Rigid Body Dynamics ______GhWorkandEnergy

8) PRINCIPLE OF WORK AND MECHANICAL ENERGY

The principle of work and mechanical energy is. “The work done by all nonconservative
forces acting on a mechanical system during itsgndtom position (1) to position (2) is
equal to the change in its mechanical energy.”

W =E-E (3.23)

where:

E; isthe mechanica energy of the system at position (i).

W5 the work of nonconservative forces acti ng on the system during motion from
position (1) to position (2).

Proof:

Thework done W, _, by all external forces acting on the system can be divided as:

W, =W, + WS (1)
where W, isthe work done by all conservative forces and W™ is the work done by all
nonconservative forces acting on the system.

Using the definition of the potential energy: W, =\, =\ and subsisting in (1):
W, =(V - V) + WS ()

where V; isthe potential energy of the system at position (1) and V,, is the potential
energy of the system at position (2) . From the principle of work and kinetic energy:

T,-T=W_,=({-\)+ W7 3)

O (T2+V2)_(-|1+\4):Vw.(;F (4)
0 WS =E-§
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EXAMPLE (3.5):

A rod AB (m=20 kg, L=3 m) is hinged at rough hinge A, and
connected with a rotational spring (k=150 N.m/rad)
untwisted at &=0. The rod released from rest at &=0 and at
6=30° its angular velocity w=2 rad/sec. Calculate:

» Thefrictional moment at A.

* Therod angular velocity at 8=90°.

» Thereactionsat A at 8=90°.

SOLUTION

The external forces acting on the rod during its motion are:

= The gravity force mg(conservative force);

=  The moment in the spring (conservative force);

= Thereactions at A (nonconservative force do no work) ;

= Thefrictional moment at A (nonconservative force do wok).

Assume pos. (1) istheinitial horizontal position of the rod (at &=0), pos. (2) at £=30° and
pos. (3) at &=90°. The rod has rotational motion about A, then at any position:

TzélAw2 : IAzémL2
In position (1):

T,=0

V, =V +\V°=0+0=0
E, =T+ =0

I n position (2):

—E :1& 2 :E * (3)2* (D)2 =
TZ—ZIAa:z2 Z(Bijwzz 6(20) (3)2*(2)> =120 Joule

V, =V8 +\° = —mgh +% 62 = ~(20x10)(L5 Sin(30)) +%(150)* (’—GT)2 - ~129.438 Joule
E, =T,+\, =120-120.438 = -9.438 Joule

Work of nonconservative forces:

T
W =M = W = ()
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A V=0

W-E rule between pos. (1) and pos. (2):

E,+W,) ' = E, = 0- M, (gj:—9.438 —0 M, =18.03 N.m rad
I n position (3):

1 [ N 1 (N2 2
T3—§IAa§—§(§ija§—g(20) (3% af =30 & Joule

V.=V, +V.’ =-mgh +% KZ = -(20x10)(1.5) +%(150)* (g)2 = —114.945 Joule
E,=T .4V, =30« -114.945 Joule

Work of nhonconservative forces:

WNSF =—M_ g, = W, M= —18.03[7—9 = 28322 Joule

W-E rule between pos. (1) and pos. (3):

E,+W,'S = E, = 0-28.322=30af -114.945 =0 @, =1.7 rad / sec

Thereactions at A in pos. (3):

N
XA A A
—> Mg [ ]
AN ]
N~ k2 meL/2
mal./2
G ¢ «— G
v mg
| a K /
G
B B
E.F.S I.F.S
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Equations of motion:

In x- direction:
x, = —ma| &
AT 2 (1)
In y- direction:
y,—mg= nwz(%j = Y% =200+20*(1.7)°*1.5=286.7 N )

Moment about A:

T _ ma L) L)_
R Rl G ) E @
From (3):
2
—18.03—150(7%):(20;3) ]a — o =-4.228 rad/sec?

Substitute in (1):
O x, =-20(-4.227)(1.5) =126.825 N

EXAMPLE (3.6)

In the opposite figure, arod ABD (m=20 kg, L=1.2 m), its
midpoint is B. Therod is released from rest at &=0, where
B moves in a smooth vertical guide while end A movesin
a smooth horizontal guide to compress a spring (stiffness
k =5 kN/m) as the rod fals. Use the rule of work and ° ¢
mechanical energy to determine:

6
A
(a) The angular velocity of therodat & =30° . —
i 0.45m
(b) The velocity with which B strikes the horizontal ) i
surface.
SOLUTION

The external forces acting on the rod during its motion are:

= The gravity force mg(conservative force);
= Theforcein the spring when A strikes the spring (conservative force do work);
» Thenormal reactions at A and B (nonconservative forces do no work).
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Pos. (1) Pos. (2) Pos. (3)

k =5000 N/m
' ' A

0.45m

The mechanical energy in different positions:

| n position (1):
T, =0 (motion starts from rest)

h=06m, x,=0
V, =V ?+V°®=mgh+1 k¥ =200(0.6)+0=120 Joul
0 E=V,+T=120 Joule

I n position (2):
If ap isthe angular velocity of therod in pos. (2), then:

T, :%Icwf :%“Tg}m&ﬂ@ =212

h,=052m , x,=0
V, =V9+V®=mgh+1 ki=20*10*0.6* cos(30) + 0=103.92 Joul
E,=V,+T,=103.92+ 2.1 Joule

Work of nhonconservative forces:

Nonconservative forces acting on the system do no work, i.e.:

NCF _
-2 =0

0 W =
Applying between positions (1) and position (2):
E =E

120=103.92 + 2.151122 = U =2767 rad/sec
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I n position (3):
By drawing perpendicular lineson v, (- ) and vg (1), one finds that the point Ais|.C. of
the rod in pos.(3), then:

2
T, :%IAaf :%(mL Jag =48 Joule

3
h,=0
X, =-0.15m
V,=V?+V°=mgh+1 ki=1(5000)(-0.15)* =56.25J
0 E,=V,+T,=56.25+4.84f Joule
Applying between positions (1) and position (3):
E; =Ej
120=56.25+4.8«f = 0 w, = 3644 rad/sec

The speed vg of end B at thisinstant is :
Vy = ay(BA) =0.6a, =2.187 m/sec

EXAMPLE (3.7):

A rod AB (m=15 kg, L =1.5 m) is hinged at O

which is 0.3 m from its end B. The other end A L5m |
is pressed against a spring of stiffness k = 300 ! 03m !
KN/m until the rod reaches the horizontal o

position and the spring is compressed by 25 mm, Aﬁ
then the rod is released. In the vertical position, k=300 kN/m B
calculate:

- Therod angular velocity.
- The reaction at the hinge O.

SOLUTION

The external forces acting on the rod during its motion are:

= The gravity force mg(conservative force);
= Theforcein the spring (conservative force);
» Thereactions at O (nonconservative force do no work).
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Pos. (1) Pos. (2)

w, =0 A

VR w, =w
I 15m I N
i 075m  ,045m ,03m i G

| |
G
A 0 - =0 o
k=300 KN/m B i ’l‘
B

Assume the initia horizontal position of the rod is denoted by pos. (1) and vertical
position is denoted by pos. (2).

0.45m

The rod has arotational motion about O, therefore O isits|.C at any position. The given
data and the polar moment of inertia |y can be summarized as follows:

CL]_:O wz:?
X, ==25mm=-0.025m X, =0
h, =0 h,=0.45m

. mL* _ (15)(L.5)*
¢ 12
I, =15 +m(OG)? = 2.8125+ (15)(0.45)* = 5.85 kg.m?

= 2.8125 kg.m’

I n position (1):
T,=0
V,=V° +V1S = mgh+0.5 k)f = (0) + 0.5(300000)(-0.025)* =93.75 Joule

I n position (2):

T,=051,af =0.5 (5.85)af =2.925 «f
V, =V +V,> = mgh+0.5 kj§ = (15x10)(0.45) +0=67.50 Joul

Work of honconservative forces:

Nonconservative forces acting on the system do no work, i.e.:

E=E = T+V=1+V (1)

Substituting into (1):
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0+93.75=2925¢f +67.5 = @ =2.996 rad/sec

Thereactions at O:

To obtain the reactions at O at position (2), the equations of motion must be used. The
rod has a rotational motion about O. Since we know the angular velocity of the rod w at
this position, then there are 3-unkowns and the equations of motion of the RB at this
position are enough to determine the required unknowns (i.e. no need for general position
solution).

The external forces acting on therod are:

» Thegravity force mg
» Thereactionsat O.
Draw the external force system and inertiaforce system

at Pos. (2) ¢ w=2.996
T oa,7a
N
A X A
/ a=2.8125a
y G
Gl 675 o N
G
mg
0.45m m(0.45)7 0.45m
O
X
BgYvE, B

External Forces System (E.F.S) Inertia Forces System (I.F.S)

The acceleration of therod G is:

8 =8 + 8 + 8o =0+ (GO j+a(GO_i=045a i+4.04 |

Theinertiaforces of therod are:

ma, =15(0.450 i +4.031j)=6.75q1 +60.588 | N

Equations of motion of the rod at position (2) :

Moment equation about O:
0=2.81250+6.750 (045 = 585a0=0 = a=0
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In the x direction:
R, =575 = R, =0

Intheydirection :
150—Ry =60.588 = Ry =89.412 N

EXAMPLE (3.8) :

A constant force P=0.435 kN(¢=45°) is applied
to the shown mechanism which composed of two
similar rods AB and BC (m; =30 kg and L=3.0m)
and adisc C (m,=10 kg, r=1.0 m) which rollson a
horizontal surface as shown. There is a spring (K,
Lo=2.0 m) joins the midpoints of the two rods. If
the system starts its motion from rest at &=60° and
at 0=30° the velocity vc becomes 6 m/sec,
Calculate:

- The spring constant k.
- Thevelocity of point Bat & =0.

