PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 109(123) (2021), 83-93 DOI: https://doi.org/10.2298 /PIM2123083A

HYERS-ULAM AND
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ABSTRACT. We present several new sufficient conditions for Hyers—Ulam and
Hyers—Ulam—Rassias stability of first-order linear dynamic equations for func-
tions defined on a time scale with values in a Banach space.

1. Preliminaries and Introduction

In 1940, Ulam [28] proposed to “give conditions in order for a linear mapping
near an approximately linear mapping to exist”. The case of approximately additive
mappings was solved by Hyers [12], who proved that the Cauchy equation is stable
in Banach spaces. Since then, this type of stability, founded by Ulam and Hyers,
is famed for Hyers—Ulam stability. There appeared hundreds of papers concerning
Hyers—Ulam stability, due to its applications in control theory, numerical analy-
sis, and other areas of applied mathematics. In 1978, Rassias [21I] extended the
Hyers—Ulam stability concept and called it Hyers—Ulam—-Rassias stability. For more
details, we refer the reader to the monograph of Jung [14]. In 1998, Alsina and
Ger [1] were the first authors to investigate Hyers—Ulam stability of the differential
equation

P =9 =0

and to obtain a Hyers—Ulam stability constant 3 on a real interval. Hyers—Ulam
stability of linear differential equations of first order was also investigated in [13]
22| [23,[29]. Generalizations of these results were offered by Miura and others
in [I7HI9,[27]. Popa proved Hyers—Ulam stability of linear recurrence equations
with constant coefficients [20]. For more studies concerning difference equations,
we also refer to [4L[5L[7)I0,11]. Recently, several articles have studied Hyers—Ulam
stability of dynamic equations on time scales [21[31[6]15116l2426.30].
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In this paper, we investigate new sufficient conditions for Hyers-Ulam and
Hyers—Ulam—Rassias stability of first-order linear dynamic equations on time scales
of the form

(1.1) VR +p(u(t) = f(t), teIr,

where Z = [a,b] N T with a time scale T C R, a,b € T, a < b, p € Ci4(Z,R),
f € Cra(Z,X), and X is a Banach space. Our results depend basically on finding
an equivalent integral equation to (ILT)). The main result of the paper is a sufficient
condition for () to have Hyers—Ulam stability, namely, the existence of a unique
solution ¢ of (L)) satisfying the initial condition ¥ (a) = z for any initial value
o € X.

For the terminology and notations used here, we refer the reader to Bohner and
Peterson [8][9]. Here, we only recall the dynamic version of Gronwall’s inequality,
as it is an essential tool in our investigations.

THEOREM 1.1 (See [8, Theorem 6.4]). Let be given functions y, f € Cra(Z,R)
and p € Cya(Z,[0,00)). Then

y(t) < f(t) +/ y(s)p(s)As forallt €T

a

implies
y(t) < f(t) +/ ep(t,o(s))f(s)p(s)As  for allt € L.

In this paper, we denote the norm on the Banach space X by |-||, and for a
bounded function f :Z — X, we also use the notation || f||, = sup,ez || f(t)]]-

2. An Existence and Uniqueness Result

Let p € Cia(Z,R). It is well known that if p is regressive, i.e., 1+ u(t)p(t) # 0
for all ¢t € Z, then (II) has a unique solution ¢ satisfying the initial condition
P(a) = xzg, for every xzyp € X (see [8 §8.2]). Another sufficient condition for the
existence of a unique solution of initial value problems involving (IT)) is established
in this section. We begin by the following lemma.

LEMMA 2.1. ¢ solves (1)) if and only if ¥ satisfies the integral equation

t
(21) vt) a0~ [ (o(s)0(s) ~ f(s)As forallte T
for some constant xy € X.

