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A B S T R A C T

In the present work, the concept of solar sailing and its developing spacecraft are presented. The effects of
Poynting–Robertson drag on solar sails are considered. Some analytical control laws with some mentioned input
constraints for optimizing solar sails dynamics in heliocentric orbit using Lagrange’s planetary equations are
obtained. Optimum force vector in a required direction is maximized by deriving optimal sail cone angle. New
control laws that maximize thrust to obtain certain required maximization in some particular orbital element are
obtained.

Introduction

The theoretical concept of solar sails is old-standing and dates back
to Kepler when he observed that comet tails point away from the Sun
and suggested that the Sun caused the effect. Solar sails are form of
spacecraft propulsion using a combination of light (radiation pressure)
and high speed ejected gasses from a star (e.g. solar wind and coronal
mass ejection) to push large ultra-thin mirrors to high speeds. This was
first introduced in the 1920s by the father of Russian astronautics,
Tsiolkovsky [1] and Tsander [2]. It is also used in the spacecraft atti-
tude dynamics, Rizvi [3], he developed a control method for the solar
sail normal vector to trace a desired circular coning trajectory at orbit
rate. He finally concludes that the control torques can be applied to the
sailcraft to enable orbit rate cone tracing of the sail normal and yield
the desired orbital effects. Wright [4] presented a detailed analysis on
some possible solar sail applications. During his time at the Jet Pro-
pulsion Laboratory (JPL), Wright was actively involved in the planning
of a rendezvous mission to comet Halley using solar sail technology, but
solar electric propulsion concept was selected instead, primarily be-
cause of technology maturity. Not long thereafter, this mission was
dropped by NASA.

The sail concept is performed by gaining momentum from an am-
bient source, Solar Electromagnetic Radiation. Using momentum
gained only by reflecting ambient sunlight, the sail is slowly but con-
tinuously accelerated to accomplish a wide-range of potential missions.
Light sails could also be driven by energy beams to extend their range of
operations, which is strictly beam sailing rather than solar sailing. Solar
sails offer the possibility of low-cost operations combined with long
operating lifetimes. Since they have few moving parts and use no

propellant, they can potentially be used numerous times for delivery of
payloads. The mechanism of this concept refer to the momentum car-
ried by individual photons is extremely small. Thus, to provide a sui-
tably large momentum transfer we require the sail to have a large
surface, while maintaining as low a mass as possible. At best a solar sail
will experience a pressure about 9 N/km2 located in Earth orbit. Adding
the impulse due to incident and reflected photons it is found that the
thrust vector is directed normal to the surface of the sail, hence by
controlling the orientation of the sail relative to the Sun we can gain or
lose orbital angular momentum.

The literature on sailing dynamics, development and its attitude
control is wealth and it is of great interest to sketch some important
ideas on these problems. The first solar sail trajectories were calculated
by Tsu [5] and London [6]. Tsu investigated various means of propul-
sion and showed that in many cases solar sails show superior perfor-
mance when compared to chemical and ion propulsion systems. He
used approximated heliocentric equations of motion to obtain spiraling
trajectories. London presented similar spiral solutions for Earth-Mars
transfers with constant sail orientation using the exact equations of
motion. Optimal solar sail trajectories were first computed by Zhukov
and Lebedev [7] for interplanetary missions between coplanar circular
orbits. In 1980 Jayaraman [8] published similar minimum-time tra-
jectories for transfers between the Earth and Mars. Two years later,
Wood et al. [9] presented an analytical proof to show that the orbital
transfer times obtained by Jayaraman [8] were incorrect due to the
incorrect application of a transversality condition of variational cal-
culus and an erroneous control law. Powers et al. [10] and Powers and
Coverstone [11] obtained results similar to those reported in Wood's
paper, and obtained solutions for transfers to synchronous orbits. The
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more general time-optimal control problem of three-dimensional, in-
clined and elliptic departure and rendezvous planet orbits was dis-
cussed by Sauer [12]. Hughes and McInnes [13] used Genetic Algo-
rithms and Sequential Quadratic Programming to obtain interplanetary
trajectories via a direct method. Dachwald [14] presented a novel ap-
proach based on Evolutionary Neuro-controllers (ENC) to calculate
optimal solar sail trajectories for interplanetary missions. Thomas, et al.
[15] considered the orbital dynamics of a solar sail in the Earth-Sun
circular restricted 3-body problem. They found there are equilibria
admitting homoclinic paths where the stable and unstable invariant
manifolds are identical. Bong Wie [16] developed an attitude control
systems for solar sail spacecraft are presented. He analysed a sailcraft in
an Earth centered elliptic orbit, with particular emphasis on the sig-
nificant effect of a solar-pressure disturbance torque (caused by an
uncertain center-of-mass and center-of-pressure offset).

