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Chapter 1

Background

The aim of this project is to investigate a notion of convergence for sequences of graphs.
The limit will generally be a random graph. One important question we will study is the
behavior of the spectrum of the graph as it gets large.

This preliminary chapter will thus cover some background on each of the previous
keywords :

— can we define the convergence of some objects more abstract than sequences of
numbers ?

— what does “random” means ?
— what is graph ?
— what is the spectrum of an operator ?
These questions will lead us to introduce metric spaces, which provide a framework

which is sufficiently abstract for our purposes and sufficiently concrete to be intuitive. We
will also discuss special metric spaces, known as Banach spaces and Hilbert spaces, which
offer a good environment to do functional analysis. We will then discuss the notion of
randomness by introducing probability measures. This naturally leads to consider general
measures, and will be the occasion to introduce a basic Hilbert space denoted L2(X,µ). We
will next move on to discuss basic definitions of graphs (everything being very intuitive).
Graphs are equipped with natural operators called adjacency matrices. We will define
the notion of the spectrum for general bounded linear operators and discuss the spectral
theorem. We conclude this chapter with more probabilistic content which will shed more
light on several aspects of the project.

1.1 Metric spaces, Functional Analysis

A metric space is a set endowed with a function that measures the distance between its
elements. As one imagines, the distance between two elements should be non-negative (in
fact positive if they are distinct) and symmetric. Furthermore, it should somehow retain
the idea that it measures “the shortest path” between two points. So if x, y, z are three
points and we denote d(x, y) the distance between x and y,...etc, then we should have
d(x, z) ≤ d(x, y) + d(y, z), since we can go from x to z using the path from x to y to z,
whose “length” is d(x, y) + d(y, z), so the shortest path should be smaller.

Well, that’s all there is about metrics :

Definition 1.1. A metric space is a set X endowed with a function d : X ×X → [0,∞)
satisfying the following properties for any x, y, z ∈ X :
1) d(x, y) ≥ 0, (non-negative)
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2) d(x, y) = 0 ⇐⇒ x = y,
3) d(x, y) = d(y, x), (symmetric)
4) d(x, y) ≤ d(x, z) + d(z, y). (triangle inequality)

Here the second point says two things : first, d(x, x) = 0, second, d(x, y) > 0 if y 6= x.

Example 1.2. The natural distance in the plane R2 intuitively satisfies these properties
(though we needed Euclid’s Elements Book 1 for a proof). On Rn, we can define d(x, y) :=
(
∑n
k=1 |xk − yk|2)1/2 for x = (x1, . . . , xn) and y = (y1, . . . , yn) ∈ Rn, which is called the

Euclidean distance, and generalizes the familiar distance in the plane. The proof of the
triangle inequality takes some work.

Actually, for any p ≥ 1, we can define d(x, y) := (
∑n
k=1 |xk − yk|p)1/p, which still

satisfies all the properties of a metric. The triangle inequality in this context is called
Minkowski’s inequality. The proof uses yet another inequality called Hölder’s inequality.
We omit both proofs; see e.g. [26].

Example 1.3. The space Rn is very special (in the sense that it has a very rich structure).
We can actually define a metric on any set X : just put d(x, y) = 0 if x = y and d(x, y) = 1
otherwise. We call this the discrete metric. It is admittedly weird geometrically, but it’s
a good example to keep in mind.

The reader can search for more examples in books or the internet. An important
metric will be defined later in our project.

As mentioned in the second example, Rn is very special. Besides having a natural
distance, it is also a vector space, i.e. has a zero element, a notion of addition, and a
notion of scalar multiplication. Let us explore such spaces further :

Definition 1.4. Let X be a vector space over the field K = R or K = C.
We say that ‖ · ‖ : X → [0,∞) is a norm on X if it satisfies the following properties

for each x, y ∈ X and α ∈ K :
1) ‖x‖ ≥ 0,
2) ‖x‖ = 0 ⇐⇒ x = 0,
3) ‖αx‖ = |α| · ‖x‖,
4) ‖x+ y‖ ≤ ‖x‖+ ‖y‖.
We call (X, ‖ · ‖) a normed space.

Clearly, any normed space is a metric space if we define the distance d(x, y) := ‖x−y‖.
Norms thus measure the “length” of elements, i.e. their distance from 0.

Example 1.5. The space Cn over the field C, endowed with ‖x‖p := (
∑n
k=1 |xk|p)1/p is a

normed space for any p ≥ 1.
The same space can be endowed with the norm ‖x‖∞ := max1≤k≤n |xk|.

Example 1.6. What if we replace Cn by CN; the space of all x = (x1, x2, . . . ) with
xj ∈ C ? This is the space of all sequences, it’s a very big creature.

Let us consider smaller spaces as follows : let `p := {x ∈ CN :
∑∞
k=1 |xk|p <∞}. This

is the subspace of p-summable sequences. It has a natural norm ‖x‖p := (
∑∞
k=1 |xk|p)1/p.

Example 1.7. Let C[a, b] be the space of all continuous functions on [a, b]. This is a
normed space if we endow it with ‖f‖ := maxt∈[a,b] |f(t)| for f ∈ C[a, b].



1.1. Metric spaces, Functional Analysis 3

As previously mentioned, any of these normed spaces is in particular a metric space.
Are there interesting spaces which are yet more special than normed spaces ? Well

besides having a notion of length, Rn also has a notion of angle. Let’s explore such spaces
further :

Definition 1.8. Let X be a vector space on K. An inner product on X is a map 〈·, ·〉 :
X ×X → K satisfying the following properties for any x, y, z ∈ X and α, β ∈ K :
1) 〈x, x〉 ≥ 0,
2) 〈x, x〉 = 0 ⇐⇒ x = 0,
3) 〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉, (linearity)
4) 〈y, x〉 = 〈x, y〉. (conjugate symmetry)
We call (X, 〈·, ·〉) an inner product space.

Example 1.9. The basic example is the dot product in R3 : 〈x, y〉 = x ·y = x1y1 +x2y2 +
x3y3.

In general, on Cn, we can define the inner product 〈x, y〉 :=
∑n
k=1 xkyk. On Rn this

becomes 〈x, y〉 =
∑n
k=1 xkyk.

The space `2 can be endowed with the inner product 〈x, y〉 :=
∑∞
k=1 xkyk for x =

(xk)k≥1, y = (yk)k≥1 ∈ `2.

Recall that for the dot product, we can find the angle θ between two vectors in R3 via
the formula x · y = ‖x‖ · ‖y‖ cos θ. In particular, |x · y| ≤ ‖x‖ · ‖y‖. In general,

Theorem 1.10. Let (X, 〈·, ·〉) be an inner product space. Then
a) X is in particular a normed space, with norm ‖x‖ :=

√
〈x, x〉,

b) |〈x, y〉| ≤ ‖x‖ · ‖y‖. (Cauchy-Schwarz inequality).

Definition 1.11. We say that two vectors x, y in (X, 〈·, ·〉) are orthogonal if 〈x, y〉 = 0.
We denote this by x ⊥ y.

More generally, one could define an “angle” θ between vectors in an inner product
space via 〈x, y〉 = ‖x‖ · ‖y‖ cos θ and recover much of the familiar plane geometry.

So far we introduced inner product spaces, which are special normed spaces, which
are special metric spaces. Let us turn back to general metric spaces and remember the
problem of the introduction, namely, to define a notion of convergence for something more
abstract than sequences of numbers.

Definition 1.12. Let (X, d) be a metric space and {xk}k≥1 ⊂ X a sequence of elements
of X. We say that
(i) (xk) is Cauchy if for any ε > 0 there is n0 = n0(ε) such that d(xn, xm) < ε for all

n ≥ n0,
(ii) (xk) converges to x ∈ X if d(xn, x)→ 0.

The definitions just mimic those of R and C. As in those spaces, any convergent
sequence is Cauchy. The proof is easy.

Recall that in R, we also know that any Cauchy sequence converges. In metric spaces,
this is not necessarily true. For example, if X = (0, 1) and xn = 1

n , we check that (xn) is
Cauchy but does not converge (its “limit” 0 is missing from X).

Definition 1.13. We say that a metric space (X, d) is complete if any Cauchy sequence
in X converges to some point x ∈ X.
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Example 1.14. The spaces Rn and Cn are complete when endowed with ‖ · ‖p. As we
saw, X = (0, 1) with the natural metric is not complete.

Theorem 1.15. Any metric space has a completion, which is unique up to isometry.

Roughly speaking, this says that for any metric space X, there is a larger, complete
metric space X̂ such X ⊆ X̂ and X is dense in X̂.

For example, the completion of X = (0, 1) in the natural metric is X̂ = [0, 1]. To
explain the previous notions better, we need some definitions :

Definition 1.16. Let X be a metric space. We say that M ⊆ X is closed if

(∀{xn} ⊂M : xn → x) =⇒ x ∈M .

In other words, M should contain all its limit points.

Definition 1.17. The closure of M ⊆ X is the smallest closed set containing M . We
denote it by M .

We say that M is dense in X if M = X.

So as the language suggests, a dense subset has points in all neighborhoods in X. For
instance, Q is dense in R.

Theorem 1.15 thus says that the bigger space on one hand is complete, and on the
other hand is the smallest complete space containing 1 X.

Example 1.18. The space C[a, b] with the norm ‖f‖ = maxt∈[a,b] |f(t)| is complete.
The space C[a, b] can also be endowed with the norm ‖f‖p = (

∫ b
a |f(t)|p dt)1/p. Check-

ing that this is indeed a norm is nontrivial.
It turns out that (C[a, b], ‖ · ‖p) is not complete. Its completion is the space Lp[a, b],

further discussed in the next section.

Before moving to another concept, we record the following :

Lemma 1.19. If X is a complete metric space and M ⊆ X is closed, then M is complete.
Conversely, if M is a complete subset of some metric space X, then M is closed.

The basic spaces of functional analysis can now be defined :

Definition 1.20. A Banach space is a complete normed space.
A Hilbert space is a complete inner product space.

Here completeness is in the metric induced by the norm.

Example 1.21. The `p spaces are Banach spaces. The spaces Lp[a, b] are also Banach.
The spaces `2 and L2[a, b] are Hilbert spaces.
Any finite-dimensional normed space is a Banach space. Similarly, any finite-dimensional

inner product space is a Hilbert space.

We still need some metric notions before moving on.

Definition 1.22. We say that a metric space X is separable if it has a dense countable
subset.

1. Actually, this interpretation is not entirely true : the completion X̂ generally contains an isometric
copy of X, not X itself - but it helps to think this way.
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A countable subset M is a set... whose elements can be counted. That is, we may
write the set completely as an enumerationM = {x1, x2, x3, . . .}. For example, N is clearly
countable. Z is also countable. Q is countable. But R is uncountable. For any list of real
numbers {x1, x2, . . .}, we can find a real y /∈ {x1, x2, . . .}. So although N and R are both
infinite subset, R has a “bigger infinity” of elements. The German mathematician Cantor
delighted in these things

The space R with the natural metric is separable, as it contains the countable subset
Q. The spaces Rn and Cn are separable for analogous reasons.

Definition 1.23. Let (X, d) be a metric space. We say that M ⊆ X is compact if any
sequence in M has a subsequence which converges to some x ∈M .

Compact subsets of R are well-known : they are precisely the subsets which are closed
and bounded. The difficult side of this statement is the well-known Bolzano-Weierstrass
theorem. More generally,

Lemma 1.24. If X is a finite-dimensional normed space, then M ⊂ X is compact iff it
is closed and bounded.

In general only one side of the above holds :

Lemma 1.25. Let X be a metric space. If M ⊆ X is compact, then M is closed and
bounded.

The converse is generally untrue. For example, let X be a normed space and B̃ ⊂ X
the closed unit ball, that is, B̃ = {x ∈ X : ‖x‖ ≤ 1}. It is easy to show that B̃ is closed
and bounded. However :

Lemma 1.26 (Riesz). If X is infinite-dimensional, then B̃ is never compact.

We conclude this section with the notion of a bounded linear operator, which is an
object of central importance in functional analysis.

Definition 1.27. Let (X, ‖ · ‖1) and (Y, ‖ · ‖2) be normed spaces. We say that T : X → Y
is a bounded linear operator if T is
(i) linear : T (αx+ βy) = αTx+ βTy for any x, y ∈ X and α, β ∈ K,
(ii) and bounded, i.e. satisfies

‖T‖ := sup
x 6=0

‖Tx‖2
‖x‖1

<∞ .

We denote B(X,Y ) the set of bounded linear operators from X to Y .

We call ‖T‖ the operator norm of T , and sometimes emphasize this by denoting ‖T‖op.

Example 1.28. The identity map I : X → X, I : x 7→ x, is a bounded linear operator 2,
with ‖I‖ = 1. Similarly, the zero operator 0 : x 7→ 0 is a b.l.o with ‖0‖ = 0.

The following theorem shows that the notion of boundedness is only important when
moving to infinite dimensions :

2. Note that f : R → R defined by f(x) = x is an unbounded function in the context of calculus - so
the definition here is different. In functional analysis, we measure how much the operator increases the
norm of each x, while in calculus we just measure the size of the whole range.
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Theorem 1.29. If X is finite-dimensional, then any linear operator on X is bounded.

Actually, when both X and Y are finite-dimensional, then bounded linear operators
are precisely the matrices the reader studied in linear algebra.

