Rigid Body Dynamics ______GhWorkandEnergy

WORK AND ENERGY
IN RIGEID BODY PLANE MOTION

1) INTRODUCTION

In case of complex mechanical systems, the dynaafittse system can be studied using
the energy principles in an easier way than udiegeguations of motion method. In this
chapter the concepts of using work and energy riflesolving such problems are

introduced. Examples are given to show how thesgciptes can be used to obtain

solutions of many complex rigid body dynamical syss.

2) THE WORK

The work done by a constant for¢e acting on a
particle during its displacemem is defined by the

scalar product (dot product):
W = F[D= F(ABcosd (3.1) EZ@ D

If: &0, W=F(AB) (E in direction ofD) A B
If: &90, W=0 € in directiond of D) Fig. 3.1
If: &0, W=-F(AB) (E opposite td as friction)

To obtain the work of a variable forde E
acting on a RB during its motion form
position (1) to position (2), assume the
force E is constant during an infinitesimal
time dt and assume the infinitesimal
displacement of its point of action is
defined bydr as shown in Fig. 3.2, then thestont
infinitesimal work of the force is given by: o

dW = F[Hr (3.2) Fig. 3.2

Position 2

Then, the work done by the forée on the RB during its motion from position (1) to
position (2), is given by the integral:

W, = Jdw= [ Fo 33)
1 1

Subsitituting expressions of the forde anddr_in the above equation, the work of the
varaible force= can be obtained.

Faculty Of Engineering - Cairo University - D. Mohamed Taha 66



Rigid Body Dynamics ______GhWorkandEnergy

2.1) Constant force:

In the case of constant force, the work of thedanay be expressed as follow:
B
W, oo = F 0 dr=EO|, = Elry-r,) =F [AB=F(AB)coss  (3.4)
- A

Hence, the work of the constant force is indepehdéthe path of the point of its action
on the RB during the motion from position (1) tospgion (2). It is only depend on the
locations of the point of its action in positiorly &nd position (2).

2.2) Forces do no work:

If a force acts at a fixed point, or it is alwaydiag normal to the displacement of its
point of application, then this force do no work.

\ B X

Ya
Xa

a = Y
(@) (b) ©
Fig. 3.3

The above figures show examples of forces thatadwark. In cased), the reactionsxg,
andy, ) acting at fixed poinA, i.e.the displacement is zero, then the work is zero. In
case lp), as the disk rolls, then the displacement of pBirs zero, then the forcef @nd

N) do no work. Also the gravity force of the disc o work as its direction is normal to
the displacement of its point of actio®=Q0"). In case ¢), the work of the internal
reactions at the intermediate hirgeancels each other.

2.3) The Work of the gravity force (mg)of a RB:

Since the forcengis constant, then its work is
given by:
1*2|constant: F( AB) cosd = mgr (35)

whereh is the vertical downward displacement
moved by the mass centgrof the body during
the motion of the body from position (1) to
position (2). This work is independent of the path Position (1)
between the two positions (1) and (2). Fig. 3.4
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2.4) The Work done by a Couple O:

Assuming a coupleQ acting on aRB as in Fig 3.5 is
replaced by two forces of the same magnitEidich that its
moment (magnitudelM = Fh whereh is the perpendicular
distance between their lines of action. During an
infinitesimal time dt, the movement of the RB may be
considered as the sum of an infinitesimal transhadix plus
infinitesimal rotationd@ , the resultant work done by the
forces during the infinitesimal translation is zewhile the
work during infinitesimal rotatiod@is given by:

dW = F(hdd) = MdP

then the work done byl during a motion of the RB between

two positions (1) and (2) is given by: Fig. 3.5
2

W, =] Mdg (3.6)
1

If M is constant, then:
\MAZ‘constantM = Mé (37)

where @ is the rotation angle in radiant of the RB betw#entwo positions (1) and (2).
If M acts in opposite sense of the RB rotation, threwdrk done will be negative.

