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Abstract
In this paper, the bivariate generalized Rayleigh distribution is introduced based
on Clayton copula and denoted as (Clayton-BGR). The likelihood function for
progressive Type-II censoring scheme with random removal is derived and applied
on the Clayton-BGR distribution. Bayesian and non -Bayesian estimation
methods based on progressive Type-II censoring have been discussed. Asymptotic
confidence intervals and bootstrap confidence intervals for the unknown parame-
ters are obtained. Also, a simulation study has been conducted to compare the
performances between censoring schemes. Also, two real data sets are analyzed to
investigate the models and useful results are obtained for illustrative purposes.

Keywords. Bivariate generalized Rayleigh, Clayton copula, Maximum
likelihood estimation, Bayesian estimation, Progressive type-II censoring,
Bootstrap confidence interval

1 Introduction

There have been several attempts made in the last few years to introduce
bivariate Rayleigh distribution. For example, Abdel-Hady (2013) introduced
Marshall and Olkin s bivariate model to the generalized bivariate Rayleigh
distribution. Sarhan (2019) introduced bivariate generalized Rayleigh (BGR)
distribution based on Marshall-Olkin (Shock model), the maximum likelihood
and Bayesian estimation methods were applied to estimate the unknown
parameters of this distribution. El-Sherpieny and Almetwally (2019) discussed
two different estimation methods (maximum likelihood estimation and infer-
ence function for margins) for the unknown parameters of bivariate generalized
Rayleigh distribution.
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Bivariate Rayleigh distribution has more applications, where it applied to
censored data, soccer champion s league data, stress-strength component,
missing data, economic data to investigate investments in heterogeneous assets,
in clinical researches to study the mortality risk of lung cancer for men versus
women, in industrial studies to calculate the lifetime of different types of steels,
etc. Many authors studied the bivariate Rayleigh distribution as Pak et al.
(2014), Elaal et al. (2016), Elaala and Baharith (2018), El-Sherpieny et al.
(2018), Shubhashree (2019), Bahari et al. (2020), and El-Morshedy et al.
(2020). For more information see Kotz et al. (2004).

The copula is a convenient approach to describe a bivariate distribution with
a dependence structure. Nelsen (2006) showed the definition of copulas as follow-
ing; copula is a function that joins bivariate distribution functions with uniform
[0, 1] margins. Sklar (1973) introduced the joint probability density function (pdf)
and joint cumulative distribution function (cdf) for the two-dimension copula as
follows, He considered the two random variables X1 and X2, with distribution
functions F1(x1) and F2(x2) respectively, then the joint cdf and joint pdf for
bivariate copula are respectively given as F(x1, x2) =C(F1(x1),F2(x2)), where C
is denoted the cdf of copula and c is denoted the pdf of the copula.

f x1; x2ð Þ ¼ f 1 x1ð Þ f 2 x2ð Þc F1 x1ð Þ; F2 x2ð Þð Þ:

In Archimedian copulas, there are three copulas in common use: The Clayton,
Frank, and Gumbel. Nadarajah et al. (2018) discussed Clayton in a general
form as

C u1; u2;…; up
� � ¼ ∑

p

i¼1
u−α
i −pþ 1

� �−1 =

α

; α > 0; p is a number of variable

In this paper, we will discuss the 2-diminutions of Clayton copula, which is an
asymmetric Archimedean copula, exhibiting greater dependence in the nega-
tive tail than in the positive, that have been introduced by Clayton (1978). The
joint cdf of Clayton copula is given by:

C u; vð Þ ¼ u−θ þ v−θ−1
� �−1 =

θ
; ð1:1Þ

where u, v∈ [0, 1] and the joint pdf of Clayton copula is given by:

c u; vð Þ ¼ ∂2C u; vð Þ
∂u∂v

¼ θ þ 1ð Þ uvð Þ−θ−1 u−θ þ v−θ−1
� �−2θ−1

θ : ð1:2Þ
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If a sample is drawn from a complete-time, but either the last observations or the
first are unknown, this case is called the single censored observation. The classical
Type-I and Type-II censored samples do not have the flexibility of allowing
removal of units at points other than the terminal points of the experiment. A
more general censoring scheme is called a progressive censoring scheme. For more
information see Balakrishnan and Aggarwala (2000), Balakrishnan and Cramer
(2014). In the progressively censored sample, the items are removed from the life
test throughout the test and during the various stages of the test, where some of
the survivors are withdrawn from the above observations. Sample specimens,
which continue after each stage from the censoring stages, can be observed until
failure or until a subsequent stage of censoring.

In the Bivariate censoring sample, the likelihood function for bivariate
distribution based on Type-II censored has been introduced by Balakrishnan
and Kim (2004). The likelihood function based on a Progressive Type-II cen-
soring scheme for bivariate distribution has been introduced by Balakrishnan
and Kim (2005a, 2005b). The Type-I progressive interval censoring schemes of
the Marshall-Olkin bivariate Weibull (MOBW) distribution has been intro-
duced by Bai et al. (2018) and they discussed the confidence intervals depend
on percentile bootstrap of the unknown parameters. Aly et al. (2020) derived
the likelihood function for the progressive Type-I censoring and applied it on
the Marshall-Olkin bivariate Kumaraswamy distribution.

Many authors have discussed applications under censored samples using
different bivariate distributions. Maximum likelihood and Bayesian estimation
of the unknown parameters for bivariate generalized exponential distribution
under Type-II censoring scheme have been discussed by Kim et al. (2016).
Parameter estimation of bivariate models under some censoring scheme has been
discussed by Almetwally (2019). Dependent competing risk models from
Marshall-Olkin bivariate Weibull distribution under Type-I progressive interval
censoring scheme have been considered byBai et al. (2019). Parameter estimation
for the bivariate Weibull distribution based on Farlie–Gumbel–Morgenstern
copula under progressive Type-II censoring sample has been introduced by El-
Sherpieny et al. (2019), and Almetwally et al. (2020). Parameter estimation of
bivariate Fréchet distribution based on Farlie-Gumbel-Morgenstern and Ali-
Mikhail-Haq copulas has been introduced by Almetwally and Muhammed
(2020). The maximum likelihood and Bayesian estimation of the unknown pa-
rameters for the Marshall-Olkin bivariate exponential distribution under gener-
alized progressive hybrid censoring scheme with partially observed failure causes
have been established by Liang et al. (2019). The maximum likelihood and
Bayesian methods for estimating the bivariate Burr X-G family parameters with
different distributions based on Type-II censored data have been discussed by El-
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Morshedy et al. (2020). Inference of the unknown parameters for Marshall-Olkin
bivariate Kumaraswamy distribution under a generalized progressive hybrid
censoring has been studied by Wang et al. (2020).

Study for progressive Type-II censored with random removal is of consid-
erable interest and practical significance in many practical situations, we
develop the statistical inference of the unknown parameters in this paper when
the failure times follow the Clayton-BGR distribution. Under maximum like-
lihood estimates (MLE) and approximate confidence intervals (ACI) are pro-
posed for the unknown parameters, Bayesian estimates and the highest poste-
rior density (HPD) credible intervals are also constructed by using the Monte-
Carlo Markov Chain (MCMC) sampling method, and Bootstrap confidence
intervals for both methods are obtained.

The rest of this paper is organized as follows. Model description and
notation are given in Section 2. The maximum likelihood estimation and
approximate confidence intervals are presented in Section 3. Bayesian esti-
mates and the highest posterior density (HPD) credible intervals are pre-
sented in Section 4. Section 5 uses the Bootstrap methods to construct the
confidence intervals of unknown parameters. Section 6 provides the Monte-
Carlo simulation results and data analysis. In Section 7 two real data sets
are introduced and analyzed to investigate the model, and some concluding
remarks are given in Section 8.

2 Model Description and Notation

2.1 Clayton-BGR Distribution A random variable X has the two-
parameter GR distribution with shape and scale parameters α, λ respectively, the
cdf of GR distribution is given by F x; α ; λð Þ ¼ 1−e− λxð Þ2

� �α
; x > 0; and the pdf of GR

distribution is given by f x; α; λð Þ ¼ 2αλ2xe− λxð Þ2 1−e− λxð Þ2
� �α−1

; α; λ > 0. The cdf, pdf, and haz-
ard function for Clayton-BGR distribution is obtained as follows:

F x1; x2ð Þ ¼ 1−e− λ1x1ð Þ2
� �−θα1 þ 1−e− λ2x2ð Þ2

� �−θα2

−1
� 	−1 =

θ

24 35; ð2:1Þ
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f x1; x2ð Þ ¼ 4α1λ
2
1x1e

− λ1x1ð Þ2 1−e− λ1x1ð Þ2
� �α1−1

α2λ
2
2x2e

− λ2x2ð Þ2 1−e− λ2x2ð Þ2
� �α2−1

;

θ þ 1ð Þ 1−e− λ1x1ð Þ2
� �α1

1−e− λ2x2ð Þ2
� �α2

� �−θ−1

1−e− λ1x1ð Þ2
� �−θα1 þ 1−e− λ2x2ð Þ2

� �−θα2

−1
� 	−2θ−1

θ

;

ð2:2Þ
and

h x1; x2ð Þ ¼ f x1; x2ð Þ
F x1ð Þ þ F x2ð Þ−1þ C 1−F x1ð Þ; 1−F x2ð Þð Þ ; ð2:3Þ

respectively, where α1, λ1, α2, λ2, θ > 0 and x1, x2>0.
Figure 1 shows the 3-dimensions plot for the pdf and hazard function of

Clayton-BGR distribution with different parameters values. Further, the HRF
of the Clayton-BGR distribution has some important shapes, increasing, de-
creasing, upside-down-upside and bathtub.

2.2 Progressive Type-II Censoring with Random Removal Suppose
we set (x11 : n, x21 : n), (x12 : n, x22 : n), …, (x1n : n, x2n : n) as a random sample
from a bivariate distribution with cdf F(x1, x2) and pdf f(x1, x2). Let x1i,
i= 1, …, n be arranged in ascending order of magnitude, x11 : n < x12 : n <… <
x1n : n and let x2[i : n] is termed the concomitant of the ith order statistic.
These concomitants are of interest in the selection of bivariate and
prediction problems based on the ranks of the X1. For more information
about concomitants of order statistics see David and Nagaraja (1998).

