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Abstract—The reduction of the high signal peak-to-
average-power-ratio (PAPR) in orthogonal frequency division
multiplexing (OFDM) systems limits the clipping-induced
non-linear harmonic distortions caused by power amplifiers. In
this paper, the characteristics of the circuits implemented in sub-
threshold CMOS are employed to perform companding-based
PAPR reduction for OFDM signals. Simulation results confirm
that the tanh-companding amplifiers are capable of reducing
the PAPR of OFDM signals through the careful control of their
design parameters.

Index Terms—Companding, orthogonal frequency division
multiplexing (OFDM), peak to average power ratio (PAPR).

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) is
one of the spectrally efficient multi-carrier (MC) transmission
techniques. In OFDM-based systems, a large number
of independent narrowband signals are simultaneously
transmitted over a set of orthogonal carriers whose frequencies
are closely spaced in the frequency domain. The high spectral
utilization offered by OFDM transmission is one of the
reasons behind its adoption as the core system of many
air-interface standards. These standards include, but not
limited to, worldwide interoperability for microwave access
(WiMAX), terrestrial digital video broadcasting (DVB-T)
and the IEEE 802.11a standard for wireless local area
networks (WLANs). Moreover, due to its robustness against
multipath propagation effects in high-mobility environments,
OFDM has been widely adopted for 4G communications.
Moreover, the immunity of OFDM to impulsive noise has
also recommended its use in wire-line applications, such as
power line communications (PLC) and digital subscriber lines
(DSL) [1].

As an MC transmission technique, the orthogonal
sub-carriers in OFDM-based systems might sum up
instantaneously and abruptly to the same phase. This
constructive phase addition leads to a large increase in the
instantaneous OFDM signal power beyond the saturation
limits of the power amplifier (PA) that usually precede a TX
antenna. The value of the observed instantaneous power might
reach up to several orders of magnitude of the average OFDM
signal power, leading to clipping induced non-linearities.
These clipping non-linearities induce irrecoverable out-of-
band harmonic distortions [2], [3]. Consequently, a PA with
a wide dynamic input range is often desired to ensure its
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operation in the linear regime [4]. Unfortunately, PAs with
a large input dynamic range are not efficient in terms of
their power conversion efficiency and/or the required bias
conditions [5], [6]. Alternatively, peak-to-average-power-ratio
(PAPR) reduction techniques are often applied to the OFDM
signal before being forwarded to a PA. Companding the
dynamic range of OFDM signals is one of the most popular
PAPR reduction techniques due to its low implementation
complexity and bandwidth requirements [7], [8]. Numerous
techniques have been reported to reduce the PAPR of OFDM
signals using non-linear input/output (I/O) characteristics
(e.g. [91-[11]).

In this work, the application of the non-linear I/O character-
istics of practical amplifier designs as companding techniques
in OFDM-based systems is proposed. Four different amplifier
topologies, based on sub-threshold CMOS-based differential
pairs [9], are recommended for this purpose. The I/O char-
acteristics of the considered designs are scaled versions of
the hyperbolic tangent (tanh) function. Throughout this work,
the I/O characteristic relationships of the four considered
designs are matched to that of the non-linear error function
(NERF), which is one of the most commonly used compand-
ing techniques in OFDM-based systems. Simulation results
show that the PAPR reduction performance of tanh-based
companding is comparable to that of the NERF function, pro-
vided that the I/O characteristics of the sub-threshold CMOS-
based differential pairs are carefully controlled. The rest of
this paper is organized as follows. Section II overviews the
general mathematical frame- work of OFDM-based systems.
In Section III, a comprehensive definition of the PAPR is
introduced whether or not a companding technique is applied.
Moreover, a number of I/O characteristic relationship of the
NERF companding function is over-viewed. The I/O char-
acteristics of the four practical sub-threshold CMOS-based
designs are also introduced. Section IV presents numerical
simulation results that validate the proposal of using the
design in [9] for companding-based PAPR reduction in OFDM
communications.

II. OFDM-BASED SYSTEMS: MODEL OVERVIEW

Fig. 1 shows a typical block diagram of an OFDM
transceiver chain that utilizes companding/de-companding
technique to reduce the PAPR. The entire system is driven by
an information source that emits a stream of independent and
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Fig. (1) Block diagram representation of a typical OFDM
transceiver chain that employs companding/de-companding.