2.5) The Work done by athe Forcein a Spring:

a) Linear spring:
To obtain the work done by a linear spring Position (1)
connected to a RB, when the RB moves
between two positions, during infinitesimal ~ »'
time dt, the point of action of spring force
moves fromA; to A,, assumex andy axes
are as shown, then:

F =-kxianddr=dxi+dy ] \
X, Xy 1 K
VV1_> , = .[xl E [d_r = JXI —kx dx= _E kX Position (2)

X

0 W_,=>k(%- %) (3.8) Fig. 3.6

N

Where:
x=L-L and x=1L-1
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b) Rotational spring:
Similarly, in the case of a RB connected with atiohal spring, the work done by the
spring during an infinitesimal timet is given by:

W=-(kd) ¥
Then, the total work done by the rotational sprnmigen the RB moves between two
positions is given by:

&,
W, == kHdH:% {62 -62) (3.9)
&

where@, is the rotation in the spring in position (1) af#ds the rotation in the spring in
position (2) in radiant.

EXAMPLE (3.1):

In the shown figure, a disen(= 20 kg) connected %
with spring of constant k = 200 N/cm is at rest in P
a vertical plane. If a forcE (1.2 kN) parallel to
the line of greatest slop is applied to role thecdi
on the fixed inclined rough plane as shown.
Calculate the initial compression in the spring

and the work of all forces acting on the disc W) 7 mg
during moving 80 cm.

SOLUTION:

Let position (1) is the initial position and posii
(2) is the position reached after the disc has move
a distance of 80 cm upward the plane.

When the disc is in pos.(1) the disc is me

equilibrium under the action of the forces shown in
the opposite figure, then:

>'M,=0 ,0F,(r)-mgsin30¢ )= 0
F. =kx, O kx=0.5mg sub k 200, m 20k
0x =0.5

Where: F4is the force in spring.
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wherex; is a compression in the spring in position (1).8Wlthe disc reaches pos.(2)
there will be an extension in the spring of 30(e%0 + 30=80 cm).

The forces acting on the disc during its motiomfroosition (1) to position (2) are:

= The weightmg: does work given by:
W,_,|,,, = ~mgLsin 30= - (20)(9.8)(0.8sin305 - 78.4 Joi
= The forceP : does work given by:

W, ,|, = PL=(1200)(0.8) 960 Jou

*= The force in the linear spring : does work given by
1 1
W_|,, =2 k(% - %) = (200] -05f - (0.3]]= 16 Jou

x, = —0.50 m= the compression in the spring at pos. (1)
X, =0.8- 0.5= 0.3 n= the extension in the spring at pos. (2)

= The normal reaction N: does no workl (to the displacement of its point of
action)
= The friction forceEr : does no work (rolling without slipping).

Then, the total work done by all external forcesngcon the disc during the above
motion is:

W, ,=-78.4+ 960+ 16= 897.6Joule

3) THE KINETIC ENERGY:

3.1) For aparticle:

The kinetic energy (denoted bly or K.E) of a particle of massn and moving with
velocityv is given by:

! VL (3.10)

T =K.E of the particle:%m\/2 = ma

3.2) For aRiqgid Body:

For a RB, the kinetic energy may be obtained as:

T :Z%m\f (3.11)
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Case (1) : Translational motion )
All points of the RB have the same veloartythen:

T=VY-m=-my (3.12)

wherev is the velocity of any point in the RB Fig. 3.7

Case (2) : Rotational motion about O
All points of the RB have a velocit= ar; , then: —N

T=Z%m(wr)z=%wz2mir2 A
IO:Z%mi I,}Z /\

oT :%Ioaf 31

Case (3) : General plane motion

For aRB in general plane motion with known N
instantaneous centdr@.) , the velocity of the particlieis w
given byv; =,

9 y=0Ti
Then, the kinetic energy of thB is given by: ,

1 1
T_sz(wr)z—zwzz mifz I-C°
“le=Xmi Fig. 3.9
OoT :%I,_Caf (3.14)

Another expression for the kinetic energy d®R in general plane motion can be derived
as follows:

e =lg+mr
whererg is the distance betwe&handl.C andm is the mass of the RB. Substituting into
(3.14), the kinetic energly may be expressed as:

1 1 1 .,

_1 2 _ 2 2_ 1 2
T—E(IG+er)aJ2 —Elew +—2m(wrG) ——ZIGa) +omve (3.15)

Noting that:a rg = Vg = the velocity ofG.
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Notethat :

1. For a RB in translational motioaw€0) with speed, Eq. (3.15) becomes:
T :%m\é :—; my as expressed in Eq. (3.12)
2. For a RB in rotational plane motion about a pGINEQ. (3.15) becomes:
T =% | o &F as expressed in Eqg. (3.13)
EXAMPLE(3.2):

