FUZZY INFERENCE



Fuzzy Inference

system consists of linguistic
variables, fuzzy rules and a fuzzy inference
mechanism.

allow us to interpret linguistic
expressions in terms of fuzzy mathematical
quantities.

are a set of rules that make
association between typical input and output data.

is able to model the
process of approximate reasoning.



Linguistic Variables
N

Definition 6.1. (Zadeh [156]) A linguistie variable is a quintuple
(X,T,U,G, M)

where

X is the name of the variable

T is the set of linquistic terms which can be values of the variable

U is the universe of discourse

G is a collection of syntar rules, grammar, that produces correct expres-
sions in T

M is a set of semantic rules that map T into fuzzy sets in U.



Example 6.2. We consider an ezample of a linguistic variable (Age, T U,
G, M) where
X = Age.
T' = {young, very young, very very young,...}
=[0,100] is the universe of discourse for age.
G : The syntaz rules can be expressed as follows: young € G. Ifz € G then
very ¢ € (5.
M:T - F(X), M(young) = u, where u=(0,0,18,40).
M (very"young) = 1°(z).



Example 6.3. We consider an example linked to room temperature control
(I'emperature, T, U, G, M) where

X = Temperature.

T' = {cold, very cold,...cool, very cool,...,....,hot, very hot,...}.

U = [40,100] is the universe of discourse for temperature.

G : The syntaxr rules can be expressed as follows: cold, cool, just right,
warm, hot € G. Ifx € G then very = € G. Let us observe that very warmhot,
they have different membership functions. Also, the expression very just right
is correctly obtained by applying the hedge very to just right. It is a correct
expression in our syntar however the linguistic term for it is not used in
natural lanquage.

M:T — F(X), M(cold) = uy, where uy = (40,40, 50,60), M(cool) = us,
where us = (50,60,70), ..., M(hot) = us, where us = (80,90, 100,100).

M (very" cold) = uf(z),..., M(very™ hot) = uf (xz). See Figures|6.1] 6.2







Fuzzy Rules
B

A fuzzy rule is a triplet (A, B, R) that consists of an antecedent A € F (X),
a consequence B € F(X) that are linguistic variables, linked through a fuzzy

relation R € F(X xY).

Using fuzzy sets a fuzzy rule is written as follows:

If xis A then yis B

Example 6.4. An example of a fuzzy rule that naturally can be considered
in the room temperature control problem is the following:

If temperature is cold then heat is high



Definition 6.5. (Mamdani-Assilian [107]) We define the fuzzy rule
If v is A then vy is B.

as a fuzzy relation as follows
(i) Mamdani rule:
By (2, y) = A(x) A B(y);

(ii) Larsen rule:
Fr(z.y) = A(z) - B(y):

(iii) t-norm rule:
Br(z,y) = A(z)T'B(y),

with T being an arbitrary t-norm.
(iv) Gddel rule:
Rg(x,y) = A(x) — B(y),

with — being Gddel implication;
(v) Géddel residual rule:

Rr(r,y) = A(z) —7 B(y)

with —1 being a residual implication with a given t-norm.



I
Example 6.6. An example of a fuzzy rule iﬂtemmted as a fuzzy relation
is represented in Fig. [6.3 Two Gaussian fuzzy sets A : [0,1] — [0,1] and
B:[0,1] — [0,1] are mﬂszdered with £1 = 0.6 and oy = 0.1 being the mean

and spread of A, while T = 0.4 and 02 = 0.1 are the mean and the spread
of B.

Fig. 6.3 A fuzzv rule interpreted as a fuzzv relation



Remark 6.7. In many applications o fuzzy rule will have several antecedents
that are used in conjunction to build our fuzzy rule. For example a more
complex fuzzy rule can be considered

[fris Aandy is B then 2 is C.

In this case the antecedents are naturally combined into a fuzzy relation

D(x,y) = A(x) A B(y)



-

For E:..Tﬂm-pfﬂ, in this case the Mamdani rule will be

RM(:[::I Y 3) — ﬂ(‘l‘) A B(y) N C(E)

the Gaodel rule as

RG(:E: Y 3) — A('T) N B(y) — C(E)



Fuzzy Rule Base

I Definition 6.9. (Mamdani-Assilian [107]) We define the fuzzy rule base
If r is A; then y is B;, i =1, ..., n.

as a fuzzy relation as follows:
(i) Mamdani rule base:

Ry (z,y) VA (z) A Bi(y)

(ii) Larsen rule base:

= \/ Ai(z) - Bi(y)
=1
(iii) maz-t-norm rule base:
Rr(z,y) = \/ Ai(z)TBi(y).
=1

with T being an arbitrary t-norm



-1
(iv) Gidel rule base:

Ro(z,y) = |\ Ai(x) = B(y)

=1

with — being Gadel implication
(v) Gidel residual rule base:

Rp(z,y) = |\ Ai(z) 51 Bi(y),

i=1

with —7 being a residual implication with a given t-norm 1.



