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Chapter 1

LCS and Distributions

1.1 Introduction

In this chapter we present the basics of the theory of distributions, also known as
generalized functz'ons.[] Some motivation to introduce them:

— Differentiation of functions is not well behaved. For instance, there exist continuous
functions which are nowhere differentiable. Another example : if a sequence (f)
converges to some function f pointwise or uniformly, then (f;) does not necessarily
converge to f’ in the same sense.

— One would like to generalize the concept of a function to encompass objects like
the “Dirac delta function”, which was defined by Dirac as a function ¢ satisfying
d(xz) = 0if z # 0, 6(0) = +oo and [, f(x)d(z)dz = f(0) for sufficiently smooth
f : R — R. These properties are of course contradictory, because if §(z) = 0 for all
x # 0, then f(z)dé(z) = 0 a.e., so [p f(z)d(z)dz = 0. This is why Von Neumann
objected its use during his work on the foundations of quantum mechanics. But
despite this, physicists continued to use it and obtain quite successful results.

The theory of distributions was founded by Laurent Schwartz in the 1940’s, with
some earlier results by Sergei Sobolev. The idea is that, instead of restricting the use
of differentiation to smooth functions, one can instead enlarge the space of functions,
so that it contains derivatives of functions which are not differentiable in the classical
sense. For example, f(z) = |z| will be differentiable on R, with derivative f'(z) = —1
if z < 0and f/(z) = 1if 2 > 0. The way we’ll do this is to first define a convenient
topology on the space of smooth functions with compact support, then let the space of
“generalized functions” be its topological dual, and finally define on it calculus concepts
like differentiation through the duality bracket. As a result,

— On this larger space of distributions, any generalized function is differentiable. More-
over, if (fi) converges to f (in this dual topology), then 0% f; converges to 0% f for
all . Finally, if the function is smooth, then “generalized differentiation” is the
same as classic differentiation.

— The Dirac delta function has a simple interpretation as a distribution, and can indeed
be seen as a limit of well behaved functions getting more and more singular at 0
(which is the physicist’s intuition). We call these “delta sequences”.

— As a bonus we get interesting applications in the theory of partial differential equa-
tions. It turns out that if P(D) is a partial differential operator and if F is a
distribution, then there always exist a solution to the equation P(D)E = §. This

1. Sections 1-4 simply unzip [I5], the rest is taken from [32].



2 CHAPTER 1. LCS AND DISTRIBUTIONS

result is due to Malgrange and Ehrenpreis, and such solutions E are called “fun-
damental solutions”. If now we’d like to solve the PDE P(D)u = v, and if v has
compact support, it suffices to choose © = E * v. Then u will be a solution.

— Let us finally mention that the famous “Schwartz kernel (or nuclear) theorem” con-
cerning bilinear forms on functions of rapid decay was the starting point of a deep
study by Grothendieck of spaces in which such theorems hold. His PhD thesis was
published in [I8], and the main results were summarized later in [I7]; a paper which
had a major impact in Banach space theory.

To conclude this introduction, let us mention that the idea of generalizing classical
concepts by duality is quite fertile. For example, one uses the same idea to define “gen-
eralized eigenfunctions” in Spectral Theory. Here, starting from a Hilbert space 57, we
first construct a smaller space 7. — J¢, define its dual J#_, so that &, — 5 — A,
and let generalized eigenfunction live in 7.

1.2 Locally convex spaces

Definition 1.1. Let X be a vector space over K = R or C. A function p : X — R is
called a seminorm if

(i) p(z+y) < p(x) + ply) for z,y € X (sub-additivity),
(ii) p(A\x) = |A| - p(x) for A € K and « € X (positive homogeneity).
Lemma 1.2. Let p be a seminorm on a vector space X. Then
(a) p(0) =0,
(b) p(z) =0,
(©) lp(z) —pW)| < plz —y),

Proof. By homogeneity, p(0) = p(0-z) =0- p(zx) = 0, which is (a).

By sub-additivity, p(z) < p(z —y) + p(y), so (:17 —vy) > p(z) — p(y). Substituting
x for y we get p(x —y) = | —1|-p(y — =) > p(y) — p(x), so (c) follows. In particular,
p(@) = [p(z) - p(0)] 0, which is (b) a

Definition 1.3. Given a seminorm on a vector space X, we call
Bye(p) ={z € X :plx —y) <e}

the p-semiball of radius € > 0 centered at y € X.
Given a finite collection of seminorms p1, ..., pg, we call

By,s(pla cee apk) = By,s(pl) n...N By,s(pk)
the (p1,...,pr)-semiball of radius € > 0 centered at y € X.

Definition 1.4. Let X be a vector space and let P be a family of seminorms on X. We
define a topology 7p on X by calling A C X open if Vx € A, e > 0 and p1,...,pp € P
such that By c(p1,...,px) C A.

With this topology, we call (X, P) a locally convex space.ﬂ

2. Remark on terminology: a topological vector space in general is called locally convex if there is a
base for the topology that consists of convex sets. It can be shown that a space is locally convex in this
sense iff its topology is generated by a family of seminorms; see [32]. The reader will prove some results in
this direction in the exercises.
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Lemma 1.5. Let (X, P) be a locally convex space. Then

1.

or e N

Tp s a topology on X.

The collection {By:(p1,...,px) :y € X,e >0 and p1,...,py € P} is a base for vp.
The collection {By<(p) :y € X,e >0 and p € P} is a subbase for Tp.

If p1 and py are seminorms, then max(p1,p2) is a seminorm.

If
P =PU{max{p1,...,px} : p1,-.-,pr € P,k € N},

then 7p = T5.

6. The collection {By.(p) : y € X,e >0 and p € P} is a base for tp.

7. If p € P and p is a seminorm satisfying p'(z) < ep(x) for all x € X and some constant

¢ >0, then Tpr = p, where P' =P U {p'}.

The advantage of working with P is that, similar to metric spaces, the semiballs B, - (p),

p € P become a base, and we get rid of finite intersections By .(p1,. .., k)

The point of the last item is that, if P’ is given initially, then using this result we can

remove redundant seminorms from P’ to “clean it up” without affecting the topology.

Proof. 1. Clearly, X € 7p. Also, () € 7p because any element in () (there are none) satisfies

any property. Next, if U,V € 7p, then for any x € UNV, we may find &; > 0 and p;, ¢; €
P such that By ¢, (p1,...,pr) C U and By c,(q1,...,q) € V. Let ¢ = min(ey, e2). Then
Bee(pry- - sPks 1y -3 Qi) = Bae(P1y -3 Pk) N Bee(qr, .., qe) CUNV, 50 UNV € 7p.
Finally, if {U, }aer is any collection in 7p and « € UyerU,, then x € U, for some «, so
we may find € > 0 and p; such that By -(p1,...,pk) C Uy € UserUa, so the union is in
7p. Hence, 7p is a topology.

. Let U € 7p. Then Vo € U Je, > 0 and p;, such that B, ., (p1,z)---,Pkz) € U.

Hence, U C UxEUBa:,ex(pl,:c:prk,:p) CU,soU = UCEEUBQP,S;U(p17LU7"' apk,x)- Thus,
{Bze(p1,---.Dk) }acUe>0p,cp 1s a base.

By item 2, U = Ugey (Bae, (P1,2) N+ .. N Bye, (Prz)). Thus, { By c(p)}ecve>0pep is a
subbase.

4. Easy, left for the reader.
5. If U € 7p, then U € 75 because P C P. In detail: if U € 7p and = € U, there exist

e > 0 and p; € P such that By (p1,...,pr) C U. In particular, there exist p; € P such
that By c(p1,...,px) CU,s0 U € 7.