The figure shows a uniform ro&B (m= 60 kg, B

L= 2m) moving in a vertical plane such that its -
endA slides horizontally and its erlslides

vertically. At the instant showwx= 5 m/s. Find at 250 A
this instant the kinetic energy of the rod. A

SOLUTION:

The position of the I.C. of the ro8IB is the point of
intersection of the two normals drawn frofandB

to va andvg respectively. The kinetic energy of the
rod AB at the shown paosition is given by:

T :% |,

w=A = S rad/s (c.w)
Al

J2

1
| . =—ml? =20 kg.nt
¢~ 1> g

|, =1, +m(IG)? = 20+ 60(1f = 80 kg.1

S

_1
0 T—Z(SO)(\/E

2
j = 500 Joul
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EXAMPLE(3.3): &

The figure shows a uniform dis2 (my=20 kg,r

L 1
= 1.0 m) rolls on a rough fixed horizontal plane. B A

A uniform rodAB (m=15 kg, L=2m) is hinged to the discAtwhile its endB slides on
the horizontal plane. At the instant showp= 3 m/sec. Find at this instant the kinetic
energy of the system.

SOLUTION: In this example we have a system of two bodiesdibeO and the rod
AB. The kinetic energy of the system is the sum efkinetic energies of the two bodies.

Thedisc O:
As the disc rolls, then the point of contéis
its I.C, hence:

1

T :EII.Ca}g
w; :VTO :$ =4 rad/s (c.w)

1
—_ 2 2 2
I, e =1g+my(r) —Emdr +myr

:gmdrz =30 kg.nt

OT, :%(30)*(4)2 = 240 Joule

Therod AB :

We can use the instantaneous center law to
calculateT,, but we must calculate the lengths
of AD, BD andGD using trigonometry.

smezé 06=30

It simple to use the low of G to calculdig
as:

1 1
T == laf +=my°
r 2 G™™r Zm\é

From the disc:
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=w,(Al)(cos43+ sindp ¥ 4+ f
Vg = Vgl
Substitute in the velocity relation on the AB:

Vg = Vot Vga

Vei =4i +4j + ), (AB)(Sin30- cos3p ¥ i4 jd+wi - |3

y—comp: 0= 4—a)r\/—3 0w -4 rad/sec (c.c.w.

NE

X—comp: \4:4+a)r:4+i 0y = (4+_j

NE V3

yG=§(yA+_vB)——((4|+4J+<4+I>|j—(4+f1+a
(4+%)Z+4:5.529m/se

15 U9y

| = = =5 kg.n?
¢ 12 12 g

1 a4\ 1, _
T El a)2+ mr\(3 —(5)(ﬁj +—2(15) (5.529§ = 242.607Joule

0 T=T,+T =240+ 242.60% 482.607Joule

4) PRINCIPLE OF WORK AND KINETIC ENERGY

The principle of work and kinetic energy stated:tha
“The work done by all external forces acting on &ma@ical system during its motion
from position (1) to position (2) is equal to tHeaage in its kinetic energy.”

ie: W, =T-T (3.16)
Proof:

During the motion from position (1) to position (#)e work doné\, _ , by all forces
acting on the system is:
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W, = iJZ-E| [dr, (1)

wheredr; is the infinitesimal displacement vector of poaftapplication ofF; acting

on the system anM is the number of the external forces. From Newgdnid law for a
particle:

d
F, —m( VJ @)
dt
\_/i:% , O dr=vdt (3)
dt

Substituting Egs. (2) and (3) into Eq. (1), onesget

quzzé[im[ j[(v dtj _lum v, [y, J é[im' vdv)}

v¥=V by differentiatior] W d¥ wc
Therefore:

n 2 n
V\Lfgllm(!vdv}Z% mﬂ(z)-Z—é m‘kf 1

i=1

i.e., W1_>2 :TZ _Tl

EXAMPLE (3.4)

In the opposite figure, a rotdBC (m=20 kg,L.=1.2 m), C
its midpoint isB. The rod is released from rest&0,
whereB moves in a smooth vertical guide while exd
moves in a smooth horizontal guide to compress a B ¢
spring (stiffnesk = 5 kN/m) as the rod falls. Neglecting

the masses of the rollersAaandB, determine : A

(a) The angular velocity of the bar &t= 30° 0.45m

(b) The velocity with whiclB when strikes the
horizontal surface.
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SOLUTION:

Thel.C. (I) of the rod is obtained by draw perpendiculars to
va andvg. The polar moment of inertiac is given by :

| :IB+m(BI)2:1—12mL2+n(BI)2 (1) -
The initial vertical position is denoted by pos), the w
position @ = 30° is denoted by pos. (2), and the final v(A_q

horizontal position is denoted by pos. (3).

