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Abstract—This paper proposes a design of sophisticated multi-
Objective H2/H∞ collective pitch controllers using linear Matrix 
Inequalities’ techniques. The proposed controller’s design takes 
into account model uncertainties by designing a controller based 
on a polytopic model. The LMI-based approach allows additional 
constraints to be included in the design (e.g.  ࡴஶ  problem,  ࡴ૛ 
problem,  ࡴஶ/ ࡴ૛ trade-off criteria, and pole clustering).These 
constraints are exploited to include requirements for perfect 
regulation, efficient disturbance rejection, and permissible 
actuator usage. The proposed controller is compared to an 
optimal linear quadratic regulator pitch controller based on 
single model. Both controllers are tested on 5-MW Reference 
wind turbine model developed by NREL using FAST software 
code.  

Keywords-component; pitch controller, LMI,  ࡴஶ problem,  ࡴ૛ 
problem, polytopic system, pole clustering.  

 

I. INTRODUCTION 

The use of wind power is increasing rapidly. At the same 
time the need for better cost effectiveness of wind power 
plants has stimulated growth in wind turbines' size and power. 
In above-rated wind conditions, the goals for turbine operation 
change from control of generator torque for maximum power 
tracking to those of regulating power at rated levels by 
regulating the generator speed using collective pitch 
controller. A lot of difficulties face the design; model 
uncertainties reflected in the unstructured dynamics of some 
turbine parts, such as the blades, the drivetrain and the tower. 
Further, the turbine has a nonlinear variation of rotor torque 
with wind speed and the pitch angle. Furthermore, the pitch 
actuator also has restricted limits on pitch angle and pitch rate 
[1].  
 

Other challenging problems are the presence of 
nonlinearities in the system dynamics, and the continuous 
change of the operating points during operation. All previous 
reasons motivate the need for robust pitch controller that 
provides an accepted performance over wide range of different 
operating points. Moreover, the resulted control action must 
be within the permissible actuator constraints. In this paper, a 
multi-objective collective pitch controller will be designed 
using LMI techniques for generator speed regulation.  
 

Pitch controller Design is discussed in many literatures lately, 
Pitch controller is designed using ܪ∞ technique in [2], [3]. In 
these papers, the controller main objective is to regulate the 
speed by improving disturbance rejection. The required 
control effort isn’t considered in the design. In [4], it is 
proposed to design gain scheduled feedback /feed forward 
CPC for speed regulation. Also in [5], optimal LQG feedback 
/feed forward CPC is proposed for speed regulation combined. 
In [4], and [5]; All the proposed controllers is based on a 
single linearized model, which only reflects one single 
operating point. A multi objective (ܪଶ/ܪஶ) pitch controller is 
proposed in [6], but it doesn’t provide ( ଶܪ  ஶܪ/ ) trade off 
criteria. It also doesn’t consider improving the transient 
response at different operating points.  
 

In our proposed work in this paper, an LMI based CPC is 
considered. The controller design constraints include  ܪஶ 
problem for better speed regulation, and  ܪଶ  problem for 
optimizing control action with performance. The design also 
addresses  ܪஶ/ ܪଶ trade-off criteria for the optimization of the 
two previous problems. Pole clustering for improving transient 
response is also considered. The controller is based on a 
polytopic model to overcome model uncertainty at different 
operating points.  
 

In Section II, the turbine model specifications plus the 
turbine linearized models are discussed. In Section III, the 
proposed CPC design via LMI techniques. In Section IV, LQR 
controller is designed. The simulation results showing a 
comparison between the proposed controller and the LQR 
controller are shown in Section V. Finally the conclusions are 
stated in Section VI. 
 

II. MODEL DESCRIPTION 

Simulations are performed on a full non-linear turbine 
model provided by the FAST (Fatigue, Aero-dynamics, 
Structures, and Turbulence) software code developed at the 
US National Renewable Energy Laboratory (NREL) [7]. The 
model used is a 3-bladed, variable speed 5 MW wind turbine 
model with the specifications given in Table I. More 
specifications could be found in [8]. 
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TABLE I. WIND TURBINE SPECIFICATIONS 

Hub height 90 meter 

Blade diameter 126 meter 

Cut in, Rated, cut out wind 
speed 

3 m/s , 11.4 
m/s, 
25 m/s 

Cut in, Rated rotor speed 6.9 rpm, 12.1 
rpm 

Rated generator speed 1173.7 rpm 

 

  
The pitch actuator is represented as a second order model. It 
has a pitch angle range from 0 to 90° with maximum rate of 
8°/s. 
 
