Composition

Is applied when the distribution F can be
expressed as a combination of other
distributions Fy, F,,.... F,

o

F(x)=) p,F;(x),

j=1

ij=1,pj20
j=1

Equivalent to say if X has density function f
suchthat ;o)=Y 5,7, (0.

That is corresponds to decomposing f into its

convex combination representation

Composition

The decomposition can also be seen as
dividing the are under finto regions of areas
P1/P2---- Py then determine F; for each j then
apply the inverse method on each one.

Algorithm

1. Generate a positive random integer, such
that P(J=j)=p;
2. Return X with distribution F;




Composition Example1

» For O<a<f1, the right trapezoidal distribution has density
f(x)=0.5¢" Vx real 5
Decomposef(x) =.5¢"I_, , (x)+.5¢ "I, ., (x)

{1 xe A}
I,=

0 ow.
f](x) = exl[o,l](x)

fz(-x) = eixl[(),u(-x)
U =F(x)=e", U,=F,(x)=¢"

Use the inverse method
x=InU, or x=InU,

Composition Example1

*  Algorithm:
* 1)Generate U, ~U(0,1),U, ~U(0,])
*  1fU;>5 return x=1nU,

Uy >=5 x=InU,




Composition Example2

For O<a<T1 , the right trapezoidal distribution has density
a+2(1-a)x,0<x< 1}

0, otherwise

f(x)={

*  We may divide the are as shown
. f(x) can be decomposed as
f)y=al, (x)+(A-a)2xl,, (x)
fi(x)=1,,(x) isU(0,1) density and
f>(x)=2xI,,,(x)is a right triangular density
p,=a,p,=l-a,p, +p,=1

Algorithm 1) 7 ~ U (0,1),U, ~ U (0,1)

Composition Example2

* If U <areturn x=U,
U,z2a f,=2x
U=F,(x)=x

x=\U,

return U,

*  Yet, in some applications, we find computing the square
root is expensive So we may use another random
number instead U; and return x=max(U, ,U; )




Convolution

e Assume that X =Y +1,+..+7¥,
(where the Y’s are IID with CDF)
 Algorithm
1. Generate V,,Y,,....Y IIDeach with CDF
2.Return X =Y, +Y, +..+Y,

Normal Distribution
Note thatif X ~ N(0,1)
= Uu+oX ~Nu,o)

If we can generate unit normal, then we can
generate any normal

2

£, = J;—ﬂe_z

—o < x <o

d(x)=F(x)= \/;7[ Ie?dx

Neither the distribution function nor the
density function is invertible

Use indirect method




Normal: Box-Muller

* Algorithm | Generate independent U,,U, ~ U(0,1)

2.Set X, =4/—-2InU, cos2aU,,
X,=4-2InU, sin27U,
3.Return X,

 Eachone X, orX, may be used. Each one of
themis an I.1.D N(0,1)

» Technically, independent N(0,1), but serious
problem if used with LCGs o

Normal: Box-Muller

« For any normal distribution N(x,0?)
» Generate s =gx +u




Acceptance-Rejection Method

» Specify a function that majorizes the density
t(x)= f(x),Vx
t(x)

. . . ’/‘(x) - oo
New density function J- H(x)dx

" ARG e v with density
2.Generate U independint of Y
3.IfU L f(Y)/t(Y), return X =Y.
Otherwise go back toStep 1. »
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Example: More Efficient

*
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