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Abstract Measurements made on several outcomes for the same unit, implying multivariate longitudinal data, are very
likely to be correlated. Therefore, fitting such a data structure can be quite challenging due to the high dimensioned
correlations exist within and between outcomes over time. Moreover, an additional challenge is encountered in longitudinal
studies due to premature withdrawal of the subjects from the study resulting in incomplete (missing) data. Incomplete data is
more problematic when missing data mechanism is related to the unobserved outcomes implying what so-called
non-ignorable missing data or missing not at random (MNAR). Obtaining valid estimation under non-ignorable assumption
requires that the missing-data mechanism be modeled as a part of the estimation process. The multiple continuous
outcome-based data model is introduced via the Gaussian multivariate linear mixed models while the missing-data
mechanism is linked to the data model via the selection model such that the missing-data mechanism parameters are fitted
using the multivariate logistic regression. This article proposes and develops the stochastic expectation-maximization (SEM)
algorithm to fit MLMM in the presence of non-ignorable dropout. In the M-step maximizing likelihood function is
implemented via a new proposed Quasi-Newton (QN) algorithm that is of EM type, while maximizing the multivariate
logistic regression is implemented via Newton-Raphson (NR) algorithm. A simulation study is conducted to assess the
performance of the proposed techniques.

Keywords Non-ignorable missing, Selection models, Multivariate linear mixed models, Stochastic EM algorithm,
Newton-Raphson, Fisher-Scoring, Quasi-Newton

association structure will lead to invalid inferences.
1. Introduction Modeling repeated measures on multivariate continuous
responses is often implemented via multivariate linear mixed
models. The multivariate linear mixed models are more
applicable in this area due their flexibility in allowing (i)
unbalanced data where a number of repeated measures might
differ within subjects per outcome, (ii) using different design
matrix across responses, and (iii) modeling distinct and
more complex covariance structures. For a comprehensive
. ; monograph of multivariate linear mixed models see for
measurements of the same subject tepd to be highly example, Demidenko(2004) and Kim and Tim (2007).
correlated, and even more, such correlations often change Missing data are very common in longitudinal data studies.
over time resulting a complicated covariance structure  peajine with missing data depends on the process that
(Diggle et al, 2002). In many applications it is common to generates the missing values; the missing data mechanism
measure a sF:t of sevefal responses, 1, at F:acl? occasion for (MDM). A general taxonomy of MDMs, originally,
subje‘:cts Whlch result in multivariate l'ongltu(’lmal data. The introduced by Rubin (1976) and later explained by Little and
relat10n§h1p among those outcomgs 1 crucial. 'It TEqUITeS  Rubin (2002), differ in terms of assumptions about whether
addressing special methqu of stgtlstlcal ana'1y51s that can missingness is related to observed and/or unobserved
properly account for the intra-subject correlation as well as g 0nses When dropout mechanism does not affected by
the cross-correlation between outcomes since ignoring such e nejther observed nor unobserved response values, it is

called missing completely at random (MCAR). Missing data
is said to be missing at random (MAR) when the missingness

Longitudinal studies are very common in many fields such
as medicine, public health, psychology, biology and more. In
the simplest design of univariate longitudinal data a single
response is collected repeatedly over time, or possibly under
changing experimental conditions, on each subject. A
fundamental feature of longitudinal data is that the repeated
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modeling process to reduce estimation biases (Little and
Rubin, 2002).

Likelihood-Based approach has been established in
literature to be one of the most widely-used modern
approaches of handling missing data. Parameter estimation
has received a serious attention in the missing data literature.
However, with non-ignorable assumption, such estimates
cannot be obtained unless approaches are developed to
model the missing data mechanism (Endres, 2010; Graham,
2012). Therefore, a number of selection model have been
proposed to model longitudinal data in the presence of
missing values aiming to characterize the joint distribution of
data and the probability of missingness (Stubbendick, 2003;
Little and Rubin, 2002). Direct maximization of the
likelihood function, in this case, is not feasible (Jasson,
and Xihong, 2002). So, numerical and iterative computations
are exceedingly desired. Three generic iterative approaches
such as Newton-Raphson (NR), Fisher Scoring (FS),
Quasi-Newton (QN) and Expectation-Maximization (EM).
EM algorithm can be used to maximiza the likelihood
function. The EM algorithm is a generic iterative approach to
find the maximum likelihood estimates (MLEs) for the
model parameters when there is missing data or when the
model contains unobserved latent variables (Demidenko,
2004).