PROOF. If ¢ satisfies (L), then we can integrate ¢»® from a to t to see that
21) holds with zy = 9(a). Conversely, if ¢ satisfies (2.I]), then we can differentiate
1 to see that (II]) holds. O

COROLLARY 2.1. For zg € X, (LI) has at most one solution 1 satisfying

Y(a) = xo.
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PrOOF. Let zp € X. Assume that ¢ and 1o are solutions of (II]) with
P1(a) = 2(a) = xp. Then, by Lemma 2] both ¢ and 1)y satisfy ([2II). This

implies
t
[¥1(8) — 2 ()| < / [©(s)] o1 (s) = 1ba(s)[| As  for all € Z.

Now we let in Gronwall’s inequality, Theorem [T, y = [[¢1 — ¢2|, f = 0, and
p = |p|. Hence, the assumptions in Theorem [[[T] are satisfied, and

y(t) < f(t) —|—/ y(s)p(s)As forallteZ

holds. Thus, by Theorem [L]

¢
y(t) < f(t) +/ ep(t,a(s))f(s)p(s)As =0 forallteZ,
ie., ||t1(t) —2(t)]| <0 for all t € Z, so ¢y = ts. O

THEOREM 2.1. Assume that there exists o € (0,1) such that

t
(2.2) / lp(s)|As < a forallt eT.

If zg € X, then [IJ) has a unique solution v satisfying ¥(a) = xg.
PRrROOF. Fix zy € X. Define the operator T : C,4(Z,X) — Cq(Z,X) by

Ty(t) = o - / (0(s)(s) — f(s)As, teT.

For 91,192 € C(Z,X), we have

t
[T91(8) = T2 ()] < ll¢r — wzlloo/ lp(s)| As < afln — el teT,

Hence, || T%1 —Ts||,, < aljy1 — 2|, so T is a contraction. Therefore, T" has
a unique fixed point 1, which is the unique solution of (Z1)) satisfying ¥ (a) = xo.
Thus, by Lemma 211 ¢ is the unique solution of (1)) satisfying ¢ (a) = zo. O

REMARK 2.1. Assume T is a discrete time scale. We can see that if there exists
a € (0,1) such that ([Z2]) holds, then g is regressive, and the converse is not true.
Indeed, if p is nonregressive, then there exists tg € Z" such that p(to)u(t) = —1.
We have

/ ()] As = Z [l u(t) = lp(to)] p(to) = 1.

This is a contradiction. To see that the converse is not true, the function p(t) =1
is regressive on Ny, but (Z2]) does not hold for any o € (0,1).
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3. Hyers—Ulam Stability

In this section, we assume that p € C,q(Z,R) and f € Cq(Z,X). We investigate
Hyers—Ulam stability of (II]). First, we recall the concept of Hyers—Ulam stability,
see [3| Definition 3.1].

DEFINITION 3.1 (Hyers-Ulam Stability). We say that (II) has Hyers—Ulam
stability if there exists a constant L > 0, a so-called HUS constant, with the
following property. For any € > 0, if ¢ € C}d (Z,X) is such that

2 () + p)w(t) — f(t)|| <e forallteIr,

then there exists a solution ¢ : Z — X of (ILI)) such that ||1(t) — ¢(¢)|| < Le for all
tel.

The following result establishes a new sufficient condition for Hyers—Ulam sta-
bility of (LI). We introduce the assumption

(H) For any z¢ € X, (1)) has a solution ¢ satisfying ¢(a) = xo.

THEOREM 3.1. If (H) holds, then (1) has Hyers—Ulam stability with HUS
constant L := (b — a)e (b, a).

PRrROOF. Note that |p| € C.q(Z,[0,0)), and so L is well defined and L > 0.
Let £ > 0. Suppose ¢ € CL4(Z,X) is such that

(3.1) |92 () + pt)(t) — f(t)|| <e forallt eI

Defining h(t) := 2 (t) + p(t)¢(t) — f(t), we see that h € Cq(Z,X). Moreover, 1)
satisfies the equation 2 () + p(t)(t) = f(t) + h(t) for all t € T. Let 2o = 9(a).
By Lemma [ZT],

(3.2) P(t) = zo — / (p(s)yY(s) — (f(s) + h(s)))As forallteZ.