Remark 6.10. As ndividual rules may have more antecedents linked
through conjunctions we can have the same situation for a fuzzy rule base

If x is A; and y is B; then z is C;,i =1, ...,n.

In this case the antecedents are combined into a fuzzy relation A;(x) A B;(y).

Then the Mamdana rule will be

T

Ru(z,y,2) = \/ Ai(z) A Bi(y) A Ci(2).
i=1

Between the antecedents we do not have an implication, instead we will have

conjunction or eventually a t-norm. So, when a fuzzy rule base with more

antecedents is translated into a fuzzy relation we obtain the Godel rule base
as

Ra(z,y,z) = )\ Ai(z) A Bi(y) = Ci(2).
1=1



Example 6.11. Considering the temperature control ezample described above,
the output can be scaled on the -2, 2| interval (—2 being the strongest cooling
and 2 stands for the strongest heating. The consequences By, ..., Bs are tri-
angular fuzzy numbers By = (-2,-2,-1), By = (-2,-1,0), B3 = (-1,0,1),
By =(0,1,2), Bs = (1,2,2). The Mamdani rule base can be represented as
in Fig. 6.4, The Godel rule base of the same example is shown in Fig. 6.5
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Fuzzy Inference

Fuzzy inference 1s the process of obtaning a conclusion for a given input
that was possibly never encountered before. The basic rule (law) for a fuzzy

inference system is the compositional rule of inference (Zadeh [155]) It
1s based on the classical rule of Modus Ponens. Let us recall first the classical
Modus Ponens of Boolean logic:

premise : 1if p then ¢

fact: p

conclusion : q



Given a tuzzy rule or a fuzzy rule base R € F(X x Y), the compositional
rule of inference is a function F' : F(X) — F(Y) determined through a
composition B’ = F(A") = A"« R, with * : F(z) x F(X xY) = F(Y) being

a composition of tuzzy relations.
The compositional rule of inference consists of a

premise: f xi1s A; thenyis B;,i=1,...n

fact: zis A’

conclusion : yis B’



Definition 6.13. (Mamdani-Assilian [107], see also e.q. Fullér [64], Fullér
[63])We define a fuzzy inference based on a composition law as follows:
(i) Mamdani Inference:

B'(y)=A oR(z,y) = \/ A'(z) AR(z,y)

e X

(it) Larsen inference:

B'(y)=A'op R(z,y) = \/ A'(z)-R(z,y)
TeEX
(iii) Generalized modus ponens or t-norm-based inference:
B'(y) =A'orR(z,y) = \/ A'(«)TR(z,y)
z€X

with T' being an arbitrary t-norm.



(iv) Gadel Inference

B'(y)=A'<R(z.y) = J\ 4(x) = R(z,y)

reX

with — being Godel implication.
(v) Gadel residual inference

B'(y)= A" ar R(z,y) = \ A'(z) >r R(z,y)

reX

with =7 being a residual mplication with a given t-norm.
Throughout the definition, R(z,y) is a fuzzy relation that is used for in-
terpreting the fuzzy rule base in the premise.



Example 8.1

Let sets of values of variables X and Y be X = (x,,x;,x3} and Y = {y,, y»}, respectively.
Assume that a proposition “if X is A, then Y is B” is given, where A = .5/x; + 1/x; + .6/x;
and B = 1/y; + .4/y,. Then, given a fact expressed by the proposition “x is A’)” where
A’ = 6/x; + .9/x; +.7/x;, we want to use the generalized modus ponens (8.41) to derive a
conclusion in the form “Y is B’

Using, for example, the Lukasiewicz implication (8.14), we obtain

R= l/xh N + '9/xl' Y2 -+ l/xZ’ 4 + '4/x2I 2 -+ 1/x30 Y1, +.8/x3o Y2
by (8.40). Then, by the compositional rule of inference (8.39), we obtain
B'(y,) = supmin[A'(x), R(x, y,)]

xeX
= max[min(.6, 1), min(.9, 1), min(.7, 1)]

= 9
B'(y) = P min[A’(x), R(x, y2)]
= max[min(.6, .9), min(.9, .4), min(.7, .8)]
= .7
Thus, we may conclude that Y is B’, where B’ = .9/y, + .7/y.



