category

theory, that are essential for the work presented in this thesis.
Definition C.1. A category is a collection of three entities:
1. aclass whose elements are called objects.

2. a class whose elements are called morphisms. Every morphism is assigned two ob-
jects as its domain and codomain. f : A — B denotes the morphism f whose

domain is the object A and whose codomain is the object B.

3. a composition operation which assigns to every pair of morphisms f : A — B and

g: B — C amorphismgo f: A— C such that:

(a) givenh:C — D, (hog)o f=ho(gof).

(b) forevery object A, there an identity morphism1,4 : A — Asuchthat foly = f
and lgo f = f.

Definition C.2. Let C be a category. Then the opposite or dual CP of C' is the category

which has the same objects as C' and whose morphisms are of the form f° : B — A
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where f : A — B is a morphism in C. The composition in C'?? is defined by

[P og”=(gof)”.

Definition C.3. Let C' and D be two categories. A functor F' : C — D is a pair of
functions (both denoted by F'):

1. F : objects of C' — objects of D, and
2. F : morphisms of C — morphisms of D.
This pair is subject to the following conditions:
1. for every morphism f : A — BinC, F(f): F(A) — F(B),
2. F(fog)=F(f)oF(g),and
3. F(1a) = 1pa-
Afunctor F: C — D is

1. full if for all objects A, B in C' and for every morphism g : F(A) — F(B) in D
there is a morphism f : A — B such that F(f) = g.

2. faithful or an embedding if for all objects A, B in C and for all morphisms f, f': A — B
inC, F(f) = F(f') implies f = f'.

A contravariant functor has the same definition as functor except that the directions of
morphisms get reversed under it, i.e. it maps a morphism f : A — B to a morphism

F(f): F(B) — F(A). An endofunctor is a functor from a category to itself.

Definition C.4. Let F,G : C' — D be two functors between categories C' and D. A
natural transformation is a mapping 7 that assigns for every object A in C' a morphism

na : F(A) — G(A) in D such that for every morphism f : A — Bin C

G(f)ona=mngo F(f).
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If both F and G are contravariant then the later equation takes the following form

nao F(f) = G(f) o ns.
If n4 is an isomorphism in D, for every A in C, then 7 is a natural isomorphism.

Definition C.5. Let C' and D be two categories. An adjunction from C' to D is a triple
(F,G,n) such that F : C — D and G : D — C are functors and 7 is a mapping that

assigns for every pair of objects A € C' and B € D a bijection of sets
NA,B : D(F(A)a B) — C(Aa G(B))a

which is natural in A and B. D(F(A), B) is the set of all morphism in D from F'(A)
to B. Similarly C(A, G(B)) is defined. The functor F' and G are called left-adjoint and

right-adjoint, respectively. F' and G are said to be dual adjoints to each other.

Lemma C.6. Let C and D be two categories and (F,G,n) an adjunction from C to D.
Then the adjunction is completely determined by the functors F' and G and any pair of

natural transformationsn : Ic — G o F and ¢ : F o G — Ip such that the composites:
1. G2 GoFoG % Gand
2. FI FoGoF 5 F

are the identity transformations.

Definition C.7. Let C' and D be two categories. Then C' and D are equivalent to each other
if there are two functors F' : C — D and G : D — C and two natural isomorphisms
GoF=]:C—Cand FoG=1:D — D. The functor F'is called an equivalence
of categories. The category C'is dual equivalent or dual to the category D if C'is equivalent

to the opposite of D.

Lemma C.8. Let C' and D be two categories and F' : C — D a functor. Then the

following statements are equivalent.
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1. F'is an equivalence of categories.

2. Fis full, faithful, and for each object B in D there is an object A € C' such that
F(A) and B are isomorphic.

Definition C.9. Let C' be a category. A collection S of objects and morphisms of C'is a

subcategory of C' if

1. for every morphism f : A — Bin S, A and B belong to S,
2. for every object A in S, 14 belongs to S, and

3. for every pair of arrows f: A— Bandg: B— C'in S, go f belongs to S.

A subcategory S of a category C' is full if the functor from S to C' that sends every object

to itself and every morphism to itself is full.

Definition C.10. Let C be a category. Then C'is Cartesian-closed if it satisfies the follow-

ing conditions.

1. C has an object T such that for every object A in C' there exists a single morphism

fa: A —T. The object T is called terminal.

2. For every pair of objects A; and A, in C, there exists an object X and a pair of
morphisms 7; : X — A; ,7 = 1,2, in C such that for every object B and every pair
of morphisms f; : B — A;, 1 = 1, 2, there exists a unique morphism f : B — X
such f; = m;o f,i = 1,2. The object X is called the product of A; and A, and is
denoted by A; x A,.

3. Provided that condition 2 is satisfied, for every pair of objects A; and A, in C, there
exists an object E' and a morphism 7 : ' x A; — A, such that for any object X in
C and morphism g : X x A; — A, there is a unique morphism A\, : X — E such

that

no ()‘g X 1A1) =g
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The object E is called an exponential and is denoted by A‘241.
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