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Abstract— This paper presents a generalization of Soliman’s
four-phase oscillator into the fractional-order domain. The extra
degrees of freedom provided by the fractional-order parameters 𝜶𝜶
and 𝜷𝜷 add more flexibility to the design of the circuit. The design
procedure and equations of the proposed oscillator are presented
and verified using Matlab and PSPICE. Also, the stability analysis
for fractional order systems is studied for different cases of 𝜶𝜶 and
𝜷𝜷.
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I. INTRODUCTION
The concept of fractional order calculus was proposed by
l′Ho� pital in 1695 when he claimed that following the fractional
solution approach will lead to useful consequences in the future
[1].
One of the general definitions for the fractional order
derivative is the Caputo definition presented in the follwing
equation:
𝑡𝑡
1
� 𝑓𝑓 (𝑚𝑚) (𝑢𝑢)(𝑡𝑡 − 𝑢𝑢)𝑚𝑚−𝛼𝛼−1 𝑑𝑑𝑑𝑑 ,
𝐷𝐷𝑡𝑡 𝛼𝛼0 𝑓𝑓(𝑡𝑡) =
𝛤𝛤(𝑚𝑚 − 𝛼𝛼) 𝑡𝑡𝑜𝑜

(1)

where m is an integer that bounds the value of the fractional
order 𝛼𝛼 as follows: (𝑚𝑚 − 1) < 𝛼𝛼 < 𝑚𝑚. Figure 1(a) shows the
fractional-order derivative of order 𝛼𝛼 for 𝑓𝑓(𝑥𝑥) = 𝑥𝑥. The integer
derivative is represented by a constant line equal to 1 is shown
at the cure upper left edge.
The Laplace transform for (1) with initial conditions set to
zero is:
ℒ�𝐷𝐷𝑡𝑡 𝛼𝛼0 𝑓𝑓(𝑡𝑡)� = 𝑆𝑆 𝛼𝛼 ℒ{𝑓𝑓(𝑡𝑡)}.

(2)

Recently the Fractional order calculus was used in the
analysis and design of electronic circuits for different
applications. In [2] the authors used the fractional calculus to
get the actual value of super-capacitors. Also, in [3] a fractional
order filter was designed. In [4], the fractioanl order analysis
was used in implemeting a fractional PI controller. In all of the
afore-mentioned works, applying fractional order analysis lead
to improved results that were not achievable by using
conventional calculus.
The concept of fractional element or the so called Constant
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Fig.1: (a) Fractional order derivative of 𝑥𝑥 with order 𝛼𝛼, (b) Chemical realization
of CPE (c) RC ladder realization of fractional order CPE, and (d) Optimized
CPE network

Phase Element (CPE) is deduced from (2). Its impedance can
be defined by 𝑍𝑍 = 𝑄𝑄𝑠𝑠 𝛼𝛼 , where 𝑄𝑄 is the constant value and 𝛼𝛼 is
the fractional order, which decides the type of this general
element. For standard elements the value of 𝛼𝛼 is limited to the
following set: {0,1, −1}, which represent resistor, inductor, and
capacitor, respectively. Using the fractional calculus, the value
of 𝛼𝛼 can be any value between −1 and 1.

The practical realizations of fractional order elements on
circuit level made it considered as a perspective alternative for
designing electronic circuits. There are many practical
realizations of fractional order capacitors proposed in literature.
In [5], the authors realized a CPE using chemical approach,
shown in Fig.1(b). Furthermore, A design for CPE using fieldeffect transistors was proposed in [6]. Moreover, an RC ladder
structure shown in Fig.1(c), was presented in [7]. Figure 1(d)
shows realization of CPE based on optimized RC network [8].

The first fractional order oscillator was proposed in [9],
where the authors designed a generalized Wien bridge
oscillator. In [10], the authors presented a methodology for
designing fractional order sinusoidal oscillators. A complete
study of all two-port network fractional order oscillators was
presented in [11].
In this work, a generalized analysis for Soliman’s fourphase oscillator is presented, where the conventional integer
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order capacitors are replaced by fractional ones. This paper is
organized as follows; a generalized analysis for the Soliman’s
four-phase oscillator is presented in Section II. In Section III,
the simulation results of proposed fractional order analysis are
presented and verified by PSPICE for different cases of 𝛼𝛼 and
𝛽𝛽. Finaly, the conclusion is discussed in Section IV.
II. GENERALIZED FRACTIONAL ORDER FOUR
PHASE OSCILLATOR

