
Annals of Data Science (2023) 10(2):481–512
https://doi.org/10.1007/s40745-020-00316-7

Bayesian and Non-Bayesian Estimation for the Bivariate
Inverse Weibull Distribution Under Progressive Type-II
Censoring

Hiba Z. Muhammed1 · Ehab M. Almetwally2

Received: 12 July 2020 / Revised: 10 October 2020 / Accepted: 20 October 2020 /
Published online: 23 November 2020
© Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract
Recently, bivariate inverse Weibull distribution was derived; many of its properties
have been discussed. Progressive Type-II censoring for bivariate inverse Weibull dis-
tribution has been proposed. The problem of estimating the unknown parameters of
this distribution in the presence of progressive Type-II censoring by both Maximum
likelihood and Bayesian estimation methods is considered in this paper. Moreover,
asymptotic and bootstrap confidence intervals for the model parameters are obtained.
Simulation study and a real data set are presented to illustrate the proposed procedure.

Keywords Bivariate inverse Weibull distribution · Maximum likelihood estimation ·
Prior distribution · Bayesian estimation · Progressive Type-II censoring · Bootstrap
confidence Intervals

1 Introduction

Many times, the life failure data of interest is bivariate in nature. Any study on twins or
on failure data recoded twice on the same system naturally leads to bivariate data. For
example, Hougaard et al. [1] studied data on life length of Danish twins and Lin et al.
[2] considered a data of colon cancer and the time from treatment to death. Paired data
could consist of blindness in the left right eye, failure time of the left right kidney or
age at death of parent/child in a genetic study. Eliwa and El-Morshedy [3] proposed
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the bivariate Gumbel-G family, and they discussed Bayesian and maximum likelihood
techniques to estimate parameters of this model. Almetwally et al. [4] introduced Far-
lie–Gumbel–Morgenstern (FGM) bivariate Weibull distribution, and they discussed
maximum likelihood, inference function for margins and semi-parametric methods to
estimate parameters of this model. Parameter estimation of bivariate Fréchet distribu-
tion based on Farlie–Gumbel–Morgenstern and Ali–Mikhail–Haq copulas has been
introduced by Almetwally and Muhammed [5].

Yousaf et al. [6] discussed Bayesian and classical inferences for the Chen distri-
bution assuming upper record values. Sultana et al. [7] investigated the estimation
problems of the unknown parameters of the Kumaraswamy distribution under type
I progressive hybrid censoring. El-Sherpieny et al. [8] obtained progressive Type-II
hybrid censored samples based onmaximumproduct spacing andmaximum likelihood
estimationmethod for power Lomax distribution.Almetwally et al. [9] discussed adap-
tive type-II progressive censoring schemes of maximum product spacing for Weibull
distribution. Tien [10] defined and detailed the concept of a serve good, which can be
thought of as a physical good or product enveloped by a services-oriented layer that
makes the good smarter or more adaptable and customizable for a particular use.

Recently, Muhammed [11] introduced a new bivariate inverse Weibull (BIW) dis-
tribution, whose marginals were inverse Weibull (IW) distribution. This new BIW
distribution was obtained using a method similar to that used to obtain the Mar-
shall–Olkin bivariate exponential model [12]. The proposed BIW distribution was
constructed from three independent IW distributions using a maximization process.
This new distribution is a singular distribution, and it can be used quit conveniently if
there are ties in the data, and it often used to fit paired data in survival studies where
there is a possibility of simultaneous occurrence of both the events. Muhammed [11]
provided the following interpretations for the BIW model

Competing risks model Assume a system has two components, labeled 1 and 2,
and the survival time of component i is denoted by Xi , i � 1, 2. It is considered
that there are three independent causes of failures, which may affect the system. Only
component 1 can fail due to cause 1, and similarly only component 2 can fail due to
cause 2, while both the components can fail at the same time due to cause 3. Let Ui

be the lifetime of cause i , i � 1, 2, 3. If U1,U2 and U3 follow an IW distribution,
then (X1, X2) follow the BIW model.

Shock model Suppose there are three independent sources of shocks; say 1, 2 and
3. Suppose these shocks are affecting a system with two components, say 1 and 2. It
is assumed that the shock from source 1 reaches the system and destroys component
1 immediately, the shock from source 2 reaches the system and destroys component
2 immediately, while if the shock from source 3 hits the system it destroys both
components immediately. Let Ui denote the inter-interval times between the shocks
in source i, i � 1, 2, which follow the distribution IW. If X1, X2 denote the survival
times of the components, then (X1, X2) follows the BIW model.