Example 1.30. Let M ⊂ `p be the subspace of sequences x = (x1, x2, . . . ) with finitely
many nonzero terms (i.e. for any x there is nx such that xj = 0 for all j > nx).

Define T : M →M by T : (xj)j≥1 7→ (jxj)j≥1. One easily sees that T is unbounded.

A very important operator is unfortunately unbounded :

Example 1.31. Consider X = C[a, b] with ‖f‖ = maxt∈[a,b] |f(t)|. LetM ⊂ C[a, b] be the
subspace of continuously differentiable functions. Define T : M → C[a, b] by T : f 7→ f ′,
i.e. T is the differentiation operator. Then T is unbounded.

This is the main reason we still need a theory of unbounded operators - but this will not
concern us in this course. We note that integration is however a bounded linear operator.

Let us conclude with operators on Hilbert spaces.

Definition 1.32. Let (H1, 〈·, ·〉1), (H2, 〈·, ·〉2) be Hilbert spaces and T ∈ B(H1,H2).
We define the adjoint T ∗ of T to be the unique operator T ∗ ∈ B(H2,H1) satisfying

〈Tx, y〉2 = 〈x, T ∗y〉1 ∀x ∈ H1, y ∈ H2 .

It can be shown that T ∗ indeed exists and is unique. Moreover, ‖T ∗‖ = ‖T‖. The
proof of these things uses the Riesz representation theorem - a fundamental result in
Hilbert space theory.

Example 1.33. Let A = (ai,j)1≤i≤m
1≤j≤n

be a matrix, denote the associated operator also

by A, so A : Cn → Cm takes (x1, . . . , xn) 7→ (
∑n
j=1 a1,jxj , . . . ,

∑n
j=1 am,jxj). Then A∗ :

Cm → Cn is the matrix A∗ = (aj,i)1≤i≤m
1≤j≤n

. In other words, A∗ is the conjugate transpose

(just the transpose when entries are real).

Example 1.34. More trivially, I∗ = I and 0∗ = 0.

Definition 1.35. We say that T : H → H is self-adjoint if T ∗ = T .

Note that self-adjointness only makes sense if the operator goes from the space to itself.
Self-adjoint operators are the bread and butter of quantum mechanics (though unfor-

tunately, they are typically unbounded).

Example 1.36. Let X = L2[a, b], ϕ a continuous function and Mϕ : X → X be the
multiplication operator Mϕ : f 7→ ϕf . Then Mϕ is self-adjoint iff ϕ is real-valued. In fact,
M∗ϕ = Mϕ.

More classes of interest :

Definition 1.37. We say that U : H → H is unitary if it is bijective and U−1 = U∗.
We say that T : H → H is normal if TT ∗ = T ∗T .

Further reading : See e.g. [26, Chapters 1–3] for much more details.
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1.2 (Probability) Measures
Perhaps the best known “measure” is what we call the Lebesgue measure, though it’s

certainly not the simplest one.
The purpose of the Lebesgue measure is to extend the notion of length from intervals to

arbitrary subsets of R, similarly, the notion of volume of cubes in Rn to arbitrary subsets.
What is the “length” of Q for example ?

Unfortunately this ideal aim turns out to be impossible to achieve. A paradox by
Banach and Tarski says that one can break the unit ball in R3 into a finite number of
pieces, rotate and translate them, then reassemble them to obtain two copies of the unit
ball ! In particular, since the volume of the ball, call it τ , should be the sum of the volume
of the pieces, we get τ = 2τ .

The problem here is that the pieces actually don’t have a well-defined “volume”. We
say they are not measurable.

So although we can extend the notion of “size” to a wide family of subsets of Rn, we
cannot extend it to all subsets. The family of “good” sets is called the Borel σ-algebra.

The construction of Lebesgue’s measure contains most of the main difficulties, so we
can move on directly to discuss general measures on sets X. This is what we really need
for the project later on.

Definition 1.38. Let X be a set. A family of subsets F of X is called an algebra if
(i) X ∈ F,
(ii) F is closed under finite unions,
(iii) F is closed under complements.

Hence, A1, . . . , An ∈ F =⇒ ∪nj=1Aj ∈ F and A ∈ F =⇒ Ac ∈ F. Here Ac := X \ A.
In particular, we see that ∅ ∈ F. Also, F is closed under finite intersections, due to De
Morgan’s law A ∩B = (Ac ∪Bc)c.

Example 1.39. Let X = {a, b, c} and F = {∅, {a}, {b}, {a, b, c}}. Then F is not an
algebra.

Definition 1.40. An algebra is called a σ-algebra if it is closed under countable unions
(implying it’s also closed under countable intersections). In this case, we call (X,F) a
measurable space. Henceforth F always denotes a σ-algebra.

Sets in F are said to be measurable.

Example 1.41. The set I of all intervals I ⊂ R is certainly not a σ-algebra (not even an
algebra; it’s a so-called π-system if we also consider ∅). However, it generates the Borel
σ-algebra B of R. This is the smallest σ-algebra containing I. Its elements contain in
particular all open sets, closed sets, countable intersections of open sets, countable unions
of closed sets... and much more.

More generally, if X is a topological space, we can always endow X with the Borel
σ-algebra generated by all open sets.

We are now ready to discuss the main entity of this section :

Definition 1.42. Let X be a set with σ-algebra F. We say that µ : F → [0,∞] is a
measure if
(i) µ(∅) = 0,
(ii) µ(∪∞j=1Aj) =

∑∞
j=1 µ(Aj) if Aj ∩Ak = ∅ for all j 6= k.
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Property (ii) is called σ-additivity.

Example 1.43. For any set X, we may take F = P (X), the power set of X. Now fix
x ∈ X and consider the measure µ = δx, where δx(A) = 1 if x ∈ A and δx(A) = 0
otherwise. This is called the Dirac measure centered at x.

Example 1.44. For any set X, take F = P (X) and let µ(A) be the number of elements
in A (∞ if A is infinite). We call this the counting measure.

Example 1.45. Let X = Rn and take F = B(Rn), the σ-algebra of Borel sets in Rn. We
take µ = L to be the Lebesgue measure. Its construction is complicated and will not be
discussed. We just mention that it satisfies the following properties :

— the volume of rectangles is as expected : L(I1 × · · · × In) = |I1| · · · |In| for any
intervals Ij ⊂ R, where |[a, b]| is the usual length, b− a,

— L is both translation invariant and rotation invariant,
— L(A) = 0 for any countable set. In particular, the “length” of Q ⊂ R is 0,
— the converse is not true : there exists uncountable sets with L(A) = 0.

Definition 1.46. We say a measure µ is finite if µ(X) <∞.
We say that µ is a probability measure if µ(X) = 1.

Example 1.47. Let X be finite, F = P (X) and µ the normalized counting measure :
µ(A) = #A

#X , where #A is the number of elements in A. This is the familiar probability
measure from high school, called the uniform measure.

Example 1.48. Let X = R, F = B(R), dµ = 1√
2πσ2 e−(x−c)2/(2σ2) dx. In particular, for

intervals I = [a, b], we have µ(I) = 1√
2πσ2

∫ b
a e−(x−c)2/(2σ2) dx. Then µ is a probability

measure on R called the Gaussian measure.
Similarly, we can take dµ = 1

πγ ·
γ2

(x−x0)2+γ2 dx. This probability measure is said to
have the Cauchy distribution. Both measures are quite important.

Definition 1.49. A property is said to hold µ-almost everywhere if it holds outside a set
N ⊂ X of zero measure : µ(N) = 0. We abbreviate this by µ-a.e. If µ is a probability
measure, we often say µ-almost surely, µ-a.s.

Example 1.50. Let 1A be the characteristic function of A, that is, 1A(x) = 1 if x ∈ A
and 1A(x) = 0 otherwise. Then 1Q = 0 L-almost everywhere.

Finally we mention the notion of the “support” of a measure.
If X is a metric space and f : X → R is continuous, the support of f is defined by

supp f = {x ∈ X : f(x) 6= 0}.
We’re thus looking where the function “lives”, where it is nonzero.
Similarly, we define the support of a measure µ on X by

suppµ = {x ∈ X : µ(O) > 0 for any open neighborhood O of x}
= X \ {x ∈ X : there exist an open neighborhood O0 of x with µ(O0) = 0}

Example 1.51. The support of the Lebesgue measure L on R is R.
Consider the restricted measure dµ = 1[a,b] dx, also on X = R. In other words,

µ(A) = L(A ∩ [a, b]). Then suppµ = [a, b].
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Now that we understand the basic properties of a measure µ, we briefly discuss how
to integrate with respect to µ.

Recall that in Riemann’s integration from first year calculus, one starts by dividing the
domain of the function, which a closed interval, into smaller and smaller sub-intervals. In
each small interval, we then calculate the areas of two rectangles, one above, one below the
curve, then take the sum of these areas and take the limit as the width of the rectangles
goes to zero. We say that f is Riemann-integrable if the approximations from above and
below tend to the same value.

One trouble with this definition is that it requires functions to be pretty regular. 3

Lebesgue’s idea is to do the following instead. On any domain X, f : X → R, we choose
a “subdivision” depending on the function. We no longer divide intervals and so on while
forgetting about f . Instead, we look at the range of f . We divide the domain X into
pieces composed of inverse images

f−1(A) := {x ∈ X : f(x) ∈ A} .

The approximation procedure then goes as follows : first consider simple functions of the
form

s =
p∑
j=1

αj1Aj .

These functions take only finitely many values {α1, . . . , αp}, so their graphs look like
“steps”. This representation is generally not unique, but if we choose Aj := s−1(αj), then
it is unique. As one imagines, we define the integral of this function to be the sum of
rectangles. More generally, for any measurable A ⊂ X,

∫
A
s dµ :=

p∑
j=1

αjµ(Aj ∩A) .

We then move to more interesting functions, namely non-negative measurable 4 functions
f ≥ 0. We define the integral as ∫

A
f dµ := sup

s≤f

∫
A
s dµ ,

where the supremum runs over all simple functions s ≤ f . This works very well, the
integral can be shown to be linear for instance, and so on.

If f is real-valued, we just consider its positive and negative parts. Similarly, if f is
complex-valued, we consider its real and imaginary parts.

We omit the details but hope the reader got some idea.
One good thing about Lebesgue’s integral is that it behaves very well with respect to

limits. We state just one illustration :

Theorem 1.52. Let µ be a finite measure on X, suppose (fn) is a sequence of measurable
functions on X, |fn(x)| ≤ M for all n ≥ 1, x ∈ X. Suppose that fn(x) → f(x) µ-a.e.
Then

∫
fn dµ→

∫
f dµ.

3. The french mathematician Dieudonné expressed a strong opposition to the fact that we “still teach”
Riemann’s integral. See his Foundations of Modern Analysis, Volume 1, Chapter VIII.

4. Imposing that a function is measurable is in general a very weak assumption, no need for any
regularity. The definition : you need f−1(I) ∈ F for any interval I.
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If µ is a probability measure on X, we will often use the notation

Eµ(f) :=
∫
X
f dµ ,

where E stands for expectation.
Let us conclude this section with a brief discussion of Lp spaces. This will provide

some link with the previous section. This part is not essential to the project, but should
be in the mathematical baggage of any graduate student.

Let (X,F, µ) be a measure space, for simplicity assume µ(X) < ∞ (that’s really not
necessary). Given p ≥ 1, we define Lp(X,µ) to be the set of all measurable f : X → C
satisfying ‖f‖p := (

∫
X |f |p dµ)1/p <∞.

Note that we discussed a quite similar space in Section 1.1. There the functions were
continuous and we had a normed space (which wasn’t complete). Here functions are only
measurable, is it a problem ?

Well yes. Recall that for ‖ · ‖p to be a norm, we need ‖f‖p = 0 =⇒ f = 0. If the
function is not continuous, we may well have

∫
|f |p dµ = 0 but f not the zero function

(consider a function identically zero except at one point). In general, one can prove that∫
|f |p dµ = 0 ⇐⇒ f(x) = 0 µ− a.e.

This shows that ‖ · ‖p is not a norm on Lp(X,µ).
To solve this problem, we should work with a different space in which a function equal

to zero almost everywhere is the zero vector. There are many such functions, they should
all be the same vector : zero. The idea of collapsing a set of points (here functions) into
a single point is well established in mathematics : we just have to take quotients.

With this intuition, we consider N(X,µ) = {f : f(x) = 0 µ−a.e.}, which is a subspace
of Lp(X,µ), and define the quotient

Lp(X,µ) := Lp(X,µ)/N(X,µ) .

Strictly speaking, the elements of Lp(X,µ) are cosets.. this is not a very enlightening
point of view. It is better to think of elements of Lp(X,µ) as ordinary functions, which
are well-defined up to sets of measure zero.

The problem now is solved : Lp(X,µ) becomes a normed space if endowed with ‖ · ‖p.
This space is separable (unless X is really bad). Moreover :

Theorem 1.53. Lp(X,µ) is a Banach space. L2(X,µ) is a Hilbert space.

We can finally understand why Lp(X,µ) is the completion of C(X) endowed with
‖ · ‖p, a fact mentioned in Section 1.1. Indeed, Lp(X,µ) is complete. It is also true that
continuous functions of compact support are dense in it, when X is locally compact (proof
omitted). This concludes the verification.