The multivariate linear mixed models (MLMM) have
received more attention in literature particularly under
non-ignorable MD. Reinsel (1982, 1984) considered fitting
the MLMM by a closed form with complete and balanced
data. While Shah et al. (1997) extended the work of Laird
and Ware (1982) to the bivariate setting (m=2) using the EM
algorithm to obtain the estimates of the model parameters
under unbalanced and ignorable missing data. Schafer and
Yucel (2002) and later Yucel (2015) proposed a variant
technique of EM algorithm again for estimating the MLMM
with ignorable missing data. Their EM algorithm considers
the fisher scoring procedure in the M-step which fastens the
convergence. Under non-ignorable assumption Roy and Lin
(2002) consider fitting the MLMM under non-ignorable
assumption covering the missingness in covariates as well as
the multiple responses. They assumed that the dropout
process depends on the latent variable and applied the
selection model in order to account for non-ignorable
missing data. Luwanda and Mwambi (2016) considered
fitting nonlinear mixed-effects models to fit the multivariate
longitudinal data in the presence of non-ignorable dropout.
They proposed the stochastic approximation EM (SAEM)
algorithm and apply the proposed technique to estimate
parameters characterising human immunodeficiency virus
(HIV) disease dynamics.

The aim of this article is to address statistical modeling of
the multivariate longitudinal data with continuous responses
via the Gaussian multivariate linear mixed models (MLMM)
under non-ignorable incomplete data. The missing-data
mechanism is linked to the data model via the selection
model such that the missing-data mechanism parameters are
fitted using the multivariate logistic regression. The article

proposes a stochastic EM algorithm to estimate the
parameters of the model.

The paper is organized as follow. The Multivariate linear
mixed model for multivariate longitudinal data is presented
in Section 2. This section also presents the dropout model for
multivariate longitudinal data and formulates the joint
distribution of the dropout mechanism and multivariate
longitudinal response in the form of the full likelihood
function. Section 3 introduces the proposed method for
estimating the multivariate linear mixed model parameters in
the presence of non-ignorable dropout. The estimation
process involves estimating the dropout parameters and the
response model parameters. An SEM algorithm combined
with Newton-Raphson approach is proposed to estimate the
dropout parameters. Also, a new proposed Quasi-Newton
algorithm that is of EM type to estimate the response model
parameters. The requied equations for the estimation are
derived. In section 4, simulation studies are conducted to
evaluate the performance of the proposed technique. Finally,
concluding remarks are provided in Section 5.

2. Models and Likelihood Function

In this section we introduce the used models; the
multivariate linear mixed model and the dropout model. Also,
the needed likelihood functions are defined.

Multivariate linear mixed model (MLMM)

Assume that the number of subjects are N, i = 1,2,...,N
and there are n; repeated measures on each subject. Also,
assume that there are m outcomes on each subject,
k =1,2,...,m. The reponses for the subject i are collected in
the response matrix Y; = [y;j]. The y;; denotes the
measurement of the i™ subject of the k™ outcome at the
j™ occasion. Assume that Y; = (Vi1 Viz-..Yim) i the
n; X m response matrix of the i*™™ subject where each of
vie(k =1,2,...,m) is the k™ response n; -vector
measuremnets of subject i. It is very common that some
subjects may withdraw from the study prematuraly which
results in droput.

The multivariate longitudinal data can be modeled using
the multivariate linear mixed model (MLMM), where for the
i™ subject the response is modeled as:

Yi:Xiﬁ+Zibi+Ei' i:1,2,...,N (1)

where X; isthe n; X p fixed between-subject design matrix,
B is the p X m matrix of fixed effects assumed to be
common for all subjects, Z; is the n; X q random
within-subject design matrix, b; is the g X m matrix of
random effects, and ¢; is the m; X m matrix of the
measurements errors associated with the response matrix Y;.
The distributional assumptions that are often related to the
MLMM are:

* The & = vec(&)~Nym(Onm E; = L ® L,;; the rows
of & are normally distributed with mean O and

m X m unstructured covariance matrix X. The vec is
the vectorized operator that stacks all columns of the
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matrix g; vertically.
e The random effects b; = vec(b;)~Nym(0gm, P) ,
where W is gm X gm unstructured matrix. Moreover,
b; and ¢; are assumed to be independent.
¢ The marginal distribution of Y; has normal distribution
with expectation E(Y;) = X;8 and dispersion matrix
V; of dimension n;m X n;m;
Vi=(Un®Z)Y U ®Z) + EQL,). 2
The responses Y; can be expressed as ¥; = vec(Y;)
where  §i~Npm(U; = (In ® Xj) B, V) , and can be
modelled as:

Vi=Un ®X) E + (Un ®Zy) Bi + &, )
where i = 1,2,...,N, and f§ = vec(B). The p.d.f. of ¥; is
given by

F, 30 = @m)E V| e 2V i)

ngm 4
_ (Zn)—'Twi|—%etr{—élvi—ximv;l[Yi—ximr}.

