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The effects of structural flexibility on aircraft flight dynamics and handling qualities are investigated. To do so, 
the equations of motion of an elastic vehicle are presented and then solved by means of trimming/simulation 
routines. The simulation results of a linear model are then compared with those of a nonlinear model of
DLR’s Discus-2c sailplane. To further demonstrate the flexibility effects, two sets of modified aircraft models 
are developed. The first set alters the modal frequencies of DLR’s Discus-2c from their nominal values, 
whereas the second set alters the modal damping. The handling qualities, in terms of modal criteria and as 
compared to the MIL-STD-1797A, are examined for the first set of the modified aircraft models. With the 
second set of the modified aircraft models, the ride qualities in terms of acceleration at pilot location and 
biodynamic effects are examined. 

Modern high-efficiency aircraft feature high-aspect-
ratio wings, slender fuselages and thin lightweight 
structures resulting in significant structural flexibility. 
This flexibility has an effect on the flight dynamics of 
an aircraft. In their work, Waszak and Schmidt [1]
developed an aeroelastic model and applied it for 
flight dynamics analysis of the Rockwell B-1 bomber 
aircraft. The mathematical model used the free 
vibration modes of the aircraft and was represented 
in the mean-axis system to minimize the inertial 
coupling. In [2], Schmidt extended the model to 
cover a large variety of topics on flexible aircraft 
flight dynamics. In [3], Schmidt and Raney worked 
together by implementing the same model to predict 
the effect of flexibility on the handling characteristics 
of an aircraft. The work used a motion-based flight 
simulator of NASA Langley Research Center and 
was applied on two aircraft: the Rockwell B-1 and 
the Boeing High Speed Civil Transport (HSCT). 
Raney et al., [4] and [5], extended their work on the 
HSCT to investigate the effect of flexibility of generic 
aircraft models on both handling qualities (HQ) and 

ride qualities (RQ). They did so by means of pilot 
ratings based on the Cooper-Harper rating scale for 
HQ and another rating scale for RQ. Mitchell et al., 
[6], did an excellent review on the evolution and 
revolution of the handling qualities. They stated that 
“

”, [6]. This work is intended 
to study the effects of flexibility on the flight 
dynamics, HQ and RQ of an aircraft. The example 
aircraft for this work is DLR’s Discus-2c sailplane. 
The aerodynamic and modal parameters of this 
sailplane had been identified by Viana, [7], through a
series of flight tests. For modal identification, the 
results of a ground vibration test (GVT) performed 
on the aircraft by Leichtwerk AG had been used as 
an initialization for the identification process. The 
identification was based on the method of 
Jategaonkar, [8], and used the identification toolbox 
FITLAB of DLR, [9]. 

The general equations of unsteady motion of a rigid 
aircraft can be expressed in the body axis system as 
in Eq. (1), whereas Eq. (2) represents the rigid-body 
kinematics equations. And finally, the rate of change 
of CG position measured with respect to the inertial 
axis system is given by Eq. (3), see [2].
are the translational speeds,  are the 
angular speeds,  are the 3-2-1 Euler 
angles,  are the inertial displacements, 

 are the total external (aerodynamic + 
propulsive) forces,  are the total external 
(aerodynamic + propulsive) moments,  is the 
aircraft mass,  is Earth’s gravity, and finally,  are 
the aircraft moments and products of inertia around 
different axes (* = ).

(1)
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(2)

(3)

By using the concept of a lumped-mass vibration 
structure, the total elastic displacement of that 
structure expressed in the structural reference axis 
system might be expressed in terms of modal 
expansion using n free-vibration modes as in Eq.
(4). 

(4)

where  is the total elastic deformation,  is the 
vibration mode shape (eigenfunction),  is the 
generalized coordinate associated with the 
vibration mode. These  generalized coordinates are 
governed by the  equations given by Eq. (5), where 

 are the modal damping and natural 
frequency, respectively, whereas  are the 
generalized mass and force, respectively, each 
associated with the  vibration mode. 

(5)

As noted in Eqs. (1) and (5), the right hand side 
contains the external forces and moments in 
addition to the generalized forces. Hence an 
expression to evaluate these quantities will be 
provided in this section. The external forces and 
moments can be represented as in Eq. (6). 
  