Sheng-Ping Gong et al. [17] investigated the time-optimal inter-
planetary transfer trajectories to a circular orbit of given inclination and
radius. They derived optimal control law from the principle of max-
imization. An indirect method is used to solve the optimal control
problem by selecting values for the initial adjoint variables. In contrast
to ordinary ballistic navigation the mission analysis for solar sail tra-
jectories is not a simple task. The difference is that ballistic navigation
is determined by a finite sequence of maneuvers, each of them being
fully defined by a Keplerian theory. But solar sailing, on the contrary, is
a continuous process and the mathematics for reaching final conditions
is far more complex, even more than in the case of electric propulsion,
since the thrust intensity is related to the sail orientation: the orienta-
tion of the force vector applying to a perfectly reflective solar sail is
normal to the sail, in the anti-solar direction. Its intensity is propor-
tional to the square cosine of the angle between the normal to the sail
and the Sun-line. Abd El-Salam [18] treated the effects of direct solar
radiation pressure, the force due to coronal mass ejections and solar
wind on the sailcraft configurations. He obtained some new analytical
control laws with some mentioned input constraints for optimizing
sailcraft dynamics in heliocentric orbit using Lagrange’s planetary
equations are obtained. In the present work the author aims to tackle
the additional perturbing effect called the Poynting–Robertson drag on
solar sails.

IKAROS and LightSail

In May 2010, “a mission to Venus with a secondary payload called
Interplanetary Kite-craft Accelerated by Radiation of the Sun (IKAROS)
was launched by “JAXA” the Japan Aerospace Exploration Agency.
JAXA proposed a concept of ‘‘Solar Power Sail’’ for future deep space
exploration [19,20]. It combines the concept of solar sail (photon
propulsion) with a larger power generation by flexible solar cells at-
tached on the sail membrane. IKAROS successfully deployed a 20m-
span sail on June 9, and then performed an interplanetary solar-sailing
taking, see for more details Tsuda et al. [21].

LightSail1,2 (LS1,2) is a flagship program of The Planetary Society
(TPS), The LS1 mission served as an important engineering pathfinder
for the goal of demonstrating solar sailing in LEO. LS1 is successfully
completed its mission in low Earth orbit during spring 2015, and the
LS2 mission is scheduled for launch in 2017. See for more details;
Spencer et al. [22], Betts, et al. [23,24], Hilverda and Davis [25] and
Plante, et al. [26].

The Poynting–Robertson drag

Light exerts a small drag force on small dust particles. For large or
reflective bodies, radiation pushes on objects very slightly. However,
for very small particles (in size, not mass) in orbit around a star, ra-
diation slows the particles, causing them to gradually spiral inwards.