It can be verified that
yili)i'”Nnim((Im ® Xi) E + (Im ® Zi) Bi:zi)- (5)
The complete data likelihood function

Given that the m outcomes are fully observed, the
complete-data likelihood function of the parameters,
6 = (B,%,X), can be obtained as

L1(6) =TI: f(Yilby, B,Z) X f(bi|¥)

=TIL: f(YilB2) X f(bi|¥)
=TI, f(YilO). (6)
The MLE of 8 can be obtained by maximizing the
likelihood function in Eq. (6). Note that this function is based
on the marginal distribution function of the response Y; in
the absence of the random effects. The random effects can be
considered as nuisance parameters as long as the major
interest is on the variance structure introduced by (Z,¥).

Hence the log-likelihood function, based on Eq. (4) for the
whole sample is

20) = log[[T, f5,(7:l6)] = XLy log £, (%:16)
- _mTMlog(ZTf) _% 1 logVi| — %2?21 r', Vi ', (7)

where 6 = (B, W, X), is considered the parameter matrix of
interest, M = ¥V n;, while r; = vec(Y; — X;8) = §; —
(Im @ X)P.

A simpler form of the log-likelihood function is given by
(Schafer and Yucel, 2002)

£(6) = — "= log(2m) + T log|Z ™| + 2 log| ¥
1 _ 1 ,
=2 XL, log|U7 | =S XK, rWir, ®)

where Ui = (lp_l + (Z_l ® Zl-'Zl-))_l, and Wi_l = Vi'

We assume that the variance-covariance matrices, ¥ and
X, are unstructured. Moreover, we represent these matrices in
terms of their precision form, $~! and £~!. These forms
are obtained as linear functions as.

Pl (w;) = E?s}-:l wi&ij =Yy o) &,
27 N0y) = %=1 o0& =20, 07 &, )
where [w]] =vec(™) = (0}, w3, ..., w})
h= mq(ma+1) is the number of diagnol and off-diagonal
g g

and

elements of 1~ . Thus [w]]=[w;] , such that
G i=jl=[G—-1Dmqg—j/2)+iij=12,...,mq]} .
Similarly, [0;] = vec(Z™") = (07,03,...,05) , g=
m(m+1)

, and [0]'] = [0y;], such that {(i,/); i = j, 1 =[( —
D(m—j/2)+1i,i,j=1,2,...,m]}(Saber, 2008).
Further, each of ¢;; and éij are square matrices of order
mq and m, respectively, with one on the (i,/)*" position
and zero elsewhere. Hence, the response model parameter
vector 8 = (vec(B) 010;...0; wiw;...wp) and the total
number of parameters is mp + g + h.
Missing data model and likelihood function

Assume that, for subject i, Y; is subject to non-random
dropout at a certain occasion d; > 1; i = 1,2,...,N). The
responses Y; can be partitioned into two components; the
observed part Y of dimension (d; — 1) X m and missing
part Y™ of dimension (n; —d;+1)Xxm . Also, the
response matrix using the vec operator can be partitioned
into two parts; ¥; = (§° §™)', where §? = vec(Y?), and
" = vec(Y™). Assume that the missing data indicator
R; = [ryj] of dimension n; X m where 7;j; is defined as

1 if y; i is observed,
Tijk = {0

For monotone missing data we can define R; = (1 0)’,
where 1 is the matrix of ones of dimension (d; — 1) X m
and O is the matrix of zeros of dimension (n; —d; + 1) X
m.

The Diggle and Kenward (1994) model has been proposed
for univariate longitudinal data setting. We extend this
model to the multivariate longitudinal data of m outcomes.
Assume that the dropout of subject i occurs at time tg4,,
H;q, = (hyhj,...hy,)" denotes the m X [d; — 1] matrix of
observed responses history of the m outcomes up to the
time ¢ty , where each of hy = (VixVizk- - Vica—1)1)
corresponds the row vector of length d; — 1 of observed
responses of k™ outcome. Diggle and Kenward (1994)
modeled the probability of dropout in terms of the
history H;;, up to occasion j' and the possibly missing
current  response, ;i as  Pr(D; =j'|Hijr,yijr) =
Py (H;j1, Yiap@),j' = 2,...,mn; + 1. This probability is
computed for each subject across all occasions as follows:
H?’l:zl (1—P;;)] X Py
Hjilz_zl (1-P)]xPy di=m+1/

(10)

where the logit transformation that is used to model that
probability, P;j, can be obtained by

if y; i is missing.