Stress model Suppose a system has two components. Each component is subject to
individual independent stress say U1 and U2 respectively. The system has an overall
stress U3 which has been transmitted to both the components equally, independent
of their individual stresses. Therefore, the observed stress at the two components are
X1 � max(U1,U3) and X2 � max(U2,U3) respectively.
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Maintenance model Suppose a system has two components and it is assumed
that each component has been maintained independently and also there is an overall
maintenance. Due to component maintenance, suppose the lifetime of the individ-
ual components is increased by Ui amount and because of the overall maintenance,
the lifetime of each component is increased by U3 amount. Therefore, the increased
lifetimes of the two components are X1 � max(U1,U3) and X2 � max(U2,U3)

respectively.
There are several mechanisms that can lead to censored data. So-called Type-II

censoring that describes the experiment would be continued until a fixed proportion of
items have failed. For a bivariate population censoring may be effective on the ordered
variable only as example; densities of several metals alloy specimens are measured,
and each specimens are set in operation simultaneously, the population parameters
may be estimated sequentially as a specimens fail, but at each stage the available
sample will be censored with respect to the order variate, time to failure, while the
associated density is completely known. A generalization of this Type-II censoring is
called progressive Type-II censoring, which arises as follows: of the n items placed
on a life test, suppose R1. functioning items are randomly removed from the test right
after the first failure. Similarly, immediately after observing the second failure, R2
items are randomly removed from the remaining n − R1 − 2 items on the test, and so
on until each item is taken care of either due to its failure or due to its removal from
the test. The data obtained in this manner are said to be progressively Type-II censored
data.

This paper considers bivariate Marshall–Olkin family and derives the likelihood
function under progressive Type-II censoring in general. The derived likelihood func-
tion is applied on the bivariate inverse Weibull distribution. The paper is organized
as follows. In Sect. 2, the Marshall–Olkin bivariate IW is introduced. Section 3 intro-
duces point and interval estimation of the model parameters under progressive Type-II
censoring. Bayesian Inference is presented in Sect. 4. In Sects. 5 and 6 respectively,
a simulation study and data analysis are described. Finally, we conclude the paper in
Sect. 7.

2 Model Assumption and Data Description

In this section, we discussed the bivariate inverse Weibull model and progressive
censored samples for bivariate model.

2.1 Bivariate InverseWeibull Model

Recently, Muhammed [11] defined the Bivariate inverse Weibull Distribution as fol-
lowing:

Suppose U1,U2 and U3 are three independent random variables, and

Ui ∼ IW(λi , α) for i � 1, 2, 3,
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where IW(λ, α) denotes an inverse Weibull distribution with the shape parameter α

and scale parameter λ. The cdf and pdf for the inverted Weibull random variable
respectively, are

FIW (x ; λ, α) � e−λx−α

, f IW (x ; λ, α) � αλx−α−1e−λx−α

, x > 0; λ, α > 0.

Now, define X1 � max(U1,U3) and X2 � max(U2,U3) then it is said that the
bivariate vector (X1, X2) has bivariate inverse Weibull distribution with parameters
(λ1, λ2, λ3, α) denoted by BIW (λ1, λ2, λ3, α).

It should be noted that the random variables U1,U2 and U3 have a common shape
parameter. This ensure that themarginal distributions of X1 and X2 are IW (λ1 + λ3, α)

and (λ2 + λ3, α) respectively, furthermore the distribution of max(X1, X2) is IW
(λ1 + λ2 + λ3, α) In addition, when λ3 � 0 the two random variables X1 and X2 will
be independent, hence λ3 can be considered as a correlation control parameter. Then,
the joint cdf of (X1, X2) is given as follows

FBIW (x1, x2) �
3∏

i�1

FIW (xi ; λi , α)

where x3 � min(x1, x2) Then,

FBIW (x1, x2) �
⎧
⎨

⎩

F1(x1, x2) i f 0 < x1 < x2 < ∞
F2(x1, x2) i f 0 < x2 < x1 < ∞
F3(x) i f 0 < x1 � x2 � x < ∞,

(1)

where

F1(x1, x2) � FIW (x1; λ1 + λ3, α)FIW (x2; λ2, α)

F2(x1, x2) � FIW (x1; λ1, α)FIW (x2; λ2 + λ3, α)

and F3(x) � FIW (x ; λ1 + λ2 + λ3, α).

The joint pdf of (X1, X2) is given as follows

fB IW (x1, x2) �
⎧
⎨

⎩

f1(x1, x2) i f 0 < x1 < x2 < ∞
f2(x1, x2) i f 0 < x2 < x1 < ∞
f3(x) i f 0 < x1 � x2 � x < ∞,

(2)

where

f1(x1, x2) � f IW (x1; λ1 + λ3, α) f IW (x2; λ2, α)

f2(x1, x2) � f IW (x1; λ1, α) f IW (x2; λ2 + λ3, α)

and f3(x) � λ3

λ1 + λ2 + λ3
f IW (x ; λ1 + λ2 + λ3, α)
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Proof The expressions for f1(., .) and f2(., .) can be obtained simply by taking
∂2

∂x1∂x2
FX1,X2 (x1, x2) for x1 < x2 and x2 < x1 respectively. But f3(.) cannot be

obtained in the same way. Using the fact that

∞∫

0

x2∫

0

f1(x1, x2)dx1dx2 +

∞∫

0

x1∫

0

f2(x1, x2)dx2dx1+

∞∫

0

f3(x)dx � 1,

∞∫

0

x2∫

0

f1(x1, x2)dx1dx2 � λ2

λ1 + λ2 + λ3
and

∞∫

0

x1∫

0

f2(x1, x2)dx2dx1 � λ1

λ1 + λ2 + λ3

Hence, we obtain
∞∫

0
f3(x)dx � λ3

λ1+λ2+λ3
. �

Therefore, the results follow.