This effect was first discovered by Poynting in [27] and later derived
rigorously by Robertson [28] in 1937. The Poynting–Robertson force is
given by

= −W
c

F vPR 2 (1)

where v , W , c are the grain's velocity, the power of the incoming ra-
diation of the Sun and the speed of light respectively. Let the Sun's
energy flux be given by the Poynting vector S (S represents the direc-
tional energy flux density (the rate of energy transfer per unit area, in
units of watts per square meter) of an electromagnetic field. Let the dust
particle have a cross sectional area A and be perfectly absorbing, then
the energy absorbed by the dust particle per unit time =W PA is the
power, where P=4.563×10−6 N/m2 is the nominal solar-radiation
pressure constant at 1 AU from the Sun. If the particle is moving at
speed v relative to the Sun then the Poynting vector S must be corrected
by −S r c(1 /̇ ) where ̂= Sr v̇ · is the radial velocity of the particle away
from the Sun. The momentum removed per second from the Sun's rays,
by the dust particle, is −S r c A c(1 /̇ ) / which is the radiation pressure
force. The absorbed energy flux is re-radiated by the particle. In the rest
frame of the particle, the radiation emitted is almost isotropic so there
is no net force on the particle in its own rest frame. However, the re-
radiation is equivalent to an energy loss rate −S r c A c(1 /̇ ) / 2, which has
velocity v when viewed from the rest frame of the Sun. In the solar rest
frame, the particle has a drag force of − −S r c A cv(1 /̇ ) / 2. Since the dust
particle is losing momentum, while its mass is conserved, the particle is
decelerated. The momentum loss per unit time is

̂
= − −
= − −

v S
S

m r c A c SA c
r c c

v
v

̇ (1 /̇ ) / /
( (1 /̇ ) / )PA

c

2

(2)

Comparison of this equation with that given by Klacka et al. [29] Eq.
(21) there, reflects that the pressure in my notations is given in terms of
his notation by = ′P SQpr where S solar energy flux density and ′Qpr is the
stellar spectrum.

The last term on the right is the Poynting–Robertson drag and
equivalent to the Robertson result. Historically, this form of radiation
reaction was first developed by Abraham [30] for an electron. Similar
force terms arise in the relativistic LAD (Lorentz, Abraham and Dirac)
equation see, Dirac [31], Pauli’s book [32] and Lorentz [33], who
quotes Abraham’s result

̂= = =PA
c

c PA
c

r L
c

GM
R

F v v v( / )
4PR

s s
2

2

2 5 (3)

where G, R, Ms, Ls, rg are the universal gravitational constant, the
grain's orbital radius, the mass, the luminosity of the Sun and the grain's
radius respectively. The PR effect is also stronger closer to the Sun.
Gravity varies as −R 2 whereas the PR force varies as −R 2.5, so the effect
also gets relatively stronger as the object approaches the Sun. This tends
to reduce the eccentricity of the object's orbit in addition to dragging it
in. Thus the only component of PR effects in STW coordinate system is
given by

̂ ̂ ̂= − = − +r L
c

GM
R

r L
c

GM
R

α αF e n t
4 4

(cos sin )PR
s s

s
s s

2

2 5

2

2 5 (4)

The ̂t -component give no contribution to the thrust vector, thus

̂ ̂ ̂= − + +r L
c

GM
R

α α α δ α α δF e e e
4

(cos cos sin cos cos sin sin )PR
s s

s t w
2

2 5
2

(5)

where α and δ are the sail control angles defined as depicted in the
Fig. 1.
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Optimum force vector

The force model due to the PR drag is given by

= − + +r L
c

GM
R

α α α δ α α δF e e e
4

(cos cos sin cos cos sin sin )PR
s s

s t w
2

2 5
2

(6)

Referring to Fig. 1, we see the orientation of the solar sail, and so the
thrust force vector, is described relative to the Sun-line by the sail pitch
angle, α, and clock angle, δ . We note that the sail control angles α, δ can
be defined as either;

° < < ° ° < < ° − ° < < ° ° < < °α δ α δ0 90 , 0 360 or 90 0 , 0 360

Now, the sail thrust vector is defined by the cone and clock angles in the
radial-transverse-normal (STW ) frame. In order to optimize the sail
control angles, we define a required direction, ̂ξ along which the
component of the sail thrust is to be maximized,