IfU € 75, 3¢ > 0 and ¢; € P such that By.(q1,...,q5) € U. Suppose ¢ =
max(p(l), .. ,pgmi)). Then By -(¢i) = Bz@(p(l))ﬁ. . .ﬂBx,s(p(mi)) = Bz,a(p(l), .. ,pgmi)).

i i i i
1 1
Hence, Bz@(pg ),...,pgml),pg ), .. ,p,gmk)) =Byc(q1,...,q) CU,s0U € 7p.
By item 2, if U € 7p, then U = Uzey By c(P12)---»Pkz), Where p;, € P. Hence,
U = Uzeu By £(qz), where ¢, = max(p; ;) € P. Hence, {BLE(Q)}qeﬁ is a base.

If U € 7p, then U € 7p because P C P’. Conversely, if U € 7ps, then given z € U,
there exist € > 0, p; € P’ such that B, .(p1,...,px) CU. Ifall p; € P, for all x € U,
then U € 7p. Otherwise, say p; = p/. Then p'(z) < cp(x) implies By .(p) C By ().
Hence, By c(p1) N ... N By e(Pi-1) N Bycre(p) M. N Bee(pr) € Bee(pr,---,pk) € U.
Hence, U € 7p (take ¢’ = min(e,e/c)). O

Reminder 1.6. Recall that a sequence {z;} C X in a topological space converges if for
any open set w C X containing x, we have zp € w for all large k.
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Lemma 1.7. Let (X, P) be a locally convex space. Then xj, — x iff p(xy —x) — 0 for all
peP.

Proof. Suppose x — x and let p € P. Then given ¢ > 0, there exists ky > 0 such that
x € By o(p) for all k > ko. Thus, p(x — xy) < € for all k > ko, so p(z — z) — 0.
Conversely, suppose p(x — x) — 0 for any p € P and let w be an open set containing
x. Then there exists § > 0 and p; € P such that By 5(p1,...,pr) € w. Now we may find
k; such that p;(xx — ) < § for all k > k;. Let kg = maxk;. Then p;(z — ) < ¢ for all
k > ko and all i. Hence, x € B, 5(p1,-..,pr) C w for all k > ko. O

The reader knows from the theory of Banach spaces that a linear operator is continuous
iff it is bounded. For locally convex spaces, we have the following.

Theorem 1.8. Let (X, P) and (Y, Q) be locally convex spaces. Then
(a) f: X =Y is continuous iff Vx € X, e>0,q€ Q, Ip € P, § > 0 such that

z € Bys(p) = q(f(x) — f(2)) <e. (%)
(b) If moreover f is linear, then f is continuous iff Vg € Q, Ip € P, C > 0 such that
q(f(z)) < Cp(x) Ve X. (xx)

(c) A seminorm q : X — R (not necessarily in P) is continuous on (X, P) iff Ip € P,
C > 0 such that
q(z) < Cp(x) Ve e X.

Proof. (a) Suppose f is continuous and let z € X, e > 0 and ¢ € Q. Then Bia)e(q) is
open in Y, so ffl(Bf(x),E(q)) isopenin X. But x € f~ (Bf (@)(q)), 5036 >0, pe P
such that B, s(p) C f_l( ),e(q)). Hence, z € By s(p) implies f(2) € By(y)(q)
implies ¢(f(z) — f(z)) < e.

Conversely, suppose (%) is true, let U C Y be open and let x € f~}(U). Then
f(z) € U, so3e >0, q € Qsuch that B(2):(q) CU. By (x) we may find 6 >0, p € P
such that B 5(p) € f~1 (B (q)) € f~1(U). Hence, f~1(U) is open.

(b) If (%x) is true, by linearity ¢(f(z)— f(2)) < Cp(x—=z). So given € > 0, taking § = ¢/C,
we have z € By 5(p) implies p(x — z) < ¢ implies q(f(z) — f(2)) < Cd =«.
Conversely, suppose (%) is true. Then there is § > 0 and p € P such that z € By 5(p)
implies ¢(f(y)) < 1. Let x € X with p(z) # 0. Then z = %(z)x satisfies p(z) = g <4,
hence 1 > q(f(z)) = %(m)q(f(:x)). We thus get (%) with C' = 2.

For the case p(z) = 0, we must show ¢(f(z)) = 0. By (%), for any ¢ > 0 we have
z € By s(p) implies ¢(f(2)) < €. In particular, p(z) = 0 implies ¢(f(2)) <e. Ase >0
is arbitrary, we have ¢(f(z)) = 0. Thus, (%) remains true in this case.

(c) Part (c) is analogous to (b) and is left to the reader. O
Corollary 1.9. Let (X, P) and (Y, Q) be locally convex with X CY. Then the following
statements are equivalent:

(i) The embedding X — Y is continuous.

(ii) Vg € @ 3p € P, C > 0 such that q(z) < Cp(x) for all x € X.

(iii) The restriction of every seminorm of (Y, Q) to X is continuous on (X, P).



1.2. LOCALLY CONVEX SPACES 5

Proof. (i) is equivalent to (ii) by Theorem (b), taking f : X — Y as the inclusion map
fw) = o,

(ii) implies (iii) by Theorem (c). Next, if (iii) holds and ¢ € Q, then ¢ =
maxi<j<i(¢) for some ¢; € Q. By Theorem (c), 3p; € P and C; > 0 such that
qi(z) < Cipi(x). Let C = max C; and p = maxp;. Then ¢(z) < Cp(z) and (ii) holds. [

In view of Lemma we make the following definition:

Definition 1.10. Let (X, P) be a locally convex space. We say that
— {x1} is Cauchy if for any p € P, p(x; — zx) — 0 as j,k — oo.
— A C X is bounded if for any p € P, sup,c 4 p(z) < 00.

Lemma 1.11. A Cauchy sequence is bounded.

Proof. If {x}} is Cauchy, then for any p € P we may find mg such that p(z; — z;) < 1
for j,k > mo. Hence, p(zx) < p(m,) + 1 for all & > mg, so sup, p(zr) < C, where
C =max(p(x1),...,0(Tme—1),P(Tme) + 1). O

Definition 1.12. A family of seminorms P on X is said to be separating or sufficient if
for any x € X \ {0}, there exists p € P such that p(x) # 0.

Lemma 1.13. Let (X, P) be locally convex with P separating. Then p is Hausdorff.

Proof. Let z,y € X, v # y. Then 3p € P with § := p(z —y) > 0. Let U = B, 5/2(p) and
V = By s5/2(p). Then U,V are open, satisfy 2 € U, y € Vand UNV = 0. O

Reminder 1.14. Recall that a topological space (X, 7) is said to be metrizable if there is
a metric d on X which induces 7. If X is a vector space, we say that a metric is translation
invariant if d(x + z,y + z) = d(z,y) for all z € X.

Theorem 1.15. Let (X, P) be a locally convezr space with P countable and separating.
Then (X, P) is metrizable with a translation invariant metric.lﬂ

Proof. Let P = {p1,p2,...} and let {oy,} C R with o — 0. Define

d(z,y) = max —akpk(x )

forz,y € X .
ko 1+ pr(z —vy) 4

The maximum is well-defined because 1_’;’; - <1 and ap — 0. Since oy > 0 for all k, we
have d(x,y) = 0 iff px(x —y) = 0 for all k iff z = y because P is separating. Next, since
ft) = 1%% is increasing, we have a < b + ¢ implies #"a < ﬁ < 1L+b + 1%_6 and the
triangle inequality follows. Since d is clearly symmetric, it follows that d is a metric.
Now let € > 0 and let B, .(d) = {y € X : d(z,y) < €} be a metric ball. If ag, < ¢
VEk, then d(x,y) < € for any y, so By .(d) = X € 7p. Otherwise, there are finitely many i
such that a; > ¢ (since o, — 0), say «y,...,q;, . Then a simple calculation shows that
B, :(d) = By s, (pi;)N...N By, (Pi,), where §; = ﬁ Hence, B, .(d) € 7p for all € > 0.

But if U is open in the metric topology, then U = Uycy By ¢, (d), hence, U € 7p.

