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Abstract

In this paper, we introduce a new generalized Pareto distribution and
studied its properties. Some well known distributions can be derived as a
special cases as well as some derived distributions.

1 — Introduction

The Pareto distribution was first proposed by Pareto (1897) as a model
for the distribution of income. It can be used to represent various other forms
of distributions (other than income data) that arise in human life. It has played
a very important role in the investigation of city population sizes, occurrence
of natural resources, insurance-risk, and business failures. Arnald (1983)
gives an extensive historical survey of its use in the context of income
distribution.

A random variable T is said to have a three — parameter Pareto
distribution if its probability density function (p.d.f) is given by

(L) = % {1{%)}—(0@) Y

where A<x<wo, >0 ,a>0,where 4 is the location parameter , g is the
scale parameter and « is the shape parameter.

In this paper, we will generalized the three parameters Pareto
distribution (1) by adding another shape parameter. The properties of the
suggested distribution will be investigated as well as its relations with other
well known distributions.

2 — Four Parameters Pareto Distribution.

Suppose X is distributed from Pareto distribution, the p.d.f of X will be

£(X;0 B0, C) = Ca (X—i]H {H[u}c}(am "

g\ B B

where A1<x<w , >0 ,a>0, C>0, A4 isthe location parameter, g is the
scale parameter and ( ¢, C ) are the shape parameters.
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The particular case c=1, the p.d.f. (2) reduces to the three parameter
Pareto distribution (1) with parameterso., 3 and A .

Figure (1) illustrates the shape of (2) for selected values of (o =1, =1, A =0,
c=.5, 1, 5, 10). Another some possible shapes of (2) for (a=3, =1, A=0,
c=.5, 1, 5, 10) are shown in Figure (2). The effect of the parameter c can be
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The cumulative distribution functionF (x ), survival S(x) and hazard rate
H (x) functions of (2) is given by

F(x;a, 3,1,C)

and
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The hazard rate function is an important quantity for characterizing life
phenomena. Some possible shapes of (3) for (=1, B =1, A=0, c=.1, .5, .9, 2)

are shown in Figure (3).
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The ™ moment about mean of the generalized Pareto distribution(z) is
given by:

u, = E(x—u) = T(X—,u)r f(x;e, B, 4,C)dx
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where T() is defined as the gamma function, and r=1,23,... , Therefore,
the mean, variance and coefficient of variation of X are given by

u=p (1:“(05) ,
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and

3 — Some Special Cases

The 4-parametaer generalized Pareto distribution (2) can be specialized to
different known distributions such as:

() ForC =1, (2) reduces to a three — parameter Pareto distribution (1).
(i) When B¢ = A , (2) reduces the 4-parameter compound Weibull —
gamma distribution with p.d.f

a+l)

c-1 C _(
f(x;a,A,ﬂ,C) =Ca (X_i) {1+(X_A}L) } A<Xx<wo, C,Aa>0




(i) Forp®=AandC =2, (2) reduces to the 3-parameter compound
Rayleigh — gamma distribution with p.d.f

5 1-(e+1)
f(x;a,Al) = 2a (x-2) {L{X;ﬂj } A<X<wo , a,A>0

(iv) When pg°=Aand =1, (2) reduces to the 3-parameter compound
Weibull — exponential distribution with p.d.f

c -2
f(x;a,AA,C) = C {1+%} A<x<w, C,A>0

(v) For g =Aand C =a =1, (2) reduces to the 2 — parameter compound
exponential — exponential distribution defined as

1

f(x;Al) = X [1+X_/1

)
} A<X<o0, A>0
A

(vi) For g=1and 1=0, (2) reduces the 2 — parameter Burr Xl distribution.

f(xa.c) — cq x&t [L+xo)e

where x>0, >0, ¢c>0 .Where ¢ and a are the shape parameters.

(vii) For C =1and A =0 , (2) reduces to the 2 — parameter Lomax distribution
with p.d.f.

—(a+1)
f(xa, p) = % {P{%H x>0 p.a>0

(viii) For (C = #=1and 1=0), (2) reduces to the beta type Il distribution with
p.d.f

f(x;a) =« (1+ X)_(“”) x>0, a>0
4 — Some Transformed distributions.

The 4 — parameter generalized Pareto distribution(2) can be transformed to
many different known distributions as follows:
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(@) When y_lln{l{xlg J” +4 , (2) can be transformed to  3-

parameter Weibull distribution, i. e, the p.d.f of y will be

f(y;C,a,4) = Ca (y—2)" eV J<cy<w C,a>0

b) Wh || 1+ X4
(b) eny[n{+(ﬂ

C
]“ +4 ,(2) can be transformed to 2 -

parameter exponential distribution with the following p.d.f.

f(y;,1) = a e A<y<ow a>0

C
(c) For y :ﬂ[”{b{x ;ﬁj Hw% , (2) can be transformed to 3 —parameter

type | generalized logistic distribution with p.d.f. defined as

. )
e[%J [1+e[yﬁlq —0<Yy<ow

t(y;a . 2) =%

(d) When y =(%]C , (2)can be transformed to beta type Il AL a) with
p.d.f
f(y;a) = a L+y]*? y>0,a>0
References

Abd Elfattah, A. M., Elsherpieny, E. A. and Hussein, E. A. (2007)
“Parameters estimation for new generalized Pareto distribution”. Submitted

Al-Hussaini, E. K. (1991). “A characterization of Burr type XII distribution”.
Appl. Math. Lett., 4(1),59-61.

Arnald , B.C. and Press, S.J ( 1983 ). “Bayesian inference for Pareto
populations”. Journal of Econometrics, 21 , 287-306 .

Burr, I. W. and Cislak, P. J. (1968). “On a general system of distribution: I.
Its curve-shape characteristics, Il. The sample median”. J. Amer. Statist.
Assoc., 63, 627-635.

Ismail, S. (2004) “A simple Estimator for the Shape Parameter of the
Pareto Distribution with Economics and Medical Applications” , Journal of
Applied Statistics, Vol. 31, NO. 1, 3 -13.



Masoom, M. A. and Saralees Nadarajah, (2006) “A truncated Pareto
distribution” , Computer Communications

Pareto, V. (1897). “cours d'economic politique” , Lausanee and Paris;
Range and Cie .

Salem, A. M. and Mead, M. (1992 ) : “Modified Maximum Likelihood
Estimators for the three—parameter Pareto Distribution”. The Scientific Journal
for Economic and Commerce, Faculty of Commerce, Ain shames University,
49-62.

Vanman, k. (1976 )."Estimators Based on order statistics from a Pareto
Distribution, "Journal of American Statistical Association, 71, pp. 704-708,

Wingo, D. R. (1983). “Maximum likelihood methods for fitting the Burr type
XII distribution to the life test data”. Biometrical J., 25, 77-84.



