®

Acta Mech 233, 2527-2539 (2022) Check for
https://doi.org/10.1007/s00707-022-03241-3 updates

ORIGINAL PAPER

H. I. Abdel-Gawad - M. S. Abou-Dina - A. F. Ghaleb -
M. Tantawy

Heat traveling waves in rigid thermal conductors with phase
lag and stability analysis

Received: 24 December 2021 / Revised: 29 March 2022 / Accepted: 2 April 2022 / Published online: 12 June 2022
© The Author(s) 2022

Abstract Recently, a model equation that describes nonlinear heat waves in a rigid thermal conductor has been
derived. The system of the governing equations for temperature and heat flux is nonlinear. The objective of
the present work is to find a variety of traveling wave solutions of this system of equations in the whole space.
This is achieved by implementing the unified method. The obtained solutions are evaluated numerically and
represented graphically. The behavior of these solutions is investigated, where it is shown that the temperature
and the heat flux attain steady states in space, but increase with time. The effects of the characteristic length,
time, heat flux, and reference temperature are studied via some material data. It is shown that the solutions
may have the form of solitary wave, soliton, or soliton with double kinks. It is observed that the heat flux in
the material is negative, this reflects the fact that heat flux is in the opposite direction of the normal vector to
the material surface on which it is evaluated. The steady state solution of the considered model equation is
studied. It is found that the stability of the solutions depends significantly on the wave number.

1 Introduction

Rigid heat conductors are classified as metal and nonmetal conductors. Examples of metal conductors are
copper, aluminum, silver, and gold. Nonmetal conductors are metalloid, grease and graphite. The uses of
thermal conductors in life manifests via a catenary, which is a system of overhead wires that supply electricity
to a locomotive, streetcar or light rail vehicle. The study of heat wave propagation in continuous media has
found growing interest in the past few studies. Such models have helped revealing interesting phenomena
with practical applications in media of complex structure in which nonlinearity is tightly linked to stability
in working conditions. Coleman and Newman [1] studied the implications of introducing a squared heat flux
term in the free energy of the system, by which the heat flux and the temperature are treated as independent
thermodynamical variables. Tarabek [2] investigated the existence of smooth solutions in one-dimensional
nonlinear thermoelasticity with second sound, while Messaoudi et al. [3] considered the blow up of solutions in
such systems. Ghaleb [4] and Gorgi and Montanaro [5] discussed models of nonlinear thermo-electroelasticity.
Ghaleb et al. [6] proposed a model of nonlinear thermo-electroelasticity with many nonlinearities in extended
thermodynamics, following Coleman. This model electroelasticity was further investigated by Abou-Dina and
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Ghaleb [7]. Rawy [8] discussed a restriction of this model to thermoelasticity. Shakeriaski and Ghodrat [9]
studied the response of a thermoelastic material under a laser pulse in extended thermodynamics. Mahmoud et
al. [10] studied nonlinear heat wave propagation in arigid thermal conductor. In [10], solutions were obtained by
different methods, and the effect of various material parameters was considered. Here is a variety of techniques
which are used to find the exact solutions of nonlinear partial differential equations. Among them, the tanh
and extended tanh methods [11,12]. In [11], the extended tanh method is used to derive new soliton solutions
for several forms of the fifth-order nonlinear KdV equation, Lax, Sawada—Kotera, Sawada—Kotera—Parker—
Dye, Kaup—Kupershmidt, Kaup—Kupershmidt—Parker—Dye, and the Ito equations. Traveling wave solutions
are obtained by using the modified extended tanh method for space-time fractional nonlinear partial differential
equations [12]. In [13] the exact solutions of a compound KdV-Burgers equation are obtained, where in [14] the
solitary wave solutions of the approximate equations for long water waves, the coupled KdV equations, and the
dispersive long wave equations in 2 + 1 dimensions are constructed by using a homogeneous balance method. In
[15] explicit formalisms for deep reductions of matrix differential equations and Darboux covariance properties
are presented to explicit formulas of N-soliton solutions. In [16] Darboux transformation yields the variable
separable solutions with two space-variable separated functions to find a new saddle-type ring soliton solution
with completely elastic interaction and nonzero phase shifts. In [17] the G / G-expansion method is proposed
and used to obtain the (TWS) involving parameters of the KdV equation, the mKdV equation, a variant of
Boussinesq equations, and the Hirota—Satsuma equations. In [18] a generalized G / G-expansion method is
proposed to seek exact solutions of the Benjamin—-Bona—Mahony equation, (2+1)-dimensional generalized
Zakharov—Kuznetsov equation, and a variant of Bousinessq equations. Triangular periodic wave solutions,
hyperbolic function solutions, and Jacobian elliptic function solutions can be obtained as well. Moreover, it
can also be used for many other nonlinear evolution equations in mathematical physics.