, di < n;
Pr(D; = j [H;,y;) =

Pij’

= log(5)
= ¢o + $1yij, + ¢H;j

Ny, = logit(P;;,) (11



100 Ahmed M. Gad et al.:

Fitting Multivariate Linear Mixed Model for Multiple

Outcomes Longitudinal Data with Non-ignorable Dropout

Hence, the dropout probability is obtained via the inverse
of the logit transformation as:
expr; ;1

b= 12)
The probability Pjq, can be computed as
Pig, = Pr(D; = dilyg,) =
fP(Hd,-'Yidi' &) f (Vig;|Ha,, 6)AYia; (13)

where f(yiq;|Hg;, 0) is the conditional probability of the
missing given the observed responses. Hence the integral in
Eq. (13) can be approximated using Monte Carol expectation
(Gad and Ahmed, 2006).

The complete-data log-likelihood for the N subjects can
be given by

2c(y) =logLc(y) = log [T, (f (Yi RilY)) (14)
=log [T, (F(Yi10) X F(R;|Y;, 9)),
where y=(0,¢) =(f,¥,2,¢) . Also, it can be
re-expressed as
te(y) =2(0) +£(9) 15)

The MLEs of the parameters y can be obtained
maximizing each of the two components in Eq. (15)
separately. Direct maximization is not feasible because it
requires multidimensional integration and maximization
(Jason and Xihong, 2002). Numerical and iterative
computations are exceedingly required.

3. The Proposed SEM Approach

Maximizion of the log-likelihood function can be carried
using iterative approaches to obtain the maximum-likelihood
estimates (MLEs) such as Newton-Raphson (NR), Fisher
Scoring  algorithm(FS),  Quasi-Newton (QN) and
Expectation-Maximization (EM).
Expectation-Maximization algorithm proposed by Dempster
et al. (1977). It overcomes the difficulties involved with
obtaining MLEs in the presence of missing values. The EM
algorithm generally contains of two main steps; an
Expectation step (E-step) and a Maximization step (M-step).
For more details see McLachlan and Krishnan (2008). The
E-step is often difficult to be evaluated. Celuex (1985)
proposes the SEM algorithm as an alternative to the EM by
replacing the E-step by a simulation step (S-step). Gad and
Ahmed (2006) proposed SEM algorithm to fit the univariate
longitudinal data in the presence of non-ignorable dropout.

In this article we propose an SEM algorithm to fit the
multivariate linear mixed model for multivariate longitudinal
data with non-ignorable dropout. The M-step is implemented
via two sub-steps. In the first sub-step the Newton-Raphson
algorithm is developed to obtain the MLEs of the dropout
parameters ¢ . In the second sub-step a new type of
Quasi-Newton algorithm is proposed to obtain the MLEs of
the response parameter 6.

The S-Step (Simulation step)
Let Y™ = (Viq; | Y/**) denotes the missing components

of the response matrix Y; over the m outcomes such that
Via; = Via;1 Yia;2r -+ -» Yia;m)', indicates the first m; x 1
missing vector, while the second matrix of order m X [n; —
di] is introduced by Ylm+ = (Yi(di+1)'Yl'(di+2)"' "Yi(ni))' In
this step (the S-step), we simulate m -vector from
F(y™y?,R;,0®) to represent the responses of the m
outcomes at the time of dropout d;. This conditional
disribution can be factorized, up to a constant of
proportionality, as

F(y"|yf, R, 69) o (y"|y?, 69) x f(Riyi, 9©). (16)

This conditional distribution has no closed form, so direct
simulation is not possible. Following the idea of Gad and
Ahmed (2006), we suggest using an accept-reject procedure.
A vector of length m is simulated from f(y™|y?;6®),
then it is passed through the following accept-reject
procedure;

1. Simulate a candidate m-vector yg, = (¥g,1Ya;2- ..y&im)',

from the conditional distribution f(y™|y?;8®) which
is m-multivariate normal distribution with parameters
u® and Q@ ; the m x 1 location vector and the
m X m dispersion matrix respectively, are given by

nO =) F VR VO (5P — k),
Q® =V~ Vo (VO)2V,)

om’

(17)

where (V®)71 is the variance matrix corresponds of the
observed response matrix Y;

(VD)o = (I ® Zio) B (I @ Z'0) + (EF @ 1,).