2.2 Data Description

The likelihood function based on a Progressive Type-II censoring for bivariate dis-
tributions has introduced firstly by Balakrishnan and Kim [13]. Along the same line,
Almetwally [14] and El-Sherpieny et al. [15] have used the likelihood function based
on a Progressive Type-II censoring for FGM bivariate Weibull distribution. In this
section we will generalize the likelihood function for bivariate Marshal–Olkin distri-
butions.

Suppose that there are n independent pairs of components (X1i , X2i ), i � 1, . . . , n
under experiment, and each of them has BIW (λ1, λ2, λ3, α) lifetime distribution.

Based on a Type-II progressive censoring scheme (n,m, R1, . . . , Rm), we have the
following observations;

[
(x11:m:n, x[21:m:n]), (x12:m:n, x[22:m:n]

)
, . . . , (x1m:m:n, x[2m:m:n])],

where X1i :m:n be the ith order statistic of X1 and X[2i :m:n] be its concomitant of X2,
i � 1, . . . ,m.

Then the joint probability of (X1i :m:n, X[2i :m:n]), i � 1, . . . ,m is given by

L(θ) �
m∏

i�1

f(X1i :m:n ,X[2i :m:n])(x1i :m:n, x[2i :m:n])
[
SX1 (x1i :m:n

)
]Ri

� C
m∏

i�1

[
f1(x1i :m:n, x[2i :m:n]

)
]δ1i

[
f2(x1i :m:n, x[2i :m:n]

)
]δ2i

[
f3(x1i :m:n, x[2i :m:n]

)
]δ3i

[
SX1 (x1i :m:n

)
]Ri (3)
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whereC � n(n − R1 − 1) . . . (n − R1 − R2 − . . . − m + 1), f1(.), f2(.), f3(.) are as
given in (2) and SX1(.) is the survival function of X1. Also δ j i , j � 1, 2, 3 are event
indicators such that

δ1i �
{
1, X1i :m:n < X[2i :m:n]
0, otherwise

,

δ2i �
{
1, X1i :m:n > X[2i :m:n]
0, otherwise

,

δ3i �
{
1, X1i :m:n � X[2i :m:n]
0, otherwise

,

That produce

m1 �
m∑

i�1

δ1i , m2 �
m∑

i�1

δ2i and m3 �
m∑

i�1

δ3i such that m � m1 + m2 + m3.

Throughout this paper it is assumed that n,m, R1, . . . , Rm are predetermined and
fixed.

Follows are some special cases from progressive Type-II censoring that applied on
bivariate Marshal–Olkin family of Distributions:

(I) Complete Case If R1 � . . . � Rm � 0 and n � m
Then (3) reduced to

L(θ) �
n∏

i�1

[ f1(x1i , x2i )]
δ1i [ f2(x1i , x2i )]

δ2i [ f3(x1i , x2i )]
δ3i

where

n1 �
n∑

i�1

δ1i , n2 �
n∑

i�1

δ2i and n3 �
n∑

i�1

δ3i such that n � n1 + n2 + n3.

(II) Type-II censoring case if R1 � R2 � . . . � Rm−1 � 0, and Rm � n − m
Then (3) reduced to

L(θ) � C
[
SX1 (xm:m:n

)
]n−m

m∏

i�1

[
f1(x1i :m:n, x[2i :m:n]

)
]δ1i

[
f2(x1i :m:n, x[2i :m:n]

)
]δ2i

[
f3(x1i :m:n, x[2i :m:n]

)
]δ3i .

3 Maximum Likelihood Estimation

In this section, we discussed the maximum likelihood estimation of parameter for
BIW based on progressively Type-II censored sample. Assume (x11:m:n, x[21:m:n]) <

(x12:m:n, x[22:m:n]) < . . . (x1m:m:n, x[2m:m:n]) denote progressively Type-II censored
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sample from BIW (λ1, λ2, λ3, α) distribution whose pdf and cdf are given in (2) and
(3), for simplicity assume x1i � xi :m:n and x2i � x[2i :m:n].

The log-likelihood function l(θ) � LogL(θ) is then given as

l(θ) ∝ m1 log λ2 + m1 log(λ1 + λ2) + m2 log λ1 + m2 log(λ2 + λ3) + m3 log λ3

+ m3 log(λ1 + λ2 + λ3) + (2m1 + 2m2 + m3) logα − (λ1 + λ3)

m∑

i�1

δ1i x
−α
1i

− (λ2 + λ3)
m∑

i�1

δ2i x
−α
2i − (λ1 + λ2 + λ3)

m∑

i�1

δ3i x
−α
1i − λ1

m∑

i�1

δ2i x
−α
1i

− λ2

m∑

i�1

δ1i x
−α
2i − (α + 1)

[
m∑

i�1

(δ1i + δ2i )logx1i x2i +
m∑

i�1

δ3i logx1i

]