We use the shorthand notation Lp(X) when X ⊂ Rn is endowed with Lebesgue’s
measure. People sometimes denote Lp(µ) when the emphasis is really on the measure (for
example, comparing several measures on the same space).

Further reading : My favorite “crash course” in measure theory is Appendix A of
the book [33] by Teschl. Keep in mind the content there is very dense; you will need to
work hard to fill the details. More comprehensive treatments are [28, 29].
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1.3 Graphs
Let us now discuss our main objects of study : graphs.

Definition 1.54. A graph is a pair G = (V,E) consisting of a countable set of vertices V
and a set of edges E ⊆ {{x, y} : (x, y) ∈ V 2, x 6= y}.

Hence, we just have a set of points called vertices, linked together by bridges that
we call edges. In our treatment, we exclude multiple edges between vertices and exclude
self-loops. Our graphs are undirected, i.e. the edge {x, y} can be seen as a double arrow,
from x to y and from y to x.

More general graphs can be treated, but this framework is already very rich.

Definition 1.55. If {x, y} is an edge, we denote x ∼ y. This means that y is a nearest
neighbor of x.

We denote the set of nearest neighbors of x by Nx.
The degree of a vertex is the number of its neighbors. We denote d(x) = |Nx|.

Even if the graph is undirected, it is sometimes useful to work with directed bonds :

Definition 1.56. Let G = (V,E) be a graph. If {x, y} is an edge, we denote b = (x, y)
the directed edge with origin x and terminus y. These are denoted ob and tb, respectively.

We let B denote the set of directed edges of G. Since the graph is undirected, each
edge induces two directed edges, so that |B| = 2 |E|.

Example 1.57. Draw the following graphs :
— A complete graph on 3 vertices. A complete graph is a graph in which Nx = V \{x}

for any x, in other words, there is an edge between x and any y 6= x.
— A star graph on 6 vertices. The situation here is quite the opposite. There is a

central vertex which is connected to a vertices. Any other vertex is connected only
to the central vertex, so we get a star shape.

— A d-regular graph is a graph in which each vertex has exactly d-neighbors. Draw a
3-regular graph on 4 vertices.

Definition 1.58. A path in a graph G is a sequence of vertices (x0, x1, . . . ) which may be
finite or infinite, and which satisfies xj ∼ xj+1 and xj+1 6= xj−1. Sometimes we emphasize
this and say non-backtracking path.

A walk in G is similar but can backtrack. Namely, it is a sequence (x0, x1, . . . , xn),
usually finite, which is only required to satisfy xj+1 ∼ xj .

A cycle is a closed path (x0, x1, . . . , xn, x0).

Example 1.59. A tree is a graph which has no cycles. Trees are important types of
graphs which appear in a wide variety of problems. In particular, star graphs are trees.

Definition 1.60. A graph is said to be connected if for any x, y ∈ V , there is a path
(x0, . . . , xk) in G such that x0 = x and xk = y.

Example 1.61. Draw a connected graph. Draw a disconnected graph.

Definition 1.62. A graph is said to be finite if it has finitely many vertices : |V | <∞.
We always assume the graph is locally finite, which means that the degree d(x) < ∞

for any vertex x.

Example 1.63. Convince yourself that a 3-regular tree must be infinite.
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Remark 1.64. If G is a finite d-regular graph, then |B| = d |V |. In fact,

|B| =
∑

(x,y)∈B
1 =

∑
x∈V

∑
y∼x

1 =
∑
x∈V

d(x) = d |V | .

Recall the bounded linear operators discussed in Section 1.1. Graphs come with the
following natural operator :

Definition 1.65. Let `2(G) = {f : V → C :
∑
v∈V |f(v)|2 < ∞}. Note that `2(G) = CV

if the graph is finite (the set of all functions from V → C).
Let G = (V,E) be a graph. The adjacency matrix of G, denoted AG, is the operator

AG : `2(G)→ `2(G) defined by

(AGf)(x) =
∑
y∼x

f(y) .

In other words, the value of AGf at x is the sum of f(y) over all nearest neighbors.
Since our graphs are undirected, we get an important property :

Lemma 1.66. Suppose that supx∈V d(x) ≤ D <∞.
Then AG is a bounded linear operator with ‖AG‖ ≤ D. Moreover, AG is self-adjoint.

Proof. This is easy. First recall the Cauchy-Schwarz inequality :

n∑
j=1
|xjyj | ≤

 n∑
j=1
|xj |2

1/2 n∑
j=1
|yj |2

1/2

.

Now let f ∈ `2(G). Then

‖AGf‖2 =
∑
x∈V
|(AGf)(x)|2 =

∑
x∈V

∣∣∣∣∣∑
y∼x

f(y)
∣∣∣∣∣
2

.

By Cauchy-Schwarz,∣∣∣∣∣∑
y∼x

f(y)
∣∣∣∣∣ ≤∑ |f(y)| =

∑
y∼x

(1 · |f(y)|)

≤
(∑
y∼x

12
)1/2(∑

y∼x
|f(y)|2

)1/2

=
√
d(x)

(∑
y∼x
|f(y)|2

)1/2

.

Hence,

‖AGf‖2 ≤ D
∑
x∈V

∑
y∼x
|f(y)|2 = D

∑
(x,y)∈B

|f(y)|2 = D
∑

(y,x)∈B
|f(y)|2

= D
∑
y∈V

∑
x∼y
|f(y)|2 ≤ D2 ∑

x∈V
|f(y)|2 = D2‖f‖2 .

Since f is arbitrary, this gives ‖AG‖ ≤ D.
For self-adjointness, note that

〈AGf, g〉 =
∑
x∈V

(AGf)(x)g(x) =
∑
x∈V

∑
y∼x

f(y)g(x)

=
∑

(x,y)∈B
f(y)g(x) =

∑
y∈V

∑
x∼y

f(y)g(x) =
∑
y∈V

f(y)(AGg)(y) = 〈f,AGg〉

as required.
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It is also useful to consider more general operators. In mathematical physics, the
adjacency matrix is regarded as a discrete analog of the Laplacian −∆ on continuous
functions. So what are Schrödinger operators ?

Here it’s simple. Endow each vertex x with some weight W (x) ∈ R. We then define

HG = AG +W

to be the operator (HGf)(x) = (AGf)(x) + W (x)f(x). In other words, W is a multipli-
cation operator. In this context, it is called a potential and HG is called a Schrödinger
operator. It is more common to denote potentials by V , but we choseW to avoid confusion
with vertices.

Lemma 1.67. If supx∈V d(x) ≤ D < ∞ and ‖W‖∞ := supx∈V |W (x)| < ∞, then HG is
a bounded self-adjoint operator with ‖HG‖ ≤ D + ‖W‖∞.

The proof is left for the reader. Note that self-adjointness holds because W is real-
valued.

1.4 The spectrum of an operator

1.4.1 Matrices

Consider the Hilbert space H = Cn and a square matrix A : H → H. Recall that
0 6= u ∈ H is an eigenvector of A with corresponding eigenvalue λ ∈ C if Au = λu.
The matrix A = (ai,j)ni,j=1 is said to be Hermitian if ai,j = aj,i for all i, j = 1, . . . , n. In
the language of Section 1.1, this means that A is self-adjoint. A classical result in linear
algebra says that any Hermitian matrix is diagonalizable. More precisely, we may choose
an orthonormal basis (ϕj) for H of eigenvectors of A, and the corresponding eigenvalues
are real. The matrix (〈Aϕj , ϕi〉)ni,j=1 will then be diagonal (with the eigenvalues on the
diagonal). This result is sometimes expressed by saying that there exists a unitary matrix
U and a diagonal matrix D such that U−1AU = D; the unitary matrix is simply the
matrix that transforms the original basis into the basis (ϕj) above.

Let us take a closer look. Let λ1 < λ2 < . . . < λm, (m ≤ n) be the eigenvalues of
A. Let ϕ1(λk), . . . , ϕN(λk)(λk) be the eigenvectors corresponding to λk (one vector if the
eigenvalue is simple). Let Hk = span{ϕj(λk)}j . This “spectral theorem” then tells us
that the eigenvectors {ϕj(λk)}j,k form an orthonormal basis of H. So any f ∈ H has an
expansion

(4-1) f =
m∑
k=1

N(λk)∑
j=1
〈f, ϕj(λk)〉ϕj(λk)

Since Aϕj(λk) = λkϕj(λk), this expansion also gives

(4-2) Af =
m∑
k=1

N(λk)∑
j=1

λk〈f, ϕj(λk)〉ϕj(λk)

Let P (λk) be the orthogonal projection onto Hk. Then

P (λk)f =
N(λk)∑
j=1
〈f, ϕj(λk)〉ϕj(λk)
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Thus, (4-1) and (4-2) take the form

1 =
m∑
k=1

P (λk), A =
m∑
k=1

λkP (λk)

If we introduce the “projection-valued measure” E(J) :=
∑
λj∈J P (λj) for any Borel set

J ⊂ R, this becomes

(4-3) 1 =
∫
R
dE(λ), A =

∫
R
λdE(λ) .

The aim of this section is to see how far we can extend these expressions to general
self-adjoint operators on arbitrary Hilbert spaces. We’ll see that (4-3) generalizes well -
this is the famous spectral theorem.

1.4.2 Spectra

Throughout the course, all Hilbert/Banach spaces will be over C.
We know that any matrix has a set of eigenvalues; these are the zeros of the character-

istic polynomial. Since the previous expansions were indexed by eigenvalues, if we want to
generalize the above formulas, it seems natural to first check if any self-adjoint operator
has eigenvalues.

The simplest matrices are the diagonal matrices, which act as (Dv)j = Djvj , where
Dj are the diagonal entries. The natural analog for the Hilbert space H = L2[a, b] is a
multiplication operator, acting as (Mϕf)(x) = ϕ(x)f(x).

So let us study the very simple operator (Af)(x) = xf(x). It is easily checked that A
is a bounded self-adjoint operator. If A had an eigenvalue λ ∈ C corresponding to some
eigenvector 0 6= ϕ ∈ L2[a, b], we would have

(x− λ)ϕ(x) = 0

almost everywhere. This implies ϕ(x) = 0 a.e., so ϕ = 0 in L2, a contradiction. Hence, A
has no eigenvalues.

We should thus work with something weaker than eigenvalues. Let E be a Banach
space and T a bounded operator. If λ ∈ C is an eigenvalue, then there is a nonzero u such
that (T − λ)u = 0 (we always denote T − λ := T − λI); in other words, u ∈ ker(T − λ)
and T − λ is not injective. But we know that in finite dimension, T − λ is not injective iff
it is not bijective. So instead of looking at eigenvalues, we could look at the λ such that
T − λ is not bijective. But by open mapping theorem, T − λ is bijective iff (T − λ)−1 is a
bounded operator. Thus, if

ρ(T ) = {λ ∈ C : (T − λ)−1 ∈ B(E)} ,

where B(E) is the set of bounded operators on E, then we may consider

σ(T ) := C \ ρ(T ) .

This is what is called the spectrum of T . The preceding discussion says that σ(T ) coincides
with the set of eigenvalues of T in the special case where T is a matrix on Cn.

Let us turn back to our example and see if the operator A has a spectrum. We already
showed that A − λ is injective for any λ ∈ C. Now let λ /∈ [a, b]. Given ϕ ∈ L2[a, b], let
ψ(x) = ϕ(x)

x−λ . Then ∫
[a,b]
|ψ(x)|2dx =

∫
[a,b]

∣∣∣ ϕ(x)
x− λ

∣∣∣2dx ≤ d−2‖ϕ‖2
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where d > 0 is the distance from λ to [a, b]. Hence, ψ ∈ L2[a, b] and (A − λ)ψ = ϕ. The
operator A − λ is thus surjective. As we already know that A − λ is injective, it follows
that λ /∈ σ(A).

Now suppose λ ∈ [a, b] and choose ϕ(x) ≡ 1. Since the functions (x− λ)−1 /∈ L2[a, b],
we get that A− λ is not surjective. Hence, [a, b] ⊂ σ(A). Conclusion: σ(A) = [a, b].

More generally, the spectrum of a multiplication operator by a measurable function
g(x) is precisely the “essential range” of g (here the essential range of g(x) = x is just the
range, i.e. [a, b]).

The previous fact is quite true for all bounded operators :

Theorem 1.68. The spectrum of a bounded operator on a Banach space is never empty.

The proof uses Liouville’s theorem (a bounded entire function must be constant). We
also know that

Lemma 1.69. If T is bounded, then σ(T ) is compact in C and σ(T ) ⊂ D(0, ‖T‖), the
closed disc of radius ‖T‖ around 0.

If T is self-adjoint, then the spectrum is real and σ(T ) ⊆ [−‖T‖, ‖T‖].

We remark that contrary to the case of matrices whose spectrum is just a set of points
in C, the operator above has a spectrum that looks continuous. In general, there is a fine
decomposition of the spectrum into “pure point”, “absolutely continuous” and “singularly
continuous” parts, which we may discuss later in the course.

We may ask how far a spectral element differs from an eigenvalue. Let T be bounded.
We say that (ϕn) is a Weyl sequence associated to λ ∈ C, if ‖ϕn‖ = 1 for all n and
‖(T − λ)ϕn‖ → 0.

Theorem 1.70. Let T be bounded.
— If there exists a Weyl sequence associated to λ, then λ ∈ σ(T ),
— if T is self-adjoint, then λ ∈ σ(T ) iff there exists a Weyl sequence associated to λ.