The schematic of Soliman’s generalized oscillator is shown
in Fig.2. The oscillator is implemented based on double
integrator topology. This oscillator, has independent control for
both oscillation frequency and the oscillation condition, which
offers flexibility in controlling the oscillation condition without
affecting the desired oscillation frequency, however this is valid
only for the integer order case. The fractional order capacitors
were realized in PSPICE based on the procedure presented in
[4]. Each stage is responsible for generating a signal and its
inverted replica. The phase shift between the two stages outputs
in conventional operation is 90° [12–14]. 𝑅𝑅1 , 𝑅𝑅2 , 𝐶𝐶1 and 𝐶𝐶2
control the oscillation frequency (𝑓𝑓), as shown in (3).
𝑓𝑓 =

1
1
�
2𝜋𝜋 𝑅𝑅1 𝑅𝑅2 𝐶𝐶1 𝐶𝐶2

(3)

The state matrix and the characteristic equation of the
presented oscillator are given by:
⎡ 0
𝐷𝐷 𝑉𝑉1
� 𝛽𝛽 � = ⎢
𝐷𝐷 𝑉𝑉2
⎢− 1
⎣ 𝐶𝐶2 𝑅𝑅2
𝛼𝛼

𝑠𝑠 𝛼𝛼+𝛽𝛽 −

1
⎤
𝐶𝐶1 𝑅𝑅1
⎥ �𝑉𝑉1 �,
1 1
1 ⎥ 𝑉𝑉2
� − �
𝐶𝐶2 𝑅𝑅4 𝑅𝑅3 ⎦

1 1
1
1
� − � 𝑠𝑠 𝛼𝛼 +
= 0,
𝐶𝐶2 𝑅𝑅4 𝑅𝑅3
𝐶𝐶1 𝐶𝐶2 𝑅𝑅1 𝑅𝑅2

(4𝑎𝑎)

Fig.2: Soliman’s four phase oscillator

1 𝛼𝛼
𝛼𝛼𝛼𝛼
𝜔𝜔 𝑐𝑐𝑐𝑐𝑐𝑐 � �
𝐶𝐶2
2
𝑅𝑅4 =
(6𝑏𝑏)
𝛼𝛼
𝛽𝛽𝛽𝛽
𝜔𝜔
𝛼𝛼𝛼𝛼
1
𝜔𝜔 𝛼𝛼+𝛽𝛽 𝑐𝑐𝑐𝑐𝑐𝑐 �𝛼𝛼 + � +
𝑐𝑐𝑐𝑐𝑐𝑐 � � +
2
2
𝐶𝐶1 𝐶𝐶2 𝑅𝑅1 𝑅𝑅2
𝐶𝐶2 𝑅𝑅3

By eliminating 𝑅𝑅4 from (6), the general expression for the
oscillation frequency of the output waveforms is as follows:
𝑓𝑓 =

1

2𝜋𝜋

�

𝛼𝛼𝛼𝛼

𝑠𝑠𝑠𝑠𝑠𝑠� 2 �

𝛽𝛽𝛽𝛽
�
2

𝐶𝐶1 𝐶𝐶2 𝑅𝑅1 𝑅𝑅2 𝑠𝑠𝑠𝑠𝑠𝑠�

�

1
𝛼𝛼+𝛽𝛽

(7)

As a validation of the fractional order solution, it should give
the conventional response when the orders are set to the integer
values. By substituting the values of 𝛼𝛼 = 1 and 𝛽𝛽 = 1 in (7), it
will be as same as the relation in (3), which confirms that the
integer order solution is just a special case of the generalized
solution.
Figures 3(a) and 3(b) show the oscillation condition and
frequency surfaces versus 𝛼𝛼 − 𝛽𝛽 plane, respectively. Both figu-

(4𝑏𝑏)

To sustain oscillations, there must be a solution for 𝜔𝜔
satisfies the following equations [10]:
𝜔𝜔 𝛼𝛼+𝛽𝛽 cos �

𝜔𝜔 𝛽𝛽 sin �

(𝛼𝛼 + 𝛽𝛽)𝜋𝜋
1 1
1
𝛼𝛼𝛼𝛼
� − � − � 𝜔𝜔𝛼𝛼 cos( )
2
𝐶𝐶2 𝑅𝑅4 𝑅𝑅3
2
1
+
= 0,
𝐶𝐶1 𝐶𝐶2 𝑅𝑅1 𝑅𝑅2

(𝛼𝛼 + 𝛽𝛽)𝜋𝜋
1 1
1
𝛼𝛼𝛼𝛼
� − � − � 𝑠𝑠𝑠𝑠𝑠𝑠( ) = 0.
2
𝐶𝐶2 𝑅𝑅4 𝑅𝑅3
2

(5𝑎𝑎)

(a)

(5𝑏𝑏)