3. The proof of many results in this course, including this one, can be simplified if you know about
nets; see e.g. [28] or [41I]. Nets generalize the concept of a sequence. A nice feature about nets is that they
characterize the topology. For example, suppose we have two topologies 71 and 7 on a set X and we want
to show that 71 = 72. Then it suffices to show that a net converges in (X, ) iff it converges in (X, 72).
This is an easy exercise if you know that = € A iff there exists a net {z,} C A converging to x (just show
that consequently, A is closed in (X, 1) iff it is closed in (X, 72)).

A related feature is that given a set X, one can define a topology on X by stating which nets converge.
See e.g. [42] Problem 11D].
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Conversely, suppose U € 7p and let * € U. Then Je > 0, p; € P such that
B, :(p1,...,pk) CU. Choose r < l%re min(ay,...,0x) and let y € B, ,(d). Then

aipz'(fﬁ - y)
1+ pi(z —y)

(6713 .
<d(z,y) <r< fori=1,...k,
<d(z,y)<r Tre or ¢

) 71_7;"13(1_:’“&;3)@/) < 152 and thus p;i(z — y) < e. Hence, By, (d) C By e(p1,--.,px) € U. Thus,

U is open in the metric topology. O

1.3 Fréchet Spaces

Definition 1.16. A Fréchet space is a locally convex space (X, P) such that P is countable,
separating, and (X, P) is complete.

By Theorem [1.15] any Fréchet space is metrizable with a translation invariant metric.
Actually, the converse is also true: if X is a metrizable locally convex space, then its
topology is generated by a countable separating family of seminorms. These seminorms
are constructed using the Minkowski functional (see Exercise [2) and the fact that metric
spaces are first countable. We will not pursue this here; see e.g. [28] and [32].

Notation. We denote Ny = {0,1,2,...}. Given a € Nj and = € R", we denote
¥ =af -z and DY =09%=07"---05".
Finally, we let |a| = a1 + ... + an.

Lemma 1.17. Let K C R™ be compact. Then the space C(K) of continuous functions on
K, endowed with the norm || f||c(xy = sup,ek | f(®)|, is a Banach space.

Proof. Exercise |8 just adapt the proof you learned for C'[a, b] in undergraduate courses.
More generally, if A C R™ and Cj(A) denotes the set of bounded continuous functions on
A, then Cp(A) is a Banach space in the supremum norm. O

Lemma 1.18. Let K C R"™ be compact and let C™(K) = {f|x : f € C™(RY}, m € N.
Then C™(K) is a Banach space in the norm || f||cm k) = max|qj<m [[D® fllo(x) -

Proof. Exercise [8 If (fi) is Cauchy in C™(K), then (D¢ f) is Cauchy in C'(K) for each
|a] < m. Now suppose n = 1, use Lemma the fundamental theorem of calculus and
induction. Generalize for arbitrary n using partial derivatives. O

Lemma 1.19. Let K C R" be compact and let C*®°(K) = NpenC™(K). Then C>®(K),
endowed with the seminorms ppm(f) = ||fllomx), m =0,1,2,..., is a Fréchet space.

Proof. Clearly, P = {pn} is countable and separating. Let (fi) be Cauchy in C*°(K).
Then (fx) is Cauchy in C™(K) for each m, so by Lemma we may find g, € C™(K)
such that py,(fx — gm) — 0 as k — co. But

P0(90 — 9m) < po(fx — 90) + Po(fr — 9m) < Po(fx — 90) + Pm(fx — gm) — 0

as k — oo. Hence, gy = gm € C™(K) for every m. Hence, go € C*°(K) and f — go in
C>*(K). O

We now turn to C™(Q2) where Q C R"™ is an open set. We first give a technical lemma.
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Lemma 1.20. Let Q2 C R”™ be open. Then there is a sequence of compact sets K1, Ko, . ..
such that K;j is contained in the interior of K11 and U;K; = ().

Proof. If Q = R™, take K; = B; = {x € R" : |z| < j}, where |z]| is the euclidean norm
on R". If Q@ # R", let A; = {z € Q : dist(x,00) > %} Then A; is closed and lies in the
interior of Aj;q1. Take K; = A; N B;. Then K satisfies the requirements. O

Lemma 1.21. Let 2 € R" be open and let K; C € be compact, K; C Io(j+1 and U; K; = Q.
Endow C™(82), m € N, with the seminorms pjm(f) = |[fllomx,), 3 = 1,2,.... Then
C™(Q) is a Fréchet space.

Similarly, C*° (), endowed with the seminorms pji(f) = | fllerix,y, 5= 1.2,... and
k=0,1,... is a Fréchet space.

Proof. Let (f;) be Cauchy in C™(£2). By completeness of C"™(Kj), we may find g; €
C™(K;) such that p; m(fi—g;) = 0as i — co. But pjm(9) < pj+1,m(g) for g € C"(Kjt1),
so as in Lemma it follows that g; = gjt1|k;. Hence, we may define g on 2 by
g(z) = gj(z) if x € K;. Then g € C™(2) and pjm(fi —g) — 0 as i — oo, for any j.

The case of C*°(§2) is the same; just consider p;j for arbitrary k instead of p;,,. [

Remark 1.22. We could also consider C"(§2) with the larger family pr . (f) = || fllcm (k)
where K runs over all compact subsets of Q. But the topology on C™(2) would actually
be the same. Indeed, if K C €2 is compact, then K C K for some j, so px(f) < px;(f),
so we may remove px from the family without affecting the topology by Lemma [I.5]7.

Lemma 1.23. Let  C R"™ be open and for 1 < p < oo, define

LP

loc

(Q) = {u: Q — C measurable, u|x € LP(K) for any compact K C Q}.
Then Ly, (Q) is a Fréchet space when endowed with the seminorms qj(u) = |lull (k)
Proof. Same proof as Lemma you can write it as an exercise. O

We now turn to the space of smooth functions with compact support. Recall that if
f:Q — C is continuous, we define the support of f by supp f = {z € Q: f(z) # 0}.

We should first check that such functions exist, since a nonzero analytic function cannot
have compact support, and being analytic doesn’t seem much stronger than being smooth.

Lemma 1.24. Let R > r > 0. There exists ¢ € C°(R"™) such that ¢(z) =1 for |x| <,
¢(x) =0 for|jz| >R and 0 < ¢p <1 onR”ﬁ

eVt ift >0
Proof. Let f(t) = ’
4 ) {O ift <O0.

{pk(l/t)e_l/t if t >0,

Clearly, f(t) — 0 as t \, 0. Moreover, f*)(t) =

for some polynomials py. Since p(1/t)e=/t — 0 as ¢t \, 0 for any
0 ift <0,

polynomial p, it follows that f € C*°(R). Now let R > r > 0, let f1(t) = f(t —r)f(R—1)
and let fo(t) = [ fi(s)ds. Then fo(t) > 0 for all ¢, equals 0 for ¢t > R and equals
C:= er fi(s)ds > 0 for t < r. Thus, ¢(z) := & fo(|z|) satisfies the desired properties. [

Definition 1.25. Let K C R" be compact. We define
D ={p e C°R"):suppp C K}.

and endow it with the family P> = {p,, }, where py,(¢) = ||¢|lcm, m =0,1,2, ...

4. Lemma and picture taken from [19].



8 CHAPTER 1. LCS AND DISTRIBUTIONS

/ AN N

Remarks 1.26. (i) This topology is the one induced by the embedding D — C*°(K).
Note that Dk is a bit smaller than C°°(K). For example, ¢; = 1 on K can be
extended to a smooth function in C*°(R"™) and is thus in C*°(K), but ¢; ¢ Dg
because any smooth extension of ¢; must be nonzero in a small neighborhood of K.

(ii) If K contains an open ball, then by scaling and translating ¢, we can find infinitely
many smooth functions so that their supports are in K but do not intersect each
other. This implies that Dy is infinite-dimensional.

(iii) Dy is a Fréchet space, as it is a closed subspace of C*°(K).