SOLUTION

The external forces acting on the system are:

= The gravity force myg of the rods (conservative force do work);

= The gravity force myg of the disc (conservative force do no work);
= The spring force (conservative force do work);

= Thereactionsat A and D (nonconservative force do no work);

= The external force P (nonconservative forces do work).

In position (1) (8=60°):
T, =0 (motion starts from Rest)

L . L .
V=V, ‘AB +Vlg‘BC +V,°=m {Esn60j+ m g{asn60j+0.5 kX

x, =L - L, :2*(%%30)—2:1.5—2:—0.5 m
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Substitute:

OV, = (300)* (3)* Sin60+ 0.5k (-0.5)? = 779.423+0.125 k Joule

O E, = 779.423+0.125k Joule

In position (2) (6=30):

Since the two rods are similar, then they have the
same angular position, the same angular velocity
and the same angular accelerations, i.e..

eAB = _QBC = U Wpg = ~Wge ad a AB= ~a g

Using the instantaneous center method, the hinge A is the I.C. of the rod AB, then using
I.C. of AB, the direction of vg will be normal to AB. Draw perpendicular lines to the
directions of the vg and vc which moves on a horizontal line passing through A, then one
can obtain the I.C. of the rod BC. Since the disc ralls, then the point D is the I.C. of the

disc.

| AB — m; L? — (30)(3)*

=90 kg.m?
3 3 g

Using trigonometric relations:

& 0)
--OABC =120° OOCBI,. =60°| .
0 4

Thetriangle BCl .. isequilateral triangle; then: BC = Bl,. = Cl;c =3 m

Gge | ge =3siN(60) =1.5v/3 m

| BC = mL* _ (30)(3)°
© 12 12
| BS =14 +m(Gl,)? = 22,5+ (30)(1.5V/3)? = 225 kg.m’

= 22.5kg.m?

Using the instantaneous center of the rod BC:

Ve _6_ 2 rad/sec (c.c.w)

Ve =(Clge)Wse = 0wy = |
BC
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1 1 11 v
T :TAB+TBC+TC:_I/—\B +_|BC +=(= r2+ r.2 _C2
ST AT AT =2 g+, oG M+ m r)EE)
2
T, :%(90)(2)2 +%(225)(2)2 +231(10) Gj - 900 Joule

1. 1
= 9 [¢] S _
V,=VE| V| +vi=2m Q(E Lsm30j+§ k¥

x,=L,~ L, :2*(1Lgneoj—2:2.598—2:o.598 m
2

OV, = 450+0.17885k

Substitute:
OE,=T,+V,=1350+0.17885 k Joule

Work of nonconservative forces:

Since the work of aforceisequal to the work of its
components, then the work of nonconservative forces
acting on the system (P) may be calculated as follow:

Wllng = 1H2‘ph +V\L2‘pv =RLO+ PR

P, = Pcos¢ = 435* cos(45) =307.591= R

D, =L ((cos(30) —cos(60)) =1.0981 m

D, =L ((sin(60) —sin(30))=1.0981 m
OwW,S" =307.591(1.0981)* 2= 675.517 Joule

Principle of work and mechanical enerqy:

El +W1’jg': = E2
[ 779.423+0.12k +675.517=1350+0.17885k = [ k =1948.75 N/ m

| n position (3) (&=0°):

In position (3), the point A isthe I.C. of rod AB. For the rod BC, since the point B moves
vertically and the point C moves horizontally, then by drawing two perpendicular lines on
the directions of vg and vc, one finds that the point C isthe I.C. of therod BC. Asthe disc
center isafixed point (1.C. of the rod BC) then the disc is at rest instantaneously.
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T3 :T3AB +T3BC +T3C :% |AAB(4§ +% ICBCaé +O

T, = 1(90)cE + L(90)af =904f Joule

V,=V7 +V> =0+% kx?
X,=L;-L,=3-2=1m

av, =%(1948.75)(1)2 =974.375 Joule

Work of nonconservative forces:

The work of nonconservative forces acting on the
system (P) may be calculated as follow:

WS =W g, +W o, = RO+ P D

P, == P, = Pcos45=307.591

D, =L —Lcos(60) =1.5 m

D, =L sin(60)=2.598 m

0 W,"§" =307.591(1.5+ 2.598) =1260.51 Joule

Principle of work and mechanical energy between pos. (1) and pos. (3):

E,+W,5" = E

[0 779.423+ 0.125(1948.75) +1260.531= 90cf + 974.375
0 aw,=3.814rad /sec = vy =Law, =11.442 m/sec
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