Here, the exact solutions are found by the unified method (UM) [19]. It has wide applications in investigating
the behavior of the propagation of waves in shallow or in deep water. Solitary waves are also produced in
compensated semiconductors [20] for determining the structure of pulse propagation in optical fibers. Also,
solitary wave conduction appears in superionic conductors [21]. The (UM) covers most of all known methods
in the literature such as the tanh, modified, and extended versions, the F-expansion, the exponential, and
the G / G-expansion method [22-26]. The extended unified method [27] proposed by the first author may be
sufficient to replace the analysis of inspecting the symmetries of partial differential equations that result when
using Lie groups.

In the present work, we investigate a one-dimensional nonlinear system of two partial differential equations
describing the propagation of heat waves in an infinite rigid thermal conductor. In these equations, the basic
unknowns are the temperature and the heat flux. Dependence of the wave speed on the unknowns is taken in
consideration. A multitude of wave solutions is obtained and illustrated graphically. This may be of interest in
studying such materials in working conditions.

In view of the nonlinearity of the governing equations, we have restricted our considerations to the Cattaneo—
Vernotte model, i.e., a model containing only one thermal relaxation time. However, inclusion of more than
one thermal relaxation time is also possible, and will be dealt with in future work. Such complicated models
provide better description of the physics, but involve more mathematical difficulties [28,29]. The model used
in this work finds application in the continuum description of media with complex structure [30].

2 The model equation

Recently, a one-dimensional system of equations has been presented in [10] for the propagation of heat waves
in rigid thermal conductors. The main characteristic of the model is nonlinearity of the equations arising from
two sources:

(1) the presence of a quadratic dependence of the free energy on heat flux.
(i1) the dependence of the thermal relaxation time and the coefficient of heat conduction on temperature and
heat flux. It reads,

(1+6)6 +n1(Qx — Qb —n Q) =0,
M
(L4 (L4100 + 120) Qs + 5 (7 @ + Ox + 120 b + 130 6:) = 0.

In Eq. (1), all symbols are dimensionless
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Table 1 List of symbols

Symbol Name
0 Absolute temperature as measured from a reference temperature
0 Heat flux component
M1, 12 Coupling constants
C Specific heat capacity
K Coefficient of heat conduction
Ko Coefficient of heat conduction at reference temperature
Ky, K> Coupling constants for the coefficient of heat conduction
Lo Characteristic length
Qo Characteristic heat flux
To Characteristic time
[ON) Reference temperature
P Mass density
) Thermal relaxation time at reference temperature
T, T2 Coupling constants for the thermal relaxation time
There, n = %, m = JQG)OO—%, n = 1%‘), n3 = % Here we are interested in studying the traveling

waves solution (TWS) of Eq. (1). To this issue, we introduce the transformations 0 (x, ) = ¥ (z), Q(x,t) =
¢(z), z=ax + Bt. Thus, Eq. (1) reduces to,

B + Dy’ — i (n9? —a¢’ +apy’) =0, ,
(2)
@ (n+ Bnpae’ +anzy’) + ¢ (@ + Bn1 (w1 + Dy + 1) +amy ¢’ =0,

together with the boundary conditions ¢(c0) = Aj, ¥ (00) = By, p(—00) = Az, ¥(—00) = By, where A;
and B; are given in the parameters «, 8, w1, ni,i = 1, 2, 3.