(iv) Note that P>* = P, Indeed, P>® C P> is clear, and if ¢ € P>, say ¢ =
max(giy, - - -, i, ) for some g¢;; € P>, then g;;(¢) = |||l ;- Take m = max(i1, ..., ix).
Then q(¢) = pm(p), so g € P>.

1.4 The inductive limit topology

Definition 1.27. Let 2 C R" be open. We define the space of test functions by

D(Q) = |J Dk,
KeQ

where K € €2 means that K is a compact subset of €.

Note that D(Q) is simply the set of smooth functions of compact support in 2, usually
denoted C°(2). Here we use the symbol D(§2) because we will now endow it with a
special topology which is stronger than the C*° topology.

The topology we would like to have on D(2) should fulfill two requirements:

1) The embeddings Dx < D(2) should be continuous. This means by Corollary |1.9| that
the restriction of every seminorm p in (D(2),P) to Dk must be continuous. Here P
is the hypothetical family inducing a topology on D(2). The family P satisfies this
requirement by Theorem [1.8{c).

However, (D(2),P>°) is not complete. To see this for Q = R, take a ¢ € D(R) whose
support is small and concentrated near 0, and consider the sequence

on(@) = @)+ 27 p(x — 1)+ ...+ 27 Fp(x — k), k=1,2,...
Then (¢f) is Cauchy in P> : given r < s,
Pn(r — 0s) = pm (27 ro(@ —r — 1)+ ...+ 275%0(x — 5)) =27 Hpllem — 0

as r (and hence s) go to co. However, the support of the limit function is not compact.
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2) This failure indicates that P> has not enough seminorms to ensure that Cauchy se-
quences remain in a compact set. So we can add more seminorms to P and hope that
things get better. Having a large family of seminorms will also have the benefit that
it becomes easier for a function f : D(2) — Y to be continuous. However, we should
not enlarge P> too much, since we still need every restriction p|p, to be continuous.

These two competing requirements give rise to a unique family P as follows.

Definition 1.28. We endow D(2) with the family P defined by p € P <= p|p, is
continuous for each compact K C €.
The induced topology mp on D(f?) is called the inductive limit topology.

Remark 1.29. Note that P = P. Indeed, P C P is clear, and if ¢ € P, say q =
max (g, - - -,q;,) for some g;; € P, then given K C ) compact, g;,|p, is continuous, so
3cj > 0 and p; € P such that ¢;; (@) < ¢jp;(¢) for ¢ € Dk. Let ¢ = max(cy, ..., ;) and
p =max(pi,...,pr) € P>® =P>. Then q(p) < cp(yp) for ¢ € Dk, hence ¢ € P.

Lemma 1.30. The topology of Di is exactly the one induced by the embedding D —
D(Q). In other words, the topology of Dk is exactly the subspace topology inherited from
D().

This shows that the topology of D(2) is completely natural; with a different topology,
the Dk could have obtained two topologies: their own 7pe topology, and a possibly
different one inherited from D(€2), which is certainly inconvenient.

Proof. Let A C D(Q2) be open, let K C £ be compact and let » € AN Dg. Then Fe > 0,
p € P such that By .(p) C A. But p|p, is continuous, so Ip,, with p < ¢p,, on D, ¢ > 0.
Hence, if By, c(pm; Dk ) denotes semiballs in D, we get By, o /e(Pm, Dk) € By (p) "Dk C
ANTDg. Hence, AN Dy is open in Dg.

Conversely, since {p,,} C P, the semiball B, 5(p,) has a meaning, and any semiball
By, 5(pm; Dk) = By s(pm) N Dk 1t follows that any open set in Dy can be written as an
intersection of an open set in D(Q2) with Dr. O

We now show that P is large enough to solve the problem we had with P°°:

Theorem 1.31. A set A C D(Q) is bounded iff there is a compact K C Q such that
A C Dy and A is bounded in Dy .

Proof. Suppose A is bounded in Dg for some compact K C 2 and let p € P. By continuity
of p|p, Ipm such that p < cp,, on Dg. But IM > 0 such that p,,(¢) < M for p € A.
Hence, p(¢) < cM on A and A is bounded in D(£2).

Conversely, suppose A C D() is bounded but A € D for any compact K C €. Then
there is a sequence {p,,} C A and {z,,} C Q such that ¢, (xy,) # 0 and {z,,} leaves any
compact K for large m. Let

m|p(zm)|
p(p) =sup————=, 9 €eD(Q).
Then p is a seminorm and p € P. Indeed, if K/ C Q is compact, Imgy with x,, ¢ K’
for all m > my, so for any ¢ € Dk, we have p(z,,) = 0 for all m > myg, so p(¢) =
maxi <m<me @féi;’i;f < C|lellco. But p(g;) > j, so p is not bounded on A. This contra-
diction shows that A C Dk for some compact K. O

Corollary 1.32. a) A sequence {y;} is Cauchy in D(Q) iff {¢;} € Dk for some compact
K C Q and {p;} is Cauchy in Dy.
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b) ¢; = 0 in D(Q) iff {¢;} C Dk for some compact K C Q and ¢; — 0 in Dk.
c) D(Q) is complete.

Proof. a) If {p;} C Dk is Cauchy in Dg and p € P, then p|p, is continuous, so Ipy,
with p < epp,. Hence, p(¢or — vs) < epm(pr — @s), s0 {g;} is Cauchy in D(Q).
Conversely, if {¢;} C D(Q) is Cauchy, then {¢;} is bounded, so by Theorem [1.31]
{¢j} € Dk for some compact K C Q. Since {pp,} C P, we also have p,, (¢, — ¢s) = 0
as r,s — oo for each p,,.

b) Same as a), left as an exercise.

c) Let {¢;} € D(2) be Cauchy. Then by a), it is Cauchy in some Dg. But D is Fréchet,
so the limit exists in Dg. Using b), the sequence also converges in D(2). O

Theorem 1.33. Let (Y, Q) be locally conver and let f : D(2) — Y be linear. Then the
following statements are equivalent:

(i) f is continuous.
(ii) ¢; — 0 in D(Q) implies f(p;) = 0in Y.

(iii) For any compact K C Q, f:Dg — Y is continuous.

Proof. (i) = (ii). If f is continuous, by Theorem for any ¢ € Q there is p € P and
C > 0 such that ¢(f(¢)) < Cp(yp) for all ¢ € D(2). Hence, ¢; — 0 in D(Q) implies
p(pj) — 0 implies ¢(f(¢;)) — 0. Since this holds for all ¢, we have f(p;) = 0in Y.

(if) = (iii). Let K C Q be compact. If (ii) holds, then using Corollary [1.32} if ¢; — 0
in D, then f(p;) = 0in Y. So by linearity, if ¢; — ¢ in Dk, then f(¢;) = f(¢). Thus,
f preserves convergent sequences. But D is metrizable. Hence, f is continuous.

(iii) = (i) By Theorem [1.8, we must show that Vg € Q Ip € P, C > 0 such that
q(f()) < Cp(p) on D(N). Let ¢ € Q and define

p(p) =q(f(p)), ¢ €DQ).

Then p is a seminorm on D(Q2). Moreover, if K C  is compact, then by continuity of f
on Dk, we may find ¢ > 0 and py, such that p(¢) = ¢(f(¢)) < ecpm(p) for all ¢ € Dg.
Hence, p|p, is continuous, so p € P. ]

Corollary 1.34. Every differentiation D : D(2) — D(2) is continuous.

Proof. Let ¢; — 0 in D(Q2). Then {¢;} C Dk for some compact K C Q and ||¢j||cr — 0
for each k. So {D%p;} C Dk and || D%pj|cx < ||@jllcrrial — O for each k. So D%p; — 0
in D(2), hence D® is continuous. O

Lemma 1.35. D(Q) is not metrizable.

Using Theorem [I.15] it follows that P is uncountable. Hence, we added a huge number
of seminorms when we enlarged P> to make D(2) complete.