identically distributed (i.i.d) binary valued random variables
(RVs) to a quadrature phase shift keying (QPSK) constellation
mapper at a rate of R bps. At the output of the QPSK mapper,
each N symbols are forwarded to a 1 x N serial to parallel
(S/P) converter at a rate of R; = R}p/2 Sps. The S/P splits the
input symbol stream into N parallel streams of Rs/N Sps rate
each. The resulting N signals are applied to the N input ports of
an inverse discrete Fourier transform (IDFT) processor before
being converted to a corresponding N time domain parallel
streams. A parallel-to-serial (P/S) converter is applied to the
resulting time domain symbols, denoted by §,, such that its
output is expressed as follows [13]:

N-1
S0 =Y Spexp(—j2mnk/N);0<n<N-1. (1)
k=0

The complex time series in (1) constitute the useful infor-
mation part of an OFDM symbol. The redundancy of this
discrete-time sequence is increased by inserting the last Nop
of its samples as a cyclic prefix (CP). An analog form of (1)
is obtained by applying a digital-to-analog (D/A) smoothing
filter whose output is denoted by Z(t). At the transmitter
front-end, the OFDM signal power is boosted by a PA before
being emitted to the wireless channel via a TX antenna. To
avoid the clipping-induced non-linearities introduced by the
PA, a companding operator, denoted by f(z), is independently
applied to the real and the imaginary parts of Z(¢) as follows:

Zeomp(t) = f (Re{Z(D)}) + 5 (Se{z(1)}) - @)

At the receiver front-end, the received signal, denoted by
7(t) is obtained by convolving (2) with the channel impulse
response (CIR) B(t), and is corrupted by a zero mean additive
white Gaussian noise (AWGN) ranLdom process, denoted by

-1
p(t). The CIR is given by h(t) = Y. @ (t — 1), where &, 7
and L are given by the power-delay lp_r%ﬁle (PDP) of the chan-
nel. A de-companding operator, given by f~!(z), is applied
to the received signal. The de-compandor output is sampled at
a rate of f; Sps by an analog-to-digital (D/A) converter and
the CP redundancy is removed from the resulting time domain

sequence. Assuming a perfect TX-RX synchronization, the N
samples length time domain OFDM symbol is converted back
to its frequency domain dual, denoted by Yj, by using a S/P
converter, a discrete Fourier transform processor and a P/S
converter. This is expressed mathematically as follows:

Vi, = HpSy + ;0 < k< N — 1, 3)

where Hj = ﬁ sz;(f hy exp(j2mnk/N) is the discrete
frequency domain CIR, h,, = h(t = n/f,) is the time sampled
CIR, o = < S350 fin exp(j2mnk/N), fi, = jilt =1/ f;)
is the time sampled AWGN random process. The fading effects
experienced by the OFDM signal over the wireless channel are
compensated by applying a single tap zero forcing-frequency
domain equalizer (ZF-FDE) to (3). The resulting equalized
frequency domain symbols are then QPSK de-mapped into a
binary data stream and the Bit Error Rate (BER) performance
is given by P, = %Pr {f/k # S‘k} .

III. COMPANDING THE PEAK TO AVERAGE
POWER RATIO

The PAPR of an arbitrary signal z(t) is defined as the ratio
of its peak power to its average power. Applying this definition
to the transmitted OFDM signal in (2), a PAPR operator is
expressed mathematically as [14]:

max{|f(z(t))|*}

E{f(lz(®))}

Where, E{.} is the expectation operator, f(.) is the com-
panding operator, and max{|z(¢)|?} and E{|x(t)|?} are the
peak OFDM signal power and its average power, respectively.
Clearly, the purpose of the companding operator is to increase
the average value of the OFDM signal power and/or to
decrease its peak instantaneous value.

PAPR{f(z(t))} = o<t <oo. (4)

A. Non-linear Error Function Companding

As its name implies, the non-linear error function (NERF)
companding is based on the familiar Gaussian error function,
and is expressed as [15]:

_ o L2 r
) = san(o)? | ers (2] )
where k,0 € R are scaling constants that define the
dynamic range of the input and the output signals, respectively,
sgn(.) is the conventional signum function, defined as sgn(x)
=1; 2 >0, sgn(x)= -1; 2 < 0 and erf(z) is the conventional
Gaussian error function, which is given by

erf(z) = % O/exp (—t?) dt. (6)

It should be noted that o is the statistical standard devia-
tion of |z|. In other words, the characteristics of the NERF
companding function should be adaptively adjusted to the
dynamic range of the input signal. Moreover, k,o and ~ are
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not independent. According to [15], v = 1 and power conser-
vative companding is assumed (i.e., E{|f(z)|*} = E{|z|?}).
This yields k£ = V3. Alternatively, another form of NERF
companding is obtained by setting v = 1/2 [15]. Accordingly,
the power conservative companding assumption yields k& = 20.