2. Compute the m-vector probability of dropout for the
candidate vector yg, based on the dropout model

logit[Pr(D; = d;|ya, Ya;-1, $)]

t t) . x t
= 5"+ &%, + B Ve (18)
where yg,_, comprises the m-vector of responses at
(d; — 1); the occasion precedes the dropout occasion. The
dropout probability vector, P; = (P;1,Pip,..., Pi)’ , is
evaluated using the inverse transformation in Eq. (12). Then
define P =| P; Il.
3. Simulate a random m-vector U from uniform
distribution over the interval [0,1], then take y;" = yg,
if || U |I< P}, otherwise repeat step 1.

We argue that the remaining missing values, following the
first missing value, can be considered as missing at random.
The M-Step (Maximization step)

The joint probability function of the pseudo-observed data
is

f(YiO'YidifRi|9'¢) =
J F2Yiap YIF10) f(R1Y?, Yia, Y5 9)AY,  (19)

where Y™ = vec(Y™). Since R; does not depend on
Y™* by construction, the above equation can be simplified
to

fO7 Yiap Ril6, @) = f(¥7, ¥ia,10) fFRYY, Yiays ). (20)
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Thus the likelihood function for 8 and ¢ will be any
function of 6 and ¢ proportional to f(y?,yiq, Ril0, ).
Moreover, based on the selection model, 8 and ¢ are
assumed to be distinct by definition. Hence,
L(6, ply;, ¥ia; R;) is the same as likelihood L(O]y;, yiq,)-

The M-step of the algorithm comprises two substeps; the
logistic step (M1-Step), and the normal step (M2-Step):

The M1-Step (the logistic step):

In this substep the MLEs of the dropout parameter, ¢,
is estimated numerically using Newton-Raphson approach.
A step halfing algorithm is adopted to guarantee that the
log-likelihood function increasing toward the maxima over
the iterations. Moreover, in case when the Hessian matrix of
¢® is not negative definite, the Newton direction
[-H 1 (¢.)g(¢,)] may not point in an ascent direction.
Therefore, a modification 1is adopted wusing the
Levenberg-Marquardt technique, to ensure that the search
direction is an ascent direction, hence the algorithm guides
the process to the maximum point (Chong and Zak, 2013).

The basic Newton-Raphson algorithm is used to obtain the
MLE:s for the dropout parameters of the multivariate logistic
regression model. The algorithm seeks for optimizing, the
log-likelihood function

2(¢) =25 (275 In(1 - Py)
+In Py, ] + X, 3L, In(1 - Pyy), @1

where N* refers to the subjects who complete the study (the
completers), hence, N — N* refers to dropout subjects. The
probabilities vector P;; is computed using Eq. (11) for any
occasion j=1,2,...,d; —1, and form Eq. (18) at the
occasion of dropout j = d;. Implementing the algorithm
needs computing the gradient g(¢) vector and the Hessian
matrix H(¢). First, the elements of the gradient vector g(¢)
are obtained as follow:

Y
(¢) =3 (Z —P;+[1-Pygl)+
N_ Y, — Py
¢ * d;i—1 *
(¢) =y QL — Py +[1—Piglyig) +
Z Z,LZ — Py;y;
o0@) _
34)2
ey (Z — Pyyig-1 + [1 — Pig;lVica-1) +

N* ni
i=1 Z,-:z — Pyj¥Vig-1),

where yj; is the m-vector of the responses at occasion j.
The elements of the Hessian matrix are obtained as follow:

1_] (1 Pl])

0%6(¢)
1) 0¢T Z (Z Y Y +
Pg(1- Pd) )
2P4-1 d
+ XI5 L, POV Y — [1 = Pia]*YiaYia)
: a- Pl)
+3N N, =L ” =YY+ PEYiaYig),

101

where Y; ;=
(m % 3).

It is worth noting that at an initial value ¢, that might be
chosen at which the Hessian matrix H(¢) is not negative
definite, the Levenberg-Marquardt modification of
Newton’s algorithm will be adopted. That approach
approximates H(¢) with another matrix H,, such that
H, = H — pul, where the scalar y is chosen large enough
such that H, is negative definite (Chong and Zak, 2013).