5. This is general topology: if X,Y are topological spaces, X is metrizable, then f : X — Y is continuous
if it preserves convergent sequences. To see this, suppose on the contrary that f is not continuous. Then
there is an open U C Y such that f~'(U) is not open. So 3z € f~"(U) such that By,.(d) € f~'(U) for
any € > 0. So for e = 1/j 3x; € B, 1/;(d) but f(z;) ¢ U. Since f(x) € U, we thus get ; — = but
fxs) = f(x).
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Proof. We first note that Dy, for K C Q, is closed in D(f2), since it is complete and its
topology is just the subspace topology inherited from D(2) by Lemma m

Next, Di has empty interior, relative to D(2). Indeed, given ¢ > 0, p € P and
¢ € Dk, we may choose a smooth nonzero ¢ with support in Q \ K (see Lemma .
Let ¢ = 1 if p(y)) = 0 and ) = ﬁd’ otherwise. Then, f := ¢ + %1/; satisfies f € D(Q)
and p(p — f) < e. Hence, B, .(p) € Dk. Since p, € and ¢ are arbitrary, Di has empty
interior in D(Q).

Finally, let K; be as in Lemma Then D(Q2) = U;Dk;. Since D(Q) is complete, it
follows from the Baire category theorem that D((2) is not metrizable.[f O

Remark 1.36. In general, if X; C X5 C ... are locally convex spaces, then the inductive
limit topology on the union X = U;Xj; is the finest topology that leaves the embeddings
X; = X continuous. If each X; is a Fréchet space, we call X an LF space. The reader
can find more details in [28] and [37].

For example, all the results of this section apply to the space of compactly supported
LP functions, which is defined by LZ (Q) = Ugeq L (K).

comp

1.5 Distributions

Definition 1.37. A distribution (or generalized function) on € is a continuous linear
functional on D(Q)). The space of distributions on €2 is denoted by D’(2).

Given T € D'(Q), we often denote
(T,p) =T(p), »e€DQ).

Lemma 1.38. A linear functional T : D(Q) — C is in D'(Q) iff any of the following
conditions holds:

a) ¢;j — 0 in D(Q) implies T'(p;) — 0.
b) For any compact K C 2, there exist m, C > 0 such that
T(e)| < Clellem  foro€Dg. ()
Proof. Follows directly from Theorem [1.33 O

Definition 1.39. Let T € D'(Q). If (1) holds with the same m for all compact K C Q
(but C possibly depending on K), then the smallest such m is called the order of T'. If no
m will do for all K, we say that T has infinite order.

Example 1.40. 1. Define
d(p) == ¢(0) for ¢ € D(R").

Then ¢ is a distribution of order 0 since |6(¢)| < ||¢]co-
2. Given u € L (Q), let T, (¢) := [up. Then Ty, is a distribution of order 0 since

Tu(@)| < Nullprwollelico for ¢ € Dk

In particular, each u € C(Q2) defines a distribution T,,. We show in the next chapter
that u +— T, embeds L{ () in D'().

loc

6. The reader can find a different proof in [I5] using sequences, which works if = R and more generally
if Q =R".
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We now define the derivative of a distribution. To motivate this, note that if u € C*°(R)
and ¢ € D(R), then integrating by parts we have

so that T/ (p) = =Ty (¢"). So if we think of T as the derivative of T,,, then the following
definition is quite natural.

Definition 1.41 (Differentiation). Given T' € D'(2) and « € N{}, we define
(DT)(p) i= (~1)IT(D%)  for p € D(Q).

Lemma 1.42. Let T € D'(Q) and o, f € Nj. Then
1. DT € D'(Q).
2. D*DST = DoBT = DA DT,

Proof. Let T € D'(R2) and K C Q compact, say |T(¢)| < C||¢||cm for ¢ € Dg. Then
(DT ()| = |T(D%)| < C[[DY¢llcm < Cllgllgmtial -
Hence, DT € D'(12). Next,
(D*DPT)(y) = (~1)°/(DPT)(Dg) = (—1)/*AT(D5 Do)
= (-)*IT(D* ) = (D*TPT)(p). O
Example 1.43. §'(p) = —d(¢') = —¢'(0).

Definition 1.44 (Multiplication by functions). Let T' € D'(Q2) and f € C®(2). We
define

(fT)(p) :==T(fp)  for v € D(Q).
Lemma 1.45. If T € D'(Q) and f € C*(Q), then fT € D'().

Proof. Let K C Q be compact and assume 3C,m such that |T'(¢)| < C||¢|lcm on Dk.
Then |(/T)(¢)| = [T(f)] < Cllfellom But DX(f¢) = Sgen cas(D ) (D) for some
cap (Leibniz formula). Hence, || follcm < Ctll¢|lcm on Di. Thus, |(fT)(¢)] < CCtll¢|lcm
on Dk and fT € D'(Q). O

Definition 1.46 (Sequences of distributions). We endow D’(2) with the weak*-topology.
Hence, we say that T; — T in D'(Q) if Tj(¢) — T(¢) for all ¢ € D(Q).

Example 1.47. Let u;(z) = sin(jz). Then u; — 0 in D'(R) (where we abused notation
and wrote u; instead of T),;). Indeed, if ¢ € D(R), then

/sin(jx)go(x) dz = ;/cos(jx)go’(x) dz -0  asj— o0.

Theorem 1.48. Suppose {T;} C D'() and lim;_,o Tj(p) exists (as a complex number)
for every ¢ € D(Q). Define T(p) := limj_oo Tj(p). Then T € D'(Q), and for every
a € Nj,

D°T; — D°T  in D'(Q)
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Proof. Let K C Q be compact. Then lim;_,o, Tj(p) exists for every ¢ € Dg. Since Di
is Fréchet, by a well-known application of the uniform boundedness principle (which also
holds in Fréchet spaces; see [32]), we know that T'|p, is continuousﬂ Hence, T € D'(Q).
Moreover, if ¢ € D(Q),

lim (D°T})(p) = (=1)1*! lim T3(D%p) = (-1)*IT(D%p) = (DT)(¢) - [

Jj—00 Jj—00

Remark 1.49. Let ¢ € D(2) and suppose g; — g in C*°(£2). Then pg; — ¢g in D(2).
Indeed, by hypothesis, p,s(g; —g) — 0 for all r,s. Let K = supp . Then given p € P,

Je, pm with p < cpp, s0 p(eg; — vg) < clle(gj — 9)llomix) < cllelg; — 9)llom k) for any
K, 2 K. Using Leibniz, we thus get p(¢g; —¢g) < ccollgj —gllom(k,) = ccoprm(gi—g) =
0. As p € P is arbitrary, we get ¢g; — ©g.

Theorem 1.50. IfT; — T in D' () and g; — g in C°(Q), then g;T; — ¢gT in D'(Q).

Proof. Fix ¢ € D(Q?) and define a bilinear functional B, on C*°(2) x D’'(2) by

By(g,T) == (9T)(p) = T(g%) -

Then B, is separately continuous (use Remark [1.49). By another application of the
uniform boundedness principle (see [32] or [28] in the Banach case), it follows that B is
jointly continuous, i.e. By(g;,7T;) — By(g,T). Hence, (9;T5)(v) — (97) (). O

1.6 PoU and sheaf structure

Definition 1.51. Let 7' € D'(Q2) and let w C Q be open. We define T'|,, : D(w) — C by
T|w(p) :=T(p) for ¢ € D(w).

Lemma 1.52. If T € D'(Q) and w C Q, then T, € D'(w).

Proof. Let ¢; — 0 in D(w). Then {y;} C K for some compact K C w and ¢; — 0 in Dg.
Hence, ¢; — 0 in D(Q). Hence, T, (¢;) = T(¢;) — 0. Thus, T|, € D'(w). O

loc

Example 1.53. Let f € L] _(Q). Then T¢|, = 0 iff f(z) =0 for a.e. z € w.lﬂ

Restrictions allow us to discuss distributions locally. The aim of this section is to show
that, given an open cover {w,} of €, together with a set of “compatible” distributions
T, € D'(wa), we can define a distribution globally by gluing the T, together. This is a
widely used idea in modern mathematics, e.g. algebraic and differential geometry. We
start with the following theorem.

