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A temperature equation accounting for the compressibility as well as the elasticity of polymeric ﬂuids is
derived using the Massieu thermodynamic potential. The constitutive model is completed by adopting
the Tait equation relating the thermodynamic pressure to the speciﬁc volume and the temperature. A
Lagrangian numerical technique is used to study the behavior of the proposed model under different
types of loading conditions against published models with an apparent degree of success.
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1. Introduction
Compressibility effects is of a major importance in that many
polymer processes involve rapid cooling to a ﬁnal, typically nonequilibrium, glassy state [1]. Several theories have been developed to account for polymer non-isothermality taking into account
the ﬂuid compressibility and/or elasticity. One of these theories is
the theory of purely entropic elasticity developed by Astarita and
co-workers ([2e5]) but it does not receive wide acceptance since it
does not account for the ﬂuid elasticity [6] nor compressibility. This
theory assumes the internal energy to be a function of the temperature only which means that all the mechanical energy is
dissipated as heat. The other extreme is the theory of purely energetic elasticity in which all the mechanical energy is stored and
could be retrieved. Viscoelastic materials behave intermediately
between that of entropy elasticity and energy elasticity [7]. Other
models based on non-equilibrium thermodynamics are proposed
by Wapperom and Hulsen [8] and Grmela et al. [9] accounting for
both compressibility as well as elasticity of the material. The most
visible difference between the analysis of Grmela et al. [9] and of
Wapperom and Hulsen [8] is in the choice of the state variables and
in the entropy balance [10]. It is worth mentioning that the isothermality assumption is not generally accepted for compressible
ﬂows since compressible ﬂows are accompanied, in most cases, by
considerable temperature variations as noticed experimentally by
Flaman and Veltman [11]. The challenge posed by Flaman and
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Veltman [11] to numerical simulations to capture the two
experimentally-observed phenomena namely, the temperature rise
due to sudden increase in the pressure by few hundred Bars and the
time delay in measuring the pressure during the injection molding,
could only be met by considering the ﬂuid compressibility as well
as non-isothermality. The aim of the current work is to present a
temperature equation for polymeric ﬂuids taking into account the
ﬂuid compressibility as well as elasticity.

2. The compressible temperature equation
To overcome the main drawback of the theory proposed by
Astarita and co-workers ([2e5]) namely assuming the internal
energy as a function of the temperature only, it is assumed for a
compressible viscoelastic material in the presence of thermal effects, the internal energy to be a function of the density, temperature and the conformation tensor [12]. Compressibility effects is
represented by adding the density as a new argument while the
elasticity effects is captured by considering the conformation
tensor as a one more argument. The conformation tensor is
considered since it became of great importance for the current
modeling of constitutive equations ([12e16]).
Assuming the internal energy as a function of the density, the
temperature and conformation tensor as:

e ¼ eðr; T; cÞ

(1)

where e is the internal energy per unit mass, r is the density, T the
temperature, and c is the conformation tensor.
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To get an evolution equation for the temperature, one could
write:




De ve  DT ve Dr ve
Dc
¼ 
þ 
þ  :
Dt vT r;c Dt vr T;c Dt vc r;T Dt

(2)
um
e ðr; T; cÞ ¼

where t denotes time, Dð Þ=Dt is the material time derivative, and (:)
is the double-contraction operation.
Recall the energy equation for non-polar continuum with no
heat sources is;

r

De
¼ s : d  V,h
Dt

(3)

where s is the Cauchy stress tensor, h is the heat ﬂux vector, and d
is the symmetric part of the velocity gradient deﬁned as:


1
Vv þ ðVvÞT
d¼
2

(4)




ve  DT
ve Dr
ve
Dc
þ r 
þ r  :
¼ s : d  V,h
r 
vT r;c Dt
vr T;c Dt
vc r;T Dt

(5)