Case (1): Applying the principle of work and kinetic enerlggtween pos. (1) and (2):

Wi oy =T2-Th (2)
Pos. (1) Pos. (2) Pos. (3)
C
B
0.6m
k=5000 N/m
e A C

—
0.45m

The external forces acting of the bar are:
. The gravity forcang= 196 N (doesvork) :
W,_,|,,, = Mgh , =200 (0.6)(t- Cos30F 16.08 Joul

. The normal reactions @ andB (do_nowork).

Thekinetic Energy

T, =0 (the rod starts motion from rest)

_1 2
T, =51cw;
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lc =24 (20)1.2)* +20(0.3)* = 42 kg.m?

T, =1 (42w5 = 21w

Substituting into (2):
16.08= 2.&£- 0 , 0 w,= 2.76%ad /sec

Case (2): Applying the principle of work and kinetic energgtween pos. (1) and (3):
Wi gl =Ts - Ty (3)

all

The external forces acting of the bar are:

- The gravity force mg = 196 N (does work) :
W,_4,, = mgh, =200(0.6)= 120 Joul
- The normal reactions at A and B (do no work).
. The spring force wheA strikes the spring given by:
W, g, =1 k(xZ -x%)=1(5000(0? - (-015)2 )= -56.25]
wherex; =0, X, = 045-06=-015m.
T, =0 (the rod starts motion from rest)

The instantaneous center of the rod in positiong &5 endA, where the
intersection of the perpendicularsvpandyg.

1y 21y 2
Ty =35lcw; =51 p3

_mL® _ 20(1.2f
A3 3
T, =1(9.6)f = 4.8¢%

| =9.6kg "’

Substituting into (3):
120-56.25= 4.8 - 0= w,= 3.644rac

The speed; of endB at this instant is:

Vg = 3(BC) = ay(BA) = 06a; = 2.186 m/s
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5) CONSERVATIVE FORCE

A force E is said to be conservative if the work
done by E during the motion between two
position (1) and (2) is independent of the pat
between the two positions, i.e.:

Wla2|<1) =W, 2|(2) =W, 21(3)

From this definition we can conclude that:

Position (1)

Path (3)

- Any constant force is conservative.
- The gravity force is a conservative force.
- The force in a spring is a conservative force.

Position (1)

5.1) Potential function of a conservative force(V F):

Since the work of the conservative for€eduring the motion of a RB from position (1)
to position (2) is dependent only on the positiohshe pointsA andB, then this work
may be obtained mathematically by a functibh such that:

W, =V -\ (3.17)
This function is dependent on positions (coordigptd bothA andB and is called the

potential function of the forcE .

Potential function of the gravity force(\V9):

The potential function of the gravity force is giviy:

V¢ =mgh (3.18) h
whereh is the vertical distance of the mass ce@af \V 9=0

the RB above an arbitrary horizontal surface catthed :

datum at whichv 2=0. J Datum

Potential function of a spring(V ):

In the case of a linear spring, the potential fiomcof the spring force is given by:
Ve = % kx (3.19)

wherex is the extension in the spring=L-L,)andk is the spring stiffness.
In the case of a rotational spring, the potentiaktion of the spring is given by:
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v :%ke'2 (3.20)

where@is the rotational angle in the spring dnd the spring stiffness.

6) POTENTIAL ENERGY OF A SYSTEM (V)

The potential energy of a mechanical system is defined to be the algelsum of the
potential functions of all conservative forces agton the system.

v:ivﬁ
i=1

Hence, the work of all conservative forces actimg a mechanical system during its
movement from position (1) to position (2) may beressed as:

W =\ -V, (3.21)

whereW, 7 is the work done by all conservative forces acbnghe mechanical system
during the motion from position (1) to position (2Y; is the potential energy of the

system at position (1) and, is the potential energy of the system at positiin

7)  MECHANICAL ENERGY OF A MECHANICAL SYSTEM (_ E)

The mechanical enerdy of a mechanical system is defined by the sumsdfiitetic and
potential energies. i.e. :

E=T+V (3.22)

Faculty Of Engineering - Cairo University - D. Mohamed Taha 79