The M2-Step (the normal step):
In this substep the MLEs of the parameters, () =
(8O, w® £®), for the multivariate normal is estimated

numerically using a new proposed approach of
Quazi-Newton type. The proposed Quazi-Newton algorithm

[1y;j ¥i(j-1)]’ is the response matrix of order

begins with initial values of H*with Hy = Q1(0,,6,),
where Q(6,,6,) is computed as

.. 82Q(0,6(0)

Q(6y,80) = T o000r |9=9(f)=90' (22)

where 6, is the initial values vector of the parameter 8 and
the function Q(6,68®) as in the EM algorithm. Generally,
the algorithm proceeds as follows:

1. Initiate the algorithm with 8 = 6, then compute the
corresponding Hy and g,, where g, is the gradient
of the observed log-likelihood function.

2. Compute the step direction vector d = —H*g, then
use the line search algorithm to specify a that
maximizes £(0 + ad) The  Golden-Section
algorithm is adopted here to specify the single
parameter « that maximize £(6 + ad) along the
search direction d from the point 6.

3. Set A8 = ad, and compute Ag = g(6 + A8) — g.

4. Based on H*,Af, and Ag, AH* can be evaluated as

N Ag/HfAg, ABAO'  AOAg/Hf+H;AgAO'
AH" = (1 + iglAtGg) AgrAB - : AtglAGt :

5. Replace 6 by 6 + A6, g by g+ Ag, and H* by
H* + AH" and return to step (2) or stop based on a
stopping criterion.

To implement the above algorithm, the quantities
Q(6,61), g(8), Q(6,,01), and Q(8,,8®) are needed.
Deviations of such quantities are obtained as follows. First,
the EM-quantity, Q(8,8®) = E[£,]6®,Y,°], can be easily
deduced by taking the expectation of the log-likelihood of
the complete-data given the observed responses Y;° and the
current values of the parameter vector 8. This function is
given by

Q(6,0©) = —ZZlog(2m) + > log|Z7}| + Zlog| ¥ 7|

- Z =1 log|U; 1I—-Z =1 r(WiTy),  (23)

where T; = E[vec(Yf — X;B)vec(Yf — X;8)'|6®,Y,°]
and Y{ indicates the complete-data response matrix. To
compute this expectation, set Y = vec(Y — X;f8), where
Y ~Npm(0pm, Vi = W) . Further the complete-data
matrix, Y{ , is partitioned into [Y;™,Y;°], similarly,
Y¢ = [Y,™ Y,°]. Based on axioms of conditional normal
distribution, it can be easily shown that
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E[Y16D,Y°] = Vo, Vi Y,
where Vj; is the square submatrix of V; corresponding to
the observed elements, and V,; is the rectangle sub-matrix

of covariances between the missing and the observed
elements. On the other hand, it also can be shown that

E[YS (Y160, Y,°]
_ (YT Y (V) Vit Vi
N <V21V1_11?i0(?i°)T Voo + Vor Vi (B (V)T - V11)V1_11V12>,
where V,, is the square submatrix of covariances between
the missing elements.

The gradient of the observed log-likelihood, g(@), is
derived as

a£(0) o N
dvec(B) = _(Z?’=1 Xi Vl/ixi)vec(ﬁ - ﬁ);

00(6) _

00Jk5 B

Y ([P - U ]——r W, Z; lP"‘” lpz' Wir),
20(6) _ ,

don Z =1 tr(ny 2 i[m ®Z'Z;] -
rW[Z 2®1nl]wr)

where, VeC(ﬁ) = (L X{ W X) (T, X Wvec(Y)
X; =1, ®X,), and Z; = (I,, ® Z;). Further, W

ks
-1 .
;Jlt Oks)Sks and (2 = &e)Sue
respectively, such that, the scalar 6,5 which is intensively
known as Kronecker delta, equals 1 when k =s and 0
otherwise, where k >s=1,2,...,mq, whie [>t=
1,2,....m
The second derivatives of the EM-Q function are needed.
The computation of the first and the second derivative of the
EM-Q function are
® . . .
vy, =~ X WXvec(8 - B),
Q0.6 _
0ws

Lu(¥-u ]

and

are replaced with (2 —

1

wzqJ lpz W T),

aQ(e,e( )
0alt - 2

9 -1
W[ZT—Z ® I, JWT),
it

?’:1 tr(nizm - Ui[m ®Z.Z;] -

where vec(B) = (T, Xi W; X)L, XuW; T)
T; = E[vec(Y{)]6,Y;°].
82Q(0,60)

and

_07Q06%) _ _yN

avec(B) a(vec(B)) Zis XWX,
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For a parameter 6, the SEM estimates is taken as the mean
of the sequence {8} as

9 = T—_TO 37=70+1 90)' (24)
where T is the total number of SEM iterations while T, is
the length of burn-in period.