̂ ̂ ̂ ̂= + +∼ ∼ ∼ ∼ ∼ξ α α δ α δe e ecos sin cos sin sins t w (7)

The force in this required direction, namely ̂ξ -direction;

̂ ̂ ̂

̂

= = − −

−

ξ ξ ξ
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c
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c
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2
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which can be rewritten as

= − +

+

∼ ∼ ∼

∼ ∼

F r L
c
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R

α α α α δ α δ

α α δ α δ
4

(cos cos cos sin cos sin cos
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ξ
s s

2
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(9)

Arranging terms and using the trigonometric identities we get

A= + −∼ ∼ ∼F α α α α α δ δ[cos cos cos sin sin cos( )]ξ PR
2 (10)

where

A = − r L
c

GM
R4PR

s s
2

2 5

Eq. (10) can be simplified to

A A A

A

= + + +

− + −

∼ ∼ ∼ ∼
∼ ∼ ∼

F α α α α α α α α δ

δ α α α α δ δ

cos cos cos cos (cos cos sin sin cos(

))cos cos sin sin cos( )

ξ 0
2

1 2

2
3 (11)

Differentiating Eq. (11) with respect to the cone angle and find the
turning points, ∂ ∂F α( / )ξ , then we can obtain the optimal sail cone angle,
which maximizes the force in the required direction as

A
∂
∂

= = − + − − =∼ ∼ ∼{ }F
α

α α α α α α δ δ0 2 cos sin cos 1
2

[cos sin ]sin cos( ) 0ξ
PR

2 2

Dividing on α α3cos sin2 yields
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α
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3
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Which can be simplified to

A⎛
⎝

⎞
⎠

− + − −

− =

∼ ∼ ∼ ∼

∼
α α

α α α δ δ α α α α δ

δ
3cos sin
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Equating the numerator to zero and rearranging the terms yields

− − + − =∼ ∼ ∼ ∼ ∼α α α δ δ α α δ δ α α2cos sin sin cos( )cos sin cos( )tan sin 02

Dividing on αcos yields

− + − − =∼ ∼ ∼ ∼ ∼α δ δ α α α α δ δsin cos( )tan 2cos tan sin cos( ) 03

This equation has only one real solution and the other two are complex,
then the real one in the maximizing = ∗α α direction ξ is given by

= + + −∼ ∼ ∼ ∼∗α α α α δ δtan 1
2

tan 1
2

tan 8
27

cot sec ( )2 3 33
(12)

Lagrange’s planetary equations

The state of a spacecraft can be described by a vector of 6 orbital
elements, namely semi-major axis, a, eccentricity, e, inclination, i, ar-
gument of perihelion, ω, right ascension of the ascending node, Ω, true
anomaly, f or any other time element. Theses 6 elements are equivalent
to 6 Cartesian position and velocity components. To measure the rate of
change in these elements, we use the very famous system of 6 first order
differential equations known as Lagrange planetary equations see Eqs.
(13)–(18). They are used to solve the equations of motion of the sail.
These equations are particularly useful when we want to maximize the
rate of change of a particular orbital element. This is useful when we
want to modify one orbital element, while leaving the other time-
averaged elements unchanged. One form of this system is given by

=
−

⎡
⎣

+ ⎤
⎦

da
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Se f T
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⎥
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μe
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p

f1 cos 1 sin
2 2

(18)

where a, e, i, Ω, ω, f are the usual Keplerian orbital elements, p is the
semi-latus rectum, μ the gravitational parameter, and n is the orbital
mean motion. The components of the solar sail thrust are denoted by S,
T , W radial, transverse, and normal respectively. All Lagrange

Fig. 1. Definition of sail control angles.
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planetary equations can be written in a compact form in only one
equation as an inner product of a force vector and a primer vector of
optimization;