1.4.3 The spectral theorem

In [22], the spectral theorem is said to be “one of the most important mathematical
achievements of all times”. We already saw in Section 1.4.1 what it’s about; let us give
the precise statement.

Theorem 1.71. We may associate to any self-adjoint operator A on a separable Hilbert
space H a unique projection-valued measure PA on R such that

A =
∫
R
λdPA(λ)

More generally, for any Borel function f : σ(A)→ C, we may define an operator

f(A) =
∫
σ(A)

f(λ)dPA(λ) .

This operator is bounded if f is bounded. Otherwise, it is well-defined on a proper subspace.

In contrast to Section 1.4.1, the measure PA is no longer discrete in general. It is
supported on the spectrum of A, so it suffices to integrate over σ(A) above.

Still, it is useful to work with ordinary scalar measures. Given φ, ψ ∈ H, we call

µφ,ψ(J) := 〈χJ(A)φ, ψ〉 , for Borel J ⊆ R
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the spectral measure of A at the points φ, ψ. In general this is complex-valued, but µφ,φ
is a good non-negative measure as in Section 1.2. Note that µφ,φ(R) = ‖φ‖2.

The following theorem gives the properties of f(A). For simplicity, we assume every-
thing is bounded.

Theorem 1.72 (Functional Calculus). Let H be a Hilbert space, T ∈ B(H) be self-adjoint
and let B(σ(T )) be the set of bounded Borel functions on σ(T ). Then

(i) The map f 7→ f(T ) is an algebraic ∗-homomorphism from B(σ(T ))→ B(H). That
is, (fg)(T ) = f(T )g(T ), (αf)(T ) = αf(T ), 1(T ) = Id and f(T ) = f(T )∗.

(ii) ‖f(A)‖ ≤ ‖f‖∞.

(iii) If f(t) = t, then f(T ) = T .

(iv) If fn, f ∈ B(σ(T )) satisfy supn ‖fn‖∞ < ∞, and fn → f pointwise, then fn(T ) →
f(T ) strongly in B(H).

(v) If Tx = λx, then f(T )x = f(λ)x.

(vi) If f ≥ 0, then f(T ) ≥ 0.

(vii) If TS = ST , then f(T )S = Sf(T ).

(viii) (Spectral mapping theorem). If f is bounded continuous, then σ(f(A)) = f(σ(A)).

To conclude, recall that a square matrix A is diagonalizable iff there exist a unitary
matrix U such that U−1AU = D, for some diagonal matrix D. It would be interesting
to obtain a similar version for self-adjoint operators in general. As previously noted, the
natural analog of diagonal matrices are multiplication operators. The following theorem
holds.

Theorem 1.73. If A is self-adjoint on a separable Hilbert space H, then there exists
a measure space (X,µ), a measurable function ϕ : X → R and a unitary operator U :
L2(X,µ)→ H such that

(U−1AUf)(x) = ϕ(x)f(x)

for any f ∈ L2(µ).

Thus, any self-adjoint operator is unitarily equivalent to a multiplication operator.
However, the above representation is not canonical at all. Indeed, we may in general
represent A in many different L2(X,µ) spaces. However, we can strengthen this theorem
to obtain an ordered representation, see e.g. [22], which is more complicated (to write
and to prove), but has the advantage of giving a complete classification of self-adjoint
operators, up to unitary equivalence.

Further reading : The reader can find an outline of the proof of the spectral theorem
in Halmos’ paper [21]. Everything we need appears in detail in [30, Chapter 4]. In
particular, compact self-adjoint operators are shown to behave like matrices, so that the
spectrum reduces to (the closure of) the set of eigenvalues in this special case. A similarly
simple situation holds if the operator has a compact resolvent. We finally mention the
important classical references [27, 24].

The previous results generalize in many directions. In particular, everything works
with unbounded operators. The spectral theorem also extends to normal operators.
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1.5 Some basics of probability theory

1.5.1 Basics

Definition 1.74. A probability space is a triple (Ω,F,P), where Ω is a set, F a σ-algebra
of subsets of Ω and P a probability measure on Ω.

The set Ω represents the set of sample points; we denote ω ∈ Ω. The σ-algebra
represents the set of events, and we would like to measure their probability.

The events we observe are usually of the form “{X ∈ J}” :

Example 1.75. Consider the question : what is the probability that the mean tempera-
ture of Cairo in August will be between 20 and 25 degrees Celcius ?

To model this vague question, we may base our answer on the meteorological data
from the years 1991 to 2020 for example. For each year, a mean temperature is recorded.
So we may take the sample Ω = {1991, 1992, . . . , 2020}, consider the mean temperature
as a map T : Ω→ R, and one possible answer is that such a probability is unbiased, i.e.

P(T ∈ [20, 25]) = #{years in Ω : T (year) ∈ [20, 25]}
30 .

The previous question is quite typical of probability : the most important quantity
was the temperature, based on this we started looking for appropriate sample spaces. As
the temperature fluctuates from year to year, we call it a “random variable”.

Definition 1.76. A random variable is a measurable map X : Ω→ R.

Recall that the map is measurable if X−1(J) := {ω : X(ω) ∈ J} = {X ∈ J} ∈ F for
any Borel J ⊂ R, i.e. we need these to be legitimate events to measure.

Similarly, we can consider more general random objects :

Definition 1.77. A random vector is a measurable map X : Ω→ Rk.
A random n× n matrix is a measurable map X : Ω→Mn,n(R)

We can also consider random self-adjoint operators and so on.

Definition 1.78. The mean or expectation of a random variable X is the quantity E(X) =∫
ΩX(ω) dP(ω). We say that X is centered if E(X) = 0.

Random variables can be used to pushforward the measure P to R :

Definition 1.79. Let (Ω,F,P) be a probability space and X : Ω→ R a random variable.
We denote PX := X? P the probability measure on R defined by

PX(J) := P(X−1(J)) = P(X ∈ J)

for Borel J ⊆ R. We call PX the distribution of X.
Similarly, the distribution of a random vector X : Ω→ Rk is the measure on Rk defined

by PX(D) = P(X ∈ D).

We next discuss independence.

Definition 1.80. Two events A,B ∈ F are said to be independent if P(A∩B) = P(A)P(B).

The reason for considering products is intuitive :
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Example 1.81. Suppose you have to find the (unbiased) probability of getting the string
11 out of the sample {00, 01, 10, 11}. By considering strings as a whole, we find the
probability is 1

|Ω| = 1
4 . But we could also argue as follows : the first digit can be either 0

or 1, so the probability that the first entry is 1 is 1
2 . Similarly for the second digit. The

probability to get 11 is thus 1
2 ×

1
2 = 1

4 . This layman method of thinking implicitly uses
that the values of the first and second digits are independent of each other (in the sense
of everyday language). 5

We now give a more general definition which includes events as a special case.

Definition 1.82. Let (Xj)nj=1 be random variables defined on (Ω,F,P). We say that
(Xj) are independent if the distribution of X = (X1, . . . , Xn) on Rn is a product measure
Q1 × · · · ×Qn, with Qj a probability measure on R.

Events Aj are then independent if the indicator random variables 1Aj are independent.
If Q1 = · · · = Qn, the random variables are said to be identically distributed.
We use the standard abbreviation “i.i.d.” for “independent, identically distributed”.

In particular, we require that

P ((X1, . . . , Xn) ∈ A1 × · · · ×An) = Q1(A1)× · · · ×Qn(An)

for any rectangle A1 × · · · × An. Convince yourself that P(Xj ∈ Aj) = Qj(Aj). Then it
follows that P(Xj ∈ Aj for all 1 ≤ j ≤ n) =

∏n
j=1 P(Xj ∈ Aj).

One fundamental property is the following :

Theorem 1.83. If X1, . . . , Xn are independent random variables on Ω with E |Xj | <∞,
then E |X1 · · ·Xn| <∞ and

E(X1 · · ·Xn) = E(X1) · · ·E(Xn) .

Remark 1.84. As previously mentioned, the main interest is generally in random vari-
ables; this is usually the quantity given at start. Suppose we know that Xj takes values
in [aj , bj ] and we want the random variables to be independent, with distributions Qj .
Then we simply choose the sample space Ω = [a1, b1]× · · · × [an, bn], so that (X1, . . . , Xn)
describe the coordinates of Ω, and we endow Ω with P := Q1× · · · ×Qn. If we want them
to be i.i.d., we choose P = Q1 · · ·Q1.

We often need to deal with infinitely many random variables.

Definition 1.85. Let (Xt)t∈Λ be a possibly infinite family of random variables. We say
the family is independent if every finite subfamily is independent.

1.5.2 Three fundamental results

With these basic definitions, we can give three important results in probability. Each
result gives a kind of information when a series of experiments is performed a very large
number of times (infinitely many times in math language).

5. In general, it is useful to imagine that independent events induce a product structure on the sample
space, such that the first event is described by the first variable and the second event by the second variable.
The intersection of events thus draws a rectangle in sample space; its measure (its probability) is the product
of length and width, hence the definition. This interpretation essentially means that independent events
imply the existence of “independent vectors” in sample space. This should not be taken too literally; for
example Ω is not necessarily a vector space.
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The first result is the Borel-Cantelli lemma. The object here is a sequence of events
An, and we try to answer a basic question : what is the probability that An will occur
infinitely often if we perform the experiment infinitely many times. To formalize this, we
define the event

{An i.o } = ∩n≥1 ∪m≥n Am .

Here i.o stands for “infinitely often”. Indeed, ω ∈ Ω belongs to the right-hand-side iff for
any n, we may find m ≥ n such that ω ∈ Am. This means indeed that ω belongs to
infinitely many sets Am1 , Am2 , . . . for some mj ≥ j.

We may now state the lemma :

Lemma 1.86 (Borel-Cantelli). Let (Ω,F,P) be a probability space and An ∈ F for n ∈ N.
(i) If

∑
n≥1 P(An) <∞, then P(An i.o ) = 0.

(ii) If the {An}n≥1 are independent and
∑
n≥1 P(An) =∞, then P(An i.o ) = 1.

This says that the occurrence of the events infinitely often depends on how big the
probability of the events is for very large n. If this probability is so small that the series
converges, then almost surely, after some trial n0, the even will never occur. Conversely,
if the series diverges and the events are independent, then almost surely, the event occurs
infinitely often.

There is a humorous illustration of the second point, known as the infinite monkey
theorem. It states that if a monkey hits the keys of a typewriter at random infinitely
many times, then almost surely, he will type the complete works of Shakespeare.

To see this, let the sample space be the set of all infinite strings asbdsaebw... the
monkey may type. The monkey types each letter uniformly at random among the n = 26
letters of the alphabet. Let S be the string of length m consisting of the complete works of
Shakespeare. Let Ak be the event that “the m-substring starting at position k is S”. Then
Amj+1 are independent for j = 0, 1, . . . and P(Ak) = ( 1

n)m. Hence,
∑∞
j=1 P(Amj+1) =∑∞

j=1( 1
n)m =∞.

By Borel-Cantelli, we deduce that the complete works of Shakespeare will actually
appear infinitely often in the monkey’s output !

Let us move to the second fundamental result, known as the law of large numbers. This
result says that if we perform an experiment a large number of times, then the average
result will converge to the expectation E(X), which is an average over the sample space. 6

Theorem 1.87 (Law of large numbers). Let {Xn}n≥1 be an i.i.d. sequence of integrable
random variables defined on some (Ω,F,P). Then almost surely,

lim
n→∞

X1 + · · ·+Xn

n
= E(X1) .

The idea of approximating the average of a function (here the average over sample
space in the RHS) by an average over a large number of empirical observations (as in the
LHS) is ubiquitous in probability theory and its interactions with mathematical analysis.
Sometimes the empirical observations are over “continuous paths” instead of discrete times
X1,X2,...etc.

6. Apparently, the poor name “law of large numbers” was coined by the French mathematician Poisson.
“Large numbers” simply refers to the fact that we won’t observe such convergence unless we perform a
large number of trials. In this sense, any limit is a law of large numbers... something like “the fundamental
theorem of probability” seems more appropriate to the humble author of these notes.
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As an illustration of the theorem in (occidental) life, consider a casino offering some
game of chance like the roulette. Although the casino may lose money after one or few
plays, its earnings on average will tend towards a predictable amount (the expected value),
which is at the casino’s advantage.

There are several proofs for the law of large number; each has its advantage when
it comes to generalizations. In general, the “almost sure” property comes from applying
Borel-Cantelli, first statement.

The last theorem of this section is a fundamental result known as the central limit
theorem. To discuss it rigorously, and also for our future project, let us briefly digress on
the topic of weak convergence of probability measures.

Definition 1.88. Let E be a metric space and µ, µ1, . . . , a sequence of probability mea-
sures on E. We say that (µn) converges weakly to µ and denote µn

w−→ µ, if

(5-1)
∫
f dµn

n→∞−−−→
∫
f dµ for any f ∈ Cb(E) ,

where Cb(E) is the set of bounded continuous functions on E.

It is good to have equivalent criteria for weak convergence. Many are usually collected
as a portemanteau theorem. 7 One of them goes as follows :

Proposition 1.1. Let E be a metric space and µ, µ1, µ2, . . . probability measures on E.
Then µn

w−→ µ ⇐⇒ µn(A)→ µ(A) for any measurable A satisfying µ(∂A) = 0.