For a simple (i.e. one component) polymeric ﬂuids the thermodynamic potential can be split into two contributions ([13e16]):

uðr; T; cÞ ¼ uL ðr; TÞ þ ue ðr; T; cÞ

∧ vs

(7)

∧

ve
∧

where s is the speciﬁc entropy and e is the speciﬁc internal energy
per unit volume deﬁned as:
∧

e ¼ T2

vu
vT

(8)

The liquid contribution to the thermodynamic potential is taken
to be Spencer-Gilmore Potential [12]:




3
1
1

yT 2
uL ðr; TÞ ¼ rakB 1 þ ln
ra r0 a



p
T

(9)

=

which is the thermodynamic potential of a van-der-Waals ﬂuid, kB
is the Boltzmann constant and a1 is the mass of a single atom or
molecule and can be calculated as a ¼ NA =MW , with NA is the
Avogadro's number and MW is the molecular weight of interacting
units in the ﬂuid. r0 , p,y are material constants.
Assuming the polymeric ﬂuid to obey the Hookean dumbbell
model; the elastic part of the Massieu function could be written as
[12]:



ue ðr; T; cÞ ¼



∧
3
ar
dkðTÞ
kðTÞ  T
ðtrc  trc0 Þ
eðr; T; cÞ ¼ p þ rRp T þ
2
2
dT

ar
kðTÞ
kB lnðdetcÞ 
trc
2
T

(10)

where trc and detc denote the trace and the determinant of the
conformation tensor, respectively and kðTÞ is the temperaturedependant spring constant.

(11)

(12)

where Rp ¼ akB is a speciﬁc polymer constant with units J kg1 K1.
∧
Then the speciﬁc internal energy per unit mass is e ¼ e=r:



p 3
1
dkðTÞ
þ Rp T þ a kðTÞ  T
ðtrc  trc0 Þ
r 2
2
dT

(13)

Using the temperature-dependant spring constant deﬁned by
Gupta and Metzner [17]:

kðTÞ ¼ f ðTÞkB T

(14)

the function f ðTÞ is given by the empirical relationship:

(6)

where uðr; T; cÞ is the Massieu function and is selected to be the
thermodynamic potential since it depends on the same arguments
assumed for the internal energy [12]. uL ðr; TÞ is the liquid contribution due to intermolecular interactions and ue ðr; T; cÞ is the
elastic contribution due to the internal microstructure. The Massieu
function is deﬁned as [16]:




ar
detc
kðTÞ
kB ln
ðtrc  trc0 Þ

2
detc0
T

where trc0 and detc0 are the temperature-dependant trace and the
determinant of the conformation tensor, respectively at
equilibrium.
Using (9) and (11) into (8); the speciﬁc internal energy for
compressible viscoelastic ﬂuid is:

eðr; T; cÞ ¼

where v is the velocity vector. Using (3) into (2), one reaches:

uðr; T; cÞ ¼ s  e

This form for the elastic contribution doesn't vanish at equilibrium, to correct this ﬂaw; we suggest the following simple
modiﬁcation:

f ðTÞ ¼ nT ðBþ1Þ

(15)

with B <  1 and n is a positive constant. Using the deﬁnition of the
spring constant, one reaches:

eðr; T; cÞ ¼

p 3
1
df ðTÞ
ðtrc  trc0 Þ
þ Rp T  Rp T 2
r 2
2
dT

(16)

Equation (16) represents the speciﬁc internal energy for a
compressible viscoelastic material and hence could be used to
evaluate the partial derivatives needed in Equation (5).
Deﬁne cv as the speciﬁc heat at constant volume and conformation tensor as:

cV;c ¼




ve 
3
df ðTÞ T d2 f ðTÞ
þ
ðtrc  trc0 Þ
¼ Rp  TRp

vT r;c 2
dT
2 dT 2

(17)

which shows that; around equilibrium, the value for the speciﬁc
heat at constant volume and conformation tensor reduces to the
liquid contribution, namely, 1:5Rp . For the second term of the right
hand side of Equation (5), using the deﬁnition of the internal energy (16), one reaches:


ve Dr
¼ ptrðdÞ
r 
vr T;c Dt

(18)