+
n∑

i�1

Ri log
[
1 − e−(λ1+λ3)x

−α
1i

]
. (4)

where θ � (λ1, λ2, λ3, α).
Calculating the first partial derivatives of (4) with respect to λ1, λ2, λ3 and α and

equating each to zero, we get the likelihood equations as following

m2

λ̂1
+

m1

λ̂1 + λ̂3
+

m3

λ̂1 + λ̂2 + λ̂3
− A

(
α̂
)
+ B

(
λ̂1, λ̂3, α̂

)
� 0,

m1

λ̂2
+

m2

λ̂2 + λ̂3
+

m3

λ̂1 + λ̂2 + λ̂3
− C

(
α̂
) � 0,

m3

λ̂3
+

m1

λ̂1 + λ̂3
+

m2

λ̂2 + λ̂3
+

m3

λ̂1 + λ̂2 + λ̂3
− D

(
α̂
)
+ B

(
λ̂1, λ̂3, α̂

)
� 0,

2m1 + 2m2 + m3

α̂
− E

(
λ̂1, λ̂2, λ̂3, α̂

)
− G

(
λ̂1, λ̂3, α̂

)
+ H � 0. (5)

where

A(α) �
m∑

i�1

δ1i x
−α
1i +

m∑

i�1

δ2i x
−α
1i +

m∑

i�1

δ3i x
−α
1i ,

B
(
λ̂1, λ̂3, α̂

)
�

m∑

i�1

Ri
x−α̂
1i e

−
(
λ̂1+λ̂3

)
x−α̂
1i

1 − e
−

(
λ̂1+λ̂3

)
x−α̂
1i

,

C(α) �
m∑

i�1

δ3i x
−α
1i +

m∑

i�1

δ1i x
−α
2i +

m∑

i�1

δ2i x
−α
2i ,

D(α) �
m∑

i�1

δ1i x
−α
1i +

m∑

i�1

δ2i x
−α
2i +

m∑

i�1

δ3i x
−α
1i ,
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E
(
λ̂1, λ̂2, λ̂3, α̂

)
� (λ̂1 + λ̂3)

m∑

i�1

δ1i x
−α̂
1i logx1i + λ̂1

m∑

i�1

δ2i x
−α̂
1i logx1i

+ λ̂2

m∑

i�1

δ1i x
−α̂
2i logx1i + (λ̂2 + λ̂3)

m∑

i�1

δ2i x
−α̂
2i logx1i

+ (λ̂1 + λ̂2 + λ̂3)
m∑

i�1

δ1i x
(−α̂)
1i logx1i,

G
(
λ̂1, λ̂3, α̂

)
�

m∑

i�1

Ri
(λ̂1 + λ̂3)x

−α̂
1i e−(λ̂1+λ̂3)x

−α̂
1i logx1i

1 − e−(λ̂1+λ̂3)x
−α̂
1i

,

and H �
m∑

i�1

(δ1i + δ2i )logx1i x2i +
m∑

i�1

δ3i logx1i .

To obtain a solution for a set of Eq. (5), we can use the Newton–Raphson algorithm
to solve the equations simultaneously, to get the desired MLEs of λ1, λ2, λ3 and α.

3.1 Asymptotic Confidence Intervals

To set confidence intervals for the unknown parameters use the asymptotic normal
distribution of the MLEs. In relation to asymptotic variance–covariance matrix of the
MLEs of the parameters, it can be approximated by inverting the Fisher information
matrix F, where it is consist of the negative derivatives of the natural logarithm of the
likelihood function evaluated at (λ̂1, λ̂2,λ̂3, α̂) the MLEs of the parameters.

Now, from the log-likelihood function in (4), we have

I11 � ∂2l

∂λ21
� −m2

λ21
− m1

(λ1 + λ3)
2 − m3

(λ1 + λ2 + λ3)
2 − ϕ(λ1, λ3, α),

I12 � ∂2l

∂λ1∂λ2
� − m3

(λ1 + λ2 + λ3)
2 ,

I13 � ∂2l

∂λ1∂λ3
� − m1

(λ1 + λ3)
2 − m3

(λ1 + λ2 + λ3)
2 ,

I14 � ∂2l

∂λ1∂α
� τ(α) − ς(λ1, λ3, α)

I22 � ∂2l

∂λ22
� −m1

λ22
− m2

(λ2 + λ3)
2 − m3

(λ1 + λ2 + λ3)
2 ,

I33 � ∂2l

∂λ23
� − m1

(λ1 + λ3)
2 − m2

(λ2 + λ3)
2 − m3

λ23
− m3

(λ1 + λ2 + λ3)
2 ,

I44 � ∂2l

∂α2 � −2m1 + 2m2 + m3

α2 + ψ(λ1, λ2, λ3, α) + ω(λ1, λ3, α),
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and I24 � ∂2l

∂λ2∂α
� 0 � ∂2l

∂λ3∂α
� I34,

where

ϕ(λ1, λ3, α) �
m∑

i�1

Ri
x−2α
1i e−(λ1+λ3)x

−α
1i

1 − e−(λ1+λ3)x
−α
1i

,

ψ(λ1, λ2, λ3, α) � (λ1 + λ3)
m∑

i�1

δ1i x
−α
1i (logx1i )