Remark 6.15. As previously discussed we may have a fuzzy rule base with

more antecedents, so we also need a fuzzy inference system to be able to deal
with more antecedents. This is possible to be done by using the same strategy

to combine the premises as the one used for the antecedents in the fuzzy rule
base.

For example if we have a fuzzy inference system of the following form
premise : If x is A; and y 1s B; then z 1s C;
fact: zis A" and y is B’

conclusion z is C’



where C" is determined based on a composition as for example

C'(z)= (A AB)oR(z,y,2)= \/ A2)AB(y)AR(z,y.2)

zeX,yeY

(for a Mamdani inference) and
C'(z) = (A" AB')<R(z,y,2)
N\ A'(z)AB'(y) = R(z,y.7)

zeX,yeY

(for Gédel inference).
The fuzzy relation R(z,y,z) is being used here to interpret the fuzzy rule
base in the premise.



Example 6.16. To build a fuzzy inference system that solves the room tem-
perature control problem discussed in the previous sections we can use e.q. a
Mamdani or Godel inference together with a Mamdani or a Godel rule base.

In Fig.
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Fig. 6.6 The input of a fuzzy inference system



Rule 1: IfXis A, thenY is B
Rule 2: IfYis B, thenZisC (8.43)

Conclusion: If Xis A, thenZ is C

In this case, X, Y, Z are variables taking values in sets X, Y, Z, respectively, and A, B, C are
fuzzy sets on sets X, Y, Z, respectively.

For each conditional fuzzy proposition in (8.43), there is a fuzzy relation determined by
(8.40). These relations are determined foreach x € X, y € Y, and z € Z by the equations

Ri(x,) = J[AG), BY)],
Rz(}’, Z) — 3[BO)s C(Z)],
R3(x,2) = J[A(x), C(2)].

Given Ry, R;, R;, obtained by these equations, we say that the generalized hypothetical
syllogism holds if '

Ri(x,2z) = sug min[R, (x, y), R2(y, 2)], (8.44)
ye |
which again expresses the compositional rule of inference. This cquanon may also be written
in the matrix form : N

R3 R1 - Rz (845)



S
Example 8.3

Let XY be the same as in Example 8.1, and let Z = {z,z,}. Moreover, let A =
-S/Xl + I/Xz'l- .6/x3. B= 1/)’1 + .4/yz,C - .2/21 + 1/22. and

1 fa<h
jod={) 53

Ri=] 1 .4], Rz"-"[.% i]’ RJ={ 1}
1 4 ' 1

The generalized hypothetical syllogism holds in this case since R, <R, = R;.

Then, clearly,

o ot



The Interpolation Property of a Fuzzy

Inference System
—

7 A natural property to be required for a fuzzy
inference system is the following interpolation

property.



Let us start by considering the Mamdani mterence with Mamdam rule.
The system 1s described by

B'(y)=\/ A(z)AR(x.y), Rz.y)=Alx) AB(y)

TeX

The mterpolation property says that when the mput of the system coincides
with the antecedent (A" = A) then the output has to be coincident with
the consequence (B = B), 1.e., our fuzzy inference is a generalization of the
Modus Ponens of classical logic.



Proposition 6.17. The Mamdani inference with Mamdani rule

B'(y)= \/ A'(z) AR(z,y), R(z,y) = A(z) A B(y),

reX

such that there exists an xo € X with A(xo) = 1, satisfies the interpolation
property, i.e., if A" = A, then B' = B.

Proof. We have

B'(y)=\/ A(x) AR(z,y) = \/ A(z) A A(z) A B(y)
X re X

xeX reX

=\ (A(=) AB(y)) = (\/ A(J:J) A B(y).

Since A is normalized we have \/_ .y A(z) = 1 and then B'(y) = 1 A B(y) =
B(y). =



Proposition 6.19. The Mamdani inference with Larsen rule

B'(y)=\/ A'(z) AR(z,y), Rlz,y) = A(x) - B(y)

zeX

such that there exists an xo € X with A(zo) = 1 satisfies the interpolation
property, i.e., if A" = A then B' = B.