FAST provides many degrees of freedom reflecting whether 
or not different turbine parts’ dynamics are considered. The 
following degrees of freedom (DOF) are considered in our 
study: 
a- Generator DOF(ݍଵ). 
b- Drivetrain rotational-flexibility DOF (ݍଶሻ.  
c- First fore-aft tower bending-mode DOF (ݍଷሻ. 
d- First flapwise blade mode for each blade DOF (ݍସ ,  .(଺ݍ,ହݍ
Where (ݍூ) denotes the displacement of the Ith DOF. Each 
DOF could be presented as a linearized model around certain 
operating point according to: 
ூሷݍ∆ܯ ൅ ூሶݍ∆ܥ ൅ ூݍ∆ܭ ൌ ܨ כ ݑ ൅ ௗܨ כ  ௗ                                ሺ1ሻݑ

 

where ܥ,ܯ, ,ܭ ,ܨ ,ௗܨ ,ݑ  ௗݑ ݀݊ܽ  denote mass matrix, 
stiffness matrix, damping matrix, control input matrix, wind 
input disturbance matrix, control input vector, and disturbance 
input vector, respectively. Assume ݔ∆  ൌ ሾ ∆ݍூ, ሶூሿ்ݍ∆ , the 
linearized model takes the form: 

ܲሺܵሻ: ൜
ሶݔ∆ ൌ ݔ∆ܣ ൅ ݑ∆ܤ ൅                                                  ௗݑ∆ௗܤ
ݕ∆  ൌ ݔ∆ܥ ൅ ݑ∆ܦ ൅ ௗ                                            ሺ2ሻݑ∆ௗܦ

 

 

where ∆x, ∆u, ∆ݑௗ , and ∆y are the state vector perturbation, 
perturbation in the control action, perturbation in input 
disturbance, and perturbation in the output, respectively.  Fig. 1 
shows the synthesis of FAST model used in simulation: 

 
Figure 1. FAST model components 

III. DESIGNING AN LMI-BASED COLLECTIVE PITCH 

CONTROLLER 

The proposed technique is to design, state feedback, LMI-
based collective pitch controller (CPC) to regulate the 
generator speed in above rated wind speed. The proposed 
control strategy is shown in Fig. 2 

 
Figure 2. The pitch controller synthesis 

௚ܶ௘௡, ௚߱௘௡  are the generator torque, speed respectively. ݒҧ௪ is 
the hub height wind speed. The total control action (β) is 
calculated as follows: 
ߚ ൌ ௖௣௖ߚ ൅  ҧ                                                                                   ሺ3ሻߚ

 
Where (ߚҧ) is the pitch angle operating point. It is calculated 

by changing operating point with wind speed through a look up 
table. The generator speed is regulated by the control action 
  .(௖௣௖ߚ)

In this design, we are looking for a solution that addresses 
the combination of the following objectives: 

1- Efficient disturbance rejection for better speed regulation 
 This could be achieved by keeping the RMS .[9] (ஶ problemܪ)
gain of ܶሺݏሻஶ (ܪஶ norm) below a predefined value ߛ଴: ሺߛ଴ ൐
0ሻ . ܶሺݏሻஶ  is the closed loop transfer function from W to ܼஶ, 
where ܼஶ ൌ ሾ∆ ௚߱௘௡ሿ  represents the regulation error due to 
disturbance (W).  