Here ∂A is the boundary of A. For example, ∂[a, b] = {a, b}.
In practice, it suffices to check (5-1) for some sub-algebra of Cb(E). For example, when

E is compact, it is often doable to establish (5-1) for polynomial functions f , and this
turns out to be sufficient. This is sometimes called the method of moments, in reference
to the fact that

∫
tk dµ(t) = Eµ(tk) is the k-th moment.

Let us state one important result before moving on :

Theorem 1.89. If E is a compact mectric space, then the set P(E) of probability measures
on E is compact for weak convergence. That is, any sequence of probability measures on
E has a weakly convergent subsequence.

This theorem follows from the Banach-Alaoglu theorem in functional analysis. It is
also a special case of the quite tough Prokhorov theorem in probability.

We finally turn back to the central limit theorem. Recall that we showed in the
law of large numbers that if (Xj) are i.i.d. random variables, then 1

n

∑n
k=1Xj → a

almost surely, where a := E(X1). It follows that 1
n

∑n
k=1(Xj − a) → 0, so that the

sum
∑n
k=1(Xj − a) = o(n). This notation means that

∑n
k=1(Xj − a) is negligible in front

of n. So what is the correct order of magnitude of this sum ? That is, can we find some
power nα with α < 1 such that the limit 1

nα
∑n
k=1(Xj − a)→M 6= 0 almost surely ? 8

It turns out that the correct order of magnitude is n1/2. However, unfortunately the
convergence is not almost sure (and not even “in probability”, a weaker concept). Instead,
the convergence is in distribution. Before stating the result, we recall the (probably
familiar) :

7. In one of his books, Billingsley (jokingly) attributed the theorem to some mathematician called
“Jean-Pierre Portmanteau” from some imaginary university. To this day, confusion persists. Actually
portemanteau just means “coat hanger”, as you can choose “any coat” and you’ll get weak convergence.

8. The same question can be rephrased as “what is the speed of convergence in the law of large num-
bers ?”, in this case we search for nβ such that nβ( 1

n

∑n

k=1(Xj − a))→M 6= 0.
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Definition 1.90. The variance of a random variable X with expectation a := E(X) is
the quantity Var(X) := E[(X − a)2].

Definition 1.91. We say that a random variable Y has a normal distribution if PY is a
Gaussian probability measure, that is, if dPY = 1√

2πσ2 e−(x−a)2/(2σ2) dx for some a ∈ R
and σ2 > 0. This is usually denoted N(a, σ2). We say that Y has a standard normal
distribution if a = 0 and σ = 1.

Theorem 1.92 (Central limit theorem). Let Xj be i.i.d. random variables with a :=
E(X1) and σ2 := Var(X1). Define the random variable Yn := 1

σ
√
n

∑n
k=1(Xk − a). Then

there is a random variable Y having a standard normal distribution such that PYn
w−→ PY .

Equivalently, the theorem says that for any t ∈ R, P(Yn ≤ t)→ 1√
2π
∫ t
−∞ e−x2/2dx.

This theorem is often summarized as “the Yn converge in distribution to N(0, 1)”.
This result answers our question of estimating the order of magnitude of

∑n
k=1(Xk−a),

which turns out to be
√
n, since the quotient converges (in some sense) to some non-trivial,

finite limit. Equivalently, the speed of convergence is n−1/2.
We will not need this theorem in our work. However, besides its importance in proba-

bility, we stated it here as an illustration of “universality”. Indeed, the theorem says much
more than the fact that we have a nontrivial limit. It says that no matter how the Xj are
distributed, the random variables Yn will always converge to N(0, 1), so that the normal
distribution can be regarded as a “universal limit”. The quest to prove some forms of
“universal laws” for certain classes of random matrices has resulted in an important body
of research from renowned mathematicians during the past few decades; see Section 2.1.

Further reading : I recommend [23] for a very pleasant non-technical reading. I
personally learned from [14], and often use the encyclopedic [25] in my work, when looking
for specific results.





Chapter 2

Benjamini-Schramm convergence

In this chapter we discuss the basic properties of the Benjamini-Schramm topology,
carry out some examples, and prove that convergence in the sense of Benjamini-Schramm
implies convergence of the associated empirical measures.

What Benjamini and Schramm introduced in [13] is a notion of convergence for a
sequence of finite graphs (Gn). An important aspect is that if this sequence has a uniformly
bounded degree, then there always exists a limit object up to passing to a subsequence.
Moreover, it gives a “correct” notion of convergence from the point of view of spectral
theory. For example it has been known at least since [2] that if one is interested in the
spectral properties of the (q+1)-regular tree Tq, then studying what happens on a sequence
of growing balls around some fixed origin is not a good idea, because the spectral behavior
of the limit object is completely different from those of Tq. And indeed, such tree balls do
not Benjamini-Schramm converge to Tq. On the other hand, a sequence of (q+ 1)-regular
graphs with few short cycles do converge to Tq in the sense of Benjamini-Schramm, and
it is known that the mean spectral measures of the corresponding adjacency matrices
converge to the density of states of the adjacency matrix on Tq. This is known as the law
of Kesten-McKay, and it turns out to be a general phenomenon.

As previously mentioned, an important advantage of this notion of convergence is the
existence of a limit object. A very broad question is whether specific information about
the limit object implies something on the convergent sequence when n gets large. It is
one such question that is considered in [7], where we show that if (Gn,Wn) is a sequence
of colored graphs of uniformly bounded degree and coloring, and if (Gn,Wn) has a local
weak limit ρ supported on colored trees, then roughly speaking, AC spectrum of the limit
“Schrödinger” operator implies quantum ergodicity for the sequence. A lot of different
spectral questions have also been studied in the literature, and relations have been found
with conjectures in group theory [3].

2.1 Prelude on random matrices

Though our main concern in these notes will be sequences of deterministic graphs, it
is useful to briefly review some results in the spectral theory of random matrices, to put
things into context. 1

The study of random matrices did not start for abstract reasons, for example generaliz-
ing results known for X : Ω→ R to X : Ω→Mn,n(R). Instead, and more interestingly, it
started due its natural emergence in applications, first to try to make sense of complicated

1. This section is merely an optional survey, no worries if the student doesn’t understand everything.
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data analysis (Wishart, 1920s) and later as statistical models for heavy nuclei in physics
(Wigner, 1950s). While the early works and the more complete results were usually done
under the assumption that the matrix is Hermitian, many powerful results have recently
appeared in the literature for non-Hermitian matrices, which we’ll mention later.

The first family of results we discuss concerns Wigner matrices. Consider a set of
independent, centered random variables {Zi,j}1≤i<j (real or complex-valued) which are
independent from a family {Yi}1≤i of i.i.d. centered real-valued random variables. Then
a Wigner matrix is a matrix self-adjoint N ×N matrix XN with entries

XN (j, i) = XN (i, j) =
{
Zi,j if i < j

Yi if i = j.

Let us assume the random variables have finite second moments (the opposite regime
of infinite moments with “heavy tails” yields different results). To get some idea of the
norm of this matrix, we may estimate trivially

‖XNx‖2 =
N∑
i=1

∣∣∣∣∣∣
N∑
j=1

XN (i, j)xj

∣∣∣∣∣∣
2

≤
N∑

i,j=1
|XN (i, j)|2 · ‖x‖2 . N2‖x‖2

where we used Cauchy-Schwarz and assumed the stronger condition that |XN (i, j)|2 . 1.
This gives a bound as ‖XN‖ . N , so σ(XN ) ⊆ [−N,N ]. However, it turns out that the
eigenvalues of Wigner matrices are actually of order

√
N with overwhelming probability.

Even more, Wigner proved the following fundamental result :
Let (λNi )i≤N be the eigenvalues of XN and define the empirical spectral measure

µN = 1
N

N∑
i=1

δ λN
i√
N

,

which is a probability measure on XN . It is the uniform probability measure supported
on the eigenvalues of XN√

N
. Note that µN (a, b) = #{i:λNi ∈(

√
Na,
√
Nb)}

N .

Theorem 2.1 (Wigner [34]). Assume E(|Z1,2|2) = 1 and E(Y 2
1 ) <∞. Then almost surely,

µN
w−→ ρsc, where dρsc := 1

2π1[−2,2]
√

4− x2 dx is the semi-circle law. 2

The theorem says that the (finite) spectrum of 1√
N
XN get denser and denser up to

filling the interval [−2, 2]. Moreover, we know precisely the relative density of the eigen-
values at the limit. In particular, there is more clustering around 0, and fewer around the
edges ±2.

Since the theorem does not assume anything on the distribution of the random vari-
ables, this gives a kind of universal law.

There are many directions one can explore from here. For example, in analogy to
the central limit theorem, one may ask about the speed of convergence in the previous
theorem. Curiously, the speed turns out to be 1

N instead of 1√
N

:

Theorem 2.2. Assume the random variables have finite sixth-moments. Then for any
C4-function f , N(EµN (f)− Eρsc(f)) converges to some nontrivial, universal limit.

See [10] for a proof.
Empirical spectral measures give a rough idea on how the spectrum behaves globally.

Can we somehow follow eigenvalues individually ?

2. Actually, Wigner proved the convergence in probability; the a.s. upgrade is based on Borel-Cantelli.
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Theorem 2.3. We have as N →∞, if ρ̃sc(x) := 1
2π
√

4− x2,

1. w.h.p., for bulk E, #{λNj ∈ [E − η,E + η]} ≈ 2ηNρ̃sc(E) for any η = ηN > (logN)4

N ,
2. λNmin → −2 and λNmax → 2 a.s.

See [18] for bulk E (i.e. energies well inside (−2, 2)). Here “w.h.p.” means “with
high probability”. Note that the restriction on ηN allows to take ηN → 0 pretty fast (one
cannot hope for more than the ideal scale, 1

N ). This strong result actually implies the
eigenvectors are also very delocalized. We will discuss this later if time allows. The second
statement is older and goes back to Füredi and Komlós in the 80s. See [9, Section 2.2] for
the present version.

There are still a great number of results on Wigner matrices, but let us now move to
the non-Hermitian context. Here the matrix is no longer self-adjoint, so the spectrum is
now a subset of C.

Consider a family (Xi,j)i,j≥1 of i.i.d. complex-valued random variables with variance
Var(Xi,j) := E(|Xi,j |2)−|E(Xi,j)|2 = 1 and consider the random matrixXN = (Xi,j)i,j≤N .

Let λNi be the eigenvalues of XN and define µN = 1
N

∑N
k=1 δ λN

k√
N

. Then

Theorem 2.4 (Girko’s circular law). We have almost surely µN
w−→ C as N →∞, where

C is the uniform circular law on the unit disc with density dC = π−11{z∈C:|z|≤1}dz.

This gives again a very satisfactory universal law, which is however a lot more difficult
to prove. The history starts with Girko [20], who gave very good ideas to prove the
theorem, but the argument had technical problems. These were repaired by Bai [8] (who
says he worked on this for 13 years from 1984 to 1997 and was in fact the hardest problem
he had worked on) under some assumptions on moments. The assumptions were relaxed
by many authors subsequently, culminating in the final statement above due to Terry Tao
and Van Vu [32] (who did a lot of research on random matrices, Hermitian or not).

Further reading : See [11] for a more detailed survey on Wigner matrices. For
non-Hermitian matrices, see [16].

2.2 Basic definitions
We finally introduce the project of these notes : Benjamini-Schramm convergence of

graphs.
A colored rooted graph is a triple (G, o,W ), where G = (V,E) is a graph, o is a marked

vertex in G called the root, and W is a map from V → R which we see as a “coloring”;
it can also be regarded as a potential on `2(V ). This is a special case of what is called a
network in [3], but the discussion of this note applies to this general setting as well. All
graphs are assumed to be locally finite, i.e. each vertex has a finite degree.

If G is connected, we denote by BG(x, r) the r-ball {y ∈ V : dG(x, y) ≤ r}, where
dG is the length of the shortest path between x and y in G. We say there is a rooted
isomorphism ϕ between two balls BG1(x1, r) and BG2(x2, r), and denote

ϕ : BG1(x1, r)
∼−→ BG2(x2, r)

if ϕ : BG1(x1, r)→ BG2(x2, r) is a graph isomorphism with ϕ(x1) = x2.
We define a distance between colored connected graphs by

(2-1) dloc[(G1, o1,W1), (G2, o2,W2)] = 1
1 + α1,2

,



26 Chapter 2. Benjamini-Schramm convergence

where

α1,2 = sup
{
r > 0 : ∃ϕ : BG1(o1, [r])

∼−→ BG2(o2, [r]) with
|W2(ϕ(v))−W1(v)| < 1/r ∀v ∈ BG1(o1, [r])

}
.

Lemma 2.5. The function dloc is a pseudo-metric on the set of colored graphs.

Proof. We prove the triangle inequality.
Denote ‖Wj ◦ ϕ −Wi‖ = supx∈BGi (oi,t) |Wj(ϕ(v)) −Wi(v)|, where the radius t of the

ball will be clear from the context. We need to show that 1
1+α1,2

≤ 1
1+α1,3

+ 1
1+α2,3

.
Assume α1,2 = r and let s > r. Then there is no ϕ : BG1(o1, [s])

∼−→ BG2(o2, [s]) having
‖W2 ◦ ϕ−W1‖ < 1/s.