In the above derivations of the gradient vector and the

-1
doye
(1 —0.56,)[ee'; + e.e';], respectively. The scalar 8y is
Kronecker delta which equals 1 when k=s and 0
otherwise, where k = s = 1,2,...,mq. Similarly the scalar
6;; is defined for [ >t = 1,2,...,m. The vector e, is the
basis vector of length mq with k" element equals 1 and all
other elements are zeros.

are replaced with (1 — 0.58;)[exe’s + ese k] and

4. Simulation Study

The aim of this simulation is to evaluate the performance
of the proposed approach. The evaluation criteria is the
relative bias.

Simulation Setting and data generation

Two sample sizes were assumed; N; = 25, and N, = 50
to generate data. The number of outcomes for each subject is
assumed to be three outcomes; m = 3. The number of time
points is fixed at 10; n; = 10. The number of replications is
chosen as 200. It is assumed that subjects are allocated to one
of three treatments A, B, and C. Hence, there are a matrix of
dimension 3 X 3 of fixed-effects § of the three covariates
across the three outcomes. The subject-specific design
matrix is assumed to have two columns (g = 2); the random
intercept and slope. Such that, the two subject-specific
covariates (Z;,25;) = (10) , for odd subject, and
(21, Z2;) = (1 1), for even subjects. Also the random design
matrix Z; is assumed to be time-invariant. Consequently,
the individual level matrix of random-effect parameters is b;
is of order (2x3). It represents the parameters of
random-effects across outcomes. This matrix is generated for
each subject as
vec(b;) = (boy; boai bosi b11i b1zi b13i)' ~MVNs(0, %)
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where W is of dimension 6 X 6 assumed to be unstructured
matrix. The measurement errors associated with the three
outcomes are assumed to be independent over the repeated
measure having a common unstructured variance-covariance
matrix X of dimension 3 X 3. Hence, for each subject the
matrix ¢; is generated from a matrix normal distribution of
parameters MV N(19x3)(0,Z; = £ ® I;o). The true value of
the elements of the parameter matrices; §,X, and W are
assumed as

1 2 3 35 02 =22
B = [—3 -2 —1],2 = [0.2 05 11 l,and
2 3 4 =22 11 47
7.2 —-09 48 0.2 1 2.2
-09 53 -01 0.1 0.4 1.6
= 4.8 -0.1 6.3 24 01 1.7
0.2 0.1 2.4 5.1 —-2.5 04f
1.0 0.4 0.1 -25 3.6 0.9
2.2 1.6 1.7 0.4 0.9 3.4

The response matrix Y;, for each subject, is generated
from the model

Yi =X1ﬂ+zlbl +€i,i = 1,2,...,NS,S = 1,2 (25)
The missing data model is
logit(P;;) = ¢o + d1Yij + d2Vicj-1) (26)

where each of Py;,y;;, and y;;_1y is a 3-column vector,
indicates the probabilities of dropout at the occasion j
associated to the vector of responses, the vector of responses
that were planned to be measured at occasion j, and the
vector of responses at the previous occasion (j—1),
respectively. However, if the dropout occasion, for a subject
i, is specified as d;, then the dropout probability is computed
as a probability of the dropout time D; at all possible
occasion as follow

Pr(Dy) = ([T1{5," (1 = Py)] X Pig)I(D)az<r0)

+(IT72; (1 =Py))I(D)a;=11)-

For each subject, the response matrix generated in the
previous step is exposed to a non-random dropping process
on the occasion level. Precisely, at occasion j, after the
baseline (j = 2), the response vector y;; has been checked
to be whether retained or dropped as follow:

1. The initial values for the parameter vector of logistic
dropout model is assumed to be
¢ =[-0424 —2.7].

2. The probability vector P;; is computed based on Eq.
(26).

3. Arandom variable U is generated from uniform (0,1).

4. The response vector y;; is dropped if || P; I= U,
otherwise it is retained.

Simulation Results

The proposed approach introduced has been applied to
data. For each of the two maximization steps the stopping
criterion that is suggested in Demidenko (2004) is used.
Precisely, the iteration will be terminated if the norm value
of the absolute difference of two successive values of the
gradient vector at fixed parameter values is less that 0.0001.
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To accelerate the algorithm the study adopted the
Levenberg-Marquardt technique to modify each of the
Hessian matrix of the dropout parameters and the second
derivative matrix of the Q function of the model precision
parameters, to be negative definite. The SEM algorithm is
iterated for 500 iterations with a burn-in period of 250
iterations. The MLEs for the parameters were taken as the
averages of the last 250 iterations. The performance of the
proposed approach is evaluated via the relative bias (RB) of
its obtained MLEs, which was computed as follow:

RB(d) =% x 100.