This censoring scheme can be described as follows: Set n independent
observations placed on a life testing and the progressive censoring
scheme Ri, i= 1, 2, …, m. Then, we shall denote the m completely
observed failure times by X1

Rið Þ
i:m:n, i= 1, 2, …, m. At the time of the first

failure, (x11 : m : n, x2[1 : m : n]), R1~binomal(n −m, p) units are randomly re-
moved from the remaining (n − 1) surviving items. In the time of the
second failure, (x12 : m : n, x2[2 : m : n]), R2~binomal(n −m −R1, p) units of the
remaining n − 2 −R1 units are randomly removed and so on the test
continues until the mth failure at any time, all the remaining n −m −R1

−R2 −… −Rm − 1 units are removed. Suppose that an individual unit from
X1 being removed from the test is independent of the others but with the
same removal probability p. Then, the number of units removed at each
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failure time follows a binomial distribution which is, for =2, 3, …, m − 1
Ri∼binomal n−m−∑i−1

j¼1Rj; p
� �

, and Rm ¼ n−m−∑m−1
j¼1Rj .

The number of units removed at each failure time assumed to be
from a binomial distribution with the following probability mass function

P R1 ¼ r1ð Þ ¼ n−m
r1

� 	
pr1 1−pð Þn−m−r1 ð2:4Þ

While, for i=2, 3, …, m − 1

P Ri ¼ rijRi−1 ¼ ri−1;…;R1 ¼ r1ð Þ ¼ n−m− ∑
i−1

j¼1
r j

ri

0@ 1Apri 1−pð Þn−m−∑i−1
j¼1ri ð2:5Þ

where 0≤ri≤n−m−∑i−1
j¼1ri: Furthermore, suppose that Ri is independent of

X1i :m : n for all i. Then the full likelihood function can be found as

L x1i:m:n; x2 i:m:n½ �;Ψ
� � ¼ L1 x1i:m:n; x2 i:m:n½ �;Ψ

� �
P R ¼ rð Þ

Fig. 1: The pdf and hazard function of Clayton-BGR Distribution
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According to Balakrishnan and Kim (2005a) the likelihood function L1(x1i :m : n,
x2[i :m : n],Ψ) in case of R removal is defined as:

L1 x1i:m:n; x2 i:m:n½ �;Ψ
� � ¼ c ∏

m

i¼1
f Y 1;Y 2

x1i:m:n; x2 i:m:n½ �
� �

1−FY 1 x1i:m:nð Þð ÞRið2:6Þ

where c is a constant which does not depend on vector parameter Ψ, n is
fixed, while m≤ n is fixed as the number of complete failures to be observed
and removal probability p is a fixed constant which depends on the expe-
rience of the experimenter. The likelihood function of the binomial distri-
bution is

P(R= r) =P(R1 = r1,R2 = r2,…,Rm− 1 = rm − 1), that is,

P R ¼ rð Þ ¼ n−mð Þ!
n−m−∑m−1

j¼1 r j

� �
!∏m−1

j¼1 r j

p∑
m−1
j¼1 r j 1−pð Þ m−1ð Þ n−mð Þ−∑m−1

j¼1 m− jð Þr j

ð2:7Þ
We note that, since L1(x1i :m : n, x2[i :m : n],Ψ) does not involve the binomial
parameter p the MLE of p can be derived by maximizing Eq. (2.7) directly.
Hence the MLE of pis obtained by solving the following equation

∂lnL
∂p ¼

∑
m−1

i¼1
ri

p −
m−1ð Þ n−mð Þ− ∑

m−1

i¼1
m−ið Þri

1−p :Hence, bp ¼
∑
m−1

i¼1
ri

m−1ð Þ n−mð Þ− ∑
m−1

i¼1
m−i−1ð Þri

:

3 MLE of the Clayton-BGR Distribution under Progressive
Type-II Censoring

The MLE method is the most frequently used method of parameter
estimation under a progressive Type-II censoring scheme. Letχ1i ¼ x1i:m:n ,
χ2 i½ � ¼ x2 i:m:n½ � and Ψ= (α1, λ1, α2, λ2, θ). The likelihood function of the
Clayton-BGR distribution under the progressive Type-II censoring
scheme with random removal is given by using Eq. (2.2) and Eq. (2.6)
as follows

BAYESIAN AND NON-BAYESIAN 1211



L1 χ1i; χ2 i½ �;Ψ
� �

¼ 4α1λ
2
1α2λ

2
2 θ þ 1ð Þ� �m

e
−λ21∑

m

i¼1
χ2
1i−λ

2
2∑

m

i¼1
χ2
2 i½ � ∏

m

i¼1
χ1iχ2 i½ � φ χ1i; λ1ð Þð Þ− 1þα1θð Þ

∏
m

i¼1
ℑ χ2 i½ �; λ2
� �� �− 1þα2θð Þ

φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2
� �� �α2θ

−1
� 	−2θ−1

θ

∏
m

i¼1
1− φ χ1i; λ1ð Þð Þα1½ �Ri

ð3:1Þ

Where φ χ1ið ; λ1Þ ¼ 1−e− λ1ð χ1iÞ 2andℑ χ2 i½ �
�

; λ2Þ ¼ 1−e− λ2ð χ2 i½ �Þ 2.
The log-likelihood function of Clayton-BGR distribution under progressive

Type-II censoring scheme can be written as
l Ψð Þ ¼ 2m ln λ1ð Þ þ ln λ2ð Þð Þ þm ln 4ð Þ þ ln α1ð Þ þ ln α2ð Þ þ ln θ þ 1ð Þð Þ

þ ∑
m

i¼1
ln χ1ið Þ þ ln χ2 i½ �

� �� �
− ∑

m

i¼1
λ1χ1ið Þ2− ∑

m

i¼1
λ2χ2ið Þ2− 1þ θα1ð Þ ∑

m

i¼1
ln φ χ1i; λ1ð Þð Þ

− 1þ θα2ð Þ ∑
m

i¼1
ln I χ2 i½ �; λ2

� �� �
−
2θ þ 1

θ
∑
m

i¼1
ln φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2

� �� �−θα2

−1
� 	

þ ∑
m

i¼1
Riln 1− φ χ1i; λ1ð Þð Þα1ð Þ

ð3:2Þ

where Ψ is a vector of parameters.
The partial derivatives of Eq. (3.2) for the unknown parameters can be

obtained as follows

∂l Ψð Þ
∂α1

¼ m
α1

−θ∑m
i¼1ln φ χ1i; λ1ð Þð Þ−∑m

i¼1Ri
φ χ1i; λ1ð Þð Þα1 ln φ χ1i; λ1ð Þð Þ

1− φ χ1i; λ1ð Þð Þα1

−
2θ þ 1

θ
∑m

i¼1
−θ φ χ1i; λ1ð Þð Þ−θα1 ln φ χ1i; λ1ð Þð Þ

φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2
� �� �−θα2

−1
;
∂l Ψð Þ
∂λ1

¼ 2m
λ1

þ 2λ1∑m
i¼1χ

2
1i− 1þ θα1ð Þ∑m

i¼1
2λ1χ2

1ie
− λ1χ1ið Þ2

φ χ1i; λ1ð Þ

−∑m
i¼1Ri

2α1λ1χ2
1ie

− λ1χ1ið Þ2 φ χ1i; λ1ð Þð Þα1−1

1− φ χ1i; λ1ð Þð Þα1
−
2θ þ 1

θ
∑m

i¼1
−θα12λ1χ2

1i φ χ1i; λ1ð Þð Þ−θα1−1

φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2
� �� �−θα2

−1
;

∂l Ψð Þ
∂α2

¼ m
α2

−θ∑m
i¼1ln I χ2 i½ �; λ2

� �� �
−
2θ þ 1

θ
∑m

i¼1

−θ I χ2 i½ �; λ2
� �� �−θα2

ln I χ2 i½ �; λ2
� �� �

φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2
� �� �−θα2

−1
;

∂l Ψð Þ
∂λ2

¼ 2m
λ2

þ 2λ2∑m
i¼1χ

2
2 i½ �− 1þ θα2ð Þ∑m

i¼1

2λ2χ2
2 i½ �e

− λ2χ2 i½ �ð Þ2

I χ2 i½ �; λ2
� � −

2θ þ 1
θ

∑m
i¼1

−θα22λ2χ2
2 i½ � I χ2 i½ �; λ2

� �� �−θα2−1

φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2
� �� �−θα2

−1
;

and
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∂l Ψð Þ
∂θ

¼ m
θ þ 1

−α1∑m
i¼1ln φ χ1i; λ1ð Þð Þ−α2∑m

i¼1ln I χ2 i½ �; λ2
� �� �

þ 1
θ2 ∑

m
i¼1ln φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2

� �� �−θα2

−1
� 	

−
2θ þ 1

θ
∑m

i¼1

−α1 φ χ1i; λ1ð Þð Þ−θα1 ln φ χ1i; λ1ð Þð Þ−α2 I χ2 i½ �; λ2
� �� �−θα2

ln I χ2 i½ �; λ2
� �� �

φ χ1i; λ1ð Þð Þ−θα1 þ I χ2 i½ �; λ2
� �� �−θα2

−1
;

The MLE of bΨ of the Clayton-BGR parameters under the progressive Type-II
censoring scheme is the solution of the previous non-linear equations after
setting them equal to zero. These equations are very difficult to be solved, so
a nonlinear optimization algorithm as Newton–Raphson method is used. Fur-
thermore, the asymptotic confidence interval (ACI) of parameters for Clayton-
BGR under the progressive Type-II censoring scheme can be approximated by
numerically inverting Fisher s information matrix. Thus, the approximate
confidence interval 100(1 − γ)% for Ψ can be, respectively, easily obtained by

bα1 � Z γ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var bα1

1:L
� 	s

;bλ1 � Z γ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var bλ11:L� 	s

; bα2 � Z γ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var bα2

1:L
� 	s

;bλ2
� Z γ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var bλ21:L� 	s

and bθ � Z γ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var bθ1:L� �r

; where L is the length of simulation generated.