Here, the exact solutions of Eq. (2) are found using the unified method. Which asserts that, the solutions of
a nonlinear partial differential equation are expressed in polynomial or rational forms in an auxiliary function
that satisfies appropriate auxiliary equations.

3 Polynomial solutions of Eq. (2)

The solutions are represented in polynomial forms as,

VO =3 ad@. 90 =3 b,
) . 3

d@ =Y g

i=0

We mention that, in Eq. (3) , g(z) is the auxiliary function and the second equation is the auxiliary equation.
Here, n; and r are integers. The objective is to find n; and r. To this end, balance of the nonlinear and higher
order derivative terms is invoked. In Eq. (2), the balance is between ,yry'and ¥r¢'. By writing ¢ ~ g"1,
@~ g"andg ~ g", weget2n; + (r — 1) =ny; +ny + (r — 1). This holds when n; = ny and when r is an
arbitrary integer r = 1, 2, 3, ...

3.1 Whenr =2andn =2
In this case Eq. (3) becomes
V() = axg(2)? + a18(2) + ap, ¢(2) = brg(2)* + b1g(2) + b,

4
g'(2) = c28(2)> + c18(2) + co.
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Inserting Eq. (4) into Eq. (2) and setting the coefficients of g(z)/, j = 0, 1, .. ., equal to zero, one gets

a0 = alCo(txhom—ﬂ)—ablcom-i-bgnm @ = a1by (aayco—bon)
0= ayBeo ’ - 4aa1boco+2ablc()72b(2)n’
32 _ 2.2 _
by — da byn”(aaico—bon) — b . — daibyn”(aaico—bon)
2T dBaci—ablcon? 1 T Tho 2 T aQaarco—bon) Qaarco+bon)’
_ _ Bbhami(aapitar—bopo) _ _ Bmi(apitar—bypa) _ axn
= 20ar? 213 = aay by
[y = Qaayco—bon) (4a?arco> —aay by (bo+6)con+b2n? (363012 +by+2)) (3)
bgn2n1%(5bon—8aaico) ’

Uy = — ((bn — 2aajcy (—8a3a13co3 — 6a2a12(b0 — 2)boc(2)17
+a + arbjcon® (—6b§nt + Tho — 6) + bo*n* (4b§m*> — 2bo + 1))
4ocb(2)nm

/260’ n1%(Sbon — 8aaicp)), f= ——.
2aaico — bon

Inserting Eq. (5) into Eq. (4), we have

1
Y(z) = ;(4afc8a3 — 12a12boc%r]a2 — Salb(z)coanz =+ b8n3

+ 4afbocoan Qajcoa + bon) g(z) + 4aibin’(aicoa — bon)g(2)?),
P = 4abycoa n Qajcoa + bon), (6)

2

2b 4a1b3n*(ajcoor — bon) g(2)?
9(z) =bo + Tcgg(Z) + —2 .

4ajcio’ — bjcoan?
The solution of the auxiliary equation is
an(40(2Aa%b(%c%7Abgnz+coz)

A2 2 b2 b3 02
( ) acy/20ayco—bon Qaajcobon) ) do alb()co—i-bon
) =
8 4aa12b(2)con—4a1bgn2 ’ (7

—M>r M, tanh(

bon bon
n>0, >0, co>0, bg >0, Teog <4 < o

Inserting Eq. (7) into Eq.(6), we get

1
O(x,1) = E(bo(—ma%cgaz + 34arbocona — 3b3n?)
(Ao + coz)nM>
coaM1(2aicoa + bon)

(Ao + con)nMa ]2
coaMy(2aicoa + bon) |

— 2M; M5 tanh [ } + bo(8aicha?