Selecting 𝑅𝑅4 to be the oscillation condition, the outputs
waveforms can be written as follows:
1
𝛼𝛼𝛼𝛼
𝑠𝑠𝑠𝑠𝑠𝑠 � �
𝐶𝐶2
2
𝑅𝑅4 =
𝛽𝛽𝛽𝛽
1
𝛼𝛼𝛼𝛼
𝜔𝜔 𝛽𝛽 𝑠𝑠𝑠𝑠𝑠𝑠 �𝛼𝛼 + � +
𝑐𝑐𝑐𝑐𝑐𝑐 � �
2
𝐶𝐶2 𝑅𝑅3
2

(6𝑎𝑎)

(b)
Fig.3: The effect of values of 𝛼𝛼 and 𝛽𝛽 on (a) 𝑅𝑅4 and (b) output frequency.
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res were plotted using the following parameters: 𝑅𝑅1 = 𝑅𝑅2 =
𝑅𝑅3 = 2kΩ and 𝐶𝐶1 = 𝐶𝐶2 = 1.2x10−6 , while the required values
of 𝑅𝑅4 , and the corresponding frequency are calculated for
different values of both 𝛼𝛼 and 𝛽𝛽 from 0.1 to 1. It is obvious that
the range of 𝑅𝑅4 resistance encounters a small varying range over
the full range of α and 𝛽𝛽. On the other hand, the output
frequency shows an interesting response over the range of 𝛼𝛼 and
𝛽𝛽, where the frequency increases dramatically as the value of
the fractional order element reaches zero, and it is at the lowest
value is near the conventional integer order case at 𝛼𝛼 = 𝛽𝛽 = 1.
This represent the importance of analyzing circuits in
generalized fractional order solution.
The system response for different values of 𝑅𝑅1 is presented in
Fig.4, using the same values of the other components as in
Fig.3. From the figure, it is obvious that the value of the output
frequency is inversely proportional to the value of 𝑅𝑅4 for all the

values of 𝛼𝛼. It is shown that the output frequency is at its
maximum value at small values of 𝛼𝛼, while using a very small
resistance for 𝑅𝑅4 . Referring to Figs.(3-5), it is clear that the
fractional order of the system has the dominant control over the
oscillation frequency.
III. SIMULATION RESULTS
In this section, the SPICE simulation of generalized
Soliman’s oscillator is presented. The Op-Amp used in this
design is THS-4531 and biased by 𝑉𝑉𝑠𝑠𝑠𝑠 = 10V and 𝑉𝑉𝑐𝑐𝑐𝑐 = −10V.
The simulation result of the conventional integer order case is
shown in Fig.5(a), for 𝑅𝑅1 = 𝑅𝑅2 = 𝑅𝑅3 = 𝑅𝑅4 = 2KΩ, and 𝐶𝐶1 =
𝐶𝐶2 = 1.2 × 10−6 . The output frequency is 66.3 Hz. The
oscillation frequency for this case can be calculated using (3)
or (7) while setting the order 𝛼𝛼 and 𝛽𝛽 to 1.

The design parameters of different values of 𝛼𝛼 and 𝛽𝛽 are
presented in Table.1. The values of 𝑅𝑅1, 𝑅𝑅2 and 𝑅𝑅3 are set to
2KΩ. The phases are uniformly spaced, and the amplitudes are
equal only in the case of integer order, shown in Fig.5(a). For
the fractional order cases shown in Figs. 5(b-d), the phases are
no more uniformly spaced and the amplitudes are different
among the integrator stages. The stage with the lower fractional
order has rail-to-rail output signal, and the vice versa.
Table 1: Design Parameters for Fractional Order Oscillator

1.0
0.6
0.6
0.8

𝜶𝜶

1.0
1.0
0.8
0.6

𝜷𝜷

𝑹𝑹𝟒𝟒 (𝛀𝛀)
2000
516
633
1443

Frequency(Hz)
66.3
262
3699
987

Fig.4: The effect of 𝑅𝑅1 on 𝑅𝑅4 for different values of 𝛼𝛼

(a)

(b)

(c)

(d)

Fig.5: Output of generalized fractional order oscillator for, (a) 𝛼𝛼 = 1 and 𝛽𝛽 = 1, (b) 𝛼𝛼 = 0.6 and 𝛽𝛽 = 1, (c) 𝛼𝛼 = 0.6 and 𝛽𝛽 = 0.8 and (d) 𝛼𝛼 = 0.8 and 𝛽𝛽 = 0.6
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The stability analysis is vital when designing an oscillatory
system. To sustain the stable oscillation the roots of the
characteristic equation should fall exactly on the imaginary axis
of the S-plane. In fractional order systems, the solution is
different from the case of the integer order solution, in which
some the physical range of the solution is limited to specific
area decided by the order and the number of the fractional order
elements.
A study for the stability of fractional order systems was
presented in [15], where the authors applied the stability
analysis for different cases of 𝛼𝛼 and 𝛽𝛽 and proposed a new plane
called W-plane. The W-plane is a translation for the
conventional S-plane, which decides the limits of acceptable
range of the transfer function roots
To check the stability of the designed oscillator the roots
are plotted in W-plane as shown in Fig.6, where the red line
presents the feasible area of the S-plane when a fractional order
system is analyzed[15]. It is obvious that area of the feasible
range is changed according to the value of 𝛼𝛼 and 𝛽𝛽. For the
integer case, when 𝛼𝛼 = 𝛽𝛽 = 1, the roots falls on the imaginary
axis.
IV. CONCLUSION