4 Bayesian Estimation

In this section, we consider the Bayesian estimation for the unknown
parameters for Clayton-BGR distribution under progressive Type-II censoring
scheme under the assumption that the random variables Ψ= (α1, λ1, α2, λ2, θ)
have an independent gamma prior distribution. Assumed that
α1~Gamma(a1, b1), λ1~Gamma(a2, b2), α2~Gamma(a3, b3), λ2~Gamma(a4, b4),
and θ~Gamma(a5, b5) then, the joint prior density of Ψ can be written as

π Ψð Þ∝αa1−1
1 e−α1b1λa2−11 e−λ1b2αa3−1

2 e−α2b3λa4−12 e−λ2b4θa5−1e−θb5 ð4:1Þ

The posterior likelihood can be represented to be proportional to the product of
the likelihood function given in Eq. (3.1) and the joint prior s densities given
in Eq. (4.1). That is,
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Π Ψjχ1i; χ2 i½ �
� �

∝L1 χ1i; χ2 i½ �;Ψ
� �

π Ψð Þ

Then, the joint posterior density of Ψ is

Π Ψjχ1i; χ2 i½ �
� �

∝ α1λ
2
1α2λ

2
2 θ þ 1ð Þ� �m

e
−λ21∑

m

i¼1
χ2
1i−λ

2
2∑

m

i¼1
χ2
2 i½ �−λ1b2−λ2b4 ∏

m

i¼1
φ χ1i; λ1ð Þð Þ− 1þα1θð Þ

∏
m

i¼1
χ1iχ2 i½ � ℑ χ2 i½ �; λ2

� �� �− 1þα2θð Þ
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

θa5−1e−b5θαa1−1
1 αa3−1

2 λa2−11 λa4−12 e−b1α1e−b3α2 ∏
m

i¼1
1− φ χ1i; λ1ð Þð Þα1½ �Ri

ð4:2Þ

For the Clayton-BGR distribution based on progressive Type-II censoring, the
full conditional posterior distributions of the parameters are given by

Π α1jλ1; α2; λ2; θ ; χ1i; χ2 i½ �
� �

∝αa1þm−1
1 e−b1α1 ∏

m

i¼1
φ χ1i; λ1ð Þð Þ− 1þα1θð Þ ∏

m

i¼1
1− φ χ1i; λ1ð Þð Þα1½ �Ri

∏
m

i¼1
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

;

Π λ1jα1; α2; λ2; θ ; χ1i; χ2 i½ �
� �

∝λ1
2mþa2−1e

−λ21∑
m

i¼1
χ2
1i−λ1b2 ∏

m

i¼1
φ χ1i; λ1ð Þð Þ− 1þα1θð Þ

∏
m

i¼1
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

∏
m

i¼1
1− φ χ1i; λ1ð Þð Þα1½ �Ri ;

Π α2jα1; λ1; λ2; θ ; χ1i; χ2 i½ �
� �

∝αmþa3−1
2 e−b3α2 ∏

m

i¼1
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

∏
m

i¼1
ℑ χ2 i½ �; λ2
� �� �− 1þα2θð Þ

Π λ2jα1; λ1; α2; θ; χ1i; χ2 i½ �
� �

∝e
−λ22∑

m

i¼1
χ2
2 i½ �−λ2b4 ∏

m

i¼1
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

λ2mþa4−1
2 ∏

m

i¼1
ℑ χ2 i½ �; λ2
� �� �− 1þα2θð Þ

and

Π θ jα1; λ1; α2; λ2; χ1i; χ2 i½ �
� �

∝ θ þ 1ð Þð Þm θa5−1e−b5θ ∏
m

i¼1
φ χ1i; λ1ð Þð Þ− 1þα1θð Þ ℑ χ2 i½ �; λ2

� �� �− 1þα2θð Þ

∏
m

i¼1
φ χ1i; λ1ð Þð Þα1θ þ ℑ χ2 i½ �; λ2

� �� �α2θ
−1

� 	−2θ−1
θ

:

We can use the squared error loss function (SELF) to obtain Bayesian estima-
tors of the parameters Ψ, that is defined by ℓ eΨ;Ψ

� �
¼ eΨ−Ψ

� �
2. The usual

estimator of the parameters under the SELF is the posterior mean. Therefore,
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the Bayesian estimators of the parameters Ψ under SELF are eΨ as follows:

eα1 ¼ ∫∞0 α1∫
∞
0 ∫

∞
0 ∫

∞
0 ∫

∞
0 Π Ψj χ1i; χ2 i½ �

� �
dλ1dα2dλ2dθdα1;eλ1 ¼ ∫∞0 λ1∫

∞
0 ∫

∞
0 ∫

∞
0 ∫

∞
0 Π Ψj χ1i; χ2 i½ �

� �
dα1dα2dλ2dθdλ1;eα2 ¼ ∫∞0 α2∫

∞
0 ∫

∞
0 ∫

∞
0 ∫

∞
0 Π Ψj χ1i; χ2 i½ �

� �
dα1dλ1dλ2dθdα2;eλ2 ¼ ∫∞0 λ2∫

∞
0 ∫

∞
0 ∫

∞
0 ∫

∞
0 Π Ψj χ1i; χ2 i½ �

� �
dα1dλ1dα2dθdλ2;

and

eθ ¼ ∫∞0 θ∫
∞
0 ∫

∞
0 ∫

∞
0 ∫

∞
0 Π Ψj χ1i; χ2 i½ �

� �
dα1dλ1dα2dλ2dθ :

These integrals are very hard to be solved analytically, so the MCMC approach
will be used. An important sub-class of the MCMC techniques is Gibbs sampling
and more general Metropolis within Gibbs samplers. Metropolis et al. (1953) and
Hastings (1970) were first introduced this algorithm. In our simulation study
presented in Section 6, the Markov chain Monte Carlo (MCMC) procedure is used
to generate the fully conditional posterior distributions ofΨ. We set the number of
periods in the MCMC process to be N=10,000. The Metropolis-Hastings (MH)
algorithm generates a sequence of draws from Clayton-BGR distribution based on
progressive Type-II censoring as follows:

1. Start with any initial values Ψ 0h i
l

� �
; l ¼ 1;…; 5satisfyingπ Ψ 0h i

l

� �
> 0.

2. Using the initial value, sample a candidate point (Ψ∗)from the proposalq(Ψ∗).
3. For t= 0 to N, given the candidate point (Θ∗), calculate the acceptance

probability

Al ¼ min 1;
L1 Ψjχ1i; χ2 i½ �

� �
π Ψ*

l

� �
L1 Ψjχ1i; χ2 i½ �

� �
π Ψlð Þ

q Ψlð Þ
q Ψ*

l

� �
0@ 1A

4. Draw a value of u from the uniform (0,1) distribution, Ψ tþ1h i
l ¼ Ψ*

l if u≤Al

Ψ th i
l if u≤Al

(
.

5. Repeat steps 2–5 (t+ 1) times until we getN draws.
6. The Bayes estimate ofΨl, for squared error loss function is ∑

N

t¼1

Ψ t−1h i
lð Þt
N .

7. Repeat these stepsl to get a Bayesian estimateΨl.

Hyper-parameter elicitation: The elicitation of the hyper-parameters will
rely on the informative priors. These informative priors will be obtained from the
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maximum likelihood estimates for (α1, λ1, α2, λ2, θ) by equating the mean and
variance of bα1

j
;bλ1 j ; bα2

j
;bλ2 j;bθ j� �

with the mean and variance of the considered
gamma priors, where j=1, 2, …L and L is the number of samples available from
the Clayton-BGR distribution based on progressive Type-II censoring. For more
information see Kundu and Dey (2009) and, Kundu and Gupta (2013).

According to Chen and Shao (1999), we obtain Bayes credible intervals of
the parametersΨ as follows:

1- Arrange Ψl
〈j〉as α1[1], α1[2], …, α1[L], λ1[1], λ1[2], …, λ1[L], α2[1], α2[2], …, α2[L], λ2[1], λ2[2],

…, λ2[L] and θ[1], θ[2], …, θ[L]where L is the length of simulation generated.
2- The 100(1− γ)% symmetric credible intervals Ψbecome

eα1
Lγ
2½ �; eα1

L 1−γ
2ð Þ½ �� �

, eλ1 Lγ
2½ �
;eλ1 L 1−γ

2ð Þ½ �� 	
, eα2

Lγ
2½ �; eα2

L 1−γ
2ð Þ½ �� �

, eλ2 Lγ
2½ �
;eλ2 L 1−γ

2ð Þ½ �� 	
and eθ Lγ

2½ �
; eθ L 1−γ

2ð Þ½ �� 	
.

5 Bootstrap Confidence Intervals

In this section, we propose two different methods to construct bootstrap
confidence intervals for the parameters of Clayton-BGR under a progressive
Type-II censoring scheme, which are percentile bootstrap and bootstrap-t
confidence intervals. For more information about bootstrap Confidence Inter-
vals see Efron (1992).

1) Percentile Bootstrap Confidence Intervals (BP)

i. Compute the MLE of Ψ= (α1, λ1, α2, λ2, θ) for Clayton-BGR under progressive
Type-II censoring.

ii. Generated bootstrap samples using αk, λk; k= 1, 2 and θ to obtain the boot-

strap estimate of αk say bαb
k, λk say bλbk and θ say bθb

using the bootstrap sample.
iii. Repeat step (ii) B times to have αb 1ð Þ

k ; αb 2ð Þ
k ;…; αb Bð Þ

k

� �
, λb 1ð Þ

k ; λb 2ð Þ
k ;…; λb Bð Þ

k

� �
and

(θb(1), θb(2),…, θb(B)).
iv. Arrange αb 1ð Þ

k ; αb 2ð Þ
k ;…; αb Bð Þ

k

� �
, λb 1ð Þ

k ; λb 2ð Þ
k ;…; λb Bð Þ

k

� �
and (θb(1), θb(2),

…, θb(B)) in ascending order as αb 1½ �
k ; αb 2½ �

k ;…; αb B½ �
k

� �
, λb 1½ �

k ; λb 2½ �
k ;…; λb B½ �

k

� �
and (θb[1], θb[2],…, θb[B]).

v. A two-side 100 (1 − γ)% percentile bootstrap confidence intervals for the un-

known parameters αk, λk and θ are given by bαb
k Bγ=2½ �; bαb

k B 1−γ=2ð Þ½ �
n o

,bλbk Bγ=2½ �;bλbk B 1−γ=2ð Þ½ �
n o

and bθb
Bγ=2½ �; bθb

B 1−γ=2ð Þ½ �
n o

.

2) Bootstrap-t Confidence Intervals (Bt)
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i. Same as the steps (i-ii) in Boot-p
ii. Compute the t-statistic of Ψ= ( αk, λk, θ) and k=1, 2 as T ¼ bΨb

k−bΨk

� �
=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V bΨb
k

� �r
where V bΨb

k

� �
is asymptotic variances of bδbk and it can be

obtained using the Fisher information matrix.
iii. Repeat step (ii) B times and obtain T(1), T(2), …, T(B).
iv. Arrange T(1), T(2), …, T(B) in ascending order as T[1], T[2], …, T[B].
v. A two-sided 100 (1− γ)% percentile bootstrap-t confidence intervals for the

unknown parameters αk, βk and θ are given by

bαk þ Tk Bγ=2½ � ffiffiffiffiffiffiffiffiffiffiffiffiffi
V bαkð Þp

; bαk þ Tk B 1−γ=2ð Þ½ � ffiffiffiffiffiffiffiffiffiffiffiffiffi
V bαkð Þpn o

,

bλk þ Tk Bγ=2½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V bλk� �r

; bλk þ Tk B 1−γ=2ð Þ½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V bλk� �r� � a n d

bθ þ T Bγ=2½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
V bθ� �r

; bθ þ T B 1−γ=2ð Þ½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
V bθ� �r� �.