2 + λ1

m∑

i�1

δ2i x
−α
1i (logx1i )

2

+ λ2

m∑

i�1

δ1i x
−α
2i (logx1i )

2 + (λ2 + λ3)
m∑

i�1

δ2i x
−α
2i (logx1i )

2

+ (λ1 + λ2 + λ3)
m∑

i�1

δ1i x
−α
1i (logx1i )

2,

ω(λ1, λ3, α) � (λ1 + λ3)
m∑

i�1

Ri

x−α
1i (logx1i )2e−(λ1+λ3)x

−α
1i

(
1 − e−(λ1+λ3)x

−α
1i

)(
x−α
1i − 1

)

(
1 − e−(λ1+λ3)x

−α
1i

)2

+ (λ1 + λ3)
m∑

i�1

Ri
x−α
1i e−(λ1+λ3)x

−α
1i

(
1 − e−(λ1+λ3)x

−α
1i

)2 ,

τ (α) �
m∑

i�1

δ1i x
−α
1i logx1i +

m∑

i�1

δ2i x
−α
1i logx1i +

m∑

i�1

δ3i x
−α
1i logx1i ,

ς(λ1, λ3, α) � (λ1 + λ3)
m∑

i�1

Ri
x−2α
1i logx1i e−2(λ1+λ3)x

−α
1i

(
1 − e−(λ1+λ3)x

−α
1i

)2

+
m∑

i�1

Ri

x−α
1i logx1i e−(λ1+λ3)x

−α
1i [(λ1 + λ3)x1i − 1]

(
1 − e−(λ1+λ3)x

−α
1i

)

(
1 − e−(λ1+λ3)x

−α
1i

)2 .

Hence, the asymptotic variance–covariance matrix can be given as follows

F−1 �

⎛

⎜⎜⎝

−I11
−I21
−I31
−I41

−I12
−I22
−I32
−I42

−I13
−I23
−I33
−I43

−I14
−I24
−I34
−I44

⎞

⎟⎟⎠

−1

∣∣∣
(
λ̂1,λ̂2,λ̂3,α̂

)

.

Now, a 100(1 − γ )% approximate confidence intervals for λ1, λ2, λ3 and α are
given respectively, as following

λ̂1 ± z γ
2

√
v11, λ̂2 ± z γ

2

√
v22, λ̂3 ± z γ

2

√
v33 and α̂ ± z γ

2

√
v44. (6)
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where v11, v22, v33 and v44 are the elements on the main diagonal of the variance–co-
variance matrix F−1 and z γ

2
is the percentile of the standard normal distribution with

right tail γ
2 .

3.2 Bootstrap Confidence Intervals

In this section, we use the parametric bootstrap method to construct confidence inter-
vals for the unknown parameters λ1, λ2, λ3 and α. We introduce two parametric
bootstrap methods, percentile bootstrap confidence interval (B-PCI) discussed by
Efron [16] and Tibshirani and Efron [17] and bootstrap-t confidence interval (B-TCI)
discussed by Hall [18] and Kreiss and Paparoditis [19]. The following steps are fol-
lowed to obtain samples for both methods:

1. Obtain the MLEs ̂ � (λ̂1, λ̂2, λ̂3, α̂)) for the unknown parameters  �
(λ1, λ2, λ3, α) based on the original progressively Type II censored sample

(x1i , x2i ) � (x11:m:n, x[21:m:n]) < (x12:m:n, x[22:m:n]) < . . . < (x1m:m:n, x[2m:m:n]).

2. Using ̂, generate a bootstrap sample (x1i , x2i )∗, i � 1, 2, . . .m where
(x1i , x2i )∗ ∼ BIW distribution.

3. As in step 1 based on (x1i , x2i )∗, i � 1, 2, . . .m compute the bootstrap sample
estimates of ̂ say, ̂∗.

4. Repeat the above steps 2 and 3 N � 1000 times, then we have N estimate of .
5. Order the bootstrap replications of ̂∗ such that ̂∗

1 < ̂∗
2 < . . . < ̂∗

N .

Percentile bootstrap confidence interval (B-PCI)

Let G(ξ) � P
(
̂∗ ≤ ξ

)
be cdf of ̂∗. Define ̂∗ � G−1(ξ) for given ξ .

The approximate bootstrap 100(1 − γ )% confidence interval of ̂∗ is given by
(̂∗

γ
2
, ̂∗

1− γ
2
).

Bootstrap-t confidence interval (B-TCI)
In step 3 get ̂∗ and also calculate var (̂∗) using the observed fisher information

matrix.

Compute the statistic T ∗
j � ̂∗

j−̂
√

var
(
̂∗

j

) , j � 1, . . . N .

Arrange the bootstrap replications of T ∗ such that T ∗
1 < T ∗

2 < . . . < T ∗
N .