(6)

where  are the dynamic pressure, 
wing planform area, wing span and wing mean 
aerodynamic chord, respectively. The coefficients 

 are the longitudinal, side and vertical 
force coefficients, respectively, whereas 

 are the rolling, pitching and yawing 
moment coefficients, respectively. The longitudinal 

and vertical force coefficients can be represented by 
means of a 2-point model - fuselage/wing (FW) and 
horizontal tail (HT) - through Eq. (7). 

(7)

The FW and HT force coefficients are related to the 
lift and drag coefficients through Eqs. (8) and (9),
respectively. 

(8)

(9)

where  is the aircraft angle of attack and
are the local angle of attack and incidence angle of 
the horizontal tail, respectively. The horizontal tail 
local angle of attack at time  is given by Eq. (10). 

(10)

where  is the change of local 
angle of attack of the horizontal tail due to aircraft 
pitch rotation,  is the distance between the 
aerodynamic center (AC) of the horizontal tail and 
the aircraft CG, and  is the downwash angle which 
can be expressed as in Eq. (11). 

(11)

where  represents a time delay for the 
shed vortex until reaching the horizontal tail AC, 
is the distance between wing AC and horizontal tail 
AC,  is the true airspeed, and  is the wing 
upper surface instantaneous location of flow 
separation along its chord delayed by . An 
extension to this 2-point aerodynamic model will be 
used here. The extension is based on [7] and uses a 
3-point model: fuselage/right wing (FWR), 
fuselage/left wing (FWL), and horizontal tail (HT). 
The longitudinal aerodynamic coefficients, namely, 

 will be affected by lateral-directional 
motion and control variables. An expression for the 
lift coefficient can be given as in Eq. (12), where * 
means  or ,  is the horizontal tail planform area, 
and and  are the 
elevator, aileron and symmetric aileron control 
surface deflections, respectively. The term 
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 represents the reduction of the lift curve 

slope at high angles of attack. The term 
 is as defined 

previously, where  is the airfoil static stall 
characteristic,  is a hysteresis time constant, and 

 is a breakpoint. An expression for the drag 
coefficient can be given as in Eq. (13). 

(12)

(13)

The pitching moment coefficient around the wing AC 
is given by Eq. (14). And finally, transforming the 
pitching moment coefficient from AC to CG is given 
by Eq. (15). Similar expressions for the lateral-
directional coefficients expressed at AC can be 
derived as in Eqs. (16), (17) and (18), where VT is 
the vertical tail and  is the rudder control surface 
deflection; whereas their transformation to CG is 
given by Eq. (19). 

(14)

(15)

(16)

(17)
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(18)

(19)

In this section, the effect of flexibility on the 
aerodynamic model will be presented. This effect is 
shown in two ways: 1) the effect of flexibility on the 
total external (aerodynamic + propulsive) forces and 
moments (see Eqs. (20) and (21)) and 2) the effect 
of rigid-body motion on generalized coordinates, 
which appear in the generalized forces (see Eqs. 
(22) and (23)).

(20)

where again  are as defined before 
as the external forces and moments, where now the 
superscripts  and  are for rigid and flexible 
bodies, respectively. The rigid parts of them had 
been previously defined by the rigid-body 
aerodynamic model and will not be altered due to 
flexibility. The flexible external forces and moments 
can be defined analogously to Eq. (6), where now 
the flexible aerodynamic coefficients are defined by 
Eq. (21), where  is a characteristic length being 
equal to  for symmetric modes and  for 
antisymmetric ones. The generalized forces are 
divided, as in Eqs. (22) and (23), into two parts: 1) 
rigid-flexible (RF), 2) flexible-flexible (FF). 

By using the mean axis system (one at which the 
relative translational and angular momenta about the 
center of mass resulting from elastic deformation of 
a structure undergoing free vibration diminish), the 
equations of motion of the rigid body and the 
structural vibrations become uncoupled (except for 
the external forces and moments and the 

generalized forces). Hence, the aeroelastic model is 
constituted of Eqs. (1), (2), (3) and (5) in addition to 
those of the rigid- and flexible-body aerodynamic 
models. These equations are 12+  in number, have 
12+2  states, and are nonlinear and coupled 
differential equations of first and second order. 