B. The Equations of Designed Circuits for Differential Pair

In [12], differential tanh-companding is achieved using one
of four possible MOSFET-based differential pair designs. For
simplicity, the I/O characteristics of these four designs are
reformulated as follows:

f1(x) = atanh (Cx) %)
fo(z) = B tanh (Cx + %Zn(m)) 4 Btanh (Cz — %ln(m)),
— 28 tanh(Cz) + a tanh(Cz) ®)
fo(x) = B tanh (Co + Sin(m)) +  tanh (Gz — Sin(m)),
)
fa(z) = atanh (@ —tanh ™" % ) (10)

where, (7)-(10) correspond to the four designs considered
in [12]. In each of the afore-mentioned designs, the values of
the parameters «, 5, and m in (7)-(10) are matched to the
values of k, o and v of the NERF companding characteristics
in (5).

IV. SIMULATION RESULTS AND ANALYSIS

This section presents numerical simulation results for the
OFDM system using the companding/de-companding tech-
niques discussed in Section III, with the PAPR and the BER as
the performance metrics of interest. The numerical values of
the simulation parameters are as follows: A symbol rate of Ry
= 9.6 kSps is assumed. Accordingly, the sampling frequency
and the sub-carrier frequency spacing are f; = R and
Af = fs/N = 150 Hz, respectively. The BER is calculated
using Monte-Carlo simulations by averaging a number of 1000
OFDM symbols. The size of the FFT/IFFT matrix is N = 64,
whereas N¢p is set to 16 samples. Throughout simulations,
it is assumed that 0 < |z| < 1,7 = 1,0 = 0.5817 and
k = 1.0075. Table (I) shows the different values of the tanh-
companding amplifier parameters in (7)-(10) that match those
of the NERF companding function. Moreover, a six paths
Rayleigh fading channel model is assumed. Table (II) shows
the power delay profile (PDP) of the adopted channel model
[16].

TABLE (I) Design parameters of Eq (7-10)

Design 1 | Design 2 | Design 3 | Design 4
o 1 1 1 1
¢ 1.27 1.27 1.27 1.27
B 1 1 - -
m - 1.1972 0.04 19.5

The simulation starts by matching the design parameters
in (7)-(10) to those of the NERF characteristics. The optimal

parameter set for each design is listed in Table (II). Fig.(2)
depicts the resulting matched characteristics.
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Fig. (2) NERF versus tanh-companding characteristics with
(a): un-matched and (b): matched characteristics.

-1 -0.8 -0.6

TABLE (II) Channel Power-Delay profile

Tap number | 1 2 3 4 5 6
Power (dB) | -3 0 -2 -6 -8 | -10
Delay (u8) 0]02]05]|16]23 5

Figs. 3 (a) and (b) demonstrate the performance of the
NERF companding in (5) as compared to I/O characteristics
in (7)-(10). Fig. 3 (a) shows the complementary cumulative
distribution function (CCDF) versus the PAPR for the
considered companding techniques, whereas Fig. 3 (b) plots
the BER performance versus the signal to noise ratio (SNR)
for the same techniques in Fig. 3 (a). It is clear from Fig.
3 (a) that, NERF-based companding introduces a virtual
gain of about 2 dB to an un-companded OFDM signal at
a CCDF value as low as 1073. Moreover, a differential
tanh-companding amplifier whose I/O characteristics are
well-matched to the NERF function shows a very CCDF
versus PAPR performance. The sub-figure in Fig. 3 (a)
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illustrates the negligible differences among the performances
of the four amplifier designs.

Moreover, a reduction of about 1.89 dB (from 10.35 dB
to 8.46 dB) in the PAPR of the OFDM signal is observed
at a CCDF value of 10~3. However, this improvement is
accompanied by a slight deterioration in the BER performance,
which increases with increasing the SNR as clear from Fig.
(3a). Furthermore, a power penalty of no more than 1 dB
is required for a companded OFDM system to achieve the
same forward error correction (FEC) BER limit of 103
that is achieved by its un-companded counterpart. Applying
the recommended approach (NERF companding technique) to
MIMO systems will be investigated in future works.
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Fig. (3) Performance comparison of various companding &
decompanding techniques with (a): the CCDF vs the PAPR
and (b): the BER vs the SNR as the performance metrics of
interest.

V. CONCLUSION

Companding the dynamic range of OFDM signals is an
efficient technique that reduces the out-of-range clipping-
induced non-linear harmonic distortions that frequently occur

in practical OFDM systems. In this paper, it is demonstrated
that, the companding characteristics of the non-linear error
function companding can be realized using the I/O charac-
teristics of the differential tanh-companding MOSFET-based
amplifiers. Simulation results confirm that these amplifiers are
capable of reducing the PAPR of OFDM signals through the
careful control of their key design parameters.
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