We have two cases : if there is no ψ : BG1(o1, [s])
∼−→ BG3(o3, [s]), then α1,3 < s. In

this case, d(G1, G2) = 1
1+r = sups>r 1

1+s ≤
1

1+α1,3
= d(G1, G3). Similarly, if there is no

ψ : BG2(o2, [s])
∼−→ BG3(o3, [s]), then α2,3 < s, implying d(G1, G2) ≤ d(G2, G3). In either

case we get d(G1, G2) ≤ d(G1, G3) + d(G2, G3).
So assume now that there exists ψ1 : BG1(o1, [s])

∼−→ BG3(o3, [s]) and ψ2 : BG2(o2, [s])
∼−→

BG3(o3, [s]). Then ψ−1
2 ◦ψ1 : BG1(o1, [s])

∼−→ BG2(o2, [s]). So by assumption, we must have
‖W2 ◦ ψ−1

2 ◦ ψ1 −W1‖ ≥ 1/s. Hence,

1
s
≤ ‖W1 −W2 ◦ ψ−1

2 ◦ ψ1‖ ≤ ‖W1 −W3 ◦ ψ1‖+ ‖W3 ◦ ψ1 −W2 ◦ ψ−1
2 ◦ ψ1‖

= ‖W1 −W3 ◦ ψ1‖+ ‖W3 −W2 ◦ ψ−1
2 ‖ = ‖W3 ◦ ψ1 −W1‖+ ‖W3 ◦ ψ2 −W2‖ .

So 1
‖W3◦ψ1−W1‖+‖W3◦ψ2−W2‖ ≤ s and thus

1
1 + s

≤ 1
1 + 1

‖W3◦ψ1−W1‖+‖W3◦ψ2−W2‖
= ‖W3 ◦ ψ1 −W1‖+ ‖W3 ◦ ψ2 −W2‖

1 + ‖W3 ◦ ψ1 −W1‖+ ‖W3 ◦ ψ2 −W2‖

≤ ‖W3 ◦ ψ1 −W1‖
1 + ‖W3 ◦ ψ1 −W1‖

+ ‖W3 ◦ ψ2 −W2‖
1 + ‖W3 ◦ ψ2 −W2‖

= 1
1 + 1

‖W3◦ψ1−W1‖
+ 1

1 + 1
‖W3◦ψ2−W1‖

.

Finally, we have α1,3 ≤ 1
‖W3◦ψ1−W1‖ and α2,3 ≤ 1

‖W3◦ψ2−W1‖ by definition (because the
r must satisfy r < 1

‖Wj◦ϕ−Wi‖). We thus showed that 1
1+s ≤

1
1+α1,3

+ 1
1+α2,3

, and this
completes the proof as before.

We say that two colored graphs (G1, o1,W1) and (G2, o2,W2) are equivalent if there is
a graph isomorphism ϕ : G1 → G2 such that ϕ(o1) = o2 and W2 ◦ϕ = W1. We denote the
equivalence class of (G, o,W ) by [G, o,W ].

We denote by G∗ the set of equivalence classes of connected colored rooted graphs.

Lemma 2.6. The function dloc induces a metric on G∗.

Proof. The value of α1,2 is independent of the choice of the representative in the equiva-
lence class. Suppose dloc[(G, o,W ), (G′, o′,W ′)] = 0. We show that [G, o,W ] = [G′, o′,W ′].

For any r ∈ N, there is ϕr : BG(o, r) ∼−→ BG′(o′, r) with ‖W ′ ◦ ϕr −W‖BG′ (o′,r) < 1/r.
Let ϕ(n)

r = ϕr|BG(o,n) for r ≥ n. Then ϕ
(n)
r : BG(o, n) → BG′(o, r) for r ≥ n. Actu-

ally, ϕ(n)
r : BG(o, n) → BG′(o, n) for all r ≥ n, because ϕr is a graph isomorphism and
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thus preserves neighbors. So ϕ
(n)
r : BG(o, n) → Ranϕ(n)

r is a graph isomorphism. So
|Ranϕ(n)

r | = |BG(o, n)| = |BG′(o′, n)|, where the last equality holds because ϕn is a graph
isomorphism. It follows that Ranϕ(n)

r = BG′(o, n). Hence, ϕ(n)
r : BG(o, n) ∼−→ BG′(o, n)

for all r ≥ n. Since G and G′ are locally finite, ϕ(n)
r has a convergent (in fact stationary)

subsequence ϕ(n)
rj . Denote its limit by ϕ(n). Then ϕ(n) : BG(o, n) ∼−→ BG′(o′, n).

Now ϕ(n+1)|BG(o,n) = limϕ
(n+1)
rj |BG(o,n) = limϕ

(n)
rj = ϕ(n). So ϕ(m)|BG(o,n) = ϕ(n) for

all m ≥ n. Hence, if for v ∈ G, say v ∈ BG(o, n) for some n, we put ϕ(v) := ϕ(n)(v), then
ϕ is well-defined. Moreover, ϕ is bijective. In fact, if w ∈ G′, then w = ϕ(n)(v) for some
n and v, so w = ϕ(v); injectivity is similar. Finally ϕ is a graph isomorphism since given
v ∼ v′, say both in BG(o, n), we have {ϕ(v), ϕ(v′)} = {ϕ(n)(v), ϕ(n)(v′)} is an edge in G′.
We thus showed that ϕ : (G, o) ∼−→ (G′, o′). It remains to check the coloring. Note that
for any n and r ≥ n, we have ‖W ′ ◦ϕ(n)

r −W‖BG′ (o′,n) < 1/r, since ϕr satisfies this on the
bigger ball BG′(o, r). Since ϕ(n) is the limit of ϕ(n)

rj , we get ‖W ′ ◦ ϕ(n) −W‖BG′ (o′,n) = 0.
This shows that W ′ ◦ ϕ = W . Hence, [G, o,W ] = [G′, o′,W ′] as required.

Lemma 2.7. The metric space (G∗, dloc) is a Polish space, i.e. separable and complete.

Proof. Consider the family Cn = {([n], 1,W )} of graphs on [n] = {1, . . . , n} with W
taking values in Q. This is a countable family, since the set of maps W is just Q[n]. We
denote C = ∪nCn. Given [G, o,W ] ∈ G∗ and ε > 0, choose r ∈ N such that 1

1+r < ε.
Since G is locally finite, the number of vertices in BG(o, r) is some n = n(r) ∈ N. If
ϕ : BG(o, r) ∼−→ ([n], 1) is a rooted graph isomorphism, we may choose Wn : [n]→ Q such
that ‖Wn ◦ ϕ−W‖ < 1/r. Then dloc[(G, o,W ), ([n], 1,Wn)] ≤ 1

1+r , so C is dense in G∗.
Next, suppose ([Gn, on,Wn]) is Cauchy in G∗. Assuming |V (Gn)| = Vn, we consider

equivalently the sequence ([[Vn], 1,W ′n]), where W ′n = Wn ◦ ϕn for some ϕn : Gn
∼−→ [Vn].

We may check that for any r ∈ N there exists nr and ψmn : B[Vn](1, r)
∼−→ B[Vm](1, r) such

that ‖W ′m ◦ ψmn −W ′n‖ < 1/r for all n,m ≥ nr. Hence,
(i) The sequence [B[Vn](1, r)] is stationary in n for any r, (it stabilizes for n ≥ nr). So

we may define a limit graph [[V ], 1] iteratively such that for any r, [B[V ](1, r)] =
[B[Vnr ](1, r)] (possibly [V ] = N).

(ii) More explicitly, [B[Vn](1, r), 1,Wn] = [B[Vnr ](1, r), 1,Wn ◦ ψnnr ] for n ≥ nr. The
sequence {Wn ◦ ψnnr(v)}n≥nr is Cauchy in R for any v ∈ B[Vnr ](1, r). In fact, for any
r, |Wn◦ψnnr(v)−Wm◦ψmnr(v)| ≤ |Wn◦ψnnr(v)−Wnr(v)|+|Wm◦ψmnr(v)−Wnr(v)| ≤ 2

r ,
for all n,m ≥ nr. Hence, Wn ◦ ψnnr(v)→ av ∈ [−A,A] as n→∞.

From (i), we may choose compatible isomorphisms φ(r) : B[V ](1, r)
∼−→ B[Vnr ](1, r)

in the sense of the previous lemma. If we define a : [V ] → [−A,A] by a(v) = aφ(r)(v)
if v ∈ B[V ](1, r), we get that for any r, dloc[([Vn], 1,W ′n), ([V ], 1, a)] ≤ 1

1+r for n ≥ nr.
Indeed, [B[Vn](1, r), 1,Wn] = [B[Vnr ](1, r), 1,Wn ◦ψnnr ] = [B[V ](1, r), 1,Wn ◦ψnnr ◦ (φ(r))−1].

Hence, the sequence converges to [[V ], 1, a].

We next define GD,A∗ to be the subset of equivalence classes [G, o,W ] such that G has
degree uniformly bounded by D and W takes values in [−A,A].

Lemma 2.8. The metric space (GD,A∗ , dloc) is compact.

Proof. Clearly, GD,A∗ is closed in G∗ and thus complete. So it suffices to show that it is
totally bounded. Suppose this is not true. Then for some ε > 0, there is no finite ε-net. So
we may construct a sequence ([Gn, on,Wn]) such that dloc[(Gn, on,Wn), (Gm, om,Wm)] ≥ ε
for all n 6= m. Hence, there exists r ∈ N such that αn,m < r for all n 6= m, where αn,m is as
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in (2-1). Now observe that there are only finitely many equivalence classes of rooted balls
BGn(on, r), since the degree is uniformly bounded by D. So if αn,m < r for all n 6= m,
there must be a sequence of isomorphic balls BGnj (onj , r) on which the coloring is distant,
say ‖Wnp ◦ ψpq −Wnq‖ ≥ 1/r for all p 6= q, where ψpq : BGnq (onq , r)

∼−→ BGnp (op, r) is a
rooted isomorphism. So the sequence {Wn1 ,Wn2 ◦ ψ2

1,Wn3 ◦ ψ3
1, . . .} on BGn1

(on1 , r) has
no convergent subsequence. But this is a sequence in [−A,A]BGn1

(on1 ,r), which is compact
for the product topology, which coincides with the topology of pointwise convergence, i.e.
the topology endowed by ‖W‖ = supv∈BGn1 (on1 ,r)

|W (v)|. This contradiction completes
the proof.

So far we have defined a metric on connected colored rooted graphs. We now introduce
a notion of convergence for unrooted graphs (Gn,Wn), which are not necessarily connected.
The idea is to consider the convergence of the law of Gn under uniform rooting.

Since G∗ is a Polish space, we may consider the set of probability measures on G∗,
denoted by P(G∗). The latter is also a Polish space.

If (G,W ) is a finite colored graph, G = (V,E), we denote (G(v),W ) the subgraph
spanned by the vertices in the connected component on v. We then define U(G,W ) ∈ P(G∗)
by

U(G,W ) = 1
|V |

∑
v∈V

δ[G(v),v,W ] .

This captures the idea of choosing the root v uniformly at random in V .
If (Gn,Wn) is a sequence of finite colored graphs, we say that ρ ∈ P(G∗) is the local weak

limit of (Gn,Wn) if U(Gn,Wn) converges weakly to ρ in P(G∗). This notion of convergence
was first introduced in [13] and later generalized in [3]. It is often called the Benjamini-
Schramm convergence.

Let C(GD,A∗ ) be the set of continuous functions f : GD,A∗ → R. Recall that a linear
subspace A ⊂ C(GD,A∗ ) is called an algebra if is is closed under multiplication and contains
the constant function 1. We say that A separates points if for any [G, o,W ] 6= [G′, o′,W ′] ∈
GD,A∗ , there is some f ∈ A such that f([G, o,W ]) 6= f([G′, o′,W ′]).

Lemma 2.9. Let (Gn,Wn) be a sequence of finite colored graphs, Gn = (Vn, En), with
degree uniformly bounded by D and coloring Wn : Vn → [−A,A] for all n. Then
(1) (Gn,Wn) has a subsequence which converges in the sense of Benjamini-Schramm, i.e.

U(Gnj ,Wnj ) converges weakly to some µ ∈ P(GD,A∗ ).

(2) (Gn,Wn) has a local weak limit ρ iff there is an algebra A ⊂ C(GD,A∗ ) which separates
points, such that for all f ∈ A ,

lim
n→∞

1
|Vn|

∑
v∈Vn

f ([Gn(v), v,Wn]) =
∫
GD,A∗

f ([G, o,W ]) dρ ([G, o,W ]) .

Proof. Both items follow from the compactness of GD,A∗ , see [25, Chapter 13].

The previous lemma gives a convenient criterion to prove that (Gn,Wn) has a local
weak limit. However, it may not be very clear how a continuous function on GD,A∗ looks
like. We start with the special case where A = 0, i.e. without coloring.

Lemma 2.10. Let (Gn) be a sequence of finite graphs, Gn = (Vn, En), with degree uni-
formly bounded by D. Then (Gn) has a local weak limit ρ iff for any r-ball BF (o, r),

lim
n→∞

#{x : BGn(x)(x, r) ∼= BF (o, r)}
|Vn|

= ρ ({[H,x] : BH(x, r) ∼= BF (o, r)}) .
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Here, BGn(x)(x, r) ∼= BF (o, r) means there exists ϕ : BGn(x)(x, r)
∼−→ BF (o, r).