— 6a1bocona + bgnz) tanh |: ®)

2 (Ap+coz)nM; 2
(byn — 4alcoa + bon)sech(—COQM?(Za?Coa+20n))

, My = +/2aicoa — bon,

My = \/bgn(Safc(z)az + 2a1bgcona — b%nz), z=uax+ fpt,

Okx,1) =

4aico(aicoor — bn)

and P is given by Eq. (6). Here, we focus our study on the behavior of temperature and heat flux of the material
with properties given in Table 2.
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Table 2 Dimensions of the parameters
Quantity Unit Case-1 Case-11 Case-I11
Lo m 0.69 x 10710 0.69 x 10710 0.69 x 10710
@0 W.m—2 0.42 x 1015 3.422 x 1017 2.421 x 10"7
6o K 293 293 293
7 sm kg LK! 0.5 x 10718 0.1 x 10720 0.8 x 10721
Ko WK1 1.0 x 10* 1.0 x 10* 1.0 x 10*
c Jkg V. K7! 0.3 x 10° 0.4 x 108 1.6 x 107

t=0 ----- t=2 t=6 t=0 ----- t=2 t=4 t=6

Case1,(i) Case 1,(ii)

Fi

('S

-100

-50 0

50

-150

. 1 (i)~(vi) When by
n = 0.999621, n; = 0.999577, Case 3: n = 0.999799,

=10, ¢ = 0.1, a1 = 3,

a = 2, Ap = 5. Case 1: n = 0.00989078, 11 =
n1 = 1.00011 (see Table 2)

100 -100 -50 0 50 100
X X
t=0 --=--- t=0.03 t=0.06 t=1 il mamas i i "
Case 2 (iii )
. . . ;i) ; ; T Case 2,(iv)
. of - - i ]
4t : \ ( T
: -10} '
3t : '
I " =20 T ]
2f : 1&
L 1 -30f i
1L : n
i ; -40F "
[ - .
or _50f ' ]
-32 -30 -28 -26 -24 -22 -20 -30 -28 -26 -24 -22 -20
X X
t=0 ----- t=0.03 t=0.06 t=1 N et ST — i
. 085?3’(\/) Case 3,(vi)
' 0 _' . ' - : 8
af ' } ( ¥
: -10f o
3t - "
! ' = ~20¢ " ]
= e i
L ’ -30f "
1L : "
[ '. -40p " ]
OF, . . ) , . .1 -s0f . . , ]
-32 -30 -28 -26 -24 -22 -20 -32 -30 -28 -26 -24 -22 -20
X

1.00171, Case 2:
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The numerical results of the solutions in Eq. (8) for 6(x, ¢) and Q(x, ¢) are displayed against x for different

values of ¢ in Fig. 1(i)—(ii) and (iv)—(vi), respectively. The values of n = %, n = \/Q(%%

[10].

(i) Shows a soliton with double kinks for the temperature, which attains a steady state for large x, while it
increases with time ¢, while (ii) shows a soliton for the heat flux.

(iii) Shows a solitary wave for the temperature, while (iv) shows a soliton for the heat flux. In (v), the
behavior of the TWS of the temperature is solitary, while in (vi) it is soliton for the heat flux.

are taken as in

3.2 Whenr =3 andn =4

In this case, we write,
¥ (2) = asg(2)* + a3g(2)’ + a2g(2)* + a18(2) + ao,
9(2) = bag(D)* + b3g(2)* + brg(2)* + b1g(2) + bo, )
g'(2) = (@ — P’g(2)Hg ().

Inserting Eq. (9) into Eq. (2), and by the same way as in the above, we get
bp=by=b3=0, a =a3 =0,
b4 = gb“ (M — a® (1743 + 43a2 + 23ag — 3) n)’
a? (17a3 +43al +23a0 — 3) n+ M) /
64a'%(ag +2)% (17a + 26ag — 3)° (37ag + 98ag + 61) n’mi*,

b2 = — (3(5ap + 8)b* (a® (17ai + 43ad + 23ag — 3)n — M) /
4a*(37ag + 61) (17a3 + 26ag — 3) nn1?)