2- Trade-off capability between the performance and the 
exerted control effort through LQG minimization problem. The 
problem is to minimize a cost function (J) that reflects a 
weighted sum of the control effort and states’ perturbations.  
Trade-off between the control effort and the performance is 
represented as a ܪଶ problem [10]. The minimization is carried 
by keeping the ܪଶ  norm (LQG Cost) of  ܶሺݏሻଶ  below a 
predefined valueݒ଴: ሺݒ଴ ൐ 0ሻ. ܶሺݏሻଶ is the closed loop transfer 
function from W to ܼଶ. ܼଶ is defined as: 

(ܼଶ ൌ ߣ כ ∆ܺ ൅ ߖ כ  ,ሻݑ∆

where the square matrix λ=diag {ߣଵ, ,ଶߣ  ଷሽ, and vector Ψߣ
represent the weighting terms of the LQG cost function (J) 
given in equation 4. ܼଶ represents the tradeoff criteria between 
the perturbations in the states and the control action according 
to the following objective function:  
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ܬ ൌ න ்ݔ∆ כ ଶߣ כ ݔ∆ ൅ ்ݑ∆ כ ଶߖ כ ሺ4ሻ                                  ݑ∆
ஶ

଴
 

3-Achieving a desired transient response by maintaining the 
closed loop poles inside a particular region (D): (pole 
clustering problem) [10]. 

 

FAST can provide a linearized model in the form given in 
equation 2. This linearized model is calculated at certain 
operating point  ൫ ഥ߱௚௘௡, ,ҧߚ ҧ௪൯ݒ [7], where ( . ҧ)    represents the 
operating point value of the variable (.). ݒ௪ is the hub height 
wind speed. In our design model, the enabled DOFs are the 
generator, and the drive train flexibilities DOFs. These are the 
only DOFs that could be observed of the measured generator 
speed. They are considered the dominant dynamics in our 
turbine [8-pp. 30].  As a result, the other enabled DOFs will be 
considered as unstructured model uncertainty.  

 

The state vector is ∆ തܺ: ∆ തܺ= [∆ ଵܺ, ∆ܺଶ, ∆ܺଷሿ்where: 

1) ∆ ଵܺ = Drivetrain rotational-flexibility (perturbations in 
Drivetrain  torsional displacement);(m) 

2) ∆ܺଶ=generator DOF(perturbations in rotor speed);(rad/s) 

3) ∆ܺଷ =Drivetrain flexibility (perturbations in Drivetrain 
torsional velocity);(m/s) 

∆u ൌ   ሾ∆βሿ  , ∆u is the perturbation in the collective pitch 
(control action),  ∆ݑௗ ൌ ሾ∆ݒ௪ሿ is the perturbation in the wind 
speed, ݕ∆  ൌ ൣ∆ ௚߱௘௡൧,   ∆ y is the perturbation in generator 
speed. The design model p(s) is completely observable and 
completely controllable, p(s) takes the following form: 

ܲሺܵሻ: ቐ
∆ ሶܺ ൌ ܣ כ ∆ܺ ൅ ଵܤ כ ∆ܹ ൅ ଶܤ כ                                  ݑ∆
  ܼ∞ ൌ ଵܥ כ ∆ܺ ൅ ଵଵܦ כ ∆ܹ ൅ ଶଵܦ כ                            ݑ∆
ܼଶ ൌ ଶܥ כ ∆ܺ ൅ ଶଶܦ כ ሺ5ሻ                                            ݑ∆

 

 
The form is adjusted to makeሺܼஶ ൌ and (ܼଶ ( ݕ∆ ൌ ߣ כ ∆ܺ ൅
ߖ כ   :ሻ . The state feedback controller takes the formݑ∆
∆u ൌ K כ ∆X                                                                                   ሺ6ሻ  
 

In order to design Multi-model controller (Polytopic 
model), a selection of different operating points’ models will 
be taken into consideration. The different operating points 
cover the up rated wind speed’s region. Six different linearized 
design models are considered. These models are taken at 
( ҧ௪ݒ  ൌ ,ݏ/݉ 12 ,ݏ/݉ 14 ,ݏ/݉ 16 ,ݏ/݉ 18 ,ݏ/݉ 20 ሻݏ/݉ 22 . 
Each model represents a different operating point with a unique 
pitch angle (ߚҧ ). All the models are linearized at the same 
generator speed equals the rated speed  ሺ ഥ߱ீ௘௡ ൌ ߱௥௔௧௘ௗሻ.  The 
ith model  ௜ܲሺܵሻ could be represented in the form: 

