Rigid Body Dynamics Ch.IB1pulse and impact

Chapter (6): Plane Motion of a Rigid Body
Due to Impulsive Forces

1) INTRODUCTION

In this chapter, the plane motion of a rigid bodyedo impulsive forces is illustrated.
First, the definitions of momentum impulse and ifspue forces are introduced. Then the
principles of momentum and impulse are driven. Augr of practical examples are
solved to discuss how these principles are usee@abwith problems of the plane motion
of rigid body which subjected to impulsive forcessadden huge blows.

2) DEFINITIONS

6.1) Linear Momentum:

m Y

Particle: The linear momentur® of a particle of ./>’/>
P

massm and velocity is defined as: et

(6.1) Fig.(6.1)

Rigid Body: The linear momentun® of a rigid
body is defined as the sum of the linear
momentum of its particles, i.e.;

P=2.my,
From the definition of the mass cent&""
m. r. r
Zmi m
Bydifferentiation w.r.to time: =
U myg = Z my

Sub. into above equation, then Eia.(6.2

(62)

wherem is the mass of the rigid body ang is
the velocity of its mass-centéx.
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6.1) Anqular Momentum:

IO

Particle:. The angular momentum of a particle

of massm and velocityv about a pointO is ],
defined as the moment of its linear momentum

about that point, i.e.;

ho =rxP=rxmy (6.3) O

Rigid Body: The angular momentum of a rigid body
about a poinO is defined as the sum of the angular
momentum of its particles abodt i.e.;

ho =D 1 xP. =) (Ig +rg)xmyV.

SrgX) MV +> rexm(Vg +V )

=1 xmyg +(DTm I )X Ve + Y Mt X Vi
Y. m rs =0; From the definitions ofG ":
Vio|=are andCto rg
The vectorial product of vectors is defined as:
Orie ¥ =(rg)(ars)sin(90) k

Zmilie XVic :merez K:(Z mié)W_k

From the definitions of moment of inertai:

IG:Zminé

O Zmi Tig XVig = lg Wk

U hy =rgxmy; + wls K (6.4)

wherem is the mass of the rigid body; is the velocity of its mass-cent&, I is the
polar moment of inertia abo@, w is the angular velocity of the R.B. akds the unit
vector perpendicular to the plane of motion in senfsw.

Anqgular Momentum about G:

O hg =rgeXxmy; +wls k=wls k (6.5)
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Anqular Momentum about |.C.:
0 h|c =Toc XMV; +w'el<

‘\—/G‘ = Wige andOrgc, Or ge xmyg = wmécl(, ther

he = (m(;zc + lg) wk =1 awk

hie = (ME, + 1o k= 1 K] (6.6)

I mportant Notes:

1. The center of gravity of a rigid bod®™ is defined as:

Lez%mm_ri :Z?n”i -0 rgym=>mr -0 > m(r-1)=0

02 Mre=0; > My =0 and > ma =0
2. The vectorial product of two vectors is given b

c=axb= absinH:n, Where:n isaunit vectdrl to the plane eAnd
then:rs xvie :‘LiGH\_/iG‘ sin(O0k = (5 Muc B :C‘IiéK
3. The angular momentum is a vectorial quantitghi@ direction perpendicular to the

plane of motion. As its direction is always knowlmen it may be considered as scalar
guantity (as the moment of a force) and its digetis defined by c.w. or c.c.w.

EXAMPLE (6.1):

N

For the shown disc (m=20 kg, r=2m) which rolls on a
horizontal surface witlw=2 rad/sec (c.w.), calculate the
linear momentum and angular momentum al@ut

SOLUTION:

The disc moves with a general plane motion Wwith atO.
Linear momentum:

P=my, = mrw_i=(20)(2)(2)i= 84 kg

Angular momentum about>”:

As “O” is the instantaneous center of the disc, then:
hy =1,ak or its magnitude ish, =wl, €w .
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h, =wl, =w(%mr2+ mr?) =gmr2a)
=g(20)(2)2 (2)= 240kg m*> €w .