The parameter estimates are displayed in Table (1) for
N =25 and Table (2) for N =50.

Table (1). Parameter estimates for N =25

Parameter True Values Estimates Relative Bias (%)
Box 1.0 13 30.7
B -3.0 2.4 21.0
Ba1 2.0 2.1 3.2
Boz 2.0 23 13.4
B2 -2.0 -1.1 44.1
P22 3.0 3.0 1.0
Bos 3.0 3.6 21.0
B3 -1.0 -0.6 42.1
Ba3 4.0 39 1.9
bo -0.4 -0.5 17.3
ol 2.5 2.5 0.9
b, 2.7 -2.7 0.9

Table (2). Parameter estimates for N = 50
Parameter True Values Estimates Relative Bias (%)
Bo1 1.0 0.6 42.6
P11 -3.0 -3.1 2.6
Bor 2.0 2.5 27.0
Boz 2.0 1.8 9.7
P12 -2.0 -1.9 7.3
Bas 3.0 35 16.7
Bo3z 3.0 29 1.8
P13 -1.0 -1.3 27.2
Bas 4.0 4.0 0.8
bo -0.4 -0.4 1.9
N 2.5 2.6 2.0
b, 2.7 2.8 2.0

The results show similar performance for the dropout
parameter estimates based on the two settings of sample
sizes. However, the estimates of the intercept parameter (1)
of the first outcome show maximum bias in both tables
(30.7%, and 42.6%). For sample size N =25, the estimate of
the effect of the first treatment on the second and third
outcomes show somewhat large bias (44.1%, and 42.1%
receptively). Generally, the second table show less bias for
most parameters (except for the estimate of the first
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intercept). It almost does not exceed 27.0% approximately.
Thus, the proposed approach show higher performance with
large sample sizes.

5. Conclusions and Future Research

The study introduces a new estimating approach for
modeling multiple outcomes longitudinal data under the
multivariate linear mixed model (MLMM) in the presence of
non-ignorable missingness. The missing pattern was
assumed to be monotone, such that the m outcomes have the
same pattern of dropout, while the covariates were assumed
to be fully observed. To obtain valid estimates of the model
parameters, the study incorporates the model of missing data
into the estimation process via the logit selection model. The
SEM algorithm is used as estimation approach. The S-Step
of the algorithm was implemented via accept-reject principle
for simulating the m-vector of outcomes at the dropout
occasion from the specified distribution. The algorithm
suggested two maximization steps; M 1-Step to maximize the
likelihood function of the dropout parameters of the
multivariate logistic model, and M2-Step to maximize the
likelihood function of the response model parameters. The
study proposed a novel algorithm to implement the second
maximization which is a new form of Quasi-Newton
algorithm that incorporates EM-related quantity which is the
Q function. The resulted proposed approach is a QN of
EM-type.

The proposed approach in efficient in at least major two
respects. It suggested using a new version of Quasi-Newton
algorithm that embedded with some EM quantities. It takes
the advantage of the EM algorithm in handling incomplete
data by augmenting the missing and the observed
observation to produce better estimates. However, it avoids
complicated computation of the EM algorithm due to its
iterating on the E-step which is infeasible with models with
multi-parameters. So, it suggested computing the matrix of
the second derivatives of the Q function with respect to the
current guess of the precision parameters only once to
initiate the basic Quasi-Newton algorithm.

Some possible extensions to the current study are
recommended for further investigation. The current study
could be extended assuming the intermittent pattern.
Consequently, different likelihood function for the missing
data mechanism parameters should be derived to fit such
pattern. Moreover, it is very practically to violate the
assumption that all outcomes have the same pattern of
missingness. Violating such assumption will cause a
considerable modification in the computation of the Q
function. One further extension is to admit possible missing
covariates. This will motivate incorporating missing data
mechanism of the covariates into the estimation process.

It is very common to assume that the measurement errors
within subjects are autocorrelated. It is possible to extend the
variance structure of the errors from X; =X ® I,, to be
X; =X Q®R;, where the matrix R; can take a simple

autoregressive pattern. However, this will imply estimating
more parameters.

The performance of the proposed approach is evaluated by
a simulation study assuming three outcomes. The study is
needed to be extended to check its applicability for a higher
number of outcomes.
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