௜ܲሺܵሻ: ቐ
∆ ሶܺ ൌ ௜ܣ כ ∆ܺ ൅ ଵ௜ܤ כ ∆ܹ ൅ ଶ௜ܤ כ                              ݑ∆
ܼ∞ ൌ ଵ௜ܥ כ ∆ܺ ൅ ଵଵ௜ܦ כ ∆ܹ ൅ ଵଶ௜ܦ כ                           ݑ∆
ܼଶ ൌ ଶ௜ܥ כ ∆ܺ ൅ ଶ௜ܦ כ ሺ7ሻ                                              ݑ∆

 

 
In this case the fixed polytope is surrounded by a convex 

envelope Ω. This envelope has six vertices. Ω is defined as: 

Ω ൌ ൛݋ܥ ଵܵ, ܵଶ,, … , ܵ଺ൟ ൌ ൝෍ߙ௜ ௜ܵ: ௜ߙ ൒ 0,෍ߙ௜ ൌ 1

଺

௜ୀଵ

଺

௜ୀଵ

ൡ       ሺ8ሻ 

 
Where Co represents the set of vertices defining the set (Ω),and 
each system matrix is defined as: 

ଵܵ ൌ ൥
ଵܣ ଵଵܤ ଶଵܤ
ଵଵܥ ଵଵଵܦ ଵଶଵܦ
ଶଵܥ 0 ଶଵܦ

൩ , … , ܵ଺ ൌ ൥
଺ܣ ଵ଺ܤ ଶ଺ܤ
ଵ଺ܥ ଵଶ଺ܦ ଵଶ଺ܦ
ଶ଺ܥ 0 ଶ଺ܦ

൩ 

 
The LMI problem includes the optimization of a cost function 
f; (ܪஶ/ܪଶ trade off criteria) 
݂ ൌ ԡߙ ஶܶԡஶଶ ൅ ԡߚ ଶܶԡଶ

ଶ                                                               ሺ9ሻ 
 
Where ߙ,  are some weighting scalars. The LMI  ߚ ݀݊ܽ
problem formulation is: 

ߙሺ ݁ݖ݅݉݅݊݅݉ כ ଶߛ ൅ ߚ כ  ሺܳሻሻ݁ܿܽݎܶ
Subject to: 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ
:݈ܾ݉݁݋ݎ݌ ஶܪ ቐቌ

௜ܲܣ ൅ ௜ܣܲ
் ൅ ଶ௜ܻܤ ൅ ଶ௜ܤ்ܻ

் ଵ௜ܤ ଵ௜ܥܲ
் ൅ ଵଶ௜ܦ்ܻ

்

כ െܫ ଵଵ௜ܦ
்

כ כ െߛଶܫ
ቍ ൏ 0  ሺ10ሻ    

:݁ܿ݊ܽ݉ݎ݋݂ݎ݁݌ ଶܪ ൞
ቀܳ ଶ௜ܲܥ ൅ ଶଶ௜ܻܦ
כ ܲ

ቁ ൐ 0               

ሺܳሻ݁ܿܽݎܶ ൏ ଴ݒ
ଶ            

ଶߛ ൏ ଴ߛ
ଶ                                                                                  ሺ11ሻ

ߨ൛ :݃݊݅ݎ݁ݐݏݑ݈ܿ ݈݁݋݌ ٘ ܲ ൅ ߁ ٘ ൫ܲ כ ௖௟௜൯ܣ ൅ ்߁ ٘ ൫ܣ௖௟
்
௜ כ ܲ൯ ൏ 0             ሺ12ሻ   

 

 
Where (i=1, 2, …, 6), P is a Lyapunov matrix that satisfies all 
the previous constraints, (*) denotes symmetrical element, 
(٘) denotes the kroneker product,  ܣ௖௟ is the state matrix of 
the closed loop system. (Γ, π) are the parameters’ matrices of 
the desired pole clustering region.  Further details and proofs 
are given in [9], [10]. Once a feasible solution for the LMI 
framework is reached, an optimal value of the cost function in 
equation 9 is also reached. The solution yields (P, Y*,כߛ , 
Q*),where  כߛ is the optimal ܪஶ performance, and Q* is the 
optimal ܪଶ  performance. This problem is considered a semi 
definite problem (SDP). LMI Lab solver in LMI control 
toolbox [11] is used to solve this problem. The final state 
feedback controller is calculated as:  
௟௠௜ܭ  ൌ כܻ כ ሺܲሻିଵ                                                                      ሺ13ሻ 
The values of  ߛ଴ ܽ݊݀ ݒ଴ are chosen as: 