X X= Fd
df

Ξ·
(19)

where X ≡a e i ω f( , , ,Ω, , ) denotes any element of the Keplerian orbital
elements. F , XΞ are the force vector and primer vector of optimization
respectively. These vectors can be conveniently written as;

X X X X̂ ̂ ̂ ̂ ̂ ̂= + + = + +F S T We e e Ξ e e eand Ξ Ξ Ξs t w s s t t w w

where

= −S r L
c
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R

α
4
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2 5
2

(20)
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R

α α δ
4

cos sin coss s
2

2 5 (21)

= −W r L
c

GM
R

α α δ
4

cos sin sins s
2
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The primer vector in the direction of maximizing the semi-major axis is

̂ ̂ ̂ ̂= + =
−
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the primer vector in the direction of maximizing the eccentricity is

̂ ̂ ̂ ̂⎜ ⎟= + = ⎡
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the primer vector in the direction of maximizing the inclination is

̂ ̂= = +r
μP

f ωe eΞ Ξ cos( ) ,i
w
i

w w
2

(25)

the primer vector in the direction of maximizing the longitude of the
ascending node is

̂ ̂= = +r
μP i

f ωe eΞ Ξ
sin

sin( ) ,w w w
Ω Ω

2

(26)

the primer vector in the direction of maximizing the argument of
periapsis is

̂ ̂ ̂ ̂ ̂

̂⎜ ⎟

= + + = ⎡
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⎢− + −
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⎠
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(27)

Using this system we can maximize directly any orbital elements or any
other dynamical orbital parameter such as, the radius of periapsis and
apoapsis. For example, if the radius of apoapsis, = +r a e(1 )A is dif-
ferentiated, we obtain

= + +dr
df

da
df

e a de
df

(1 ) .A

Some new locally optimal control laws

To maximize the thrust to obtain certain required maximization in

some particular orbital element we set X =∂
∂ ( ) 0α

d
df and thus obtain a

new set of locally optimal control laws. These control laws cannot
guarantee global optimality, and they are often termed closed loop
methods. Global optimality requires the use of numerical methods, and
even then, the true optimum solution is hard to attain.

Optimal control law for the rate of change of semi-major axis

The primer vector components maximize the first Lagrange plane-
tary equation for the rate of change of semi-major axis. In what follows
we will find an optimum cone angle that maximize the rate of change of
semi-major axis
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The force in this required direction is given by.
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Eq. (28) can be simplified to
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−

− −{ }da
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r L pr P
μ c e
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differentiating Eq. (29) with respect to the cone angle and find the
turning points yields

∂
∂

⎛
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+ −

{
}

α
da
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The zeros of this equation gives the optimal sail cone angle, which
maximizes the force in the required direction. Eq. (30) is a transcen-
dental equation which is so difficult to be solved analytically, but in
following we will consider some special cases (Figs. 2.1 and 2.2).

Fig. 2.1. The optimum cone angle that maximize the rate of change of semi-
major axis when taking the positive sign in the numerator.
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Which has the solution of quadratic equations
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This equation represents the control law that maximizes the rate of
change of semi-major axis. It computes the actual sail pitch/cone angle
profile necessary to increase the semi-major axis at a maximum rate.

Optimal control law for the rate of change of eccentricity

As previous, we observe that the required direction to maximize
certain variable is given by = =∼ +αtan e f

e f
p r

e f
1 cos

sin
/

sin , which represents the
transverse component divided by the radial component of the primer
vector. Thus, in case of eccentricity, setting
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The maximum rate of change of the orbital eccentricity follows directly
as (Figs. 3.1 and 3.2);

=
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+
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Optimal control law for the rate of change of inclination

Changes in the out-of-plane orbital elements, such as inclination and
right ascension of the ascending node, can be effected by the use of
simple switching functions. For maximum rate of change of inclination,
the solar sail thrust can be directed alternately above and below the

Fig. 3.1. The optimum cone angle that maximize the rate of change of eccen-
tricity when taking the positive sign in the numerator.