6 Simulation Study

In this section; A Monte Carlo simulation is done to compare the perfor-
mance of the different progressive Type-II schemes for Clayton-BGR distribu-
tion. In our study, we consider binomial distribution as a random removal of
censoring schemes with a different probability.

To generate random variables: Nelsen (2006) discussed generating a
sample from a specified joint distribution. By conditional distribution method,
the joint distribution function is as follows

f x1; x2ð Þ ¼ f x1ð Þ f x2 x1jð Þ

We used the R packages in the copula package to generate the random
variables of the Clayton-BGR distribution.

Simulation Algorithm: A simulation experiments were carried out based
on the following data-generated from Clayton-BGR distribution based on
progressive Type-II censoring, the values of the parameters α1, λ1, α2, λ2and θ
are chosen as the following cases for the generated random variables:

Case 1: (α1 = 2, λ1 = 0.7, α2 = 2.5, λ2 = 0.5, θ=6),
Case 2: (α1 = 1.8, λ1 = 2.5, α2 = 1.7, λ2 = 1.5, θ=3),
different sample sizes (n=50 and 150), different number of failures m, and

removal probability p=0.25, 0.5, and 0.75 are used to generate the number of
units removed at each failure time Ri by a binomial distribution. The simula-
tion methods are compared using the criteria of estimating parameters, the
comparison is performed by calculating the Bias, the mean square error (MSE),

BAYESIAN AND NON-BAYESIAN 1217



T
ab

le
1:

M
L
E
,B

ay
es
ia
n,

an
d
C
I
of

C
la
yt
on

-B
G
R

ba
se
d
on

pr
og
re
ss
iv
e
T
yp

e-
II
ce
ns
or
in
g;

in
ca
se

I
w
he
n
n
=
50

n
=
50

M
L
E

B
ay
es
ia
n

p
m

B
ia
s

M
SE

L
.C
I

B
t

B
P

B
ia
s

M
SE

L
.C
I

B
t

B
P

0.
25

25
α 1

0.
20
67

0.
37
53

2.
26
18

0.
51
03

0.
50
57

0.
19
67

0.
28
92

1.
96
29

0.
33
40

0.
33
10

λ 1
0.
02
41

0.
00
57

0.
28
10

0.
05
85

0.
05
90

0.
02
64

0.
00
55

0.
27
09

0.
04
52

0.
04
54

α 2
0.
27
64

0.
63
45

2.
93
00

0.
62
60

0.
62
58

0.
26
59

0.
49
02

2.
54
02

0.
51
94

0.
51
74

λ 2
0.
01
58

0.
00
25

0.
18
41

0.
03
80

0.
03
80

0.
01
76

0.
00
23

0.
17
69

0.
04
40

0.
04
43

θ
0.
56
75

3.
87
86

7.
39
63

1.
84
60

1.
83
59

0.
15
99

2.
55
74

6.
24
05

1.
11
68

1.
13
02

35
α 1

0.
16
95

0.
29
84

2.
03
68

0.
28
93

0.
28
72

0.
15
24

0.
22
20

1.
74
84

0.
30
21

0.
30
15

λ 1
0.
01
52

0.
00
40

0.
24
15

0.
05
14

0.
05
14

0.
01
72

0.
00
37

0.
23
02

0.
04
00

0.
03
94

α 2
0.
23
28

0.
53
77

2.
72
70

0.
36
63

0.
36
51

0.
21
03

0.
41
02

2.
37
25

0.
40
05

0.
39
91

λ 2
0.
01
07

0.
00
19

0.
16
40

0.
02
21

0.
02
23

0.
01
18

0.
00
17

0.
15
72

0.
02
90

0.
02
89

θ
0.
26
86

2.
36
34

5.
93
66

1.
00
26

1.
00
49

0.
01
08

1.
84
87

5.
33
25

1.
02
43

1.
02
85

45
α 1

0.
15
14

0.
22
72

1.
77
26

0.
33
72

0.
33
55

0.
14
02

0.
17
88

1.
56
48

0.
29
52

0.
29
36

λ 1
0.
01
61

0.
00
30

0.
20
39

0.
03
45

0.
03
49

0.
01
74

0.
00
28

0.
19
62

0.
02
99

0.
03
02

α 2
0.
19
32

0.
38
32

2.
30
65

0.
36
46

0.
36
59

0.
17
93

0.
30
38

2.
04
43

0.
31
16

0.
30
94

λ 2
0.
00
99

0.
00
12

0.
13
27

0.
02
01

0.
02
04

0.
01
06

0.
00
12

0.
12
70

0.
02
05

0.
02
04

θ
0.
23
82

1.
89
51

5.
31
75

0.
80
46

0.
80
48

0.
02
75

1.
41
53

4.
66
46

0.
60
00

0.
59
79

0.
5

25
α 1

0.
22
84

0.
41
55

2.
36
41

0.
55
65

0.
55
81

0.
22
66

0.
33
21

2.
07
80

0.
33
39

0.
33
19

λ 1
0.
02
49

0.
00
57

0.
28
00

0.
05
25

0.
05
24

0.
02
74

0.
00
56

0.
27
44

0.
04
62

0.
04
59

α 2
0.
31
04

0.
70
71

3.
06
52

0.
45
76

0.
45
69

0.
30
94

0.
60
76

2.
80
58

0.
49
90

0.
49
94

E. A. El-Sherpieny et al.1218



T
ab

le
1
(c
on

ti
nu

ed
)

n
=
50

M
L
E

B
ay
es
ia
n

λ 2
0.
01
70

0.
00
26

0.
18
75

0.
02
65

0.
02
66

0.
01
85

0.
00
26

0.
18
56

0.
02
50

0.
02
46

θ
0.
53
76

3.
96
75

7.
52
21

1.
58
26

1.
58
72

0.
10
74

2.
50
40

6.
19
18

1.
02
73

1.
03
34

35
α 1

0.
16
49

0.
28
07

1.
97
46

0.
40
18

0.
40
49

0.
17
14

0.
25
15

1.
84
83

0.
22
63

0.
22
66

λ 1
0.
01
71

0.
00
37

0.
23
00

0.
03
72

0.
03
73

0.
01
94

0.
00
37

0.
22
46

0.
04
09

0.
04
08

α 2
0.
22
57

0.
50
28

2.
63
65

0.
35
77

0.
35
81

0.
23
39

0.
43
91

2.
43
17

0.
40
03

0.
40
02

λ 2
0.
01
18

0.
00
16

0.
15
15

0.
02
64

0.
02
65

0.
01
33

0.
00
16

0.
14
72

0.
02
18

0.
02
20

θ
0.
36
62

2.
64
03

6.
20
89

0.
90
83

0.
90
44

0.
05
22

1.
89
75

5.
39
86

0.
85
11

0.
84
45

45
α 1

0.
18
64

0.
29
36

1.
99
55

0.
24
87

0.
25
01

0.
16
38

0.
20
62

1.
66
13

0.
24
58

0.
24
42

λ 1
0.
01
73

0.
00
31

0.
20
84

0.
02
99

0.
02
97

0.
01
85

0.
00
29

0.
19
88

0.
02
84

0.
02
88

α 2
0.
24
96

0.
50
92

2.
62
18

0.
42
84

0.
43
19

0.
22
00

0.
35
21

2.
16
11

0.
34
95

0.
34
87

λ 2
0.
01
18

0.
00
13

0.
13
63

0.
02
48

0.
02
49

0.
01
23

0.
00
13

0.
13
03

0.
02
14

0.
02
16

θ
0.
19
97

2.
02
22

5.
52
20

0.
98
02

0.
97
56

0.
00
30

1.
52
93

4.
85
01

0.
62
95

0.
62
40

0.
75

25
α 1

0.
20
78

0.
36
93

2.
23
97

0.
34
70

0.
34
96

0.
19
85

0.
27
25

1.
89
36

0.
37
17

0.
37
17

λ 1
0.
02
38

0.
00
55

0.
27
63

0.
06
51

0.
06
56

0.
02
68

0.
00
52

0.
26
28

0.
05
16

0.
05
12

α 2
0.
29
91

0.
72
82

3.
13
44

1.
00
61

0.
99
61

0.
28
14

0.
51
97

2.
60
29

0.
55
59

0.
55
06

λ 2
0.
01
68

0.
00
26

0.
19
05

0.
03
93

0.
03
90

0.
01
83

0.
00
24

0.
17
99

0.
03
66

0.
03
67

θ
0.
53
45

3.
76
95

7.
32
02

1.
88
91

1.
89
51

0.
10
63

2.
33
27

5.
97
56

0.
98
25

0.
98
46

35
α 1

0.
18
57

0.
31
52

2.
07
81

0.
38
82

0.
39
40

0.
17
18

0.
25
44

1.
85
97

0.
33
90

0.
33
64

λ 1
0.
01
76

0.
00
38

0.
23
32

0.
03
04

0.
03
05

0.
01
90

0.
00
37

0.
22
59

0.
02
69

0.
02
69

BAYESIAN AND NON-BAYESIAN 1219



T
ab

le
1
(c
on

ti
nu

ed
)

n
=
50

M
L
E

B
ay
es
ia
n

α 2
0.
26
49

0.
56
77

2.
76
64

0.
57
38

0.
57
40

0.
24
76

0.
46
66

2.
49
69

0.
41
82

0.
41
91

λ 2
0.
01
34

0.
00
17

0.
15
33

0.
02
44

0.
02
42

0.
01
42

0.
00
16

0.
14
82

0.
02
53

0.
02
54

θ
0.
27
51

2.
54
26

6.
16
00

1.
07
16

1.
07
11

−0
.0
33
7

1.
80
30

5.
26
46

0.
96
60

0.
96
57

45
α 1

0.
13
71

0.
23
69

1.
83
17

0.
23
50

0.
23
63

0.
13
12

0.
18
65

1.
61
37

0.
24
05

0.
23
83

λ 1
0.
01
16

0.
00
27

0.
19
82

0.
02
71

0.
02
69

0.
01
38

0.
00
26

0.
19
09

0.
02
40

0.
02
38

α 2
0.
19
13

0.
42
19

2.
43
44

0.
33
34

0.
33
68

0.
18
16

0.
33
29

2.
14
80

0.
36
44

0.
36
19

λ 2
0.
00
86

0.
00
12

0.
13
41

0.
02
04

0.
02
05

0.
00
97

0.
00
12

0.
12
99

0.
01
41

0.
01
41

θ
0.
25
17

2.
29
97

5.
86
51

0.
85
20

0.
84
36

0.
03
58

1.
63
11

5.
00
70

0.
69
99

0.
70
34

E. A. El-Sherpieny et al.1220



T
ab

le
2:

M
L
E
,B

ay
es
ia
n,

an
d
C
I
of

C
la
yt
on

-B
G
R

ba
se
d
on

pr
og
re
ss
iv
e
T
yp

e-
II
ce
ns
or
in
g;

in
ca
se

I
w
he
n
n
=
15
0

n
=
15
0

M
L
E

B
ay
es
ia
n

p
M

B
ia
s

M
SE

L
.C
I

B
t

B
P

B
ia
s

M
SE

L
.C
I

B
t

B
P

0.
25

50
α 1

0.
07
86

0.
10
81

1.
25
20

0.
15
05

0.
15
05

0.
08
18

0.
09
83

1.
18
70

0.
14
80

0.
14
84

λ 1
0.
01
04

0.
00
23

0.
18
22

0.
02
72

0.
02
76

0.
01
16

0.
00
22

0.
17
91

0.
02
54

0.
02
55

α 2
0.
10
46

0.
17
86

1.
60
56

0.
21
78

0.
22
00

0.
10
72

0.
16
34

1.
52
86

0.
20
58

0.
20
61

λ 2
0.
00
66

0.
00
10

0.
12
17

0.
01
44

0.
01
43

0.
00
73

0.
00
10

0.
11
95

0.
02
11

0.
02
10

θ
0.
28
09

1.
31
81

4.
36
58

0.
59
74

0.
58
99

0.
07
09

1.
04
50

3.
99
96

0.
53
15

0.
53
26

75
α 1

0.
07
60

0.
08
90

1.
13
15

0.
11
95

0.
12
00

0.
07
45

0.
07
81

1.
05
63

0.
11
10

0.
11
11

λ 1
0.
00
92

0.
00
16

0.
15
20

0.
01
66

0.
01
68

0.
00
97

0.
00
15

0.
14
78

0.
01
62

0.
01
62

α 2
0.
10
00

0.
15
51

1.
49
37

0.
16
99

0.
17
09

0.
09
90

0.
13
81

1.
40
46

0.
16
48

0.
16
56

λ 2
0.
00
58

0.
00
07

0.
10
06

0.
01
09

0.
01
09

0.
00
62

0.
00
07

0.
09
79

0.
01
17

0.
01
17

θ
0.
16
75

1.
03
92

3.
94
38

0.
46
19

0.
46
05

0.
01
60

0.
83
28

3.
57
86

0.
43
98

0.
44
34

10
0

α 1
0.
04
42

0.
07
29

1.
04
48

0.
09
62

0.
09
63

0.
04
88

0.
06
11

0.
95
00

0.
09
33

0.
09
37

λ 1
0.
00
57

0.
00
12

0.
13
24

0.
01
23

0.
01
24

0.
00
66

0.
00
11

0.
12
93

0.
01
25

0.
01
26

α 2
0.
06
21

0.
12
40

1.
35
96

0.
14
22

0.
14
31

0.
06
87

0.
10
49

1.
24
12

0.
14
72

0.
14
75

λ 2
0.
00
42

0.
00
05

0.
08
77

0.
00
90

0.
00
91

0.
00
48

0.
00
05

0.
08
55

0.
00
80

0.
00
81

θ
0.
12
86

0.
79
73

3.
46
54

0.
32
19

0.
32
11

0.
02
84

0.
64
58

3.
14
99

0.
29
25

0.
29
25

12
0

α 1
0.
06
09

0.
06
62

0.
98
01

0.
09
61

0.
09
53

0.
05
97

0.
05
24

0.
86
66

0.
08
00

0.
08
01

λ 1
0.
00
62

0.
00
10

0.
12
06

0.
01
05

0.
01
04

0.
00
65

0.
00
09

0.
11
48

0.
01
02

0.
01
03

α 2
0.
07
86

0.
11
22

1.
27
72

0.
12
51

0.
12
71

0.
07
66

0.
09
05

1.
14
09

0.
11
50

0.
11
50

λ 2
0.
00
36

0.
00
04

0.
08
00

0.
00
72

0.
00
72

0.
00
38

0.
00
04

0.
07
57

0.
00
77

0.
00
77

θ
0.
08
05

0.
70
90

3.
28
72

0.
28
21

0.
28
26

−0
.0
28
7

0.
53
74

2.
87
30

0.
26
83

0.
26
63

0.
5

50
α 1

0.
08
17

0.
11
28

1.
27
77

0.
17
76

0.
17
73

0.
08
88

0.
10
64

1.
23
13

0.
13
58

0.
13
39

λ 1
0.
01
26

0.
00
23

0.
18
11

0.
02
44

0.
02
44

0.
01
43

0.
00
22

0.
17
70

0.
02
41

0.
02
41

α 2
0.
11
12

0.
19
12

1.
65
84

0.
18
93

0.
19
02

0.
11
59

0.
17
82

1.
59
20

0.
28
15

0.
28
18

λ 2
0.
00
83

0.
00
10

0.
11
95

0.
01
75

0.
01
75

0.
00
89

0.
00
10

0.
11
73

0.
01
49

0.
01
48

θ
0.
25
90

1.
61
21

4.
87
49

0.
62
59

0.
63
30

0.
04
15

1.
25
16

4.
38
47

0.
54
51

0.
54
30

BAYESIAN AND NON-BAYESIAN 1221



T
ab

le
2
(c
on

ti
nu

ed
)

n
=
15
0

M
L
E

B
ay
es
ia
n

75
α 1

0.
06
25

0.
08
85

1.
14
07

0.
15
38

0.
15
53

0.
06
49

0.
07
33

1.
03
08

0.
12
02

0.
11
90

λ 1
0.
00
66

0.
00
15

0.
15
17

0.
01
58

0.
01
58

0.
00
74

0.
00
14

0.
14
55

0.
01
33

0.
01
32

α 2
0.
08
74

0.
14
78

1.
46
83

0.
17
73

0.
17
92

0.
08
83

0.
12
31

1.
33
15

0.
14
14

0.
14
11

λ 2
0.
00
51

0.
00
07

0.
10
08

0.
01
10

0.
01
11

0.
00
53

0.
00
06

0.
09
67

0.
00
98

0.
00
98

θ
0.
18
82

1.
03
83

3.
92
75

0.
44
75

0.
44
49

0.
04
42

0.
81
76

3.
54
20

0.
43
98

0.
44
18

10
0

α 1
0.
06
73

0.
07
69

1.
05
48

0.
11
09

0.
10
95

0.
07
03

0.
06
51

0.
96
20

0.
09
57

0.
09
73

λ 1
0.
00
60

0.
00
12

0.
13
34

0.
01
38

0.
01
38

0.
00
71

0.
00
11

0.
12
76

0.
01
28

0.
01
28

α 2
0.
09
02

0.
12
59

1.
34
58

0.
14
32

0.
14
38

0.
09
35

0.
10
56

1.
22
09

0.
12
41

0.
12
50

λ 2
0.
00
43

0.
00
05

0.
08
73

0.
00
86

0.
00
86

0.
00
50

0.
00
05

0.
08
33

0.
00
79

0.
00
79

θ
0.
07
65

0.
80
44

3.
50
47

0.
34
45

0.
34
50

−0
.0
24
5

0.
65
66

3.
17
65

0.
29
61

0.
30
00

12
0

α 1
0.
06
08

0.
07
84

1.
07
18

0.
09
36

0.
09
44

0.
05
82

0.
06
20

0.
94
97

0.
08
89

0.
08
89

λ 1
0.
00
40

0.
00
10

0.
12
42

0.
01
09

0.
01
10

0.
00
45

0.
00
09

0.
11
95

0.
01
12

0.
01
14

α 2
0.
08
45

0.
13
07

1.
37
86

0.
12
51

0.
12
40

0.
08
13

0.
10
02

1.
20
01

0.
10
51

0.
10
50

λ 2
0.
00
34

0.
00
04

0.
08
21

0.
00
68

0.
00
68

0.
00
37

0.
00
04

0.
07
79

0.
00
74

0.
00
74

θ
0.
04
60

0.
73
91

3.
36
70

0.
29
23

0.
29
22

−0
.0
28
6

0.
58
64

3.
00
13

0.
26
21

0.
25
96

0.
75

50
α 1

0.
08
22

0.
12
12

1.
32
70

0.
17
22

0.
17
28

0.
08
95

0.
10
72

1.
23
49

0.
17
64

0.
17
92

λ 1
0.
01
13

0.
00
23

0.
18
42

0.
02
76

0.
02
75

0.
01
29

0.
00
23

0.
17
91

0.
02
73

0.
02
74

α 2
0.
11
33

0.
22
04

1.
78
68

0.
29
29

0.
29
36

0.
12
33

0.
19
64

1.
66
95

0.
26
77

0.
26
68

λ 2
0.
00
73

0.
00
10

0.
12
21

0.
01
87

0.
01
86

0.
00
84

0.
00
10

0.
11
89

0.
01
68

0.
01
70

θ
0.
31
60

1.
65
90

4.
89
72

0.
62
02

0.
61
87

0.
10
99

1.
26
64

4.
39
25

0.
62
68

0.
63
07

75
α 1

0.
08
18

0.
10
53

1.
23
18

0.
14
66

0.
14
77

0.
08
07

0.
08
70

1.
11
24

0.
12
10

0.
12
15

λ 1
0.
01
05

0.
00
16

0.
15
27

0.
02
03

0.
02
01

0.
01
10

0.
00
16

0.
14
91

0.
01
78

0.
01
79

α 2
0.
10
44

0.
17
63

1.
59
52

0.
15
29

0.
15
36

0.
10
34

0.
14
72

1.
44
89

0.
17
49

0.
17
65

λ 2
0.
00
65

0.
00
07

0.
10
09

0.
00
99

0.
01
00

0.
00
68

0.
00
07

0.
09
82

0.
01
06

0.
01
06

θ
0.
23
26

1.
21
21

4.
22
03

0.
47
80

0.
47
91

0.
08
74

0.
92
42

3.
75
47

0.
42
98

0.
42
90

E. A. El-Sherpieny et al.1222



T
ab

le
2
(c
on

ti
nu

ed
)