Theorem 1.54 (Partition of unity). Let I' = {w,} be a collection of open sets with
Q = Uywq. Then there exists {1;} C D(Q) with v; > 0 such that

(a) each v; has its support in some wy € T,

(b) > Yi(x) =1 for every x € ),

(c) VK €Q 3m e N and W open such that W O K and

Vi) + ...+ Yp(z) =1 forallz e W .

7. This can also be found in [22, Lemma 4.9-5] in the Banach case.
8. Here we used the nontrivial fact that if f,g € Li,.(w), then Tf = T, iff f = g a.e. on w. This
generalizes the du Bois-Reymond Lemma. We shall prove this next chapter.
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We call {4} a locally finite partition of unity in © subordinate to I'.  We say it is
locally finite because, by (b) and (c), each = € Q has a neighborhood which intersects the
supports of only finitely many 1; (take K = {x}, then Vi > m, ¢;(y) =0 in W).

Proof. Let S be a countable dense subset of Q. Let {Cy,Cs,...} be the set of all closed
balls C; with center p; € S, radius r; € Q, such that C; C w, for some w, € I'. Let V; C C;
be the open ball with center p; and radius r;/2. By density of S, we have 2 = UV;.

Using Lemma by scaling and translating, we can find ¢; € D(Q) such that
0<¢; <1, ¢1=10nV; and ¢; = 0 outside C;. Define 1)1 = ¢1, and inductively,

Vi1 = (1 —¢1) (1= ¢i)pit1 (i>1). (1)

Clearly, 1; = 0 outside Cj, so supp¢; C C; C w, and (a) is true. Next, we have

Vit +Pi=1—(1—¢1) (1 —¢i). (1)

Indeed, (11) is trivial for ¢ = 1. If it holds at 4, then adding () and (if), we obtain (1)
for i + 1 in place of i. Hence, (1I) holds for each i. Since ¢; = 1 in V;, it follows that

P1(x) + ..o+ () =1 reViUu...UV,.
This gives (b). Finally, if K is compact, K C V3 U...UV,, for some m, so (c) follows. [

Definition 1.55. Let X be a topological space. A presheaf of sets F on X is a rule which
assigns to each open U C X a set F(U), and to each inclusion V' C U a map p{, : F(U) —
F(V) such that pf; = id 7(¢y, and whenever W C V' C U, we have o5 = ply o pY.

The elements of F(U) are called sections of F over U. We denote s|y = p{/(s) if
se F({U)and V C U.

A sheaf of sets F on X is a presheaf of sets with the following additional property:
given an open cover U = U,U, and some sections s, € F(Uy,), if Va, 5 we have

Sa’UaﬂUﬁ - S,B‘UaﬁUﬁ 9
then there exists a unique section s € F(U) such that s|y, = so for each a.

Example 1.56. Let X,Y be topological spaces. Given an open U C X, let F(U) :=
C(U,Y) be the set of continuous functions from U to Y, with the usual restriction opera-
tion. Then F is a sheaf. Indeed, p&;(f) = flv = fif f € C(U,Y), we have flw = (f|v)|lw
whenever W C V C U, so F is a presheaf. Suppose U = UU, is an open cover, and
some fo € C(Uy,Y) satisfy for each «,f that fuolv.rvs = fsluanvs- Then we define
f:U—=Y by f(u) :== fo(u) if u € U,. This is well defined by our assumptions. More-
over, flu, = fa by definition and each f, is continuous, so f is continuous. Finally, for
uniqueness, suppose f also satisfies the gluing axiom. Then given z € U, say z € Uy, we

have f(z) = fu(z) = /(2).
Theorem 1.57. Given an open Q C R"™, let F(Q) :=D'(Q). Then F is a sheaf.

Proof. Again, F is clearly a presheaf. Now let I' = {w, } be an open cover of 2 and assume
there is for each a some T, € D'(w,), such that Tolwarws = Tglwanws-

Let {1;} be a partition of unity subordinate to I', and associate to each i a set w,, € I’
such that wy, D supp¥;.
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If o € D(Q), then ¢ = >~ 1. Since ¢ has compact support, only finitely many terms
in the sum are nonzero. Define

T(e) = 3 T ().

i=1

To see that T' € D'(Q), let ¢; — 0 in D(QQ). Then {p;} C Dk for some compact K C Q.
Choose m as in Theorem c). Then T'(¢;) = >°i% Tw, (Yip;). But ;05 — 0in D(wy, )
as j — oo by Leibniz rule. Hence, T'(¢;) — 0, so T' € D'(2).

Next, let ¢ € D(wq). Then ;¢ € D(wa, Nwa), so by hypothesis Ty, (i) = To(1ip).

Hence, T(¢) = > Ta(vip) = Ta (3 vip) = Ta(p). Thus, Ty, = Th.
Thus, T exists. For uniqueness, if 7' also satisfies the requirements, then given ¢ €

D(Q) we have T(p) = T(X vip) = S T (i) = X Ta, (Wi0) = T(ep). m

1.7 Distributions with compact support

Definition 1.58. The support of a distribution T € D'() is the set
suppT :=Q\ (U{w C Qopen : T, =0}).
Lemma 1.59. Let T' € D'(Q). Then T'|g\suppr = 0.

Proof. Let W = Q\suppT, I' = {w C Q open :T|, = 0} and {1;} a partition of unity in
W subordinate to I'. Given ¢ € D(W), we have ¢ = > p1);, and only finitely many terms
in the sum are nonzero. Hence, T'(p) = > T'(1;p) = 0, since each v; has its support in
some w € I'. O

Example 1.60. Given z € Q, define 6, € D'(Q2) by 0,(¢) = ¢(x). Then suppd, = {x}.
One can show that conversely, if supp T = {z}, then T'= P(D)J,, for some differential
operator P(D); see e.g. [32].

Definition 1.61. Let D.(2) be the subset of D'(2) consisting of distributions whose

support is a compact subset of €.

Lemma 1.62. For any T € D'(R™) there exists {T;} C DL(R™) with Tj — T.

Proof. Use Lemma to find ¢ € C®(R™) with ¢(z) = 1 if |2| < 3 and ¢(z) = 0 if

lz| > 1. Let ¢;(z) = ¢(x/j) and T; = ¢;T. Then suppT; C B; = {x € R" : |z| < j}, and

given ¢ € D(R"), Tj(v) = T(¢;¢) — T(¢)). m
In the following theorem, £(€2) is the space C*°(12) endowed with the seminorms {p;}

from Lemma [[.271

Theorem 1.63. (1) Any T € DL(Q2) has finite order.

(2) &) = D().

Proof. (1) Let ¢ € D(2) such that ¢» = 1 in a neighborhood of suppT'. Such ¢ can be
obtained e.g. using Theorem Then T'(p) = T'(¢y) for any ¢ € D(Q2). Indeed,
T(p) =T(pe+ (1 =9)p) = T(p) + T((1 = ¢)p) = T(¢p) using Lemma
Let K = supp. Then by Lemma Im, C > 0 such that |T'(¢)| < c1]|¢||cm for all
¢ € Dg. Hence, for any ¢ € D(2), we have

() = TWe)l < alldellen < acllelen, (%)

where we used the Leibniz formula in the last step. In particular, T has order < m.
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(2) I T € &'(Q), then by Theorem 3pjm and C > 0 such that |T'(f)] < Cpjm(f)
for f € £(). Thus, if supp f C Q\ K, then T'(f) = 0. Hence, suppT C Kj, so
T € D.(Q).
Conversely, let T € D.(Q2) and let ¢ € D(Q) as in (1). We define T'(f) := T(¥f)
for f € £(Q). Since T'(¢) = T () for ¢ € D(Q?), this definition extends 7' from
D(2) to £(2). Moreover, by (x), 3m,C > 0 such that |T'(f)] < Cl¥f|lcm. Let

K = suppe. By the Leibniz formula || f[lom = [ fllom ) < ellfllem ) < epjm(f)
for any K; D K. Hence, |T(f)| < cpjm(f), soT € () by Theorem [1.8 O

1.8 Further results and applications

We end this chapter with a collection of facts about distributions, given without proof.

