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Abstract— Careful design and photonic generation of power
efficient impulse radio ultra wideband (IR-UWB) waveforms by
shaping their spectra is one of the most important challenges
in the analysis and design of IR-UWBoF systems. Throughout
this letter, theoretical expressions for the signal to noise ratio
of IR-UWB waveforms in terms of their spectra are developed
and optimized. Two common types of IR-UWB waveforms are
considered. Numerical simulations results show excellent agreement with the obtained theoretical expressions.
Index Terms— Free space path loss (FSPL), impulse radio (IR),
microwave photonic (MWP), signal to noise ratio (SNR), ultra
wideband over fiber (UWBoF).

I. I NTRODUCTION
ILRESS transmission of photonically generated
IR-UWB waveforms is often an essential part of
IR-UWBoF systems [1]. However, the limited propagation
distance of UWB signals is a major challenge in UWB wireless
communication systems which might prevent remote
users from establishing a link with a UWB wireless
access point. This is due to the severe power spectral
density (PSD) constraints set by the Federal Communications
Committee (FCC) [2]. Moreover, the frequency dependent
channel path loss associated with the wireless transmission
of IR-UWB signals tends to suppress their received PSD as
well as the SNR at the electrical receiver front end. This in
turn, degrades the overall system transmission performance in
terms of the end-to-end bit error rate (BER). Therefore, the
spectrum of an IR-UWB waveform should be carefully shaped
in order to achieve the highest SNR and the minimum BER
in an IR-UWB communication link. In IR-UWB systems,
the SNR depends on the spectrum of the particular IR-UWB
waveform that represents the transmitted symbol [3]. Most
of the literature published on IR-UWB systems focus on
amplitude and/or time scaled versions of the time derivatives
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Fig. 1.
Block diagram of a typical IR-UWBoF communication system.
Red lines: optical paths. Black lines: electrical paths.

of Gaussian [4] and sech [5] pulses. However, the frequency
dependent channel path loss decreases their power spectral
density (PSD) which in turn leads to a degradation in
the SNR at the UWB receiver front end. In this letter,
the impact of frequency dependent channel path loss on the
spectra of Gaussian and sech-based IR-UWB waveforms
is included. In addition, some design recommendations on
how to maximize the SNR achieved by these waveforms are
suggested. Throughout the rest of this letter, the derivatives
of the Gaussian input basis function are denoted by the
Gaussian-based IR-UWB waveforms. Similarly, waveforms
obtained by differentiating a sech input basis function are
denoted by sech-based IR-UWB waveforms. To the best of
the authors’ knowledge, there is no closed-form expressions
for the SNR in terms of the PSD of these two types of
IR-UWB waveforms. In this letter, an elegant approach is
introduced to calculate and optimize the average SNR of
these two waveform types. The developed expressions are
useful in deriving closed-form expressions for the average bit
error rate (BER) of various UWB modulation schemes such
as on-off keying (OOK) and bi-phase modulation (BPM).
The rest of this letter is organized as follows. First, a typical
IR-UWBoF system is described in Section (II) along with
analytical expressions for the PSD of the two most common
types of IR-UWB waveforms. In Section (III), theoretical
expressions for the average SNR per symbol are developed
in terms of the IR-UWB signal spectra and the channel model
introduced in Section (II). The obtained expressions are then
numerically evaluated and analyzed in Section (V). The results
obtained and analyzed lead to a conclusion which is finally
presented in Section (IV).
II. S YSTEM M ODEL OVERVIEW
Fig.1 depicts the block diagram of a typical IR-UWBoF
system. It consists of a central station connected to a UWB
access point via an optical fiber link which is followed by
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a UWB wireless transmission link. At the central station,
information in the form of a sequence of independent and
identically distributed binary data symbols dk ∈ {0, 1} is
applied to the RF input port of a microwave photonic (MWP)
generator. A train of optical input basis functions emitted from
the laser source (at point A in Fig.1) is applied to optical input
of the MWP generator. The MWP generator is designed such
that it shapes each optical input basis function and encodes
the binary information symbols by the optically reshaped
waveform. The encoded optical waveform is then propagated
down a length of a dispersive fiber, usually a single mode
fiber (SMF), to the UWB access point at a remote location. The
optical waveform at the output of the SMF is applied to a high
speed photo-detector (PD) for optical-to-electrical conversion
such that the desired temporal electrical IR-UWB waveform is
obtained. The electrical IR-UWB waveform is then radiated to
the wireless path loss channel via the transmitter antenna and
then received by the receiver antenna. The received waveform
is then bandpass filtered and sent to an electrical UWB receiver
for further electrical processing and detection of information
symbols.
A. Common IR-UWB Waveforms
The electric field envelope of the optical pulse (at point A
in Fig.1) is represented by an input basis function ψ(t, τ ),
where τ is its pulse shaping factor. This input basis function
is given by either an amplitude normalized Gaussian pulse
which is typically expressed as ψ(t, τ ) = exp(−t 2 /τg 2 ),