n
=
15
0

M
L
E

B
ay
es
ia
n

10
0

α 1
0.
07
01

0.
07
94

1.
07
02

0.
10
57

0.
10
56

0.
07
12

0.
06
38

0.
95
09

0.
09
66

0.
09
81

λ 1
0.
00
71

0.
00
12

0.
13
41

0.
01
46

0.
01
47

0.
00
82

0.
00
12

0.
12
93

0.
01
33

0.
01
33

α 2
0.
09
01

0.
13
43

1.
39
31

0.
12
81

0.
12
81

0.
09
15

0.
10
71

1.
23
23

0.
11
57

0.
11
50

λ 2
0.
00
45

0.
00
06

0.
09
04

0.
00
80

0.
00
79

0.
00
50

0.
00
05

0.
08
60

0.
00
72

0.
00
72

θ
0.
05
70

0.
72
30

3.
32
72

0.
30
54

0.
30
71

−0
.0
54
7

0.
60
54

3.
04
41

0.
26
10

0.
26
00

12
0

α 1
0.
04
44

0.
06
59

0.
99
16

0.
08
97

0.
08
88

0.
04
61

0.
05
54

0.
90
51

0.
07
60

0.
07
62

λ 1
0.
00
48

0.
00
10

0.
12
13

0.
01
16

0.
01
18

0.
00
57

0.
00
09

0.
11
75

0.
01
18

0.
01
18

α 2
0.
06
29

0.
11
29

1.
29
43

0.
12
48

0.
12
52

0.
06
50

0.
09
59

1.
18
76

0.
10
71

0.
10
72

λ 2
0.
00
37

0.
00
04

0.
08
19

0.
00
70

0.
00
70

0.
00
42

0.
00
04

0.
08
03

0.
00
78

0.
00
79

θ
0.
06
69

0.
65
71

3.
16
85

0.
27
97

0.
28
24

−0
.0
16
8

0.
51
64

2.
81
76

0.
26
00

0.
26
08

BAYESIAN AND NON-BAYESIAN 1223



T
ab

le
3:

M
L
E
,B

ay
es
ia
n,

an
d
C
I
of

C
la
yt
on

-B
G
R

ba
se
d
on

pr
og
re
ss
iv
e
T
yp

e-
II
ce
ns
or
in
g;

in
ca
se

II
w
he
n
n
=
50

n
=
50

M
L
E

B
ay

es
ia
n

p
M

B
ia
s

M
SE

L
.C
I

B
t

B
P

B
ia
s

M
SE

L
.C
I

B
t

B
P

0.
25

25
α 1

0.
19
32

0.
29
24

1.
98
07

0.
30
78

0.
31
00

0.
20
69

0.
27
21

1.
87
80

0.
41
36

0.
41
38

λ 1
0.
09
23

0.
08
69

1.
09
79

0.
19
38

0.
19
25

0.
10
37

0.
08
87

1.
09
49

0.
18
40

0.
18
32

α 2
0.
18
74

0.
27
93

1.
93
79

0.
37
62

0.
37
37

0.
19
52

0.
25
56

1.
82
90

0.
46
27

0.
46
09

λ 2
0.
05
39

0.
03
19

0.
66
76

0.
14
08

0.
14
06

0.
06
22

0.
03
21

0.
65
89

0.
14
59

0.
14
56

θ
0.
21
90

1.
05
89

3.
94
34

0.
75
94

0.
76
11

0.
07
34

0.
85
16

3.
60
78

0.
69
59

0.
69
35

35
α 1

0.
13
78

0.
21
75

1.
74
72

0.
27
80

0.
27
99

0.
15
09

0.
20
60

1.
67
89

0.
24
75

0.
24
67

λ 1
0.
05
30

0.
05
23

0.
87
21

0.
12
76

0.
12
67

0.
06
31

0.
05
23

0.
86
19

0.
13
78

0.
13
75

α 2
0.
13
47

0.
19
98

1.
67
17

0.
19
84

0.
19
95

0.
14
24

0.
17
77

1.
55
60

0.
37
57

0.
37
51

λ 2
0.
03
59

0.
02
08

0.
54
78

0.
08
34

0.
08
41

0.
04
18

0.
02
05

0.
53
76

0.
10
46

0.
10
48

θ
0.
13
33

0.
76
63

3.
39
31

0.
80
17

0.
79
42

0.
01
12

0.
61
72

3.
08
08

0.
57
37

0.
57
40

45
α 1

0.
11
41

0.
19
20

1.
65
92

0.
26
68

0.
26
86

0.
11
93

0.
17
05

1.
55
05

0.
20
06

0.
20
32

λ 1
0.
04
69

0.
04
22

0.
78
42

0.
12
98

0.
12
92

0.
05
31

0.
04
19

0.
77
51

0.
10
16

0.
10
06

α 2
0.
09
88

0.
15
77

1.
50
83

0.
17
33

0.
17
02

0.
10
34

0.
14
00

1.
41
02

0.
17
15

0.
17
20

λ 2
0.
02
60

0.
01
49

0.
46
86

0.
06
43

0.
06
40

0.
02
94

0.
01
48

0.
46
23

0.
07
63

0.
07
57

θ
0.
16
45

0.
68
09

3.
17
12

0.
60
43

0.
60
56

0.
06
20

0.
53
52

2.
85
89

0.
35
71

0.
35
83

0.
5

25
α 1

0.
16
07

0.
30
13

2.
05
85

0.
35
28

0.
35
18

0.
17
38

0.
26
96

1.
91
89

0.
35
43

0.
35
13

λ 1
0.
07
37

0.
07
66

1.
04
62

0.
21
46

0.
21
25

0.
08
51

0.
07
53

1.
02
35

0.
22
28

0.
22
22

α 2
0.
16
45

0.
27
35

1.
94
69

0.
25
86

0.
25
73

0.
17
17

0.
23
79

1.
79
05

0.
32
04

0.
32
11

E. A. El-Sherpieny et al.1224



T
ab

le
3
(c
on

ti
nu

ed
)

n
=
50

M
L
E

B
ay

es
ia
n

λ 2
0.
05
10

0.
03
12

0.
66
33

0.
14
60

0.
14
56

0.
05
84

0.
03
12

0.
65
35

0.
13
07

0.
13
22

θ
0.
27
41

1.
10
89

3.
98
75

0.
81
11

0.
79
51

0.
10
00

0.
90
34

3.
70
70

0.
98
03

0.
98
68

35
α 1

0.
13
09

0.
20
88

1.
71
72

0.
25
62

0.
25
39

0.
14
02

0.
20
14

1.
67
22

0.
21
68

0.
21
76

λ 1
0.
05
54

0.
04
98

0.
84
81

0.
13
25

0.
13
13

0.
06
43

0.
05
01

0.
84
08

0.
13
63

0.
13
59

α 2
0.
13
16

0.
22
12

1.
77
09

0.
59
02

0.
56
58

0.
13
61

0.
20
09

1.
67
47

0.
22
10

0.
22
08

λ 2
0.
03
46

0.
01
84

0.
51
46

0.
08
98

0.
08
98

0.
03
93

0.
01
85

0.
51
11

0.
08
86

0.
08
81

θ
0.
19
65

0.
85
72

3.
54
83

0.
50
19

0.
49
84

0.
07
43

0.
71
59

3.
30
56

0.
43
49

0.
43
61

45
α 1

0.
13
24

0.
20
87

1.
71
48

0.
19
64

0.
19
59

0.
14
10

0.
20
04

1.
66
65

0.
26
11

0.
25
80

λ 1
0.
05
13

0.
04
27

0.
78
47

0.
10
88

0.
10
85

0.
05
87

0.
04
31

0.
78
06

0.
11
76

0.
11
86

α 2
0.
11
44

0.
17
14

1.
56
04

0.
21
55

0.
21
51

0.
12
08

0.
15
82

1.
48
63

0.
22
04

0.
21
70

λ 2
0.
02
99

0.
01
65

0.
48
94

0.
07
36

0.
07
37

0.
03
53

0.
01
66

0.
48
67

0.
07
49

0.
07
57

θ
0.
14
00

0.
64
16

3.
09
32

0.
46
58

0.
46
27

0.
04
00

0.
52
70

2.
84
29

0.
39
44

0.
39
92

0.
75

25
α 1

0.
15
97

0.
25
49

1.
87
83

0.
32
18

0.
32
08

0.
16
84

0.
23
60

1.
78
73

0.
34
41

0.
34
03

λ 1
0.
07
64

0.
07
21

1.
00
94

0.
19
27

0.
19
32

0.
08
76

0.
07
19

0.
99
40

0.
19
24

0.
19
20

α 2
0.
17
33

0.
24
17

1.
80
43

0.
33
36

0.
33
67

0.
18
14

0.
23
19

1.
74
96

0.
31
38

0.
31
59

λ 2
0.
05
60

0.
02
80

0.
61
84

0.
10
30

0.
10
30

0.
06
32

0.
02
83

0.
61
16

0.
12
98

0.
13
00

θ
0.
28
14

1.
19
48

4.
14
25

0.
79
58

0.
80
12

0.
13
22

0.
91
13

3.
70
80

0.
57
64

0.
57
43

35
α 1

0.
12
40

0.
21
37

1.
74
68

0.
21
16

0.
21
22

0.
13
66

0.
20
09

1.
67
44

0.
19
51

0.
19
55

λ 1
0.
06
03

0.
05
14

0.
85
71

0.
12
94

0.
13
14

0.
06
89

0.
05
19

0.
85
13

0.
12
72

0.
12
66

BAYESIAN AND NON-BAYESIAN 1225



T
ab

le
3
(c
on

ti
nu

ed
)

n
=
50

M
L
E

B
ay

es
ia
n

α 2
0.
13
29

0.
22
89

1.
80
25

0.
32
18

0.
32
18

0.
14
12

0.
20
76

1.
69
89

0.
24
83

0.
24
82

λ 2
0.
03
99

0.
02
11

0.
54
73

0.
08
42

0.
08
36

0.
04
56

0.
02
12

0.
54
17

0.
06
94

0.
06
99

θ
0.
23
94

0.
92
03

3.
64
33

0.
56
13

0.
55
43

0.
08
68

0.
70
68

3.
27
96

0.
59
44

0.
59
30

45
α 1

0.
11
37

0.
18
14

1.
60
97

0.
22
20

0.
22
21

0.
12
26

0.
17
23

1.
55
50

0.
20
83

0.
20
72

λ 1
0.
03
47

0.
03
94

0.
76
70

0.
11
99

0.
12
06

0.
04
36

0.
03
91

0.
75
59

0.
09
71

0.
09
65

α 2
0.
11
35

0.
15
32

1.
46
92

0.
20
88

0.
21
04

0.
12
38

0.
15
04

1.
44
12

0.
19
70

0.
19
58

λ 2
0.
02
54

0.
01
50

0.
46
92

0.
07
44

0.
07
42

0.
03
12

0.
01
51

0.
46
61

0.
07
89

0.
07
92

θ
0.
12
06

0.
64
58

3.
11
61

0.
42
69

0.
42
39

0.
03
06

0.
56
90

2.
95
59

0.
44
29

0.
44
08

E. A. El-Sherpieny et al.1226



T
ab

le
4:

M
L
E
,B

ay
es
ia
n,

an
d
C
I
of

C
la
yt
on

-B
G
R

ba
se
d
on

pr
og
re
ss
iv
e
T
yp

e-
II
ce
ns
or
in
g;

in
ca
se

II
w
he
n
n
=
15
0

n
=
15
0

M
L
E

B
ay

es
ia
n

p
M

B
ia
s

M
SE

L
.C
I

B
t

B
P

B
ia
s

M
SE

L
.C
I

B
t

B
P

0.
25

50
α 1

0.
06
21

0.
08
66

1.
12
80

0.
15
43

0.
15
60

0.
07
28

0.
08
48

1.
10
60

0.
16
42

0.
16
30

λ 1
0.
03
66

0.
03
54

0.
72
36

0.
11
33

0.
11
32

0.
04
41

0.
03
51

0.
71
43

0.
10
19

0.
10
14

α 2
0.
06
30

0.
07
98

1.
07
97

0.
14
01

0.
13
98

0.
07
00

0.
07
70

1.
05
33

0.
15
33

0.
15
51

λ 2
0.
02
23

0.
01
32

0.
44
25

0.
06
17

0.
06
21

0.
02
65

0.
01
32

0.
43
82

0.
06
26

0.
06
27

θ
0.
15
29

0.
46
08

2.
59
40

0.
33
23

0.
33
18

0.
07
31

0.
38
88

2.
42
87

0.
29
88

0.
29
96

75
α 1

0.
07
07

0.
07
70

1.
05
23

0.
11
19

0.
11
25

0.
07
51

0.
07
45

1.
02
89

0.
11
12

0.
11
20

λ 1
0.
02
59

0.
02
26

0.
58
12

0.
07
14

0.
07
22

0.
03
02

0.
02
28

0.
58
00

0.
06
48

0.
06
53

α 2
0.
06
99

0.
07
17

1.
01
35

0.
11
11

0.
11
17

0.
07
15

0.
06
63

0.
97
04

0.
09
96

0.
10
00

λ 2
0.
01
73

0.
00
87

0.
35
91

0.
04
51

0.
04
47

0.
02
00

0.
00
86

0.
35
56

0.
03
97

0.
03
93

θ
0.
05
15

0.
31
79

2.
20
19

0.
25
65

0.
25
61

0.
00
43

0.
29
21

2.
11
98

0.
25
23

0.
25
39

10
0

α 1
0.
06
61

0.
06
52

0.
96
77

0.
09
21

0.
09
26

0.
06
75

0.
06
13

0.
93
39

0.
09
11

0.
09
12

λ 1
0.
02
46

0.
01
63

0.
49
19

0.
05
33

0.
05
32

0.
02
76

0.
01
60

0.
48
36

0.
04
77

0.
04
77

α 2
0.
06
50

0.
05
76

0.
90
64

0.
09
67

0.
09
55

0.
06
46

0.
05
43

0.
87
85

0.
08
41

0.
08
44

λ 2
0.
01
66

0.
00
62

0.
30
08

0.
02
78

0.
02
77

0.
01
80

0.
00
61

0.
29
72

0.
02
86

0.
02
90

θ
0.
03
03

0.
26
15

2.
00
19

0.
21
95

0.
21
96

0.
00
05

0.
24
90

1.
95
72

0.
18
64

0.
18
80

12
0

α 1
0.
04
62

0.
05
42

0.
89
53

0.
09
28

0.
09
32

0.
05
03

0.
05
22

0.
87
43

0.
07
31

0.
07
31

λ 1
0.
01
63

0.
01
39

0.
45
83

0.
04
18

0.
04
19

0.
01
79

0.
01
37

0.
45
42

0.
04
17

0.
04
19

α 2
0.
04
14

0.
04
66

0.
83
06

0.
07
45

0.
07
44

0.
04
61

0.
04
43

0.
80
59

0.
07
46

0.
07
40

λ 2
0.
00
85

0.
00
51

0.
27
91

0.
02
70

0.
02
70

0.
01
03

0.
00
52

0.
28
00

0.
02
80

0.
02
79

θ
0.
03
01

0.
21
25

1.
80
39

0.
15
99

0.
15
96

−0
.0
02
8

0.
19
82

1.
74
60

0.
15
07

0.
15
10

0.
5

50
α 1

0.
06
27

0.
09
10

1.
15
74

0.
17
39

0.
17
34

0.
07
10

0.
08
75

1.
12
65

0.
15
24

0.
15
28

λ 1
0.
04
09

0.
03
21

0.
68
39

0.
09
77

0.
09
72

0.
04
76

0.
03
26

0.
68
26

0.
09
90

0.
10
00

α 2
0.
06
05

0.
08
35

1.
10
79

0.
16
36

0.
16
24

0.
06
53

0.
07
90

1.
07
22

0.
14
03

0.
14
13

λ 2
0.
02
49

0.
01
26

0.
42
88

0.
05
32

0.
05
30

0.
02
87

0.
01
27

0.
42
72

0.
05
55

0.
05
48

θ
0.
16
39

0.
51
99

2.
75
39

0.
37
82

0.
37
85

0.
09
32

0.
45
05

2.
60
70

0.
32
17

0.
32
13

BAYESIAN AND NON-BAYESIAN 1227



T
ab

le
4
(c
on

ti
nu

ed
)

n
=
15
0

M
L
E

B
ay

es
ia
n

75
α 1

0.
05
82

0.
07
41

1.
04
27

0.
09
94

0.
09
85

0.
06
78

0.
07
29

1.
02
52

0.
11
04

0.
10
99

λ 1
0.
02
70

0.
02
19

0.
57
13

0.
06
35

0.
06
40

0.
03
29

0.
02
20

0.
56
72

0.
06
99

0.
07
02

α 2
0.
05
83

0.
06
74

0.
99
23

0.
11
94

0.
11
97

0.
06
45

0.
06
55

0.
97
16

0.
10
62

0.
10
58

λ 2
0.
01
54

0.
00
81

0.
34
74

0.
04
37

0.
04
34

0.
01
76

0.
00
81

0.
34
59

0.
04
20

0.
04
21

θ
0.
07
90

0.
31
40

2.
17
58

0.
22
84

0.
22
83

0.
02
39

0.
30
03

2.
14
71

0.
27
79

0.
27
71

10
0

α 1
0.
04
53

0.
06
65

0.
99
53

0.
11
29

0.
11
33

0.
05
15

0.
06
15

0.
95
13

0.
07
19

0.
07
19

λ 1
0.
01
69

0.
01
65

0.
49
96

0.
05
39

0.
05
40

0.
02
18

0.
01
61

0.
48
99

0.
04
34

0.
04
34

α 2
0.
04
76

0.
05
81

0.
92
69

0.
09
28

0.
09
45

0.
05
27

0.
05
45

0.
89
23

0.
08
87

0.
08
87

λ 2
0.
01
27

0.
00
58

0.
29
35

0.
03
05

0.
03
06

0.
01
56

0.
00
58

0.
29
27

0.
02
91

0.
02
91

θ
0.
08
44

0.
27
18

2.
01
78

0.
22
12

0.
22
32

0.
03
91

0.
24
53

1.
93
64

0.
19
28

0.
19
19

12
0

α 1
0.
05
16

0.
05
87

0.
92
88

0.
08
23

0.
08
08

0.
05
28

0.
05
24

0.
87
35

0.
08
00

0.
08
03

λ 1
0.
02
11

0.
01
45

0.
46
56

0.
04
46

0.
04
45

0.
02
33

0.
01
39

0.
45
41

0.
04
15

0.
04
16

α 2
0.
05
00

0.
05
31

0.
88
24

0.
06
96

0.
07
00

0.
05
22

0.
04
81

0.
83
50

0.
08
18

0.
08
26

λ 2
0.
01
29

0.
00
56

0.
29
01

0.
02
57

0.
02
55

0.
01
50

0.
00
55

0.
28
54

0.
02
39

0.
02
41

θ
0.
01
48

0.
20
93

1.
79
35

0.
15
76

0.
15
67

−0
.0
15
0

0.
18
99

1.
70
82

0.
15
38

0.
15
35

0.
75

50
α 1

0.
06
67

0.
08
94

1.
14
34

0.
13
93

0.
13
99

0.
07
61

0.
08
84

1.
12
73

0.
16
91

0.
16
80

λ 1
0.
03
76

0.
03
41

0.
70
89

0.
08
33

0.
08
26

0.
04
40

0.
03
41

0.
70
32

0.
10
86

0.
10
89

α 2
0.
07
39

0.
08
86

1.
13
08

0.
15
34

0.
15
34

0.
08
15

0.
08
64

1.
10
73

0.
13
73

0.
13
56

λ 2
0.
02
46

0.
01
27

0.
43
14

0.
06
14

0.
06
12

0.
02
86

0.
01
27

0.
42
74

0.
05
19

0.
05
20

θ
0.
15
78

0.
50
80

2.
72
59

0.
42
42

0.
42
64

0.
07
87

0.
45
26

2.
62
04

0.
33
94

0.
33
91

75
α 1

0.
05
55

0.
07
83

1.
07
57

0.
12
90

0.
12
73

0.
06
46

0.
07
27

1.
02
63

0.
13
06

0.
13
09

λ 1
0.
02
47

0.
02
13

0.
56
35

0.
06
83

0.
06
87

0.
03
05

0.
02
06

0.
54
98

0.
05
74

0.
05
72

α 2
0.
05
99

0.
07
18

1.
02
46

0.
12
07

0.
12
07

0.
06
66

0.
06
82

0.
99
08

0.
11
39

0.
11
37

λ 2
0.
01
80

0.
00
79

0.
34
11

0.
04
18

0.
04
19

0.
02
05

0.
00
79

0.
33
87

0.
03
64

0.
03
66

θ
0.
09
81

0.
37
99

2.
38
65

0.
24
57

0.
24
64

0.
03
05

0.
32
33

2.
22
69

0.
26
02

0.
26
10

E. A. El-Sherpieny et al.1228



T
ab

le
4
(c
on

ti
nu

ed
)