Let H(ξ) � P(T ∗ ≤ ξ) be cdf of T ∗. For a given ξ define

̂boot−t � ̂ +

√
var

(
̂

)
H−1(ξ).

dy

dx

The approximate 100(1 − γ )% bootstrap confidence interval of ̂ will be

(
̂boot−t

(γ

2

)
, ̂boot−t

(
1 − γ

2

))
.
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4 Bayes Estimation

In this section we consider the Bayesian analysis for the BIW distribution under
progressive Type II censoring. We obtained the Bayes estimators under the squared
error loss function

4.1 Prior Assumptions

When the shape parameter α is known, we assume the same conjugate prior on λ1, λ2
and λ3 as considered by Kundu and Gupta [20].

Assume λ1, λ2 and λ3 are independent, and distributed as gamma as following

πi (λi ) � bai

�(ai )
λ
ai−1
i e−bλi , i � 1, 2, 3, λi > 0.

The joint prior density of λ1, λ2 and λ3,

π0(λ1, λ2, λ3) �
3∏

i�1

bai

�(ai )
λ
ai−1
i e−bλi .. (7)

4.2 Posterior Analysis and Bayesian Inference

Assume we have a bivariate sample from BIW (λ1, λ2, λ3, α) under progressive Type
II censoring and it is denoted as following

D � [
(x11:m:n, x[21:m:n]), (x12:m:n, x[22:m:n]

)
, . . . , (x1m:m:n, x[2m:m:n])].

Let � m1 + m2 + m3, λ � λ1 + λ2 + λ3, λ13 � λ1 + λ3 and λ23 � λ2 + λ3.

Then the Likelihood function given in (3) can be written as

L(D\) � Exp(log L(D\))

L(D\) �
m3∑

k�1

m1∑

j�1

m2+k∑

s�1

m∏

i�1

Ri∑

l�1

(
m1

j

)(
m3

k

)(
m2 + k

s

)(
Ri

l

)
λ
m2+m3+ j−k
1 λ

m1+s
2 · λ

m+k−s− j
3

Exp(−λ13Z1(α) − λ1Z2(α) − λZ3(α) − λ2Z4(α) − λ23Z5(α) − (α + 1)Z6), (8)

where

Z1(α) �
m∑

i�1

δ1i x
−α
1i + lx−α

1i , Z2(α) �
m∑

i�1

δ2i x
−α
1i , Z3(α) �

m∑

i�1

δ3i x
−α
1i ,

Z4(α) �
m∑

i�1

δ1i x
−α
2i , Z5(α) �

m∑

i�1

δ2i x
−α
2i ,

and Z6 �
m∑

i�1

(δ1i + δ2i )logx1i x2i + δ3i logx1i .
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Since

f (D,) � π0()L(D\) and f (D) � ∫ f (D\)d � ∫ π0()L(D\)d.

Hence the joint posterior density function of  � (λ1, λ2, λ3, α) given the data D,
denoted by π1(\D) can be written as

π1(\D) � f (D,)

f (D)

π1(\D) ∝
m1∑

j�1

m2∑

s�1

m∏

i�1

Ri∑

l�1

wli js · Gamma
[
λ1; a1 j , b1 + T1(α)

]

· Gamma[λ2; a2s, b2s + T2(α)] · Gamma[λ3; a3s, b3 + T3(α)], (9)

where wli js � Cl js
∑m1

j�1
∑m2

s�1
∏m

i�1
∑Ri

l�1 Cli js
, and Cl jks �

(
m1
j

)(
m2
s

)

(
Ri

l

)
.

�(a1 j)
[b1+T1(α)]a1 j

· �(a2s )
[b2s+T2(α)]a2s · �(a3s j)

[b3+T3(α)]a3s j
, T1(α) � Z1(α) + Z2(α) + Z3

(α), T2(α) � Z3(α) + Z4(α) + Z5(α), T3(α) � Z1(α) + Z3(α) + Z5(α), a1 j �
a1 + m2 + j, a2s � a2 + m1 + s, and a3s j � a3 + m − s − j .

Therefore, under the assumption of independence of λ1, λ2 and λ3 and α is assumed
to be known. It is possible to get the Bayes estimators of λ1, λ2 and λ3 explicitly under
the square error loss function using (9) and they will be as follows

λ̌1 � 1

b1 + T1(α)

m1∑

j�1

m2∑

s�1

m∏

i�1

Ri∑

l�1

wli js · a1 j ,

λ̌2 � 1

b2 + T2(α)

m1∑

j�1

m2∑

s�1

m∏

i�1

Ri∑

l�1

wli js · a2s,

and

λ̌3 � 1

b3 + T3(α)

m1∑

j�1

m2∑

s�1

m∏

i�1

Ri∑

l�1

wli js · a3s j .