ሺߛ଴ ൌ 17.3, ଴ݒ ൌ 1ሻ 
 
The criterion behind that choice is that these values should be 
as small as possible for better performance as long as a feasible 
solution is obtained. 
 

A. Pole clustering regions 

Pole clustering regions are chosen to guarantee 
improvement in transient response. This could be achieved by 
specifying regions representing limits on the system’s 
eigenvalues. The first region (R1) guarantees an upper limit on 
settling time. The second region (R2) guarantees a lower limit 
on settling time (which prevents excessive control action). 
Finally region three (R3) is chosen as an upper bound on 
damping ratio.  
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The previous regions are convex subsets of the complex plane 
characterized by [12]: 
ܦ ൌ ሼݖ א ܿ: ߨ ൅ ݖ߁ ൅ ҧݖ்߁ ൏ 0ሽ                                              ሺ14ሻ 
 
R1, and R2 regions are defined by a vertical strip between 
ሺ݄ଵ, ݄ଶሻ with characteristic function (ܨ஽ଵ,ଶ) as: 

஽ଵ,ଶሺܼሻܨ ൌ ൬
2݄ଵ െ ሺݖ െ ҧሻݖ 0

0 ሺݖ ൅ ҧሻݖ െ 2݄ଶ
൰                     ሺ15ሻ 

 
Region (R3) is a conic sector centered at the origin with inner 
angle (2θ) as shown in Figure 3. The characteristic function 
 :is given as (஽ଷܨ)

஽ଷሺܼሻܨ ൌ ൬
sinሺθሻ כ ሺݖ ൅ ҧሻݖ െcosሺߠሻ כ ሺݖ െ ҧሻݖ
cosሺߠሻ כ ሺݖ െ ҧሻݖ sinሺθሻ כ ሺݖ െ ҧሻݖ

൰         ሺ16ሻ 

 
The region parameters are taken as ݄ଵ ൌ െ1, ݄ଶ ൌ െ4, ߠ ൌ
80°(compatible with the system dynamics) [1]. The resulting 
LMI region (D) is the intersection of the three regions stated 
above as shown in Fig. 3. 

 
Figure 3. Pole clustering regions 

B. (ܪଶ/ܪஶ )trade off criteria 

The relation between ሺܪஶperformance/ܪଶ performanceሻ  is 
calculated at different weights (β, α) of the trade off criteria 
given in (9). Figure 4 shows the relation between  
 ଶ performanceܪ ஶperformance andܪ

 
Figure 4. ܪஶܪ/݁ܿ݊ܽ݉ݎ݋݂ݎ݁݌ଶ ݊݋݅ݐ݈ܽ݁ݎ ݁ܿ݊ܽ݉ݎ݋݂ݎ݁݌ 

The optimal performance occurs at the minimum value of the 
cost function f. This value exists as a Pareto-optimal-like point 
which is circled in Fig. 4.The weights for the cost function f 

that achieve the Pareto-optimal-like point are β=47, and  
α=0.1.  
Now, the LMI problem could be written in this form: 

:݂ ݁ݖ݅݉݅݊݅݉ ሺ݂ ൌ 0.1 כ ԡ ஶܶԡஶଶ ൅ 47 כ ԡ ଶܶԡଶ
ଶሻ,  

݋ݐ ݐ݆ܾܿ݁ݑݏ ቐ
ԡ ஶܶԡஶ ൏ 17.3                                                              
ԡ ଶܶԡଶ ൏ 1                                                                      
௖௟ሻܣሺ ݏ݈݁݋݌ ݌݋݋݈ ݀݁ݏ݋݈ܿ א ሻ          ሺ17ሻܦሺ ݊݋݅݃݁ݎ