τg = τ/2 log(2) or an amplitude normalized sech pulse
which is typically expressed as ψ(t, τ ) = sech(t/τs ),

τs = τ/2sech−1 (0.5). These definitions ensure that both the
Gaussian and sech waveforms have equal full width at half
maximum (FWHM) pulse widths. Throughout the analysis,
it is assumed that the MWP generator applies an ideal
m-th order differentiation operator to this optical envelope such
that the electrical IR-UWB waveform (at point B in Fig.1)
is an amplitude scaled version of a monocycle, doublet or
any higher order derivative. The RF waveform at the output
of the TX antenna is related to ψ(t, τ ) as ψ (m) (t, τ ) =
Am d m ψ(t, τ )/dt m ; t ∈ R where Am is the amplitude of the
IR-UWB waveform. It should be noted that Am is adjusted
such that the PSD of the IR-UWB signal does not exceed the
maximum PSD admissible by the FCC mask within the useful
UWB band [6]. In particular, Am is defined as follows:


2 1/2



Am = max {SF CC (ω)} / max  (m) (ω, τ )
(1)
where SF CC (ω) is the maximum PSD admissible by the
FCC mask within the useful UWB band, ω is the angular
frequency,  (m) (ω, τ ) = {ψ (m) (t, τ )} and {.} denotes
the Fourier transform operation. The amplitude normalized
Fourier transform of the m-th order Gaussian-based derivative
is given by
(m)
m √
2
(2)
n,F CC (ω, τ ) = Am
g ( j ω) τg π exp(−(ωτg ) /2)
whereas the amplitude normalized Fourier transform of the
(m)
m-th order sech-based derivative, n,F CC (ω, τ ) is given by
(m)
m
m
n,F
CC (ω, τ ) = A s ( j ω) 4πτs sech(2πωτs )

(3)

(m)
In the following analysis, n,F
CC (ω, τ ) refers to one of
the definitions (2) or (3) as required. Since, Gaussian
and sech-based derivatives are characterized by a
unique global maximum, the value of ω that leads to



 (m)
 (ω, τ )2 = max  (m) (ω, τ )2 is obtained by
substituting
either
of the definitions (2) or (3) in

2
 (m)

∂ n,F CC (ω, τ ) /∂ω = 0 respectively and solving for
ω which is defined as the peak emission angular frequency,
denoted by ω p,g for Gaussian-based waveforms and ω p,s
m
for sech-based waveforms. The values of Am
g and A s are
obtained by substituting in ω p,g and ω p,s in (1) as follows.
2m
2
2
Am
g = S F CC (ω)/ω p,g πτg exp −(ω p,g τg ) /2
2m
2
2
Am
s = S F CC (ω)/ω p,s (4πτs ) sech 2πω p,s τs

1/2

(4)

1/2

(5)

where τg and τs are the pulse widths corresponding to ω p,g
and ω p,s respectively.
B. Arbitrary Path Loss Exponent Channel Model
The power of the received IR-UWB waveform (at point C in
Fig.1) depends on the path loss of the wireless UWB channel.
In general, the frequency domain transfer function of the path
loss channel, measured from point B to point C in Fig.1, is
modelled as [7]:

1/2
G T X (ω)G R X (ω)c2
exp(− j ω r /c) (6)
Hch (ω, r) =
(2ω r)κ
where G T X (ω) and G R X (ω) are the frequency responses
of the TX and RX antennas respectively. r ∈ R2 is the
position vector of the RX antenna, r ∈ R is an RV which
represents the physical position of the RX antenna with
respect to the TX antenna, κ ≥ 2 is the path loss exponent,
c is the speed of light and rmin , rmax are the minimum and
the maximum TX-RX separation respectively. Let’s define