Analyzing the system based on the fractional order calculus
leads to having a better understanding of the system behavior.
The extra degrees of freedom added by generalizing the
conventional integer orders to 𝛼𝛼 and 𝛽𝛽, which in turn offers a
powerful control over the system response and design
flexibility. While the conventional methodologies solve only
particular case, the generalized fractional order solution offers
a comprehensive analysis for the system response.

V. REFERENCES
[1]
[2]

[3]

[4]
[5]

[6]

[7]
[8]
[9]
[10]

[11]
[12]
[13]
[14]
[15]

(a)

(b)

(c)

(d)

Fig.6: Stability regions of system defined in (6) for different orders, (a) 𝛼𝛼 = 1
and 𝛽𝛽 = 1, (b) 𝛼𝛼 = 0.6 and 𝛽𝛽 = 1, (c) 𝛼𝛼 = 0.6 and 𝛽𝛽 = 0.8, and (d) 𝛼𝛼 = 0.8
and 𝛽𝛽 = 0.6

A. Malinowska, T. Odzijewicz and D. Torres, Advanced methods in the
fractional calculus of variations, 1st ed. Spriner, 2015.
B. J. Maundy, A. Elwakil, T. Freeborn and A. Allagui, "Improved method
to determine supercapacitor metrics from highpass filter response," 2016
28th International Conference on Microelectronics (ICM), Giza, 2016,
pp. 25-28.
L. Said, S. Ismail, A. Radwan, A. Madian, M. Abu El-Yazeed and A.
Soliman, "On The Optimization of Fractional Order Low-Pass
Filters", Circuits, Systems, and Signal Processing, vol. 35, no. 6, pp.
2017-2039, 2016.
H. Özbay, C. Bonnet and A. Fioravanti, "PID controller design for
fractional-order systems with time delays", Systems & Control Letters,
vol. 61, no. 1, pp. 18-23, 2012.
K. Biswas, S. Sen and P. K. Dutta, "Realization of a Constant Phase
Element and Its Performance Study in a Differentiator Circuit," in IEEE
Transactions on Circuits and Systems II: Express Briefs, vol. 53, no. 9,
pp. 802-806, Sept. 2006.
S. Tu, Y. Cheng. "Realization Of Fractional-Order Capacitors With FieldEffect Transistors", International Journal of Electrical, Computer,
Energetic, Electronic and Communication Engineering vol. 6, no.11, pp.
1252-1555, 2012
M. Sugi, Y. Hirano, Y. F. Miura and K. Saito, “Simulation of fractal
immittance by analog circuits: An approach to the optimized circuits,”
IEICE Trans. fundamentals, vol .E82, no.8, pp. 205-209, 1999
J. Valsa, P. Dvorak and M. FRIEDL. "Network Model of the CPE",
Radioengineering, vol. 20, no. 3 pp. 619-626, 2011
W. Ahmad, R. El-khazali and A. Elwakil, "Fractional-order Wien-bridge
oscillator", Electronics Letters, vol. 37, no. 18, p. 1110, 2001.
A. Radwan, A. Elwakil and A. Soliman, "Fractional-order sinusoidal
oscillators: Design procedure and practical examples", IEEE Transactions
on Circuits and Systems I: Regular Papers, vol. 55, no. 7, pp. 2051-2063,
2008.
L. Said, A. Radwan, A. Madian and A. Soliman, "Two-port two
impedances fractional order oscillators", Microelectronics Journal, vol.
55, pp. 40-52, 2016.
I. Khan and S. Khwaja, "An integrable gm-C quadrature
oscillator", International Journal of Electronics, vol. 87, no. 11, pp. 13531357, 2000.
A. M. Soliman and C. M. Chang, "Generation of Four Phase Oscillators
Using Op Amps or Current Conveyors", Journal of Active Passive
Electronic Devices, vol. 10, pp. 207-221, 2015.
V. Biolkova, J. Bajer and D. Biolek, "Four-phase oscillators employing
two active elements", Radioengineering, vol. 20, no. 1 pp. 334-339, 2011.
A. Radwan, A. Soliman, A. Elwakil and A. Sedeek, "On the stability of
linear systems with fractional-order elements", Chaos, Solitons &
Fractals, vol. 40, no. 5, pp. 2317-2328, 2009.