(21)

(22)

(23)

Until now, the presented equations of motion are 
expressed with regard to the mean axis system. 
Nevertheless, for a comparison with flight test data, 
all measured quantities should be corrected for rigid 
displacement away from aircraft CG and also for 
structural motion. The true airspeed of an aircraft is 
calculated as in Eq. (24). The static temperature, 
static pressure and density may be calculated as in 
Eq. (25), where  are the reference 
altitude, static temperature and static pressure 
(usually those at sea level), respectively;  is the 
temperature gradient of the standard atmosphere 
(  for the troposphere),  is the air gas 
constant ( ) and  is the gravity at 
sea level ( ).
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(24)

(25)

Since the angle of attack and the sideslip angle are 
typically measured at a location which is displaced 
from the aircraft CG by ( , ), the velocity 
components will be given as in Eq. (26). Hence, the 
measured angle of attack and sideslip angle can be 
calculated as in Eq. (27). In addition, the angular 
rates and angular accelerations will also be affected 
by the structural deformation as given in Eqs. (28)
and (29), respectively. 

(26)

(27)

(28)

(29)

where are the rotations of the 
 mode at the IMU location due to structural 

deformation around respective axes. The Euler 
angles at the IMU location are given as in Eq. (30),
where  and  represent the 
changes in Euler angles due to structural 
deformation measured at the IMU location (see Eq.
(31)), which is the same transformation as that from 
angular rates to Euler angle rates.  

(30)

(31)

In case of using an accelerometer located at 
( , ), the measured acceleration is related 
to the acceleration of the aircraft CG through Eq. 
(32), where the acceleration of the aircraft CG is 
given by Eq. (33).

(32)

(33)

In this section, the 12+n nonlinear and coupled 
differential equations will be solved for an arbitrary 
control surface input. But before doing so, they will 
be solved for trim at a given steady flight condition. 
After solving for trim, the nonlinear equations can be
dissolved into steady equations plus small 
perturbations (linear differential equations) added to 
them. 

The aircraft will be trimmed for two steady flight 
conditions: 1) steady rectilinear flight, 2) steady 
coordinated turn. The aircraft to be trimmed in this 
work is a sailplane with no engine and it has an 
aerodynamic asymmetry (e.g. lateral-directional 
aerodynamic biases). 
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This flight condition is defined as in Table 1.

This flight condition is defined as in Table 2. The 
equations given by Eq. (34), see [10], are used as 
initial values for and  for trimming. 

(34)

Model Trim requirements Trim variables Fixed states and 
control deflections

Rigid

Flexible

Model Trim requirements Trim variables Fixed states and 
control deflections

Rigid

Flexible

After successfully trimming the aircraft at the 
required steady flight condition, the nonlinear and 
coupled equations of motion can then be solved for 
arbitrary control surface inputs by means of a 
numerical integration technique (e.g. fourth-order 
Runge-Kutta), with the initial conditions to be those 
resulting from the trim. In case of a rigid aircraft, the 
generalized coordinates and their first derivatives 
( ) are set to zero without altering the identified 
aerodynamic parameters. 

The nonlinear and coupled equations can now be 
linearized around the trimmed state leading to a set 
of linear differential equations which can be used to 
numerically obtain the Jacobian which is required for 
stability assessment, classical flight control design, 
and also for linear simulations. For a general 
nonlinear system, as given by Eq. (35), an 
equivalent linear system, as in Eq. (36), can be 
obtained, which gives a good approximation of the
original nonlinear system around a trimmed 
(equilibrium) state ( ), where 

 is the perturbation state vector, 
 is the perturbation input vector, and 

 is the perturbation output vector. 

(35)

(36)

The matrices  are four Jacobian 
matrices which are numerically calculated as given 
by Eq. (37) with finite differences approximating the 
partial derivatives. 

(37)

  
In case of flexible aircraft, the state vector is 
normally composed of ten of the twelve rigid-body 
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states ( and the 
generalized coordinates and their first derivatives 
( ). In this case, the whole system can be 
partitioned as in Eqs. (38) and (39), [2]. 

(38)

(39)

The stability of such a linear system can be easily 
determined by evaluating the eigenvalues of the 
matrix. In case of rigid aircraft, the eigenvalues of 
the  matrix are evaluated, which gives the 
classical longitudinal (phugoid and short period) and 
lateral-directional (spiral, Dutch roll, and pure rolling) 

modes. The matrix  represents the effect of 
flexibility on rigid-body motion (due to the additive 
external flexible forces and moments to the rigid-
body ones), whereas the matrix  represents the 
effect of rigid-body motion on structural vibration 
(due to the rigid-flexible part of the generalized 
forces). Since, in general, these two matrices are not 
zeros, it is expected that the rigid-body modes will 
be different from those of the whole flexible system. 