EXAMPLE (6.2):

The shown rod (m=30 kg, L=4m) moves in a vertical A L
plane such thaA slides on a vertical surface whike
moves on a horizontal surface. In the shown instant
the velocity ofB is 3 m/sec to the right. Calculate the
rod linear momentum and angular momentum akbut O B
in the shown instant

60

SOLUTION:

The rod moves with a general plane motion, thecmlaelation is:

The velocity ofG:
\LB :\LA +\_/BA’

where:

Vg :3i_a\LA:_VAj

Von = (A B)(sin((;O)j + cos(60))

A w

3 =, ] +w(4)(sin(60) + cos(6()) '

N o A
X —comp: 3= w(4)sin(60) 60 Ven
0 w=0.866rad /secgcw ) 60
y —comp: 0=-v, +(0.866)(4)cos(60) B Vi
Ov, =1.732m /sec( )
Vg =31 ,V,= —1.732_1' - Vg :(\_/AZYBJ

OV, =1.5i—0.86§
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Linear momentum:

A
Py
0 P=30(1.5- 0.86§ F 45~ 25.9¢ G P,
Angular momentum abouO": RS w
The angular momentum of tAd about O is
given by: 60
@
0 hy =rexmy, +wlg k B

h, :(%cos(60)+% sin(60_b)>< (45~ 25.98+4) O.SE}gol*—ZA'Zj K |

=-25.9Kk - 7794+ 34.64- 69.23 K- meansc.w.)
Another Solution:
The moment of the linear momentum equals the mowfeid components abo(, in
addition to the angular momentumditerm, then the total angular momentum akl@ut
in thec.w. direction is given by:

h, == P, (L S|n(60)j+ P (52 cos(60 + 0. 86{30*42}

=-45(2)sin(60% € 25.98)(2)cos(6®) 34.64 69.R§ m’*/sec ccw.

3. Linear |mpulse: F@)

The linear impulsé&;, of a forceE over a time interval
[ty, o] is defined by: )

S,=[ Fd (6.7) 4 fz

l

Fig.(6.5)

Linear impulse is a vector whose direction is theealion of the force E, and its
magnitude is represented by the area undeiEtheurve between;, andt,. The total
(resultant) linear impuls§,;, of a set of forces is given as:

(6.8)
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where: R=)F

EXAMPLE (6.3):

Calculate the magnitude of the linear impulisefor the following forces:

FON FON
F=100N[ / F)=50sin(t)
F=50 N ---=2=
=5 t=7 t (sec) t=n t(sec)
c
(@) (©)
SOLUTION:

The magnitude of linear impulse is given by theaarederE-t curve, then:
Case (a):

‘§12‘:J;t12 F dt:JAS7 (100) dt= 10(]‘; = 10q 7 9= 20N .sel
Case (b):

t, 2 4 1 2
[Syof=[ " F dt=] 200t dt+ |, 400dt=~ (20 - 400

=400+ ( 1600- 80§)= 1200! .sec

Case (0):
t, [ . _ _ _ _
\glz\:_[tl F(t) dt—_[0 50sin(t) dt=-50 cos(t[f =50~ + }= 100N .se

4. Anqular | mpulse:

The angular impulse of a set of fordesF,,...Fy about a poin© over the time interval
[t1, t] is defined as:

t

M%=["3r xE, dt
=1

T

(6.9)

3) THEIMPULSE - MOMENTUM PRINCIPLES:

The principle of Impulse and momentum, which is thkegral of equations of motion
with respect to time.
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3.1) Principle of | mpulse and momentum for a particle:

Consider a particle of mass m acted upon by a fBrchewton’s second law may be
expressed in the form

_d
E=% (mv)

Integrating with respect to time fron¥ t;to time t =t,:

TEdt =tf d(my)

ty t

0S,=mvt)-\ 1)

That is:

(6.10)

The linear impulse acting on a particle equals the change in its linear
momentum.

3.2) Principle of Impulse and momentum for a Rigid Body:

A) Linear impulse — Linear momentum principle:

The linear momentum of a rigid body is defined as:
P =my,

The equation of linear motion of a rigid body isen as:

dP d
R=YF=-==—mmy,
R=2F dt  dt —°

Integrating with respect to time fron¥ t; to time t =t,, then:

t,

Tadt: | d(my)

ty

0S,=mvs(t)~w% (1] (6.11)

That is:
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Thetotal linear impulse acting on arigid body over the interval [ty t,] equalsthe
changein itslinear momentum.