Proposition 6.20. The Mamdani inference with t-norm rule

B'(y) = \/ A'() AR(z,y), R(z,y) = A(z)TB(y)

reX

such that there exists an o € X with A(xo) = 1 satisfies the interpolation
property, i.e., if A’ = A then B' = B.
Proof. From the properties of a t-norm we immediately get A(z)1'B(y) <
A(z). We have

B'(y) =\ A(x)AR(.y)

reX

= \/ A@@) A (A@)TB(y) = \/ A)TB()

reX reX



B
= ( \/ A(-’F)) TB(y) = 1TB(y) = B(y).

Let us consider the Mamdani inference with Godel rule

B'(y)=\/ A'(x) AR(z,y), R(z.y) = A(z) = B(y)

reX



Remark 6.21. We observe here that we can interpret the interpolation prop-
erty of a Mamdani inference with Gadel rule as a fuzzy relational equation.
Indeed, the interpolation property can be written as Ao R = B. This equation,
by Sanchez Theorem [3.2]) has a solution if and only if R(z,y) = A~1 < B
is a solution, and in this case it is the greatest solution (A(x) = A(1,x),
B(y) = B(1,y) are interpreted here as row vectors then

R(z,y) = Al4q B(x,y)

= \ A@.1) = B(L,y) = A(x) = B(y)
i=1
becomes the Gadel implication. As a conclusion, the fuzzy relational equation

is solvable if and only if the inference system with Mamdani inference and
Gadel rule has the interpolation property.



Proposition 6.22. The Mamdani inference with Gédel rule
B'(y) = \/ A'2) AR(z,y), R(z,y) = A(x) > B(y)
zeX

such that A is continuous and there exists an xo € X such that A(zo) = 1
fulfills the interpolation property, i.e., if A’ = A then B’ = B.



Remark 6.23. We observe here that we can interpret the interpolation prop-
erty of a Gaodel inference with Mamdani rule as a fuzzy relational equation
AaR = B. This equation, by Miyakoshi-Shimbo Theorem|3.27 has a solution
if and only if R(z,y) = A~ o B is a solution, and in this case it is the least
solution and then

R(z,y)= A"t o B(z,y) = \/ Az, 1) A B(L,y) = A(z) A B(y)

=1

becomes the Mamdani rule. As a conclusion, the equation is solvable if and

only if the inference system with Mamdani inference and Gadel rule has the
interpolation property.



Proposition 6.24. The Gadel inference with Mamdani rule

B(y)= N\ 4(z) - R(z.y). Rla.y)=A(x) AB(y)

reX

with A € F such that there ezists an g € X' such that A(zq) =1 possesses
the interpolation property, i.e., if A'= A then B' = B.



Proposition 6.25. Let us consider the Mamdani inference with Mamdani
rule base

mn

B'(y)=\/ A(x) AR(z.y). Rlr.y)=\/ Aix) A Bi(y)

reX 1=1

such that
(i) for every i =1....,n there exists an x; € X such that A;(z;) = 1;
(i) any two antecedents A;, A;, i £ j have disjoint supports
Then the interpolation property is verified, i.e., if A" = A; then B' = B;.



Proposition 6.26. Let us consider the Mamdani inference with Larsen rule

base

n

B'y)=\/ 4()AR(x.y). Re.y) = \/ Ai(2)- Bi(y)

reX =1

such that
(i) for every i =1, ....,n there exists an z; € X such that A;(z;)
(ii) any two antecedents A;, A;, i # j have disjoint supports
Then the interpolation property is verified, i.e., if A= A; then B' = B;.

1;



Proposition 6.28. Let us consider the Mamdani inference with Mamdani
rule base

n

B(y) =\ A(x) AR(z.y), R(.y)=\/ Ai(x) AB;(y)

reX i=1

such that for every i = 1,....n there exists an x; € X such that A;(z;) = 1.
Under this condition, if A" = A; then B' > B;.



Remark 6.29. We observe here that we can interpret the interpolation
property of a Mamdani inference with Gaédel rule base as a fuzzy relational
equation. Indeed, the interpolation property can be written as A; o R = B;,
i=1,..,n If Ai(z) = A(i,x), Bi(y) = B(i,y), i = 1,...,n are interpreted as
fuzzy relations we can rewrite our equation as A o R = B. This equation has
a solution if and only if R(xz,y) = A=t a B is a solution, and in this case it
is the greatest solution

R(z,y) = A 4 B(z,9) = N\ A(z,i) > B(i,y)

=1

T

=\ Ai(z) = Bi(y).