The third term of the right hand side of Equation (5) simpliﬁes
to:


ve
Dc
1
df ðTÞ DtrðcÞ
¼  rRp T 2
r  :
vc r;T Dt
2
dT
Dt

(19)

Then the evolution equation of the temperature is:

rcV;c

DT
1
df DtrðcÞ
¼ t : d  V,h  ðp þ pÞtrðdÞ þ rRp T 2
Dt
2
dT Dt

In which the Cauchy stress tensor is decomposed as:

(20)
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s ¼ pI þ t

(21)

where I is the identity tensor, p is the thermodynamic pressure
determined from an appropriate equation of state, to be discussed
in the following section. And t is the extra-stress tensor that vanishes at equilibrium and consists of two parts:

t ¼ ts þ tp

(22)

where ts is the solvent contribution and tp is the polymer contribution to be determined from an appropriate constitutive equation
for compressible non-isothermal viscoelastic liquids e.g. [16]. In
Equation (20); the ﬁrst term on the right hand side represents the
viscous-dissipation effects, the second term represents the
compressibility effects while the elasticity effects are accounted for
by the last term.
It is important to recall that Equation (20) is derived using the
Spencer-Gilmore potential for the liquid contribution to the thermodynamic potential and so, different forms could be derived in
the same way using more relevant thermodynamic potential for the
material under consideration e.g. the modiﬁed Flory-Orwoll-Vrij
potential [12]. Without considering the liquid contribution to the
thermodynamic potential, Ionescu et al. [6] derived the incompressible version of Equation (20). That is why they have to determine the speciﬁc heat experimentally, namely Equation (17). The
temperature distribution resulting from the present model by numerical simulation is compared with the distribution resulting
from the model proposed by Wapperom and Hulsen [8]. In appendix A, the temperature equation, for a single mode, derived by
Wapperom and Hulsen [8] is presented and the relation between
the speciﬁc heat at constant volume used in the present work and
the speciﬁc heat at constant pressure used in Wapperom and
Hulsen [8] is presented for the sake of comparison.

c2 ¼

307

V 2 ðp þ BðTÞÞ
a1 Vo ðTÞ

(26)

4. Heat conduction constitutive equation
When studying non-isothermal ﬂows of polymeric ﬂuids, one
should consider not only the production of heat within the material
due to viscous heating and entropic effects, but also the transport or
conduction of that thermal energy from a given material point
within the medium to another [16]. Assuming a Fourier-type heat
conduction constitutive equation between the heat ﬂux and the
temperature gradient,

h ¼ М,VT

(27)

where М is the thermal conductivity tensor. Based on nonisothermal elastic dumbbell model, Van den Brule [23] suggested
the following formula for the thermal conductivity tensor for
polymeric ﬂuids:

М ¼ ks d þ

3x
Rp rc
2m

(28)

where ks is the isotropic solvent thermal conductivity. The material
parameter b ¼ m=x has the dimensions of time and unfortunately,
to the best of the author's knowledge, there is no available experimental data for b. At present, only limited experimental data for
the thermal conductivity of polymer melts (Venerus et al. [24]) and
none for dilute solutions (van Krevelen and Nijenhuis, [25]); as well
as there are no data on the effect of velocity gradients on thermal
conductivity (Bird et al. [26]).