By (H)), there exists a solution ¢ of (L)) satisfying ¢(a) = zg. Equivalently, by
Lemma 2.T]

(3.3) o(t) = xo — / (p(s)p(s) — f(s))As forallte.

Subtracting (B3] from B.2)), we find, for all ¢ € Z,

HMU*¢®H:L/h®A&+/§$XM$*w®WM

</ 1A () AS+/ lp(s) lv(s) = ¢(s)l| As

g?d#ﬂﬂ+/|M@Mwﬁ—¢@mAs

<dwﬂn+/|M@mw$—¢@MA&
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Thus, by Gronwall’s inequality, Theorem [[LT| we obtain, for all t € Z,

() — s < £(b—a) + / e10/(t,5(5)) [p(s)| (b — a)As

co-a 1+ [ et o)) (o) as)

=e(b—a) (L+ejg(t,a) — e (L, 1))
(b—a)ey(t,a)e < (b—a)e, (b, a)e = Le,

where we used [8, Theorem 2.39] to evaluate the integral, the fact that e ,(t,t) = 1,
and the nondecreasing nature of e|,(-,a), which follows from the fact that the
derivative of ey (t,s) with respect to ¢ (for fixed s) is |p(t)| e|y|(t,s). Therefore,
(C1) indeed has Hyers—Ulam stability. O

REMARK 3.1. Note that Theorem Bl coincides with the result given in [25]
Corollary 2.3] in case of T = R, where the constant L is found as

L=(b-a)exp (/ab|p(t)|dt>.

Since a regressive equation always has a unique solution satisfying any initial
condition, we get the following result.

THEOREM 3.2. If p is regressive, then (1)) has Hyers—Ulam stability.

Moreover, combining Theorem [2.I] and Theorem B.1] yields the following new
sufficient condition for Hyers—Ulam stability of (L.I]).

THEOREM 3.3. If there exists o € (0,1) such that (2Z2)) holds, then (LI)) has
Hyers—Ulam stability.

4. Hyers—Ulam—Rassias Stability
We introduce Hyers-Ulam-Rassias stability of (L)) as follows.

DEFINITION 4.1 (Hyers—Ulam—Rassias Stability). Let  be a family of positive
rd-continuous functions defined on Z. We say that (II]) has Hyers-Ulam-Rassias
stability of type €2 if there exists a constant L > 0, a so-called HURSq constant,
with the following property. For any w € Q, if 9 € Ci(Z,X) is such that

|92 () + et (t) — fF()]| Sw(t) forall t € I7,

then there exists a solution ¢ : Z — X of (L)) such that ||[¢(t) — ¢(¢)]] < Lw(t) for
allt e 7.

The following results are concerned with Hyers—Ulam—Rassias stability.

THEOREM 4.1. Let Q*:={w € C,a(Z,(0,00)) : w is nondecreasing}. If (H)
holds, then ([ILIl) has Hyers—Ulam—Rassias stability of type Q* with HURSq~ con-
stant L := (b — a)e|,|(b, a).
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PrOOF. As before, L is well defined and L > 0. Let ¢ > 0. Suppose that
Y € CL(Z,X) satisfies
(4.1) |2 (2) (t)|| <w(t) forallte I”.

Defining h(t) := ¥ (t) + p( )”(/}(t) - f(t), we see that h € Ciq(Z,X). Let 29 = ¢(a).
By Lemma 21 B2) holds. By (H), there exists a solution ¢ of (1) satisfying

¢(a) = zo. Equivalently, by Lemma 2] (33) holds. Subtracting (33) from B2),
we find, for all t € Z,

l(t) /||h ||As+/|p ) l16(s) — b(s)]| As
</ As+/|p ) 16(s) — é(s)]| As

< / () As + / 19(s)] [(s) — 6(5)]| As

< (b— a)lt) + / 19()] 1(s) — &(s)] As.