=1

As a conclusion, the equation is solvable if and only if the inference system
with Mamdani inference and Gédel rule base has the interpolation property.



Proposition 6.30. Let us consider a Mamdani inference with Gadel rule

base
Bf(y) — V A#(:F) AR(I:y): R(I::- y) — A At(m) — Bi(y)‘

reX

(i) If A; are normal and continuous and

(ii) if the core of any A; and the support of any A; are disjoint when i # j,

then the Mamdani inference with Gaédel rule base satisfies the interpolation
property: if A’ = A, then B’ = B;.



Proposition 6.31. Let us consider a Mamdani inference with Gadel rule

base

n

B'(y)=\ A'(x) AR(z.y), Rlx.y)= |\ Ai(z) = Bi(y).

TeX 1=1

If A; are normal and if A" = A; then B’ < B;.



Remark 6.32. We observe here that we can interpret the interpolation prop-
erty of a Godel inference with Mamdani rule base as a fuzzy relational equa-
tion A; < R = B;,i = 1,...,n or considering A(i,z) = Ai(r) and B(i,z) =
B;i(x) we can write A1 R = B. This equation, by Miyakoshi-Shimbo theorem

has a solution if and only if R(x,y) = A1 o B is a solution, and in this case
it is the least solution and we also have

R(z,y) = A" o B(z,y) = \/ A(z.,i) A B(i,y)
i=1

:Q&WAB
i=1

becomes the Gadel implication. As a conclusion, the equation is solvable if

and only if the inference system with Mamdani inference and Godel rule base
has the interpolation property.



Proposition 6.33. Let us consider the Gédel inference with Mamdani rule

base

n

/\ A'(x) = R(z,y). R(z.y) = \/Aaﬁ(ﬂf)f\B:?(y)-

reX i=1

(i) If A; are normal and continuous

(ii) and if the core of any A; and the support of any A; are disjoint when
L F J,

then the interpolation property holds i.e., if A" = A; then B' = B;.



Proposition 6.34. Let us consider the Gadel inference with Mamdani rule

base
1

= A\ A'(x) = R(z,y), R(z,y) =\ Ai(x) A Bi(y).

rcX 1=1
If A; are normal and if A" = A; then B' > B;.

Proposition 6.35. Let us consider the Gadel residual inference with Mam-
dani rule base

B'(y) = )\ A'(z) =1 R(z,y). R(z,y) = \/ Ai(z) A Bi(y).

re X

(i) If A; are normal and continuous
(i) and if the core of any A; and the support of any A; are disjoint when

i 5,
then the interpolation property holds i.e., if A’ = A; then B’ = B;.



Example of a Fuzzy Inference System

1
Example 6.36. “Mr. John Smith has been shot dead in his house. He was
found by his friend, Mr. Carry. Lt. Columbo suspects Mr. Carry to be the

murderer.

Mr. Carry’s testimony is the following: I have started from my home at
about 6:30, arrived to John’s house at about 7, found John dead and went
immediately to the phone box to call police. They told me to wait and came
immediately.

Lt. Columbo has found the following evidence about dead Mr. Smith: He
had high quality suit with broken wristwatch stopped at 5:45. No evidence of
strong strike on his body. Lt. Columbo touched engine of Mr. Carry’s car and
found it to be more or less cold.”

To be able to analyze the problem we need to understand and implement
(following the ideas in Dvorak-Novak [5}]) commonsense knowledge. We will
use fuzzy if then rules for this task. Let us start with describing how engine
temperature depends on drive duration.



1. If drive duration is big and time stopped is small then engine is hot.
2. If drive duration is small then engine is cold.

3. If time stopped is big then engine is cold.

Another set of fuzzy rules concerns the wristwatch quality.

1. If suit quality is high then wristwatch quality is high.

2. If suit quality is low then wristwatch quality is low.



The last set of fuzzy rules concerns how likely the wristwatch is broken.

1. If wristwatch quality is high and strike is unlikely then broken is unlikely.
2. If wristwatch quality is low and strike is likely then broken is likely.

3. If strike is likely then broken is more or less likely.



Fig. 6.11 Drive duration small (dash), big (dash-dot) and about 30’ from Mr.
Carry’s testimony (solid line)



Fig. 6.12 Time stooped small (dash), big (dash-dot) and the fuzzy set representing
the fact that police came immediately (solid line)