 

 

C. Designing kalman observer 

CPC is a state feedback controller. As some states are not 
measurable, an optimal observer (Kalman filter) is designed 
according to [13]. For designing a Kalman observer, 
disturbance and noise variance data must be available. 
According to the linearized model in equation (2), the 
disturbance in our case is the perturbation in the wind speed 
around certain operating point. In our study; the perturbation 
in wind speed ranges from12 to 24 m/s. The observer is based 
on a linearized model derived at wind speed of 18 m/s (mean 
wind speed). Assuming a Gaussian probability distribution for 
the wind speed, then the probability of existence in the 
previous range equals (99%) if this range represents (6* σ) ; 
where σ  is the standard deviation  of the wind speed. As a 
result the variance in disturbance could be calculated as: 

ܳ௢௕ ൌ ଶߪ ൌ ሺ்ܹܹሻܧ ൌ 4, ܴ௢௕ ൌ ሺ்ܰܰሻܧ ൌ 0.01 
 
Where W represents the process disturbance, N represents the 
measurement noise; its variance is taken as 1% of the 
measured generator speed. The correlation between noise and 
disturbance is assumed to be zero. The observer model using 
Kalman observer is: 
ሶ෠ݔ∆ ൌ ොݔ∆ܣ ൅ ݑ∆ܤ ൅ ݕ∆௢௕ሺܭ െ ොݔ∆ܿ െ    ሻ                      ሺ18ሻݑ∆ܦ
                                                                             
 The covariance matrix of the estimated state error is 
calculated as: 
௢௣݌ ൌ lim

௧՜ஶ
ሺܧሺሺ∆x െ ∆xොሻ כ ሺ∆x െ ∆xොሻ்ሻ                               ሺ19ሻ 

 
 ௢௕ is the Kalman filter founded by solving algebraic Riccatiܭ
equation. The optimal solution could be reached using: 
௢௕ܭ ൌ ൫݌௢௣்ܿ ൅ ഥܰ൯ തܴିଵ                                                             ሺ20ሻ 
 
Where:  തܴ ൌ ܴ௢௕ ൅ ௗܦௗܳ௢௕ܦ

௧, ഥܰ ൌ ௗܦௗܳ௢௕ܤ
்  

Kalman observer’s structure is depicted in Fig. 5. 

 
Figure 5. Collective Pitch Regulator 
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IV. DESIGNING LQR PITCH CONTROLLER BASED ON 

SINGLE MODEL 

This controller is a state feedback controller designed to 
minimize the following cost function L: 

ܮ ൌ ׬ ்ݔ∆
ஶ
଴ כ ݍ כ ݔ∆ ൅ ்ݑ∆ כ ݎ כ  (21)                                 ݑ∆

Where q, and r are the diagonal weighting matrices for the 
states perturbations, and the control action perturbations 
respectively. The LQR controller is full state feedback 
controller with the following form: 
ݑ∆ ൌ ௟௤௥ܭ כ ∆ܺ                                                                        ሺ22ሻ 

 

This controller is based on single design model; this model 
is derived at certain wind speed (18m/s). The controller ܭ௟௤௥ 
could be calculated as follow: 

݇௟௤௥ ൌ ଵିݎ כ ்ܤ כ  ௥                                                                   ሺ23ሻ݌

Where ݌௥ is the solution of Riccati equation; 

A்݌௥ ൅ ௥A݌ ൅ Q െ ሺ݌௥Bሻ כ ܴିଵ כ ሺ݌்ܤ௥ሻ ൌ 0                    ሺ24ሻ 

 

The weighting matrices (q, r) are chosen according to 
Bryson's rule [14], this rule calculates the weights depending 
on the maximum permissible perturbation energy. In case of 
the control action; r is chosen to be applicable with the 
actuator’s constrain). In case of the states; q is chosen to 
according to the permissible perturbations in the displacements, 
and speeds of each DOF). The weigh matrices could be 
calculated as: 

ቐ
௜௜ݍ ൌ

ଵ

ெ௔௫ ሺ ∆௫೔
మሻ
                                                                              

௜௜ݎ ൌ
ଵ

ெ௔௫ ሺ∆௨೔
మሻ
                                                                   ሺ25ሻ   

   

Where ii indicates the row, column index respectively in 
the corresponding weighting matrix,  

The same weights are used in the weighting matrices (λ, Ψ) 
of the H2 problem to be equivalent to the LQR controller.  