By expressing the whole system in a set of linear 
differential equations, a linear simulation can now be 
performed. The results of this linear simulation 
(which represents the perturbation quantities) when 
added to their respective trim quantities, will give the 
total simulation results (that could be compared with 
those of the nonlinear simulation). 

The aircraft used for both flight test and simulation is 
DLR’s Discus-2c (Fig. 1), which is a high-
performance single-seat sailplane manufactured by 
Schempp-Hirth Flugzeugbau GmbH. The aircraft 
has the general mass and geometry characteristics 
given in Table 3. The modal characteristics of the 
aircraft are given in Table 4. A flight test 
measurement system was installed by messWERK 
GmbH to the aircraft. It includes: 5-hole probe nose 
boom, thermometer, GPS, INS, wire sensor on air 
brake (control input position), angle sensor on all 
control surfaces, and a data acquisition system. 

It has been found that the phugoid mode is unstable. 
Since DLR’s pilots did not like that, DLR is 
considering installing a phugoid stabilizer (a 
feedback controller, Fig. 4) on the Discus-2c for 
further flight tests. In the remainder of this paper 
results are shown for the aircraft with a first version 
of this phugoid stabilizer. 

For some selected maneuvers simulation results are 
plotted in Fig. 2 (elevator input) and Fig. 3 (rudder 
input). The results show a good match between the 
nonlinear (which had been verified with the flight test 
data by Viana, [7]) and linear models. Hence, both 
the linear and nonlinear flexible models can be used 
in case of handling and ride qualities assessment 
and structural/gust load alleviation control system 
design. 

 
 

 

Parameter Value
Geometry

[m] 0.685
[m] 18

[m2] 11.39
Mass and Inertia

(with pilot 1 or 2) [kg] 451 or 422
[kg m2] 3190
[kg m2] 870
[kg m2] 3900

0
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Mode Description Gen. mass
[kg cm2]

Freq.
[rad/s] Damp. ratio

1 (wing vertical bending) 20 16.02 0

2 (wing in-plane bending) 19.85 30.52 0

3 (wing vertical bending) 10.35 48.59 0

4 (fuselage bending and wing vertical and 
in-plane bending)

18.55 30.04 0

5 (fuselage torsion and rotation of the 
horizontal tail)

3.50 32.31 0

6 (fuselage torsion and wing vertical and 
in-plane bending)

14.85 37.37 0

To further investigate the effect of flexibility, some 
modified aircraft models are developed. Since the 
flexibility is inversely proportional to the square of 
the modal frequencies, see [11], the first set of the 
modified aircraft models is obtained by decreasing 
selected modal frequencies of the baseline Discus-
2c aircraft by a frequency ratio. This is equivalent to 
increasing the flexibility of the aircraft, Table 5. While 
doing this alteration of the modal frequencies, both 
the aerodynamic parameters and the mass and 
inertia properties are assumed to be the same as 
those of the baseline aircraft. The objective of this 
set is to investigate the effect of flexibility on 
handling qualities. A second set of modified aircraft 
models, Table 6, is obtained by increasing the modal 
damping. The objective of this set is to investigate 
the damping effect on ride qualities in terms of 
acceleration at pilot location and also the 
biodynamic effects resulting from the cross-coupling 
of accelerations. The investigation was performed at 
four flight conditions, Table 7. 

Model Affected Mode Modal Damp. [-]
baseline damp

damp
1st Antisymmetric + 
2nd Antisymmetric + 
3rd Antisymmetric

0 0.07

damp+
1st Antisymmetric + 
2nd Antisymmetric + 
3rd Antisymmetric

0 0.15

damp++
1st Antisymmetric + 
2nd Antisymmetric + 
3rd Antisymmetric

0 0.3

FC [m] [km/hr] [N/m2] [km/hr]
1 3000 100 351 86.1
2 1000 100 429 95.2
3 3000 160 898 137.8
4 1000 160 1098 152.4