n
=
15
0

M
L
E

B
ay

es
ia
n

10
0

α 1
0.
04
48

0.
05
94

0.
93
97

0.
09
35

0.
09
36

0.
04
88

0.
05
55

0.
90
39

0.
09
91

0.
09
87

λ 1
0.
01
57

0.
01
62

0.
49
51

0.
04
93

0.
04
91

0.
01
94

0.
01
56

0.
48
32

0.
05
29

0.
05
28

α 2
0.
04
66

0.
05
43

0.
89
55

0.
08
75

0.
08
70

0.
05
07

0.
05
04

0.
85
78

0.
08
00

0.
07
93

λ 2
0.
01
25

0.
00
60

0.
29
94

0.
03
05

0.
03
03

0.
01
49

0.
00
60

0.
29
73

0.
03
13

0.
03
14

θ
0.
05
95

0.
25
66

1.
97
29

0.
19
55

0.
19
42

0.
01
43

0.
22
95

1.
87
82

0.
20
14

0.
20
13

12
0

α 1
0.
03
40

0.
05
15

0.
88
01

0.
07
62

0.
07
65

0.
03
83

0.
04
87

0.
85
22

0.
07
72

0.
07
65

λ 1
0.
01
15

0.
01
43

0.
46
67

0.
04
11

0.
04
10

0.
01
49

0.
01
43

0.
46
51

0.
03
82

0.
03
85

α 2
0.
03
17

0.
04
63

0.
83
47

0.
06
93

0.
07
01

0.
03
75

0.
04
46

0.
81
55

0.
07
75

0.
07
86

λ 2
0.
00
68

0.
00
53

0.
28
34

0.
02
84

0.
02
87

0.
00
95

0.
00
53

0.
28
18

0.
02
60

0.
02
62

θ
0.
03
94

0.
20
63

1.
77
45

0.
14
78

0.
14
66

0.
00
57

0.
19
30

1.
72
30

0.
14
66

0.
14
67

BAYESIAN AND NON-BAYESIAN 1229



and the length of confidence interval (L.CI) for each method of estimation as
following

Bias ¼ bΨ−Ψ
� �

: ð6:1Þ

MSE ¼ Mean bΨ−Ψ
� �2

: ð6:2Þ

and

L:CI ¼ Upper:CI−Lower:CI ð6:3Þ

We restricted the number of repeated-samples to 10,000.

7 Concluding Remarks on the Simulation

The simulation outcomes are recorded in Tables 1, 2, 3 and 4. The following
concluding remakes are noticed based on these Tables as follows

1. When m increases with fixed values of n and p, the Bias, MSE, and the L.CI
associated with the parameter estimates decrease for MLE and Bayesian methods.

Table 5: Goodness of Fit test of Clayton Copula for Football Data

statistic bθ p value

Anderson–Darling-type 0.40378 1.3159 0.06424

Table 6: MLE, S.E., KS Goodness of Fit test of univariate GR distribution for
football Data

x1 x2bα1 bλ1 bα2 bλ2
estimate 2.4715 0.0062 2.1171 0.0056

S.E. 0.8850 0.0007 0.7559 0.0007

KS 0.2482 0.0707

P value 0.2176 0.9999

E. A. El-Sherpieny et al.1230



2. With fixed values of m and p, then criteria for each parameter decrease for
MLE and Bayesian methods of estimation as n increases.

3. For fixed n, and m, with increases p until 0.5, the criteria for each parameter
increase for the MLE and Bayesian methods.

4. In approximately most situations, we notice that the measures of Bayesian
estimates are more accurate than the measure of MLE estimates.

5. We notice that the Bootstrap CI is the shortest CI and the best.
6. In most situations, we notice that the Bootstrap-P CI is better than Bootstrap-

t CI.
7. Also, we notice that the Bayes credible intervals are better than ACI.

Fig. 2: Estimated PDF, CDF, PP-plot, and QQ-plot of GR for football data

Table 7: MLE and Bayesian Estimation for Clayton-BGR Model under com-
plete sample for Football Data

MLE Bayesian

estimate S.E. estimate S.E.bα1 2.4798 0.8558 2.4741 0.7240bλ1 0.0061 0.0007 0.0061 0.0007bα2 2.0548 0.7046 2.0334 0.5734bλ2 0.0056 0.0007 0.0056 0.0006bθ 0.8460 0.4907 0.8674 0.3801

LL AIC CAIC BIC HQIC

200.3418 410.6836 415.6836 415.1355 411.2975
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8 Applications

In this section, the Clayton-BGR distribution is fitted to two real data sets.

a. Football Data

The football data set has been obtained from Meintanis (2007). More authors
discussed this data to analyze bivariate models under a complete sample. In
Table 5, the p values of the goodness of fit test, it is clear that the Clayton-BGR
model fits the data, for more information on this test see Genest et al. (Genest
et al. 2013).

In Table 6, we estimate the parameters of univariate GR distribution by
using MLE, standard errors (S.E.), and using the Kolmogorov- Smirnov (KS)
statistic with its P value to check whether the data fitted the univariate GR
distribution or not as also shown in Fig. 2. The parameter estimation of the
Clayton-BGR model under complete sample for football data can be shown in

Fig. 3: Convergence of MCMC estimation of Clayton-BGR Model under com-
plete sample for football Data

Table 10: Goodness of Fit test of Clayton Copula for Medical Data

statistic bθ p value

Anderson–Darling-type 0.14424 0.30327 0.7497

E. A. El-Sherpieny et al.1234



Table 7. Assuming that, the observations are independent. Suppose, the exper-
iment was conducted for the observations according to each censoring scheme
in a random manner, the sample observation of progressive Type-II censoring
with random removal based on concomitant order statistics is shown in Table 8.
The parameters estimation of the Clayton-BGR model by using MLE and
Bayesian estimation methods under progressive Type-II censoring with random
removal of football data are obtained in Table 9. The Akaike information
criterion (AIC), Bayesian information criterion (BIC), the consistent Akaike
information criterion (CAIC), and Hannan-Quinn information criterion
(HQIC) are obtained for the MLE method Table 9.

Figure 2 discusses the plot of the max distance between the empirical CDF
and GR CDF curves, histogram, PP-plot, and QQ-plot for GR distribution.
Therefore, it indicates that GR distribution is fitted to the football data set.

The convergence of MCMC estimation for Clayton-BGR model under
complete sample for football data can be shown in Figs. 3. Histogram plot,
approximate marginal posterior density, and MCMC convergence for parame-
ters of Clayton-BGR model are represented in Fig. 3.

Table 11: MLE, S.E., KS Goodness of Fit test of univariate GR distribution for
Medical Data

x1 x2bα1 bλ1 bα2 bλ2
estimate 0.2495 0.0030 0.3330 0.0046

S.E. 0.0498 0.0005 0.0685 0.0008

KS 0.1922 0.1782

P value 0.2179 0.2964

Fig. 4: Estimated PDF, CDF, PP-plot, and QQ-plot of GR for Medical data
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Table 12: MLE and Bayesian Estimation for Clayton-BGR Model under com-
plete sample for medical Data

MLE Bayesian

estimate S.E. estimate S.E.bα1 0.2439 0.0492 0.2404 0.0480bλ1 0.0029 0.0006 0.0030 0.0005bα2 0.3208 0.0673 0.3160 0.0634bλ2 0.0045 0.0008 0.0046 0.0008bθ 0.6128 0.4497 0.8180 0.4022

LL AIC CAIC BIC HQIC

341.0361 692.0721 694.5721 699.0781 694.3134

Fig. 5: Convergence of MCMC estimation of Clayton-BGR Model under com-
plete sample for Medical Data

E. A. El-Sherpieny et al.1236
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b. Medical Data

The data for 30 patients from McGilchrist and Aisbett (1991). Let x1 refers to
the first recurrence time and x2 to the second recurrence time. In Table 10, the p
values of the goodness of fit test, it is clear that the Clayton-BGRmodel fits the
medical data.

In Table 11, we estimate the parameters of univariate GR distribution by
using MLE, standard errors (S.E.), and using the Kolmogorov-Smirnov (KS)
statistic with its P value to check these data are distributed for univariate GR
distribution for football data as shown in Fig. 4.

Figure 4 discusses the plot of the max distance between the empirical CDF
and GR CDF curves, histogram, PP-plot, and QQ-plot for GR distribution.
Therefore, it indicates that GR distribution is fitted to the medical data set.

The parameter estimation of the Clayton-BGR model under complete
sample for medical data can be shown in Table 12.

The convergence of MCMC estimation for the Clayton-BGR model under
complete sample for medical data can be shown in Figs. 5. Histogram plot,
approximate marginal posterior density, and MCMC convergence for parame-
ters of Clayton-BGR model are represented in Fig. 5.

Assuming that, the observations are independent. Suppose, the experiment
was conducted for the observations according to each censoring scheme in a
random manner, these sample observations of progressive Type-II censoring
with random removal based on concomitant order statistics are shown in
Table 13.

The parameters estimation of the Clayton-BGR model by using MLE and
Bayesian estimation methods under progressive Type-II censoring with random
removal of medical data are obtained in Table 14.

From Tables 7, 9, 12, 14, parameter estimation of Clayton-BGR based on
progressive Type-II censoring with random removal for medical and football
data have been obtained. Bayesian estimation is a better fit than MLE under
this model for S.E.When increase sample size, the S.E. is decreased for different
causes, but the different measurement criteria are increasing.

9 Conclusion

In this paper, we discussed Bayesian and non–Bayesian estimation for the
parameter of the Clayton-BGR distribution under progressive Type-II censor-
ing schemes with random removal, which is of considerable interest and prac-
tical significance in many practical situations. Besides, we have obtained the
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asymptotic confidence interval and bootstrap confidence intervals by using
percentile and bootstrap-t. The simulation results show that the Bayesian
estimation method based on MCMC is a good performer for parameter esti-
mation of the Clayton-BGR distribution in terms of bias, MSE, and length of
CI. We notice that the Bootstrap CI is the shortest CI and the best. In most
situations, we notice that the Bootstrap-P CI is better than Bootstrap-t CI.
Also, we notice that the Bayes credible intervals are better than ACI. To
illustrate the application of these schemes of this model, we provided two real
data examples where the parameters of a Clayton-BGR distribution have been
obtained.
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