Proof. Let C[Fr,o] = {[H,x] : BH(x, r) ∼= BF (o, r)}. We first note that C[Fr,o] is a clopen
subset of GD,0∗ . Indeed, given [H1, x1] ∈ C[Fr,o] and [H2, x2] ∈ GD,0∗ , denote α1,2 = sup{s ∈
N : BH1(x1, s) ∼= BH2(x2, s)}. Then for any [H2, x2] with α1,2 ≥ r, we have [H2, x2] ∈
C[Fr,o]. Hence, dloc([H1, x1], [H2, x2]) ≤ 1

1+r implies [H2, x2] ∈ C[Fr,o], so C[Fr,o] is open.
Next, suppose ([Hn, xn]) ⊂ C[Fr,o] converges to some [H,x]. Then if αn = sup{s ∈ N :
BHn(xn, s) ∼= BH(x, s)}, we may find nr such that αn ≥ r for all n ≥ nr. In particular,
BH(x, r) ∼= BHnr (xnr , r) ∼= BF (o, r), so [H,x] ∈ C[Fr,o]. Hence C[Fr,o] is closed.

Note that UGn(C[Fr,o]) = #{x:BGn(x)(x,r)∼=BF (o,r)}
|Vn| . Since C[Fr,o] is clopen, ρ(∂C[Fr,o]) = 0,

so if UGn converges weakly to ρ, then UGn(C[Fr,o])→ ρ(C[Fr,o]) for any BF (o, r).
For the converse, note that since C[Fr,o] is clopen, its indicator function χC[Fr,o] is con-

tinuous. Next, C[Fr1 ,o]∩C[F ′r2 ,o
′] = C[Fr1 ,o] if BF (o, r1) ∼= BF ′(o′, r2) and is empty otherwise,

so χC[Fr1 ,o]χC[F ′r2 ,o′]
= χC[Fr1 ,o]

or 0. Now if the limit in the lemma holds for any BF (o, r),
this means that in Lemma 2.9(2), the limit is true for any χC[Fr,o] . This implies it also
holds for linear combinations thereof. Finally, it trivially holds for the constant functions 1
and 0. So the limit holds for the algebra of functions A = {αχC[Fr1 ,o] +βχC[F ′r2 ,o

′]
}∪{0, 1}.

Note that A separates points: if [G, o] 6= [G′, o′], then dloc([G, o], [G′, o′]) > 0, so we
may find r such that BG(o, r) is not isomorphic to BG′(o, r) as rooted graphs. Taking
BF (o, r) = BG(o, r), we get χC[Fr,o]([G, o]) = 1 but χC[Fr,o]([G

′, o′]) = 0. It now follows
from by Lemma 2.9(2) that UGn converges weakly to ρ.

We now discuss the general case. We first have a partial analogy with Lemma 2.10.

Lemma 2.11. Let (Gn,Wn) be a sequence of finite colored graphs, Gn = (Vn, En), with
degree uniformly bounded by D and coloring Wn : Vn → [−A,A] for all n. If (Gn,Wn) has
a local weak limit ρ, then for any r ∈ N and any r-ball (BF (o, r), o,WF ),

lim
n→∞

#{x : ∃ϕxn : BGn(x)(x, r)
∼−→ BF (o, r) with ‖WF ◦ ϕxn −Wn‖BGn(x)(x,r) < 1/r}

|Vn|
= ρ

(
{[H,x,W ] : ∃ϕ : BH(x, r) ∼−→ BF (o, r) with ‖WF ◦ ϕ−W‖BH(x,r) < 1/r}

)
.

Proof. Given an r-ball (BF (o, r), o,WF ) with r ∈ N, let

CF = {[H,x,W ] : ∃ϕ : BH(x, r) ∼−→ BF (o, r) with ‖WF ◦ ϕ−W‖BH(x,r) < 1/r} .

Then
CF =

{
[H,x,W ] : dloc([F, o,WF ], [H,x,W ]) ≤ 1

1 + r

}
.

Hence, CF is closed. It is also open: if [H,x,W ] ∈ CF , then there exists ϕ : BF (o, r) ∼−→
BH(x, r) with ‖W ◦ ϕ −WF ‖BF (o,r) < 1/r. Choose s ∈ N, s > r, such that 0 < 1

s <
1
r −‖W ◦ϕ−WF ‖BF (o,r). If dloc([H,x,W ], [H ′, x′,W ′]) < 1

1+s , there exists ψ : BH(x, s) ∼−→
BH′(x′, s) with ‖W ′ ◦ψ−W‖BH(x,r) < 1/s. As ‖W ′ ◦ψ−W‖BH(x,r) = ‖W ′ ◦ψ ◦ϕ−W ◦
ϕ‖BF (o,r), it follows that ‖W ′ ◦ ψ ◦ ϕ −WF ‖BF (o,r) < 1/s + ‖W ◦ ϕ −WF ‖BF (o,r) < 1/r.
But ψ ◦ ϕ : BF (o, r) ∼−→ BH′(x′, r) since s > r. Hence, [H ′, x′,W ′] ∈ CF and CF is open.

Note that U(Gn,Wn)(CF ) = #{x:[BGn(x)(x,r),x,W ]∈CF }
|Vn| . Since CF is clopen, U(Gn,Wn)(∂CF ) =

0, so if U(Gn,Wn) converges weakly to ρ, then UGn(CF )→ ρ(CF ).
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To obtain a converse, one needs to assume moreover that the limit holds for all elements
of the form CF1 ∩ CF2 , in order to argue as before.

Under the hypotheses of the lemma, it is also true that

lim
n→∞

#{x : BGn(x)(x, r) ∼= BF (o, r)}
|Vn|

= ρ ({[H,x,W ] : BH(x, r) ∼= BF (o, r)}) ,

since the sets on the RHS are still clopen. So as expected, if (Gn,Wn) converge as colored
graphs, they converge in particular as graphs without coloring.

2.3 Examples
We start with simple examples without coloring.

2.3.1 Cycle graphs

The cycle graph with n vertices Cn converges to Z in the sense of Benjamini-Schramm.
More precisely, Cn has the local weak limit δ[Z,o], where o ∈ Z is an arbitrary root. Indeed,
given r ∈ N, if BF (o, r) is isomorphic to an r-ball in Z, then #{x:BCn (x,r)∼=BF (o,r)}

n = 1 for
all n > r. If BF (o, r) is not isomorphic to an r-ball in Z, then #{x:BCn (x,r)∼=BF (o,r)}

n = 0
for all n > r. So the limit of #{x:BCn (x,r)∼=BF (o,r)}

n is 1 (or 0) if BF (o, r) is isomorphic to
an r-ball in Z (or not). Since δ[Z,o]({[H,x] : BH(x, r) ∼= BF (o, r)}) has the same values
then the claim follows from Lemma 2.10.

2.3.2 Lattice cubes

The cubes Λn = {1, . . . , n}d converge to Zd in the sense of Benjamini-Schramm. In-
deed, if BF (o, r) is isomorphic to an r-ball in Zd, then #{x:BΛn (x,r)∼=BF (o,r)}

nd
= (n−2r)d

nd
→ 1.

Otherwise, #{x:BΛn (x,r)∼=BF (o,r)}
nd

≤ (2r)d
nd
→ 0. It follows as before that UΛn has the local

weak limit δ[Zd,o], where o ∈ Zd is arbitrary.

2.3.3 Regular graphs with few cycles

Let GN = (VN , EN ) be a sequence of (q+ 1)-regular connected graphs with |VN | = N .
As in [5, 4], we define the property

(BST) For all R > 0,

lim
N→∞

|{x ∈ VN : ρGN (x) < R}|
N

= 0 ,

where ρGN (x) is the injectivity radius at x, i.e. the largest ρ such that BGN (x, ρ) is a tree.
This property holds in particular if the girth of GN grows to infinity.

We claim that (GN ) satisfies (BST) iff (GN ) converges to the (q+1)-regular tree Tq in
the sense of Bejamini-Schramm, i.e. iff (GN ) has the local weak limit δ[Tq ,o], where o ∈ Tq
is an arbitrary root.

Indeed, let BF (o, r) be an r-ball and assume (GN ) satisfies (BST). If BF (o, r) is
isomorphic to a ball in Tq, then

#{x:BGN (x,r)∼=BF (o,r)}
|VN | = #{x:ρGN (x)≥r}

N → 1. If BF (o, r) is

not isomorphic to a ball in Tq, then
#{x:BGN (x,r)∼=BF (o,r)}

|VN | ≤ #{x:ρGN (x)<r}
N → 0. It follows

as before that (GN ) has the local weak limit δ[Tq ,o].
Conversely, if (GN ) has the local weak limit δ[Tq ,o], given R > 0, pick a ball BF (o,R)

in Tq, Then
#{x:ρGN (x)≥R}

N = #{x:BGN (x,R)∼=BF (o,R)}
|VN | → 1, so (BST) follows.
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2.3.4 Graphs with bounded degree

If we assume that GN = (VN , EN ) is a sequence of graphs, |VN | = N , with degree
uniformly bounded by D, then (BST) no longer guarantees convergence. For instance if
G2N are 3-regular and G2N+1 are 4-regular, and if (GN ) satisfies (BST), then G2N will
converge to T2 while G2N+1 will converge to T3.

2.3.5 Tree balls

Fix a root o in the (q+1)-regular tree Tq and let GN = BTq(o,N). Then (GN ) does not
converge to Tq in the sense of Benjamini-Schramm. Indeed, if BF (o, r) is isomorphic to a
ball in Tq, then

#{x:BGN (x,r)∼=BF (o,r)}
|VN | = |VN−r|

|VN | →
1
qr , since |Vn| = 1 + (q + 1)

∑n
j=1 q

j−1 =

1 + (q + 1)1−qn
1−q , so that |VN−r||VN | = (q−1)q−N+(q+1)(q−r−q−N )

(q−1)q−N+(q+1)(1−q−N ) → q−r. This already shows the
local weak limit cannot be Tq. For BF (o, r) which are not isomorphic to an r-ball in Tq,
the value of #{x:BGN (x,r)∼=BF (o,r)}

|VN | is 0 if BF (o, r) is also not isomorphic to any BGN (x, r)
with x ∈ Sn, N − r+ 1 ≤ n ≤ N , where Sn is the n-th sphere. If BF (o, r) is isomorphic to
BGN (x, r) with x ∈ SN−j+1, then

#{x:BGN (x,r)∼=BF (o,r)}
|VN | = |SN−j+1|

|VN | = (q+1)qN−j
1+ q+1

q−1 (qN−1) →
q−1
qj

.

Based on this information, we construct a random rooted tree (T ∗q , o) called the canopy
tree, cf. [2] and [19, Chapter 14] :

L0

L1

L2

L3

L4

p0 = q−1
q

p1 = q−1
q2

p2 = q−1
q3

p3 = q−1
q4

p4 = q−1
q5

Figure 2.1 – The canopy tree, as introduced in [2].

This is a fixed infinite tree T ∗q ; the randomness comes from the root. More precisely,
this tree is not transitive, so the position of the root matters. We divide the tree into
infinite levels (Lj)∞j=0 as in Figure 2.1. For fixed j, all trees (T ∗q , o) with o ∈ Lj are
equivalent. By some abuse of notation we let [T ∗q , o] = Lj in this case. We then define ρ ∈
P(GD,A∗ ) by ρ =

∑∞
j=0

q−1
qj+1 δLj . This is indeed a probability measure, since

∑∞
j=0

q−1
qj+1 = 1.

By construction, BT ∗q (o, r) is isomorphic to an r-ball BF (o, r) in Tq precisely when o is
in any level Lj with j ≥ r. In other words, ρ({[H,x,W ] : BH(x, r) ∼= BF (o, r)}) =∑∞
j=r

q−1
qj+1 = q−1

qr+1
∑∞
j=0 q

−j = q−1
qr+1

q
q−1 = 1

qr , which is the limiting value we obtained along
GN . Similarly, if BF (o, r) is not isomorphic to any BGN (x) with x ∈ Sn, N−r ≤ n ≤ N , we
find ρ({[H,x,W ] : BH(x, r) ∼= BF (o, r)}) = 0, and if BF (o, r) is isomorphic to BGN (x, r)
with x ∈ SN−j+1, then ρ({[H,x,W ] : BH(x, r) ∼= BF (o, r)}) = q−1

qj
δLj−1(Lj−1) = q−1

qj
.

This completes the proof that ρ is the local weak limit of (GN ).

We now turn to colored graphs.
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2.3.6 Colored graphs with few cycles

Let (GN ,WN ) be a sequence of colored connected graphs GN = (VN , EN ) with degree
uniformly bounded by D, coloring WN : VN → [−A,A] for all N and |VN | = N . Let T D,A∗
be the subset of colored rooted trees in GD,A∗ .

We show that if (GN ,WN ) has a local weak limit ρ which is concentrated on T D,A∗ ,
then (GN ) satisfies (BST). Conversely, if (GN ) satisfies (BST), and if (GNj ,WNj ) is a
subsequence with a local weak limit ρ, then ρ is concentrated on T D,A∗ .