We first mention that there are some representation theorems for distributions. For ex-
ample, any T' € D () takes the form T' = 37, <, D*(1a) for some complex measures fiq.
Here pq(p) := [ @ dpa. The proof of this fact uses the Riesz representation theorem (the
version which says that the dual of C(2) is a set of finite measures). For details, see [44].
We also mention a representation theorem for “tempered distributions” in Exercise
and there is still another such theorem for general T' € D'(€2) in [32].

One deficiency in distribution theory is that we cannot multiply two arbitrary dis-
tributions. The problem is deep; in fact Schwartz proved it is impossible to extend
the product of continuous functions in a straightforward way [6]. Still, we can define
a meaningful product in various special cases. One such case is when the distributions
depend on different sets of variables. Thus, if T; € D'(X;), we define the tensor product
Ty @ Ty € D'(X; x X2). In case T; = u; are functions, this product gives the function
(u1 ® Ug)(.’El, :EQ) = ’LL1(I‘1)U2($2).

Any function K € C(X; x X3) defines an integral operator K : C.(X2) — C(X1)
given by (Kf)(z1) = [ K(x1,22)f(x2)dxe. This can be extended as follows: any K €
D'(X1 x X3) defines a continuous operator K : C°(X2) — D'(X;) given by (Ky)(¢) :=
K ® ¢), where (¢ @ p)(z1,22) = ¢¥(z1)p(x2). The well known Schwartz kernel theorem
says that conversely, to any continuous map K : C°(X3) — D'(X), there exists a unique
distribution K € D'(X; x X3) such that (K¢)(¢) = K(¢ @ ¢). See [21] for a proof.
Another version concerning bilinear maps on the Schwartz space S(R?) of functions of
rapid decay may be found in [28].

The main applications of distribution theory lie in the analysis of partial differential
equations. We already mentioned the existence of fundamental solutions in Section
and their use in solving PDEs. Another important use is in the study of elliptic regularity.
Here is an example of the results one gets: let P(D) be an elliptic differential operator
(e.g. —A). If v € C*°(N) and u € D'(N) is a distributional solution to P(D)u = v, then
u € C*°(Q). Thus, u has much more smoothness than initially assumed. The reader can
find the basic applications of distributions to PDE in [32]. For much more results, see [21]
and [I1].

1.9 Exercises

1. Let p be a seminorm on a vector space X and let M = {x € X : p(z) < 1}. Show that
1. M is convex : if x,y € M and 0 <t <1, then tx 4+ (1 —t)y € M,
2. M is balanced : if x € M and |a| < 1, then az € M,
3. M is absorbing : for any x € X, there exists a > 0 such that o'z € M,
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4. p(z) =inf{a >0:a 'z € M}.

2. Let M be a convex, balanced, absorbing subset of a vector space X. Define the
Minkowski functional of M, py; : X — Ry by py(z) = inf{a > 0 : otz € M}.
Show that pas is a seminorm on X.

Hint: given z,y € X and e > 0, let t = pypr(x) + € and s = py(y) +e. Then x/t and
y/s € M. Using convexity, show that (x+vy)/(s+t) € M and hence pp(x+y) < s+t.

3. Show that the functions p; : R — R defined by p;(z) = |z;| for z = (x1,...,2,) € R"
are seminorms.

4. Show that the topologies given by finite separating families of seminorms are actually
given by norms.
That is, suppose P = {p; : i = 1,...,n} is a separating family of seminorms on X.
Show that ||z| := maxj<ij<, pi(z) is a norm on X that induces the same topology as
the family P.
More generally, show that for any norm N on R”, the map ||z||y := N(p1(z),...,pn(x))
is a norm on X which induces the same topology as P.

5. Let X be a Hausdorff space and endow C(X) with the family of seminorms {p, : = €
X}, where p,(f) = |f(z)]. Check that f,, — f is equivalent to pointwise convergence.
It can be shown that this topology is not metrizable in generalﬂ In particular, one
cannot find a norm on C[0, 1] which induces the topology of pointwise convergence.

6. Show that the topology induced by a family of seminorms P on a vector space X is

the weakest topology in which every p € P is continuous, and in which the operation
of addition (x,y) — = + y from X x X — X is continuous. This means that for any
neighborhood V' of x + y, we can find neighborhoods V; of x and V5 of y such that
Vi + V5 C V. Hence, if 2/ is near x and 3 is near y, then ' + 4/ will be near x + y.
In general, if X is a set and F is a family of mappings f : X — Y, where Y is a
topological space, the family F induces a topology on X by saying that a set is open
in X if it is a union of finite intersections of sets of the form f~!(V), with f € F and
V open in Y. We call this the F-weak topology on X. One checks that this is the
weakest topology on X which makes every f € F continuous.
In our construction of locally convex spaces, we took X a vector space, F = P a
family of seminorms and Y; = R for all f. Here is another example : let {X,}aer
be a collection of topological spaces, and let X = Xoc71Xy. Define m, : X — X, by
Ta : (x8) — To. Then the product topology on X is the weak topology generated by
the projections m,, i.e. it is the weakest topology that makes every m, continuous.

7. Show that one can convert a seminorm into a norm by factoring out the zero directions.

More precisely, suppose p is a seminorm on a vector space E. Show that ker(p) = {z €
E : p(z) = 0} is a linear subspace of E. Show that the quotient space E/ker(p) is a
normed space, with the norm defined by ||[z]]| := p(z) for x € Elﬂ

8. Let K C R” be a compact set. Let C"(K) = {f|x : f € C™(R™)}.
1. Show that C(K) endowed with the norm || f||o = sup,cx |f(z)| is a Banach space.

2. Show that C™(K) endowed with the norm || f|,, = max|q <, [[D*fllo is a Banach
space.

9. If X is countable, {p.} is countable and separating, so C'(X) is metrizable. For uncountable sets like
[0, 1], it won’t be metrizable.
10. You used this procedure in your undergraduate courses to construct the normed space L? (X, ) from
the seminormed space L£P(X, u) of all measurable f : X — C satisfying (fX |f|Pdu)'/? < 00, 1 < p < .
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9. Let

SR") = {p € C(R") | pa,sle) := su]é) |22 DPp(z)| < oo for all o, f € NI}
TrER?

We call S(R™) the Schwartz space of rapidly decreasing functions.

Show that S(R™) with the topology induced by the family P = {p, g} is a Fréchet

space.

10. Let X be a vector space endowed with a topology 7. We say that X is normable if

there exists a norm on X which induces 7.

1. Show that if X is normable, then 0 has a bounded neighborhood.

2. Let © be a nonempty open subset of R”. Let K1 C Ko C ... C ) be compact
sets such that U;K; = Q. Endow C(Q) with the family of seminorms p;(f) =
supge, | ()]

Show that the semiballs By .(p;) = {f € C(Q) : pi(f) < €} are not bounded.
3. Conclude that C(€) is not normable.E
11. The topological dual of S(R™) (cf. Exercise [9), denoted S'(R™), is called the space of
tempered distributions.

L. Given k € Ny, define ||, = max|q4<k Pa,s(¢). Show that T € S'(R") iff there
exists k such that |T'(p)| < C|||¢||, for all ¢ € S(R™).

2. Show that if T € S'(R"), then T'|pgny € D'(R™). Hence, any tempered distribution
is a distribution.

Hint: you can show for example that p; — 0 in D(R™) implies p; — 0 in S(R™).
12. 1. Show that S(R") C (1<p<oo LP(R™), and ||l¢f[zr < (27)"||¢]l5,, for any ¢ € S(R").lﬂ
Hint: Recall that [ H% dz = 7.