Thus, by Gronwall’s inequality, Theorem [[LT| we obtain, for all t € Z,

[9(t) = @) < (b — a)w(t) + / elpl(t, a(s)) [p(s)| (b — a)w(s)As
< (b—a)w(t) + / elp)(t:0(5)) [p(s)] (b — a)w(t)As

t
—0-apwlt) (1+ [ euito6) ol as)
= (b—a)ey(t, a)w(t) < (b—a)ey (b, a)w(t) = Lw(t).
Therefore, (LT indeed has Hyers—Ulam—Rassias stability of type Q*. O
Throughout the rest of the paper, we denote, for p > 1,

t
Q, = {w € Cu(Z,(0,00)) : / wP(s)As < wP(t) for allt € I} .

If we consider w € Q* Ny, then we can improve the HURS constant (if
b>a+ 1) as follows.

THEOREM 4.2. If (H) holds, then (L)) has Hyers—Ulam—Rassias stability of
type Q* N QY with HURSq-nq, constant L := ey (b, a).

PrOOF. As before, L is well defined and L > 0. Let ¢ > 0. Suppose that
Y € ClLy(Z,X) satisfies @T). Defining h(t) := 1> (t) + p(t)¥(t) — f(t), we see that
h € Cra(Z,X). Let xg = ¢(a). By Lemma 2] (32)) holds. By (H), there exists a
solution ¢ of (1) satisfying ¢(a) = z¢. Equivalently, by Lemma 2] ([33]) holds.
Subtracting 33) from (B2), we find, for all ¢t € Z,

() — 3] < /||h ||As+/|p [ l16(s) — b(s)]| As
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ﬁ?/‘ zm+/Wp ) 16(s) — B(s)]] As
/Wp ) hi(s) — é(s)]| As.

Thus, by Gronwall’s inequality, Theorem [[LT] we obtain, for all t € Z,

() = 6] < wt) + [ eait.o(o) Iofs) wls)as
<Mﬂ+/em@0®HMMw®As

mw@+£1mwa@HMﬂA§

= ejp|(t,a)w(t) < ey (b, a)w(t) = Lw(t).
Therefore, (II)) indeed has Hyers—Ulam—Rassias stability of type Q* N Q. O

REMARK 4.1. Note that for T = Ny, 2* Ny = 4, since any w € ) satisfies
t
w(t+1) > Zw(s) > w(t) forteI”.
Therefore, by Theorem 2] if T = Ny and (H) holds, then (1) has Hyers—Ulam—
Rassias stability of type €1 with HURSq, constant L = HZ;}I (14 |p(s)])-

Now we consider only w € €.

THEOREM 4.3. If ([H) holds, then (LI) has Hyers—Ulam—Rassias stability of
type 1 with HURSq, constant

L:=1+e(ba)lpl., where |p|, = Sup lp(t)] -

PRroOOF. Note that |p| € C.4(Z,[0,00)), and so, also in view of [8 Theorem
1.65], L is well defined and L > 1. Let & > 0. Suppose ¢ € Cry(Z, X) satisfies [@I)).
Defining h(t) := () + p(t)(t) — f(t), we see that h € Crq(Z,X). Let 29 = 9(a).
By Lemma 2, (3:2) holds. By (H), there exists a solution ¢ of (L)) satisfying

¢(a) = zo. Equivalently, by Lemma 2] (33) holds. Subtracting (33) from B2),
we find, for all t € Z,

lt) /Wm nAs+/|p | l16(s) — b(s)]| As
2 /’ As+1/|p ) 16(s) — 6(s)]| As
/Wp ) 6(s) — B(s)]] As.