Indeed, we may assume the R in (BST) is in N∗. We observe that #{x:ρGN (x)<R}
N =

#{x:BGN (x,R) is not a tree }
N = U(GN ,WN )({[H,x,W ] : BH(x,R) is not a tree }). Let CR =

{[H,x,W ] : BH(x,R) is not a tree }. Then CR is clopen. Indeed, if [H,x,W ] ∈ CR and
dloc[(H,x,W ), (H ′, x′,W ′)] < 1

1+R , then BH′(x′, R) ∼= BH(x,R), so [H ′, x′,W ′] ∈ CR.
Hence, CR is open. If [Hn, xn,Wn] ⊂ CR converges to some [H,x,W ], then BH(x,R) ∼=
BHn(xn, R) for all n ≥ nR and thus [H,x,W ] ∈ CR. So CR is closed.

If (GN ,WN ) has a local weak limit ρ concentrated on T D,A∗ , then U(GN ,WN )(CR) →
ρ(CR) = 0. Hence (GN ) satisfies (BST). Conversely, if (GN ) satisfies (BST) and ρ is the
local weak limit of a subsequence, then we need to show that for any M ⊂ GD,A∗ , we have
ρ(M ) = ρ(M∩T D,A∗ ). For this, note that (T D,A∗ )c = ∪R∈NCR, with C1 ⊆ C2 ⊆ . . . . Hence,
ρ[(T D,A∗ )c] = limR→∞ ρ(CR). But by hypothesis, ρ(CR) = limj→∞ U(GNj ,WNj

)(CR) =

limj→∞
#{x:ρNj (x)<R}

Nj
= 0. So ρ is concentrated on T D,A∗ .

2.3.7 The Anderson model

In this example we closely follow our presentation in [6].
Let Ω = [−A,A]Zd and define P on Ω by P = ⊗v∈Zd ν for some probability measure ν

on [−A,A]. Given ω = (ωv) ∈ Ω, define Wω(v) = ωv for v ∈ Zd. Then the {ωv}v∈Zd are
i.i.d. random variables with common distribution ν.

Let Λn = {1, . . . , n}d. Given ω ∈ Ω, we define Wω
n (v) = ωv for v ∈ Λn.

We will show that for P-a.e. ω, the sequence of graphs (Λn,Wω
n ) has a local weak limit

ρ which is concentrated on {[Zd, 0,Wω] : ω ∈ Ω}, and acts by taking the expectation w.r.t.
P. More precisely, denoting D = 2d,∫

GD,A∗
f([G, o,W ]) dρ([G, o,W ]) = E[f([Zd, 0,Wω])] .

Let A = ∪r∈NAr, where

Ar =
{
f ∈ C(GD,A∗ ) : f([G, o,W ]) = f([G′, o′,W ′])

if [BG(o, r), o,W ] = [BG′(o′, r), o′,W ′]
}
.

Then A is an algebra of continuous functions containing 1. To see that it separates points,
let [G, o,W ] 6= [G′, o′,W ′]. Then we may find r ∈ N with dloc([G, o,W ], [G′, o′,W ′]) > 1

1+r .
Define CG = {[H,x, V ] : dloc([G, o,W ], [H,x, V ]) ≤ 1

1+r}. We showed in Lemma 2.11
that χCG is continuous. Moreover, χCG([H,x, V ]) = χCG([H ′, x′, V ′]) if [BH(o, r), o, V ] =
[BH′(o′, r), o′, V ′]. Indeed, if χCG([H,x, V ]) = 1, there is ϕ : BH(x, r) ∼−→ BG(o, r) with
‖W ◦ ϕ − V ‖BH(x,r) < 1/r. If ψ : BH′(x′, r)

∼−→ BH(o, r) with V ◦ ψ = V ′, then ϕ ◦ ψ :
BH′(x′, r)

∼−→ BG(o, r) has ‖W ◦ϕ◦ψ−V ′‖ < 1/r and thus χCG([H ′, x′, V ′]) = 1. Similarly,
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if χCG([H,x, V ]) = 0, no such ϕ exists and χCG([H ′, x′, V ′]) = 0. Hence, χCG ∈ Ar. Finally,
χCG([G, o,W ]) = 1 while χCG([G′, o′,W ′]) = 0. We thus showed that A separates points.

Using Lemma 2.9, it now suffices to show that there exists Ω0 ⊆ Ω with P(Ω0) = 1
such that for any ω ∈ Ω0 and any f ∈ A , we have

(3-1) lim
n→∞

1
nd

∑
x∈Λn

f([Λn, x,Wω
n ]) = E[f([Zd, 0,Wω])] .

For this, we first adapt the strong law of large numbers in [17, Theorem 2.3.5]. Given
f ∈ Ar, let

Yx = Y (n)
x = f([Λn, x,Wω

n ])− E[f([Λn, x,Wω
n ])] and Sn = 1

nd

∑
x∈Λn

Yv .

Then E[Yx] = 0. Moreover, Yx only depends on (ωz)z∈BΛn (x,r), since f([Λn, x,Wω
n ]) =

f([Λn, x, W̃ω
n ]) if Wω

n = W̃ω
n on BΛn(x, r). It follows that Yx and Yy are independent if

dΛn(x, y) > 2r. Now

E
[ ∑
x∈Λn

Yx

]4
=
∑
x∈Λn

E(Y 4
x ) + 6

∑
x,y∈Λn

E(Y 2
x Y

2
y ) + 4

∑
x,y∈Λn

E(YxY 3
y + YyY

3
x )

+ 12
∑

x,y,z∈Λn
E(YxYyY 2

z + YxY
2
y Yz + Y 2

x YyYz) + 24
∑

x,y,z,t∈Λn
E(YxYyYzYt) .

The first three sums are O(nd) and O(n2d). For the fourth, note that E(YxYyY 2
z ) = 0

if d(x, y) > 4r, since either d(x, z) > 2r and Yx is independent of the pair (Yy, Yz),
or d(y, z) > 2r and Yy is independent of (Yx, Yz). Thus, we have either E(YxYyY 2

z ) =
E(Yx)E(YyY 2

z ) = 0 or E(YyYxY 2
z ) = E(Yy)E(YxY 2

z ) = 0 . Hence, |
∑
x,y,z∈Λn E(YxYyY 2

z )| ≤
n2d(4r)d(2‖f‖∞)4. The other terms of this sum are treated similarly.

Finally, for E(YxYyYzYt) to be non zero, each point must be at distance ≤ 2r from one
of the three others. Hence, we must have [d(x, y) ≤ 2r and d(z, t) ≤ 2r] (or a permutation
thereof) or [d(x, •) ≤ 8r for • = y, z, t.] It follows that

∑
x,y,z,t∈Λn |E(YxYyYzYt)| ≤

3n2d(2r)2d(2‖f‖∞)4 + nd(8r)3d(2‖f‖∞)4. In any case E(|Sn|4) ≤ Cr,f,dn−2d.
By the Borel-Cantelli Lemma, if Aεn,f = {|Sn| > ε}, then P(Aεn,f i.o.) = 0. Thus, if

Ωε
0,f = {Aεn,f occurs finitely often} ,

we have P(Ωε
0,f ) = 1. Since C(GD,A∗ ) is separable, A is separable, and we may choose a

countable dense subset {fj} ⊂ A . We then let Ω0 = ∩ε∈Q+ ∩j∈N Ωε
0,fj . Then P(Ω0) = 1.

Let ω ∈ Ω0. Given j ∈ N and ε > 0 let 0 < ε′ < ε, ε′ ∈ Q+. Then ω ∈ Ωε′
0,fj , so there

is nω such that |Sn| ≤ ε′ < ε for any n > nω. Hence, Sn → 0 for any ω ∈ Ω0.
Now if f ∈ A , say f ∈ Ar, we have∣∣∣ 1

nd

∑
x∈Λn

f([Λn, x,Wω
n ])− E[f([Zd, 0,Wω])]

∣∣∣
≤ |Sn|+

∣∣∣ 1
nd

∑
x∈Λn

E[f([Λn, x,Wω
n ])]− E[f([Zd, 0,Wω])]

∣∣∣ .
Assume n > r. If x ∈ {r + 1, . . . , n − r}d =: Crn, there is ϕ : BΛn(x, r) ∼−→ BZd(0, r). In
fact, we take ϕ(v) = v − x. Denoting Wω

x (v) = Wω(v + x), we get [BΛn(x, r), x,Wω
n ] =
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[BZd(0, r), 0,Wω
x ], so f([Λn, x,Wω

n ]) = f([Zd, 0,Wω
x ]). By usual measure-preserving trans-

formations, we check that E[f([Zd, 0,Wω
x ])] = E[f([Zd, 0,Wω])]. Hence,

∣∣∣ 1
nd

∑
x∈Λn

f([Λn, x,Wω
n ])− E[f([Zd, 0,Wω])]

∣∣∣
≤ |Sn|+

1
nd

∑
x/∈Crn

∣∣∣E[f([Λn, x,Wω
n ])]− E[f([Zd, 0,Wω])]

∣∣∣ ≤ |Sn|+ (2r)d

nd
(2‖f‖∞) .

Taking n → ∞, it follows that if ω ∈ Ω0, then (3-1) is true for any f ∈ {fj}, the dense
subset of A . Arguing as in [25, Corollary 15.3], the proof is complete.

2.4 Convergence of spectral measures

Our aim in this section is to show that the Benjamini-Schramm convergence implies the
convergence of the mean spectral measures. This can be interpreted as the assertion that
the integrated density of states of the limit operator has a finite-volume approximation.
Though this can be proved directly, we will first prove a convergence result for rooted
spectral measures as in [31, Chapter 2], which is of independent interest.

Let [G, o,W ] ∈ GD,A∗ , let A be the adjacency matrix on G and define the (Schrödinger)
operator H = A + W . This is a bounded self-adjoint operator. We sometimes denote
H = H(G,W ) to avoid confusion. We define the rooted spectral measure µ(G,W )

o by

µ(G,W )
o (J) = 〈δo, χJ(H)δo〉 for Borel J ⊆ R .

Lemma 2.12. Suppose [Gn, on,Wn] ⊂ GD,A∗ converges to [G, o,W ] in the metric topology
of (GD,A∗ , dloc). Then µ

(Gn,Wn)
on converges weakly to µ(G,W )

o . So for any continuous ϕ : R→
R, we have

lim
n→∞

〈δon , ϕ(H(Gn,Wn))δon〉 = 〈δo, ϕ(H(G,W ))δo〉 .

Proof. Since all operators Hn = An + Wn and H = A + W are uniformly bounded by
some A+D, the supports of the spectral measures is compact, so it suffices to show that
for any k ∈ N,

∫
tkdµon(t)→

∫
tkdµo(t); see [25, Chapter 13].

Given k ∈ N, choose an arbitrary integer r ≥ k. Then we may find nr such that for
n ≥ nr, there exists ϕr : BGn(on, r)

∼−→ BG(o, r) with ‖W ◦ ϕr −Wn‖BGn (o,r) < 1/r. Now∫
tk dµon(t) = 〈δon , Hk

nδon〉 =
∑

u0,...,uk−1

Hn(on, u0)Hn(u0, u1) . . . Hn(uk−1, on) ,

and Hn(v, w) = (Anδw)(v) + Wn(v)δw(v). So the RHS only depends on BGn(on, k) and
its coloring. As r ≥ k and ϕr : BGn(on, r)

∼−→ BG(o, r), if we let Hn = A + Wn ◦ ϕ−1
r on

G, we get 〈δon , Hk
nδon〉 = 〈δo,Hknδo〉. So for n ≥ nr,

∣∣∣ ∫ tk dµon(t)−
∫
tk dµo(t)

∣∣∣ = |〈δo, (Hkn −Hk)δo〉| =
∣∣∣〈δo, k∑

i=1
Hk−in (Hn −H)H i−1δo

〉∣∣∣
≤ Ck,D,A‖Wn ◦ ϕ−1

r −W‖BG(o,r) ≤
Ck,D,A
r

.

Since r ≥ k is arbitrary, this completes the proof.
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If (G,W ) if a finite colored graph, G = (V,E), with degree uniformly bounded by D
and coloring in [−A,A], we define the mean spectral measure

µ(G,W ) = 1
|V |

∑
x∈V

µ(G,W )
x .

Corollary 2.13. Suppose (Gn,Wn) is a sequence of finite colored graphs with degrees
uniformly bounded by D and coloring Wn : Vn → [−A,A] for all n. If (Gn,Wn) has a
local weak limit ρ, then µ(Gn,Wn) converges weakly to

∫
GD,A∗

µ
(G,W )
o dρ([G, o,W ]). So for

any continuous ϕ : R→ R, we have

lim
n→∞

1
|Vn|

tr[ϕ(H(Gn,Wn))] =
∫
GD,A∗
〈δo, ϕ(H(G,W ))δo〉dρ([G, o,W ]) .

Proof. Given continuous ϕ : R→ R, define the transform ϕ̂ : GD,A∗ → R by ϕ̂([G, o,W ]) =∫
ϕ(t) dµ(G,W )

o (t). Then ϕ̂ is continuous on GD,A∗ by Lemma 2.12. It is also bounded
since GD,A∗ is compact. By hypothesis, U(Gn,Wn) converges weakly to ρ. It follows that∫
ϕ̂ dU(Gn,Wn) →

∫
ϕ̂ dρ, i.e. 1

|Vn|
∑
x∈Vn ϕ̂([Gn, x,Wn]) →

∫
ϕ̂([G, o,W ]) dρ([G, o,W ]).

Since ϕ̂([Gn, x,Wn]) = 〈δx, ϕ(H(Gn,Wn))δx〉, the assertion follows.
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