β(ω) = G T X (ω)G R X (ω)/(ω)κ and λ(r) = c2 /(2 r)κ . The
2
dependent RV λ(r) : R → R represents the large scale
channel path loss at different positions of the RX antenna. The
particular value of κ depends on the specific environment in
which the TX and RX antennas are immersed. The frequency
response of the TX and RX antennas depends on the particular
design of each antenna. For simplicity and without loss of
generality, both antennas are assumed to have a flat frequency
response at least over the useful UWB band. Therefore, the
frequency dependence of both G T X (ω) and G R X (ω) are
dropped throughout the rest of the analysis. Moreover, both
the TX and RX antennas are assumed to have omni-directional
radiation characteristics such that the receivers surrounding the
TX antenna can access the IR-UWB signal equally likely.
III. S IGNAL TO N OISE R ATIO A NALYSIS
At the receiver input, the spectrum of the received IR-UWB
waveform may not be fully compliant to the FCC spectral
constraints and is corrupted by a zero mean AWGN random
process with a double sided PSD of No . Therefore, the PSD of
the received signal is passed to an ideal bandpass filter (BPF)
in order to extract the signal power in the useful UWB
band while reducing the out-of-band AWGN power. This
BPF is assumed to have an ideally flat frequency response,
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at least over the useful UWB band, lower and upper cutoff
angular frequencies of ω L and ω H respectively and an angular
passband of
= ω H − ω L . The frequency domain transfer
function of the BPF is given by

1; ω L ≤ ω ≤ ω H
H B P F (ω) =
(7)
0; elsewhere
After bandpass filtering, the received signal becomes
strictly fully compliant with the FCC spectral constraints.
The received signal spectrum (at point D in Fig.1) is given by

(m)
Hch (ω, r)n,F
CC (ω, τ )H B P F (ω); ω ∈ [ω H , ω L ]
ϒ(ω) =
0;
elsewhere
(8)

Now let’s evaluate the integral in (10). For Gaussian-based
IR-UWB waveforms, substituting (2) in (10) yields:
_

2
λ (πτg Am
g)
SNR R X (τ ) =
No

2πλ
No

=

2


 (m)
ωm n,F CC (ω, τ ) dω

(9)

where m = 2m − κ. The SNR in (9) is implicitly conditional
to the receiver’s location. The corresponding average SNR
can be obtained by averaging (9) over the probability density
function (PDF) of λ. Thus, the average SNR is given by
⎧
⎫

⎨ 2πλ ω H
2 ⎬


(m)
SNR R X (τ ) = E
ω−κ n,F CC (ω, τ ) dω
⎩ No
⎭
=

2π
No


2
 (m)

λω−κ n,F CC (ω, τ ) P(λ)dωdλ

0 ωL
_ ω H

=

2π λ
No

2


 (m)
ω−κ n,F
(ω,
τ
)
 dω
CC

 √ m_ +1
2
=
No
τg
√
√
× (ω H τg / 2) − (ω L τg / 2)
2
λ (πτg Am
g)

where

(10)

ωL
_

0

in Section (II), the RX is equally likely to be found at a
distance r from the TX. Therefore, it is reasonable to assume
a uniform PDF Pr (r) for r as follows:
⎧
1
⎨
; rmin ≤ r ≤ rmax
2
2 )
(11)
Pr (r) = π(rmin − rmax
⎩
0;
elsewhere
Consequently, λ is given by the κ t h moment of the inverse
uniform distribution of r and the average channel path loss
can be expressed as follows.
2−2κ
2−2κ
− rmax
G T X G R X c2 rmin
2 − r2
(2π)κ (κ − 1) rmax
min



(u) = (1 − s)
×

(13)


_
m +s + 1
er f (u) − exp(−u 2 )
2

_

_

L−1


( m 2+1 )u m −2n−1

n=0

( m 2+1 − n)

_

,

(12)

0

_

is the Gaussian error function, L = (m +s)/2, s = 0 if m is
odd and s = 1 if m is even. Likewise, the integral in (10)
is also evaluated for sech-based IR-UWB waveforms by
substituting (3) in (10) as follows:
_

2π λ Am
s
SNR R X (τ ) =
No

2 ω H

_

ωm (4πτs )2 sech2 (2πωτs )dω
ωL

m_ +1
2
1
)
8π λ m!(4πτs Am
s
=
No
2πτs
× ((2πω H τs ) − (2πω L τs ))
_ _

(14)

where
_

(u) =

m
K 

_

l=0 q=0

where E{.} denotes the expectation operator, λ = E{λ} =
∞
λP(λ)dλ and P(λ) is the PDF of λ. As mentioned before

E{λ} =

ωL

y=0

ωL

ωL
∞ ω H

_

ωm exp −(ωτg )2 dω

(.) is the gamma function defined as (z)
=
∞ z−1
√ u
2
y
exp(−y)d y, er f (u) = (2/ π) exp(−y )d y

∞ 
2


(m)
λ(r)β(ω)n,F CC (ω, τ ) dω
−∞
ω H

ω H

_

The total effective noise power becomes No /π. The SNR at
the receiver side can be expressed as follows:
π
SNR R X (τ |r) =
No
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(−1)l+q (l +1)