Thus, by Gronwall’s inequality, Theorem [[LT] we obtain, for all t € Z,
t

[9() — @) < w(?) +/ el (t, o (s)) [p(s)| w(s)As

a
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w(t) + ey (b, a) |p|oo/ w(s)As < Lw(t),

where, in addition to the nondecreasing nature of e, (-, a), we have also used the
nonincreasing nature of ey (b, -), which follows from the fact that the derivative
of ey (t,5) with respect to s (for fixed t) is — [p(s)|e|o((t,o(s)). Therefore, (LI))
indeed has Hyers—Ulam—Rassias stability of type ;. O

THEOREM 4.4. If (H) holds, then (L)) has Hyers—Ulam—Rassias stability of
type Qo with HURSq, constant L := /b —a + (b — a)e|,(b,a)|p|

PrOOF. As before, L is well defined and L > /b — a. Let € > 0. Suppose that
Y € ClLy(Z,X) satisfies @T). Defining h(t) := ™ (t) + p(t)¥(t) — f(t), we see that
h € Cra(Z,X). Let g = (a). By Lemma ZT] (32)) holds. By (H)), there exists a
solution ¢ of (1)) satisfying ¢(a) = z¢. Equivalently, by Lemma 2] (33]) holds.
Subtracting (B3] from B.2)), we find, for all ¢ € Z,

o)~ o0l < [ I a5+ [ o) 16) ~ o(s)] 4
</ As+/|p ) () = 9(s)] As

vy [weast [ ol 1ve) - o)l a5

< VB av/aE D) + / 0(3)] 14(s) — o(s) | As

b aw(t) + / o(s)] hé(s) — S(s)l| As,

where we have used the Cauchy—Schwarz inequality [8, Theorem 6.15] on time
scales. Thus, by Gronwall’s inequality, Theorem [[.T] we obtain, for all ¢t € Z,

[9() — @) < Vb — aw(t) +/ el (t,(s)) [p(s)] Vb — aw(s)As
< Vb —aw(t) +e (b a)lp|, Vb— a/ w(s)As < Lw(t),

where we have used the Cauchy—Schwarz inequality once more. Therefore, (LT
indeed has Hyers—Ulam—Rassias stability of type (2s. O

THEOREM 4.5. Let p > 1 and q := p/(p — 1). If (H) holds, then (1) has
Hyers—Ulam~—Rassias stability of type €, with HURSQP constant

L:=vVb—a-+ (b - a)2/qe\ga| (ba a) |p|oo

PROOF. As before, L is well defined and L > v/b — a. Let € > 0. Suppose that
Y € CH(Z,X) satisfies [@I). Defining h(t) := 2 (t) + p(t)¢(t) — f(t), we see that
h € Cra(Z,X). Let 29 = ¢(a). By Lemma [ZT] (32)) holds. By (H)), there exists a
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solution ¢ of (L)) satisfying ¢(a) = x¢. Equivalently, by Lemma 2T} 33) holds.
Subtracting B3) from (B2), we find, for all ¢t € Z,

o)~ o0 < [ I As + [ o) 16) - 660 85
</ As+/|p ) 16s) = 9(s) | As

< Vi s ,/ " pls As+/|@ ) [16(s) — 6(s)] As

< Vb ak/ar (D) + / 0(3)] [() — 6(s) | As
= b aw(t) + / 0(s)] 6(s) — B(s)]| As,

where we have used the Holder inequality [8, Theorem 6.13] on time scales. Thus,
by Gronwall’s inequality, Theorem [[.1] we obtain, for all ¢t € Z,

[9(t) = o) < Vb —aw(t) +/ elp| (8 0(5)) [p(s)] Vb — aw(s)As
< Vb —aw(t) +e (b a)lpl, Vb— a/ w(s)As < Lw(t),

where we have used the Hoélder inequality once more. Therefore, (ILT) indeed has
Hyers-Ulam-Rassias stability of type £2,. O

The results in this section imply the following.

THEOREM 4.6. If p is regressive, then (1) has Hyers—Ulam—Rassias stability
of types 0 and Q, for all p > 1.

Combining Theorem 2Tl and the results in this section, we obtain a new suffi-
cient condition for Hyers—Ulam—Rassias stability of (IT)).

THEOREM 4.7. If there exists o € (0,1) such that Z2)) holds, then (1) has
Hyers—Ulam~Rassias stability of types Q0 and §, for all p > 1.
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