B) Anqular impulse — Angular momentum principle:

The angular momentum of a rigid body about a pénts
defined as:

ho =2 1 xP = D Loxm v

By differentiation with respect to time: L
dh, Lio Vi
= == xmyv + r.. X = .
dt 2 dt 2o xm dt Y
= Z\Lio Xmy; +Z_ri0 Xxma 0
=DV Vo )xmy +) rox ma Fig.(6.6)

=DV XMy, D xmy+y px ma
SV XMY, S XY MY +Y o X mA

voQvxmy =05 my=my ;and ma=_F
dh, _
dt

O

O0+vo xmyg +Z_ri0 x F,
= Vo XMyg +Z_ri0 x F
Hdhg :(\_/o X MV +Z_ri0 x_FI) dt

By integration the two sides over the intervakf]::

t, ty

[dhg ==[(vo x my;) dt+tf(2_wo x_F ) dt

t ty t

ty
OM S =hg (t,) = ho (t) + [ v, x Pt

151

(6.11)

| mportant Notes:

1) Fixed Point If "O" is a fixed point,vo=0, then the principle of angular impulse -
angular momentum about "O" may be expressed as:
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M3, = hy (1) ~ho (1) + [ 0% Pdt= hy ()~ hy (D

2) Center of Gravity GBy using Eq. (6.11) about center of graviy", the principle of
angular impulse - angular momentum may be expressed

ty t, t,
M =he (t,) = he (t) + [ve x Pdt; = [ v x Pdt= [y x my d&0
ty t,

ty

O Mfz =hg (tz) —hg (tl): Il (wz _wl) (k)

That is:

The angular impulse about the center of mass G or about a fixed point O over
interval [ty, ty] isequal to the change of its angular momentum about G or about
O respectively

3.3) Summary " Equations of Momentum-I mpulse" :

Three equations of motion may be written to study rtigid body motion, two equations
obtained by summing and equating ¥@ndy components of the acting forces impulses
and linear momentum, and the third by summing aqheng the angular impulses and
angular momentum of the rigid body about its mamster G (or equivalently about a
fixed point O).

SlZ|X = m[ VGx( tz) - VGx( D] (1)
Sl, = M, (1) =, (D] 2)
Mlezzle(wz_wl) (3)

Using these equations, the velocity of the massecesf the rigid body and its angular
velocity can be calculated at any time, if the é&sracting on the rigid body are known.
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EXAMPLE (6.4):

r=0.25m

In the shown figure, two gead (m=10 kg, r=0.25m,
ka=0.2 m) andB (m=3 kg, r=0.1m, k=0.08 m) starting
motion from rest under the action of a cou@Qle= 6 N.m.
Calculate:

a) the time required fang= 600 r.p.m
b) the number of rotation of the geaduring that time.

SOLUTION:

Kinematical condition:

When the geaB moves it will cause the ge&rto move at a certain velocity depends on
the gearB velocity. In that case, the two gears are callegtrkatically dependent. In
other words, the velocity of the geArmay be obtained in terms of the velocity of the
gearB as follow:

The velocity of point of contact is:

Ve S WL, = Wyl'g (1)
Differentiation and integration of Eq. (1) with pet to time, relations between
accelerations and rotations of the two gears cavbbened as follow:

A\, =gl 2)
ANSAR 3)
Equations (1), (2) and (3) are called the kinenaticonditions relates the motion
components of gedk to the motion components of the g&ar

Momentum - Impulse Equation for gear A:

r=0.25m

The angular momentum-impulse equation (c.c.w) :
Mlez =lg (a)z_a)l)

ty
[ F(0.25pt = kim, (w,~0 = ki mw,

t

Tth = %2(510)@\ =1.6w,
° ' (4)
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Momentum - Impulse Equation for gear B:
The angular momentum-impulse equation):

MS =l (w,-w) Vo i

t, .

S - 25

tlt N_> _G
[(@-F(0.1)dt= (0.08] (3, = 0.0192, B

0 mgg

)
0 6t - 0.1 Fdt = 0.0192,
° (5)

Equations Solving:

Sub. Eq. (4) into Eqg. (5):

06t -0.11.6u, )= 0.0192), (6)
From the given data:

*D)*
@, =600r pm = %T): 62.832rad /sec

From the kinematical condition:
_0.dw, _ 0.1(62.832)
"7 025 025
Sub. into Eq. (6), the time is obtained as:
0.0192w, + 0.11.60, )

it = =0.871se
6

The rotations of geak:

25.133

As the gears moves under the action of constanplepuhen the accelerations are

constant, and the laws of motion with constant lecagons may be used:

_w,-0_ 25133

w| =wl_ +at - Da,= — = 0871:28.85rad /set

AETAR +%aAt2 . 06,= O+%(28.85)(O.871): 12.56%d = 2 revolutiol
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