@ — 3(ap+1) Bag+4Hb* = — 3(ap+1)%p* B= — an (ui+1) (10)
2 2a2(37ag+61) * M 2a*(37a0+61)° m
__ Bnl(agpi+agtagpn)  agn _ _ Bbani(aapi+as—3bapr)
n3 = adq by n = 40[&42 ’
_ —8a2a4(a8+5a02+7a0+2)n12+aa2(a0+1)271+(a0+1)2r[2
K= 8atalag(ap+2)2n 2 ’
o= a®(17ay> +43a9>+23a0—3)n—M g = —emuuth
 16a*(17a03+60a9>+49ag—6)m 2 7 T w2
The solution of the auxiliary equation is
aAge?
8(2) = ——.
1+b2A362“25 (1 1)
Finally, the solutions are
3(ap+1)2 AR ¢4’ 3(ao+1)Bag+4) A3 s

O(x,t) =ag—

2(37ao+61)(A(2)b2e2a21+1>2 2(37a0+61)(A%b2e2“21+1>’
Ox, 1) =— ((3A%b2e2“22 (ao (414%17262“2Z + 5) + 7A%b232<421 + 8)
— 2L 4+ 1700 + 4303 + 23a0 — 3) /(4(37ap + 61) (12)

2
(17a§ + 26ag — 3) (A%bzmez“2Z + m) )) , 7 =oux + pt,

M= azn\/—(ao + 12 (17ad + 26a9 — 3) (af (48m2 — 17) + 2ag (96m:2 — 13) + 1925} + 3).
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t=0 ----- t=5
Case 1,(i)

Case 1,(ii)

Q(x.t)

-200 0 200 400 -200 0 200 400

X X

Fig. 2 (i) and (ii) Numerical results of the solutions in Eq. (12) for 6 (x, t) and Q(x, ) are displayed against x for different values
of t when by = —10, ¢co = 0.1, a; =3, o =2, Ap = 5. In case-I, n = 0.00989078, n; = 1.00171

t=4

t=6 =) === t=2

t=0 - - - - t=2 t=4

Case 1,(i) Case 1,(ii)

a(x.t)

20 40 60 80 100
X

X

Fig. 3 (i) and (ii)) When o« = 1.3, B = —2.5, Ag = —5 and in case-I, from the Table 2, n = 0.00989078, n; = 1.00171 It is
remarked that the temperature and heat flux increase with time

where b;,i = 2,4 are given in Eq. (10). The results of the solutions in Eq. (12) for 0(x, t) and Q(x,t)
are displayed against x for different values of ¢ in Fig. 2(i) and (ii). We focus on case-I in Table 2 and

_ Logo _ Qo0
= %ko' M = J8oCko -
(1) and (ii) show that the temperature and the heat flux decrease with time and attain steady states in space.

The qualitative behavior is solitary wave.

4 Rational solutions of Eq. (2)

A rational solution (TWS) of Eq. (2) is written in the form

_ a1g(@)+aop _ big@+bo
V(2) = s18(2)+s0° p(2) = s18(2)+s0°
(13)

j=k ‘
g@ =2 cjg@).
j=0

Here, we consider two cases.
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4.1 Whenk =2

The auxiliary equation reads
g'@) = 28> + c18(2) + co. (14)

From Egs. (13) and (14) and insertion into Eq. (2), we have

1 2/317(\/2m2+1n12—\/2m2+1—1)
62:2751’61: a2n1(2n%73) »c0 =0,
= i s ag = 4,37]Z|3s212 —a2s0, by = 26n151 ’

(&) o (’71 - 1) o
by = aiso(B —abicam) + aosl(dblczmz— B) + binisi(acaso — bln),
a1 s;

4 (azﬁnnz —a?Bn(m?—1)y2m2+ IS12)
0= ot (2m13 = 3m) ’

n = (2015 <2m6 -3t - 2\/27112 +1m* + 2\/27712 +1+ 2)

+ain (2;7.2 —3) <,/2m2 Fi— a1 - 1) +28% (2 (,/2;712 T4 1) (11 +2)
+ 1 (—2m+2ul +2> +2m° (W* 1
Jam? + lm) - (3\/27712 3y 2m 4 +7)))/

) <—2n12+\/2n12+1+ 1) (=2m+m?+ Vo +1+1),

3 = (—a3m (2n12 —3) (—27“2 L 2m 1+ 1) 12028 (2( 22 41— 1) m +2(,/2n12 Fl41
—n? (3,/2;712 +1+ 1)) + 2082 (2;714 (,/2;712 +1- 1) +2 (,/2;712 +1+ 1) —n? (3,/2;712 +1+ 1))
+4p° (2‘/2:712 +1m+2m% +2 (‘/2»712 +1+ 1)

—m4<3\/2mz+1+4)) uz)/(Zazﬂ (—2n.2+,/2n12+1+1) —2n14+n|2+\/2n12+1+1).