Fig. 3.2. The optimum cone angle that maximize the rate of change of eccen-
tricity when taking the negative sign in the numerator.

Fig. 2.2. The optimum cone angle that maximize the rate of change of semi-
major axis when taking the negative sign in the numerator.
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orbit plane every half-orbit, by the sign function which has +1 or −1.
In what follows we will find an optimum cone angle that maximize the
rate of change of inclination

⎜ ⎟
∂

∂
⎛
⎝

⎞
⎠

= + ∂
∂

=
α

di
df

r
μp

sign f ω
α

W[cos( )] 0
3

From which one can obtain

= − + − =
r L r

c μp
GM

R
sign f ω α α δ

4
[cos( )](cos sin )sin 0g s s

2 3

2 5
2 2

Which has the solution

− = ⇒ = ⇒ = °∗ ∗α α α α(cos sin ) 0, (tan ) 1 45i i
2 2 (35)

This optimal angle is 45°, enables us to maximize angular momentum.
If we substitute the control law into the inclination equation in

Lagrange planetary equations, and integrate over one orbit, using the
average over the true anomaly 〈 〉· f , we can obtain the change in in-
clination per one orbit as (Fig. 4);

= −= °W r L
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GM
R

δ
8

sinα
s s

45
2

2 5

= − 〈 + 〉di
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r L
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GM
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δ r f ω
8

sin cos( )
f

g s s
f

2

2 5
3

= −
−

i
r L

c μp
GM

R
δ ω e

e
Δ

16
sin cos

(1 )
(degrees per orbit)g s s

2

2 5 2 3/2 (36)

Optimal control law for the rate of change of ascending node

The procedure is the same as in optimal control law for inclination

⎜ ⎟
∂

∂
⎛
⎝

⎞
⎠

= + ∂
∂

=
α

d
df

r
μp i

sign f ω
α

WΩ
sin

[sin( )] 0
3

(37)

Which has the same solutions as these maximizing the inclination and
in good agreement with the previous results. If we substitute this con-
trol law into the ascending node in Lagrange planetary equations, and
integrate over one orbit, we can obtain the change in ascending node
per orbit. We find that the change in ascending node per orbit is in-
dependent of orbit radius and only depends on the sail lightness number
as;

= −
−

r L
c μp i

GM
R

δ ω e
e

ΔΩ
16 sin

sin sin
(1 )

(degrees per orbit)g s s
2

2 5 2 3/2 (38)

However, closer orbits to the Sun have shorter orbit periods, and so the
time to achieve an overall inclination change is shorter.

Optimal control law for the rate of change of argument of perihelion

We observe that the required direction to maximize certain
variable is given by = =∼ +αtan e f

e f
p r

e f
1 cos

sin
/

sin , which represents the
transverse component divided by the radial component of the
primer vector. Thus, in case of argument of perihelion, we obtain
(Figs. 5.1 and 5.2)
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Fig. 4. The optimum change in the longitude in the ascending node ΔΩ versus
the inclination isin and eccentricity.

Fig. 5.1. The optimum cone angle that maximize the rate of change of argu-
ment of perihilion when taking the positive sign in the numerator.
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Conclusion and future work

In the present work, we have studied the problem of solar sailing
dynamics due to the Poynting–Robertson drag. The force model on the
solar sail configurations is constructed. An optimum force vector due to
Poynting–Robertson drag is obtained. Some analytical control laws
with some mentioned input constraints for optimizing solar sail dy-
namics in heliocentric orbit using Lagrange’s planetary equations are
mathematically explored. Optimum force vector in a required direction
is maximized by deriving optimal sail cone angle. New control laws that
maximize thrust to obtain certain required maximization in some par-
ticular orbital element are obtained. The author in a forthcoming work
will try to solve the problem again using the Lagrange multiplies and
compare the results hopefully obtained with the results have been ob-
tained in the current manuscript.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in the
online version, at http://dx.doi.org/10.1016/j.rinp.2018.03.057.
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