Model Affected Mode(s) Frequency 
Ratio

Flexibility 
Ratio

Modal Frequencies [rad/s]

baseline flex

flex1 1st Symmetric + 3rd Symmetric
(wing vertical bending) 0.85 1.38 16.02 / 48.59 13.62 / 41.30

flex1+ 1st Symmetric + 3rd Symmetric
(wing vertical bending) 0.7 2.04 16.02 / 48.59 11.21 / 34.01

flex2 2nd Symmetric mode
(wing in-plane bending) 0.85 1.38 30.52 25.94

flex2+ 2nd Symmetric mode
(wing in-plane bending) 0.7 2.04 30.52 21.36
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For handling qualities assessment, the military 
standard MIL-STD-1797A, [12], is used. Only the 
pitch-axis criteria are addressed here. And since the 
phugoid mode had been stabilized with a damping 
ratio that satisfies Level 1 handling qualities, only the 
short-period mode is considered here. To do so, a 
low-order equivalent system (LOES) should be 
obtained and matched with the high-order system 
(HOS) simultaneously for both the elevator-to-pitch-
rate and elevator-to-normal-acceleration-load-factor-
at-CG transfer functions. Since the HOS only arises 
due to the flexible modes (i.e., no higher-order flight 
control system), an LOES is being obtained by 
model reduction that retains only the static-elastic 
deflections (i.e., ). The frequency 
response of the elevator-to-pitch-rate transfer 
function, Fig. 5, shows an almost perfect match 
between the HOS and LOES (since the pitch rate at 
the CG location is almost unaffected by the 
structural dynamics). Also Fig. 6 shows a good 
match between the HOS and LOES in the frequency 
range less than that of the structural modes for the 
elevator-to-normal-acceleration-load-factor-at-CG 
transfer function. Fig. 7 shows the mismatch at one 
of the flight conditions as compared to the envelopes 
of maximum unnoticeable added dynamics of the 
MIL-STD-1797A. It shows a good match between 
the HOS and the LOES. DLR’s Discus-2c aircraft is 
categorized as Class 1 (Small Light Aircraft) and the 
Flight Phase Category B (cruise) is of typical 
interest. As a consequence, the Control Anticipation 
Parameter (CAP) or  and short period damping 

 are defined as in Fig. 8, where  and 

is the time constant of the zero corresponding to the 
short period mode. The time delay  is zero, which 
is Level 1. The variation in handling qualities of the 
1st set of the modified aircraft models is shown in 
Fig. 9 and Fig. 10. As can be noted, the variation in 
the HQ is small as the aircraft still satisfies Level 1 
requirements. 

The RQ in terms of acceleration at the pilot location 
is an important aspect when dealing with flexible 
aircraft. Fig. 11 shows such an acceleration for a 
rudder sweep input of DLR’s Discus-2c aircraft. In 
this maneuver, the pilot was asked to give only a 
rudder sweep input, but as can be seen he also 
gave both aileron and elevator inputs at almost the 
same frequency as that of the rudder input (from 
time 30 to 38 seconds). This occurred because he 
was holding the stick while giving the rudder input, 
which resulted in a phenomenon known as 
biodynamic coupling (transfer of aircraft dynamics to 
pilot’s hands). In order to decrease/eliminate this 
biodynamic coupling and also to enhance the ride 
qualities, the increase of modal damping could be a 
useful technique. Fig. 12 shows the power spectral 
density (PSD) of the acceleration at the pilot location 
for the 2nd set of the modified aircraft models. The 
maximum lateral acceleration at the pilot location 
has been attenuated to almost the half by increasing 
the modal damping from 0 to 0.3. Of course such a 
high modal damping of the structural modes might 
only be achievable in practice by means of an active 
modal suppression flight control system, if at all. 

 The low-order equivalent system obtained in this 
paper can be used for handling qualities (HQ) 
assessment and stability augmentation system 
control design for the rigid-body dynamics. Both, 
the linear and nonlinear flexible models can 
additionally be used in case of ride qualities 
(RQ) assessment and structural/gust load 
alleviation control system design. 

 For the type of aircraft presented here, i.e. a
large sailplane, the HQ had not been altered too 
much by changing the structural flexibility,
whereas the RQ had been greatly influenced by 
changing the structural damping. 

 While using the modified aircraft models, the 
aerodynamic coefficients and mass/inertia 
properties were assumed not to be altered,
which is of course not the real situation. Also, 
the current HQ criteria assume a frequency 
separation between the rigid- and flexible-body 
modes. Hence, to further investigate the effects 
of structural flexibility, it is suggested to develop 

a variable-flexibility aircraft concept (in contrast 
to variable stability or Total In-Flight Simulators 
used for HQ criteria development). 

 As part of the work done on DLR’s Discus-2c 
sailplane, a structural load monitoring model had 
been developed. This model is planned to be 
used, together with the flight dynamics model 
presented here, for the design of a 
structural/gust load alleviation control system. It 
is also planned to implement and flight-test the 
resulting control system. 
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