_

(m −q)!(−2(l +1))

q+1

u m −q exp(−2(l +1)u)

and K
1. The larger is K , the more accurate will be (u).
The integrals in (13) and (14) can also be evaluated by
using numerical integration techniques as shall be clear in the
following section.
IV. S IMULATION R ESULTS AND SNR OTIMIZATION :
O PTIMAL P ULSE W IDTHS
In this section, the average SNR expressions in (13) and (14)
are numerically evaluated and optimized with respect to τ. The
integrals in (13) and (14) are numerically evaluated by using
the trapezoidal rule in order to confirm the validity of their
closed form equivalents. The noise power is evaluated by using
Monte Carlo numerical simulation technique. A number of
103 sample realization AWGN noise vectors n ∈ C1×N having
a variance of No and a sample size of N = 103 are generated.
The noise power is then calculated by averaging nn H over
these realizations, where (.) H is the Hermitian operator. The
path loss exponent κ = 2. The values of rmin and rmax are
4 m and 10 m respectively. Accordingly, the average FSPL
channel loss is -75 dB. The FWHM pulse width τ is varied
from 0 to 500 ps for Gaussian-based IR-UWB waveforms
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Fig. 2. Average SNR versus the FWHM pulse width of the Gaussian input
basis function. Solid lines: theoretically obtained results. Markers: Results
obtained by numerical integration techniques.

Fig. 3. Average SNR versus the FWHM pulse width of the sech input basis
function. Solid lines: theoretically obtained results. Markers: Results obtained
by numerical integration techniques.

and from 0 up to 250 ps for sech-based IR-UWB waveforms.
The derivative order m takes the values through {1, 2, ...7}.
According to [2], f L = 3.1 GHz, f H = 10.6 GHz and
max {S F CC (ω)} = -41.3 dBm/MHz. The noise PSD No =
k B To , where k B = 1.23×10−38 J/K is the Boltzmann constant
and To=300 K is the nominal receiver noise temperature. The
simulation starts by evaluating the values of (τg , Am
g , ω p,g )
and (τs , Am
,
ω
)
numerically.
Based
on
the
derived
expresp,s
s
sion in (13) and (14), Figs. 2 and 3 show the average SNR
versus τ at different values of m for Gaussian-based and sechbased IR-UWB waveforms respectively.
Both figures indicate that, at a particular value of m, the
average SNR of Gaussian-based and sech-based IR-UWB
waveforms increases monotonically toward a maximum value
with increasing τ from zero up to an optimum value where
the average SNR attains its maximum. For example, in Fig.2,
a Gaussian-based monocycle pulse having a FWHM pulse
width of 68.84 ps achieves the maximum average SNR
of −10.03 dB. Similarly, in Fig.3, the sech-based monocycle
pulse achieves a maximum SNR value of -9.76 dB at a FWHM
input pulse width of 15.36 ps.
It is important to note that, the sech-based monocycle
outperforms its Gaussian-based counterpart in terms of the
maximum achievable average SNR at a much lower pulse
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width. This is true for any pair of Gaussian and sech-based
waveform types of the same order m. Furthermore, increasing τ beyond its optimum value leads to a degradation of the
average SNR below its maximum value regardless of the waveform type and the particular value of m, (i.e. Gaussian-based
and sech-based doublets, triplets and higher order derivatives
also show similar behavior). On the other hand, the maximum
attainable average SNR decreases with increasing m. This is
because increasing the differentiation order m leads to shifting
the UWB signal spectrum towards higher frequencies outside
the window of the useful UWB band. Correspondingly, less
power is produced at the output of the BPF within this band.
Moreover, it is important to highlight that an m-th order
Gaussian-based waveform outperforms all waveforms of order
n < m when τ < 100 ps. However, for τ < 250 ps,
the situation is reversed and the superiority of lower order
derivatives emerges. In this case, an n-th order Gaussian-based
waveform achieves a SNR higher than that achieved by a
waveforms of order m>n. For pulse widths between 100 ps
and 250 ps, the superiority of one waveform over another is
determined by its particular width and order. For sech-based
IR-UWB waveforms, the low pulse width regime ranges from
0 to about 21 ps, while the high pulse width regime starts from
about 100 ps. For pulse widths between 21 ps and 100 ps, the
superiority of one waveform over another is determined by its
particular width and order. All of the above observations reveal
that sech-based IR-UWB waveforms are preferred over their
Gaussian-based counterparts as the former support information
transmission at higher data rates and SNRs.
V. C ONCLUSION
This letter presents an analytical method to maximize the
received electrical SNR of IR-UWB waveforms subject to
the FCC spectral constraints. Closed form expressions for
the average SNR are derived. It is also shown that for each
waveform type, the SNR can be maximized by tuning the pulse
width of these waveforms. The applicability of the obtained
SNR expressions in obtaining closed form BER expressions
for different modulation schemes is an open research point
that needs a lot of further investigation.
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