 

V. SIMULATION RESULTS 

The proposed controller is tested using FAST nonlinear 
model. Two uncertainties will be tested. First, the uncertainty is 
reflected on using a stochastic wind model profile applied to 
the turbine. This wind profile covers all operating points. 
Further, It has a specific wind shear. Furthermore, tower 
shadow effect is also modeled. Moreover, coherent turbulence 
is presented. Thus, the used profile represents a realistic tough 
disturbance source capable of testing the controller 
performance under severe conditions. This was possible by 
using full field wind profile developed by the NREL TurbSim 
wind simulator [15].  

Second, uncertainty from unstructured model dynamics is 
represented by enabling more degree of freedoms in FAST 
model. Although our controller is based on 2 DOFs design 

model only, it will be tested using a nonlinear model with 6 
DOFs (see Section II) to measure the controller robustness. 

Fig. 6 compares between the two controllers; the LMI-
based controller (KLMI), and the LQR controller (KLQR). The 
pitch controller objectives is to regulate the generator speed to 
maintain the rated speed (1173.7 rpm) in order to harvest the 
Rated generator power (5000 KW).  

 

Figure 6. Simulation results of the LMI (dashed line), LQR (solid line) 
controllers. (a) Hub height wind speed (m/s), (b) Generator speed (rpm) (c) 
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Data analysis of the simulation is shown in Table II. The 
Table shows the mean, Maximum, and standard deviation for 
both of the generator speed and the output electrical power. 
 

TABLE II. SPEED, POWER DATA ANALYSIS 

  LQR LMI 

Generator speed 
Max. 1230 rpm 1195 rpm 
Mean 1174rpm 1174 rpm 
Std. 18 rpm 3 rpm 

Electric power 
Max. 5235 KW 5090 KW 
Mean 4688 KW 4935 KW 
Std. 440 KW 100 KW 

 

 Although the mean generator speed is the same in both 
cases (LMI, LQR), the LMI has managed to improve the speed 
regulation, this can be indicated by the standard deviation of 
the generator speed, which is reduced by six times. As a result, 
the speed fluctuation has been mitigated significantly; this will 
reduce the vibrations of the drivetrain and improve the 
performance of the turbine.  

The harvested electrical power is increased significantly in 
the LMI case. The mean harvested power increased by (250 
KW) which represents (5%) increase in the harvested power.  
Further, the power profile is improved; the standard deviation 
reduced more than four times.  Furthermore, the maximum 
power is reduced after using the LMI controller.  Thus, the 
generator overloading is mitigated, and the generator is 
working in the permissible range.  

The control action is severe with the LQR controller. As a 
result, the pitch actuator could reach the saturation level at 
certain operating points. That is not recommended at all, not 
only because the Actuator saturation exhausts the actuator and 
increase the used energy, but also it impairs the system 
performance significantly. On the contrary, the control action is 
very smooth with the LMI controller and appropriate for the 
actuator’s constraints mentioned in [8]. 

VI. CONCLUSION 

This paper has studied designing an LMI-based robust CPC 
for large variable-speed variable-pitch wind turbines. The 
design constraints have included  Hஶ  problem,  Hଶ  problem, 
plus pole clustering. A multi-objective   Hஶ/ Hଶ  trade-off 
criteria is used to address a feasible solution for all the previous 
constraints.  A polytopic model is used to represent different 
operating points to overcome the system uncertainty.  
 

The performance of the proposed controller has been 
compared to an Optimal LQR controller based on single model. 
The comparison has shown that the proposed LMI-based 
controller has achieved improvements in performance in terms 
of speed regulation (which become six times better), and full 
load power harvesting (reflected in 5% increase in the 
harvested power). Unlike, the LQR controller, The LMI 
controller’s progress has been reached without exerting extra 
actuator effort, and achieved with  control action compatible 
with the actuator’s limits .   
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