Now, if we assume that α is unknown then the Bayes estimates for the vector of
unknown parameters  � (λ1, λ2, λ3, α) under the square error loss function can
be obtained by using Markov Chain Monte Carlo (MCMC) technique to generate
samples from the posterior distributions and then compute the Bayes estimators of
the individual parameters. To generate samples from the proposed family, we use the
Metropolis–Hastings method (Metropolis et al. [21]) with normal proposal distribu-
tion).
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5 Simulation Study

In this section; a Monte Carlo simulation is done to compare the performance of
the different progressive Type-II schemes. In our study, we consider the following
censoring schemes

• Scheme I: R1 � R2 � . . . � Rm−1 � 0, and Rm � n − m.
• Scheme II: R1 � n − m and R2 � R3 � . . . � Rm−1 � 0.
• Scheme III: R1 � R2 � . . . � Rm−1 � 1, and Rm � n − 2m − 1.
• Scheme IV: R1 � n − 2m − 1 and R2 � R3 � . . . � Rm � 1.

For estimating the parameters of BIW distribution using R language.
Simulation Algorithm the simulation experiments were carried out based on the

following data generated form IW distributions, where U1,U2 and U3 are distributed
as IW with α shape parameters and λi scale parameter; i � 1, 2, 3 the values of the
parameters λ1, λ2 and λ3 and α is chosen as the following cases for the generated
random variables:

Case 1: (α � 2, λ1 � 1.4, λ2 � 1.5, λ3 � 1.3).
Case 2: (α � 0.75, λ1 � 1.25, λ2 � 0.85, λ3 � 1.5).

For different sample size n � 30, 50 and 100. The comparison is performed by
calculate in the Bias, the MSE and the length of confidence interval (L.CI) for each
method as following

Bias � (δ̂ − δ). (10)

MSE � Mean(δ̂ − δ)2. (11)

and

L · C I � Upper · C I − Lower · C I (12)

We restricted the number of repeated-samples to 10,000. From Tables 1, 2, 3, 4, 5
and 6 we can conclude the following:

i. When the sample size increase, the MSE, Bias and CI length of the considered
parameters are decreases.

ii. When then number of stages (m) increase, the value of the Bias, MSE, Length of
CI are also decrease for the parameters of BIW distribution

iii. For fixed values of the sample size, Scheme II gives more an accurate result than
other schemes in decreasing the MSE, Bias and length of CI

iv. The Bayesian estimates have more relative efficiency than MLE for most param-
eters of BIW distribution.

v. With regard to the interval estimation for parameters of BIW distribution, the
Bootstrap CIs is more efficient than the traditional method ACI.

vi. The B-TCI has more efficiency than B-PCI for most parameters.
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Table 7 Parameter estimation of
BIW distribution for complete
football data

BIW

MLE Bayes

Estimate Std -LL 321.4475 Mean SD

α̂ 0.9221 0.0810 AIC 650.895 0.8057 0.0814
λ̂1 10.7162 3.3425 BIC 657.3387 6.5064 2.2993

λ̂2 3.5617 1.4871 HQIC 653.1667 2.8541 1.3009

λ̂3 8.7181 2.3988 CAIC 652.145 5.8251 1.9842

Table 8 The sample observation
of progressive Type-II censoring
schemes for real data when m �
10

m Scheme 1 2 3 4 5 6 7 8 9 10

10 1 x1i :m:n 2 8 16 16 18 19 22 24 25 25

x2[i :m:n] 2 8 75 16 18 19 14 24 9 14

2 x1i :m:n 2 8 22 25 28 40 49 63 64 76

x2[i :m:n] 2 8 14 14 28 40 49 18 15 64

3 x1i :m:n 2 8 16 18 19 22 24 25 26 26

x2[i :m:n] 2 8 16 18 19 14 24 14 20 48

4 x1i :m:n 2 16 19 24 26 26 27 42 44 49

x2[i :m:n] 2 16 19 24 20 48 47 3 30 49

6 Real Data Analysis

For illustrative purposes we have analyzed one data set to see how the proposed
model works in practice. The football data set has been obtained fromMeintanis [22].
Muhammed [11] discussed this data to analyze this model under complete sample.
Nowwe estimate the parameters ofBIWmodel by usingMLEandBayesmethods. The
Akaike information criterion (AIC), Bayesian information criterion (BIC), the con-
sistent Akaike information criterion (CAIC) and Hannan-Quinn information criterion
(HQIC) are obtained (Tables 7, 8, 9, 10, 11).

The convergence of MCMC estimation of parameters can be showed as in Fig. 1
in cases of progressive Type-II censoring for the Real Data.
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Table 9 The sample observation
of progressive Type-II censoring
schemes for real data when m �
20

m Scheme Count 1 2 3 4 5 6 7 8 9 10

20 1 x1i :m:n 2 8 16 16 18 19 22 24 25 25

x2[i :m:n] 2 8 75 16 18 19 14 24 9 14

count 11 12 13 14 15 16 17 18 19 20
x1i :m:n 26 26 27 28 34 36 39 40 41 42

x2[i :m:n] 20 48 47 28 34 52 39 40 3 42

count 1 2 3 4 5 6 7 8 9 10

2 x1i :m:n 2 16 18 19 24 26 26 27 42 42

x2[i :m:n] 2 16 18 19 24 20 48 47 42 3

count 11 12 13 14 15 16 17 18 19 20
x1i :m:n 44 44 49 55 63 64 66 66 72 76

x2[i :m:n] 13 30 49 11 18 15 85 62 72 64

Table 10 The sample observation of progressive Type-II censoring schemes for real data when m � 30