The solution of the auxiliary equation gives rise to

15)

N———"

g(z) = — (25181 (—1 +/1+2n3 (=1 + n%))

2 _ 2
ani(=3 4 2n7) (16)

(1 +tanh((Ao+2) B (—1 +./1+ 277%(—1 + 77%))) .
Finally the solutions are

P
e(x,r)zR—i, Pr=1—dp}+ 14202 (A0 + 20 + (=1 + /1422
(=1 +nD) <1+tanh((A0+ax+ﬂt)ﬁn (—1 + 1+2n%(—1+n%))>,

R = <—1 + /14203 (=1 + n%)) (=1 + tanh((Ag + ax + B1)
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B <_1+ 1+2n%(—1+nf))>,
ﬁn(mnlz, /2,771+171)(A0+z) (17)
2pm  tanh iy (273) -
Ox, 1) =

, Zz=ox + fpt.
( (ﬂn(4 /2n71+1,7]2, /zn71+11)(A0+z)) )
a | tanh —1

a2n1 (27]% —3)

The numerical results of the solutions in Eq. (17) for 6(x, t) and Q(x, t) are displayed against x for different
values of ¢ in Fig. 3(i) and (ii), respectively.

4.2 Whenk =2

Here, we take the auxiliary equation

¢'(2) = a—bg(z)* (18)

By the same way, we have

bs? b

1 051

a e — b _— —
= Sg 1= 50

81 (a(z)bﬁso +aobso(Bso—abonl)+bony (Zabsoz-i-bonsl ))
bso®(aof—aboni+pso) ’

a0 = 2bs1sloﬁ2n(_2b238°‘2ﬂfll + bsisoBn(—2s0p + boan) + H),
m = (2bsoao — abom + Bso (2a0*bB>n1 (k1 + Dso
N+ s1 (Bbim* (1 + 1) + aboniso — Bso?) + 2bsg (Bso

(@ + Bn1) +aboni (B — ) + aoBso
—2abboni (w1 + 1) + 2bso(a + Bni (11 +2)) — ns1)) /

(aZabsg ~+ bonsini (2a02b,8s0

2apbso(Bso — abom) + bom (2abso® + bonst))) . (19)

3 = (soaoB — abom + Bso (2bns — bon’s?

Bbo* 0112 + boso(e + Bny) — aeso® + 4b2so (awso? (e + B)
+aoBua(aof — aboni) + Buraso(aof + aboni))))/
(oczoebso2 + bonsy (Zagbﬁso + b

2apbso(Bso — abony) + 1 (2abso? + bonsi))) ,

H = (2bs3a + bosin)y/bs1soB2n1y/—2s1 81 + bsoa?n -
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t=0 - e {=2

t=4

t=6

t=0 =~ t=2

t=4

t=6

Case 1,(i) ‘ . Case 1,(ii)

-éS -éO -‘i5 -%0 -I5 0 é 1I0 -éO -%0 0 1b 2I0
Fig. 4 (i) and (ii). When Ag = —5,b = 0.07,51 = 2.5,50 = 1.5,bp = 5, = 1.5, = —1.5, and 5y = 0.00989078, ; =
1.00171

Finally, the solutions are,

0(x, 1) = (2220 Bnmisiso’ (abom — Bso) + 4a*b> B %sy

a(=b)niso® (38%bon*st + 2a H) + Bn(—s1) (Bbo*n*msi* + Hso)

+ (22?b*Bumisiso® (Bso — aboni) — 4ab? B %so

abniso® (20H — B2bon*s1%) + Bu(+s1) (Hso — Bbo*n*nisi?))
tanh (—SO(AS]_I’Z)» / (slso,Br) (2a2b2ﬂn1so3

o + bBbonnisiso — H) tanh (M) _ 1) ’

(20)

bo(14tanh( 750(4?1’b1) )

so(flthanh(W)

Ox,1) =

, 7= Bt +ax.