5. Numerical simulation of unsteady 1-D compression of a
viscoelastic ﬂuid
3. The pressure equation of state
Fortunately there exists a plethora of equations of state in the
literature for polymeric materials e.g. ([18e22]) and many others.
The well-known Tait equation of state is used since it received wide
acceptance as could be seen from the literature. The general form of
the Tait equation is:

"

!
#
1  V=V ðTÞ
o
pðV; TÞ ¼ BðTÞ exp
1
a1

(23)

where V is the speciﬁc volume, a1 is a universal constant equals to
0.0894, BðTÞ and Vo ðTÞ are temperature-dependant constants usually take the form:

Vo ðTÞ ¼ a2 expða3 ðT  273ÞÞ

(24)

In order to numerically simulate the two experimentallyobserved phenomena by Flaman and Veltman [11] during injection molding and to compare the current model with the one
proposed by Wapperom & Hulsen [8]; consider a rigid tube, ﬁlled
with a polymeric ﬂuid, fastened at its left end to movable piston
and at its right end to a rigid wall as shown in Fig. 1.
The ﬂuid is divided into n zones by a Lagrangian grid. The nondimensional Lagrangian form of the equations to be solved in its
one-dimensional form is:
Conservation of mass,

r¼

Dm
Dx

where Dm ¼ ro Dxo is the constant ﬂuid mass contained in a
Lagrangian zone.
Momentum equation,

and

BðTÞ ¼ a4 expða5 ðT  273ÞÞ

(25)

with ai ði ¼ 2::5Þ are material constants e.g. for low-density polyethylene are given by Zoller [18] and Rodcers [21]:

a2 ¼ 1:1484; a3 ¼ 6:95E  4; a4 ¼ 1929; a5 ¼ 4:701E  3;
The isothermal speed of sound, c, for the Tait equation is:

Fig. 1. Notation for the piston problem.
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Notice that we are using co ðVo ; po Þ, which is the speed of sound
evaluated at initial conditions, as the reference velocity. Lo is a
reference length. The “asterisk” is dropped for clarity.

Du 1 vsxx
¼
Dt
r vx
nodes velocity,

5.1. Finite difference approximation

Dx
¼u
Dt
Equation of state, namely Equation (23),

p ¼ pðV; TÞ
Compressible conformation tensor evolution equation ([12]),



Dcxx
1
vu
1
¼
þ cxx
3
We ðTÞ
vx
We rf
Dt
where We ðTÞ ¼ Wer1 exp½  8:86ðT  1Þ=T  0:746;
with Wer1 ¼ lr co =Lo ;
or We ðTÞ ¼ Wer2 exp½A2 =TTr ;

A forward Euler scheme is used for all variables. The velocity
uðt; xÞ and the Lagrangian coordinate xðtÞ, are associated with zone
boundaries j while the rest of the variables are associated with the
zone centers j þ 1=2. With the following initial and boundary
conditions:
The non-dimensional initial conditions are:

rð0; xÞ ¼ 1; uð0; xÞ ¼ 0; Tð0; xÞ ¼ 1; tpxx ð0; xÞ ¼ 0; cxx ð0; xÞ ¼ 1
The non-dimensional boundary conditions are:
The strain-rate is deﬁned at the left boundary as:
dxx ðt; 0Þ ¼ HðtÞ, where HðtÞ is the applied strain-rate. Different
cases for HðtÞ is considered. At the right boundary, uðt; 1Þ ¼ 0 and
xðt; 1Þ ¼ 1 are imposed.
5.2. Material data

with Wer2 ¼ A1 co =Lo
Polyethylene is selected with the following properties:
is the temperature-dependant Weissenberg number.
Temperature equation in terms of the speciﬁc volume,

zp 2 df Dcxx
DT ðsxx  zp Þ DV
¼
þ
T
Dt
zv
Dt 2zv dT Dt
where zp is a non-dimensional number deﬁned as: zp ¼ Rp Tr =c2o

with zp ¼

p
cv;c Tr
and zv ¼ 2
ro c2o
co

The solvent extra-stress equation is,


tsxx ¼

2
1
þ
Res Red



vu
1 vu
¼
vx Resd vx

where Res ¼ ro co Lo =hs is the Reynolds' number based on the shear
viscosity, Red ¼ ro co Lo =hd is the Reynolds' number based on the
dilatational viscosity and Resd ¼ ro co Lo =ð2hs þ hd Þ.
The polymer extra-stress equation is,

tpxx ¼ zp rT½fcxx  1
Total stress relation,

sxx ¼ p þ tsxx þ tpxx
Artiﬁcial viscosity is needed for stability reasons. The artiﬁcial
viscosity introduced by Von Neumann and Richtmyer [27] uses an
artiﬁcially viscous pressure, q, to spread the discontinuity front over
few computational zones. The added viscous pressure is deﬁned as:

2

vu
vu
Dx  k2 rc Dx
q ¼ k1 r
vx
vx
where c is the speed of sound deﬁned by Equation (26) and
k1 ¼ 0:5, k2 ¼ 4:0 are constants.
The non-dimensionalizaion scheme used is:

r* ¼

r
v
p
T
tco
; v* ¼ ; p* ¼
; T * ¼ ; t* ¼
;
2
ro
co
T
Lo
r
ro c o

s* ¼

s
ro c2o

; f* ¼

f ðTÞ *
; c ¼ cf ðTr Þ
f ðTr Þ

p ¼ 3470:0 bar; Tr ¼ 403:15K; ðDressler ½12Þ; B ¼ 1:45; lr
¼ 0:01 sec;
A1 ¼ 1:8984E  7 sec; A2 ¼ 4:043431E3K ½6;
MW ¼ 0:028 kg=mol; ½25;
2hs þ hd ¼ 200 Pa$s ðassumedÞ;
Assuming an initial pressure of 1 bar along with the reference
temperature Tr ¼ 403:15K results in an initial density, using Tait
equation, of ro ¼ 795:47 kg=m3 and an initial speed of sound
co ¼ 1212:9 m=s.
5.3. Case a: linear loading
The applied strain-rate is dxx ðt; 0Þ ¼ 67:52t ½s1 , with
Lo ¼ 30 cm, n ¼ 200. With this type of loading, it is possible to
study the behavior of the proposed model in regards to the temperature change as the strain-rate is increasing gradually.
Fig. 2 shows the temperature difference ½DT ¼ Tðt; 0Þ  Tð0; 0Þ
using the proposed temperature equation and using the temperature
equation proposed by Wapperom and Hulsen [8] as a function of the
strain-rate. As shown in the ﬁgure, Wapperom & Hulsen [8] model
predicts higher temperature values as the strain-rate increases, a
major cause could be deduced by noticing the predicted temperature
by their model without considering the elasticity effects (purely
entropic case) which produces almost exactly the same temperature
distribution as for the viscoelastic case (g ¼ 0:5), similar behavior is
noticed by Wapperom et al. [28]. This means that negligible part of
the internal energy, almost zero, is stored as elastic energy. For the
present model, the viscoelastic case results in a lower temperature
values than for the purely entropic case. This is due to the fact that
part of the internal energy is stored as elastic energy for the viscoelastic case while in the purely entropic case, all the internal energy is
dissipated as heat and hence results in a higher temperature. The
results of our model are more consistent with the conclusion reached
by Ionescu et al. [6] about the effects of including the elasticity effects
when calculating the temperature difference of a viscoelastic liquid
for strain-rates approximately higher than 50 [s1].
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Fig. 2. Temperature distribution using the present model and Wapperom & Hulsen model (1998).