m Scheme Count 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

30 1 x1i :m:n 2 8 16 16 18 19 22 24 25 25 26 26 27 28 34

x2[i :m:n] 2 8 75 16 18 19 14 24 9 14 20 48 47 28 34

count 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
x1i :m:n 36 39 40 41 42 42 44 44 49 49 51 53 54 55 63

x2[i :m:n] 52 39 40 3 42 3 13 30 49 49 28 39 7 11 18

count 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2 x1i :m:n 2 16 18 19 22 24 25 26 26 27 34 36 40 41 42

x2[i :m:n] 2 16 18 19 14 24 14 20 48 47 34 52 40 3 42

count 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
x1i :m:n 42 44 44 49 51 53 54 55 63 64 66 66 72 76 82

x2[i :m:n] 3 13 30 49 28 39 7 11 18 15 85 62 72 64 48

7 Concluded Remarks

In this paper, the likelihood function was derived for the Marshall-Olkin family under
progressive Type-II censoring. The derived likelihood function was applied on the
Marshall–Olkin bivariate inverse Weibull distribution. Both Maximum likelihood and
Bayesian estimation approaches are considered to estimate the unknown parameters of
BIW distribution under progressive Type-II censored sample. The Bayesian estimates
havemore relative efficiency thanMLE formost parameters of BIWdistribution under
progressive Type-II censored sample. Moreover, asymptotic and bootstrap confidence
intervals for the unknown parameters are evaluated in both MLE and Bayesian Esti-
mation. With regard to the interval estimation for parameters of BIW distribution, the
Bootstrap CIs is more efficient than the traditional method ACI. The B-TCI has more
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Table 11 Estimation for BIW Model under Progressive Type-II Censoring Schemes of the Real Data

m Scheme MLE Bayes

Estimate Std Mean SD

10 1 α̂ 0.6241 0.1212 0.5704 0.1182
λ̂1 3.1957 1.9186 3.6157 1.7989

λ̂2 0.5269 0.8402 1.2008 0.3529

λ̂3 7.5624 2.8980 5.1983 2.1703

-LL AIC BIC HQIC CAIC

79.0643 166.1286 172.5722 168.4003 167.3786

2 α̂ 0.6605 0.1491 0.8004 0.1573
λ̂1 3.3102 1.8685 4.2495 1.3090

λ̂2 5.5370 4.1922 2.8387 1.9395

λ̂3 8.7172 3.7503 3.8541 1.3075

-LL AIC BIC HQIC CAIC

87.50663 183.0133 189.4569 185.2849 184.2633

3 α̂ 0.6502 0.1220 0.5901 0.1054
λ̂1 3.2337 1.9487 3.7715 1.3961

λ̂2 0.5763 0.5917 1.0055 0.5591

λ̂3 8.3687 3.2286 5.2376 1.4343

-LL AIC BIC HQIC CAIC

78.5679 165.1357 171.5794 167.4074 166.3857

4 α̂ 0.66803 0.11909 0.6080141 0.1089202
λ̂1 3.60042 2.09943 2.6300722 1.1712423

λ̂2 1.27459 0.93147 1.7052147 0.8044416

λ̂3 5.85135 2.29101 4.3734948 1.6010278

-LL AIC BIC HQIC CAIC

83.93255 175.8651 182.3088 178.1368 177.1151

20 1 α̂ 0.7307 0.0960 0.6687 0.0643
λ̂1 3.9927 1.8441 3.8146 1.2695

λ̂2 1.6564 0.8876 1.5367 0.7599

λ̂3 8.1930 2.5436 5.9138 1.9993

-LL AIC BIC HQIC CAIC

160.8097 329.6194 336.0631 331.8911 330.8694

2 α̂ 0.8385 0.1021 0.7409 0.0961
λ̂1 6.9245 2.8117 5.1895 1.6411

λ̂2 2.4243 1.4244 1.9029 1.0808

λ̂3 7.4058 2.5720 4.3486 1.9854

-LL AIC BIC HQIC CAIC

173.4932 354.9864 361.43 357.2581 356.2364

30 1 α̂ 0.8645 0.0880 0.7961 0.0523
λ̂1 8.2886 1.9074 6.3885 1.6758

λ̂2 1.9650 1.0123 2.3385 1.0029
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Table 11 continued

m Scheme MLE Bayes

Estimate Std Mean SD

λ̂3 8.2139 2.2812 6.0597 2.1638

-LL AIC BIC HQIC CAIC

246.8935 501.787 508.2307 504.0587 503.037

2 α̂ 0.8946 0.0860 0.7332 0.0855
λ̂1 10.7332 3.5513 4.5916 1.7277

λ̂2 2.8449 1.4192 2.0795 1.1038

λ̂3 7.9793 2.3670 4.9554 1.6538

-LL AIC BIC HQIC CAIC

263.5551 535.1102 541.5539 537.3819 536.3602

Fig. 1 Convergence of MCMC estimation of parameters for real data

efficiency than B-PCI for most parameters. Moreover, a simulation studies and a real
data set are carried out for illustrative purpose.
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