The numerical results of the solutions in Eq. (20) for 6 (x, ¢) and Q(x, t) are displayed against x for different
values of t in Fig. 4(i) and (ii), respectively. (i) and (ii) show that the temperature and heat flux increase with
time.

It is worthy to mention that the role of varying the parameters 1>, 13, and > is considered, but we have
observed that there is no significant contribution. So, the figures were omitted.

5 Stability analysis

Here, we analyze the stability of the steady state solutions of Eq. (1). The steady state solutions hold by setting
6; = 0and Q; = 0, where 6(x, ) = h(x) and Q(x, t) = p(x), which satisfy the equations

—np(x)? — p(x)h'(x) + p'(x) =0,
(21)
mh(x)h'(x)] + p(x)n + n3h'(x)) + p'(x) = 0.

The solutions are p(x) = 0, h(x) = hg.
We write

O(x,1) = hg+ 1 H(x), Q(x,1) = e2¢™ K(x). (22)
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[0} ‘ (i ()

10 T
05 | ool 4
| 002
00
) | \ k

| -004

1 =006

02 0.4 06 08 1.0 00 02 04 06 08 1.0 00 05 10 15 20
n m

Fig.5 (i), (ii), and (ii), Eigenvalue X against n, i1, and m, respectively . When (i) hgp = 2,m = 0.5, o1 = 0.3, 71 = 0.1, 9o = 0.1,
(i) ho =2,m =0.5, 41 = 0.3, =0.5, 1 = 1, and (iii) ho = 0.2,y = 0.5, 91 = 0.2, = 0.1, u; = 0.3.

Substituting Eq. (22) into Eq. (1), we get

n(5) =0 =i hs),
£ mar my
miy = Ah(X)H(x) —mp&)H'(x) + AH (x),
miz = —mh' (K (x) =2 p(x) K (x) + mi K'(x), (23)
may = naH(x) h' (x) + nah(x) H'(x) + n3p(x) H'(x),

my = W +Auth(x) K (x) + Ah(x) K (x)
FAp2p(x)K (x) + % +AK (x) + K;(lm’

which gives rise

m (mH @ (x) + H' (x)(mh(x) + 13 p(x))) (K ) (' (x) + 2np(x)) — K'(x))
+n%[?~(h(X) + D Hx) = mp@)H () (K@) +mAi+mh

, , (24)
3k (x) + (1 + Dh(x) +mipap(x) + K'(x))] = 0.

The eigenvalue problem in Eq. (24) is subjected to the boundary conditions (BCs) H (£00) = Oand K (£o0) =
0. To this issue, we assume that

—mx

e m>0,x>0
H(x)ZHO{emx

m>0,x <0,

(25)
e m>0,x>0
K = K| ’
) O{em" m>0, x <0.
Substituting Eq. (25) into Eq. (24), we have,
N —n —nho £ \/(ho + 1) (4ni3mhom? (hopt + ho + 1) + (ho + 1) (m — n)2) + hom + m 06

2n1(ho + D(hopr + ho + 1)

We mention that the steady state solution is saddle node. The results in (26) are shown in Fig. 5 (i) and (ii).

(i) the solutions are stable or unstable, and the point at m = 0.5 is a saddle point.
(ii) the solutions are stable or unstable with critical point 1 = 0.01.
(iii)) when m > 0.5 the solutions are stable, when m < 0.5 the solutions are stable or unstable and the point at
m = 0.5 is a saddle point.
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6 Conclusions

The temperature—heat flux model equation for nonlinear heat waves in a rigid conductor is considered. Exact
traveling waves solutions are found using the (UM). The results are illustrated in a variety of graphs. It is found
that nonlinear heat waves are solitary waves. The attained states in space and the temperature and heat flux
increase with time. The effects of the characteristic parameters, length, time, and heat flux are investigated
and shown in a graph. It is found that the solutions are solitary, soliton, or soliton with double kinks. It is
remarked that the stability of the solutions depends critically on the wave number of the perturbed solutions
with a critical value, above it the solutions are stable. Otherwise they are unstable.

In view of the nonlinearity of the governing equations, considerations were confined to a single thermal
phase lag. Cases with more than one thermal relaxation time will be considered in future work.
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