5.4. Case b: impulsive loading
In injection molding, where the pressure is increased by a few
hundred bars in a short time, the temperature rise due to
compression effects plays an important role as noticed by Flaman
and Veltman [11]. This effect is well-known for gases, but also for
polymeric ﬂuids it is often not negligible as noticed by Wapperom
[29]. In this subsection, the temperature rise due to sudden
compression is studied as well as the time-lag of the induced
pressure waves.
The applied strain-rate is: dxx ðt; 0Þ ¼ dmax
xx dðtÞ, with Lo ¼ 30 cm,
n ¼ 400. Where dðtÞ is the Dirac-delta function, with this type of
loading we can study the two main observations made by Flaman
and Veltman [11] during injection molding, namely, the temperature rise due to compression effects resulting from a change in
pressure by few hundred Bars, in a short time as well as the time
delay between the action of loading and the ﬁrst arrival of the
signal at any spatial position e.g. pressure transducer location. The
following
results
are
for
dmax
¼ 1E5 s1
or
xx
ð24:73 non  dimensionalÞ with the numerical representation of
the Dirac-delta function is:


dðtÞ ¼

1
0

0  t  Dt
t > Dt

Fig. 3 shows the pressure difference ðpðt; xÞ  pð0; xÞÞ, distribution along the piston axis for different times in [Bars]. The time-lag
observed by Flaman and Veltman [11] during a similar compression

is so clear here e.g. a pressure transducer located say at xz0:8
would not feel any difference until the wave reaches its location
after tz0:55.
The corresponding temperature increase is shown in Fig. 4,
which shows approximately DTz15 ½K as result of Dpz325 ½Bars
which is consistent with the second observation made by Flaman
and Veltman [11]. It is worth noting how is the pressure as well as
the temperature abrupt changes are very well captured without
any oscillations due to the use of the artiﬁcial viscosity introduced
by Von Neumann and Richtmyer [27].
6. Summary and conclusion
With a simple modiﬁcation to the Massieu thermodynamic
potential, a temperature equation for polymeric ﬂuids is derived
with the explicit appearance of the elasticity as well as compressibility effects. One of the advantages of the proposed temperature
equation is that it does not contain functions that depend on the
stress-models. To close the system of equations, the Tait equation of
state is used to relate the thermodynamic pressure to the speciﬁc
volume and the temperature. An unsteady Lagrangian ﬁnite difference scheme is used to investigate numerically, the
experimentally-observed phenomena by Flaman and Veltman [11]
namely, the temperature rise due to sudden increase in the pressure by few hundred Bars and the time delay in measuring the
pressure during the injection molding. As a second test case, the
proposed temperature equation is tested against the one proposed
by Wapperom and Hulsen [8] and the results of the simulation

Fig. 3. Pressure difference distribution along the piston axis at different times.
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Fig. 4. Temperature difference distribution along the piston axis at different times.

show that the proposed model accounts better for the elasticity of
the ﬂuid.

Appendix A. Temperature equation of Wapperom and Hulsen
(1998)
A temperature equation for compressible viscoelastic ﬂuids has
been derived from thermodynamics in Wapperom [29] and Wapperom and Hulsen [8]. For Oldroyd ﬂuid (Wapperom et al. [28]):

rcp;b

DT
Dp
¼ bT
 V,h þ Q
Dt
Dt


rT g 
trb þ trb1  2dii
2lðTÞ

(A2)

(A3)

where b is the conﬁguration tensor, cp;b is the speciﬁc heat at
constant pressure and conﬁguration tensor b, and g is the energy
partitioning coefﬁcient such that:
g ¼ 0 : pure energy elasticity
g ¼ 1 : pure entropy elasticity
The evolution equation for the conﬁguration tensor is:


lðTÞ

db
 lb  blT
dt


þb¼d

(A4)

and the polymer stress is deﬁned as:

tp ¼ rT g ðb  dÞ

(A5)

From the fundamentals of thermodynamics:

cp;b  cV;c ¼ T



vp vV 
vT V vT p


vV 
p
¼ a3 V þ a1 a5 Vo ðTÞ
vT p
pþB

(A8)

for low-density polyethylene; b ¼ 7:02E  4 ½1=K taken from
Wapperom and Hulsen [8]. For comparison purposes with the
present model, Equation (A6), along with (A7) and (A8), is used for
the numerical simulation.
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The Tait equation is used to ﬁnd the partial derivatives of the
right hand side of the above equation (A6) as:
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