2. Show that for any u € LP(R™) and ¢ € S(R™), one has up € L'(R"), and |lup]||;1 <
2m)" [[ull o 1ol 25
3. Given u € LP(R"), define Ty,(¢) = [u(x)p(x)dzx for ¢ € S(R™). Show that T, €
S'(R™).
13. Define PV (1) : S(R) — C by PV(2) : ¢ — lim. o Jia|>e 1o(z)dz. We call PV(2)
the Cauchy principal value. Show that PV(1) is well defined on S(R), and that

[PV (3)(9)] < 2(po,i(#) +p1,0(#)). Conclude that PV () € S'(R).
1
T—x0

A well-known formula says that lim. o m = PV/( ) —imd(x — zp). It can be

shown that this holds in the sense of distributions.

xz ifx >0,
14. Let g(z) = {O <0

differentiable in the classical sense.

Let Ty(p) = [ g(z)p(x) dz for ¢ € S(R).

1. Show that T, € §'(R), and that its distributional derivative T, = Ty, where H is
1 ifz>0,

0 ifz<o0.

for x € R. Clearly, g is continuous but not everywhere

the Heaviside function H(z) = {

11. We can also show that C'°°(€2) is not normable. The idea is as follows: recall that by the Arzela-Ascoli
theorem, a subset of C(K) is compact iff it is closed, bounded and equicontinuous. Using Arzela-Ascoli,
one can show that any closed bounded subset of C*°(f2) is compact. Recalling that the unit ball of an
infinite-dimensional normed space is never compact (theorem), we conclude that C°°(€2) is not normable.
The same conclusion holds for D .

12. This shows in particular that the embedding S(R™) < LP(R™) is continuous.
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15.

2. Show that Tj; = 4.

Thus, 6 = T/, and if we identify T, with g, we see that the nonfunction § is the
second derivative of a continuous function. This is typical of tempered distributions:
any T € S'(R%) takes the form T' = DPT), for some polynomially bounded continuous
function g and some 3 € N&. A related, more complicated result holds for T € D'(R%),
see [32].

Let (T,,) be a sequence in S'(R?). We say that T, — T € §'(RY) if T,,(¢) — T(¢p) for

every ¢ € S(R?). This is just convergence in the weak*-topology.

Define T),(¢) = %fi{?n ¢(x)dzr on S(R). Show that 7,, — 6. This is an example of a

delta sequence.






Chapter 2

Fourier analysis

2.1 Convolutions

In this chapter we shall discuss the Fourier transform and some of its applications.
We begin with some facts from measure theory, then we define convolutions and give
their basic properties. Let us first take care of differentiation under integral sign.E]

Lemma 2.1. Let (X, p) be a measure space, I C R open and f : X x I — C such that
f(,t) € LY(p) for each t € I. Let F(t) = [y f(z,t) du(x).

(a) If f(z,-) € C(I) for each x and there exists g € L*(p) such that |f(z,t)| < g(z) for
all z,t, then F € C(I).

(b) If O.f exists and there is a g € L' (u) such that |0,f(z,t)| < g(z) for all z,t, then F
is differentiable and F'(t) = [ O f (x,t) du(z).

Proof. Fix tg € I, let {t,} C I such that t,, — to. Then f,(z) = f(z,tn) — f(z,t0),
so by the dominated convergence theorem, F'(¢,) — F(tg), which gives (a). Moreover, if
hp(x) = %{O@to) then hy(z) — 0if(z,10), so O+ f is measurable in z. Furthermore,
by the mean value theorem, |h,(x)| < super|0if(x,t)] < g(z), so applying dominated

convergence again, we get

- F(tn) = F(to) _ .
i) = Jim =20 = i [ h(@)dute) = [of(@ 0 du@). O

The classical Minkowski inequality says that the LP norm of a sum is bounded by the
sum of L? norms. The following is a generalization from sums to arbitrary integrals. The
proof is very similar.

Lemma 2.2 (Generalized Minkowski inequality). Let (X, pu), (Y,v) be o-finite measure
spaces and suppose f: X XY — C is measurable.

If1 <p<oo, f(-,y) € LP(u) for a.e. y, and the function y — || f(,y)|l, is in L'(v),
then the map = — [ f(x,y)dv(y) is in LP(u), and

| [ remavw)] < [1rcmlav).

Proof. The map x — [ f(z,y)dv(y) is measurable by classical theorems, so it suffices to
prove the inequality.

1. This chapter follows [44] and [14].
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For p = 1, this follows from Fubini. For p = oo, fix x € X. Then |f(z,y)| < ||f(-,¥)|lo
for any y € Y, so [|f(z,y)|dv(y) < [ f(;y)|leo dv(y). Since z is arbitrary, the assertion
follows. So suppose 1 < p < 00, let ¢ be its conjugate exponent (i.e. %—I—% = 1) and define
F(z) = [y f(z,y) dv(y). Then for any z,

@) = [F@P ! 1F@)] < [F@P [ 1) d).
Y
so by Fubini,
171 = [ 1F@Pdu) < [ (IF@P [ 1@yl dvw) dea
= [ ([ 1F@P 15 ylda)) dviy).

Now using Holder and noting that (p — 1)g = p, we get

I1p = /Y (/x [ (a) D d“(x))l/q(/x | f (2, y)I? du(x))l/p dv(y)
= [ IRl duty)

If |[F||, = 0, the lemma is trivially true. If ||F||, # 0, divide by |]F||£/q to get ||F|l, =
-1
IFIEY <y 179l do(): =

The last measure theoretic result we need before moving on, is that translations are
continuous in the LP norm. That is, suppose f € LP(R"™), y € R™ and define

7 f(x) = flz —y).
Clearly, ||, fllp = || fllp for 1 < p < co. Moreover,

Lemma 2.3. If 1 < p < oo, then translation is continuous in the LP norm. That is, if
f e LP(R") and z € R", then limy_q ||Ty+.f — 7= f]|p = 0.

Proof. Since 7,4, = 7,7, by replacing f by 7.f, we may assume z = 0. Suppose first
that g € C.(R™). Then for |y| < 1, all 7,g are supported on a common compact set K,
so [|1yg — g|P < maxzek |g(z — y) — g(x)[P vol(K) — 0 as y — 0, because g is uniformly
continuous on K.

Next, if f € LP(R™), let ¢ > 0 and choose g € C.(R") with ||f — g||, < /3. Then
It = Fllp < I (F = Dy + 79 — gllp + lg = Fllp < Z + lIryg — gll, and we know
l7yg — 9llp < €/3 for y small enough. O

Definition 2.4. If f, g are measurable on R", we define their convolution f x g by

(F+9)@) = [ fwgla—y)dy
whenever the integral exists.

To understand convolutions, suppose p : R® — R is measurable with p > 0 and
[ p = 1. Then p(y)dy is a probability measure on R", and so is p(y — z)dy for any
x € R"™. Moreover, the measure p(y — x) dy is just a translation of p(y)dy by z. Given
a function f, the map f,(z) = [ f(y) p(y — =) dy, when defined, gives the average of f
with respect to the measure p(y — x)dy. Intuitively, by taking averages, the function f,
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becomes more regular than f, because the singularities of f are averaged upon. Moreover,
if p has a very small support, say an e-ball around zero, f, will be a good approximation
of f. The convolution product f * p is defined by [ f(y) p(z — y) dy, i.e. f; instead of f,,
where p(x) := p(—x). This is just for convenience. For example, one advantage is that we
get

pxf=TFfxp

using the change of variables z = = — y.
Lemma 2.5. (i) (Young’s Inequality). If f € LY(R"™) and g € LP(R"), thenﬂ
frgeLP(R") and | f*glp < |fllllgllp-
(ii) If f € LY(R™), g € CK(R™) and D%g is bounded for |a| < k, then
fxgeCPR™) and D*(f*g)=f=(D%).
(iii) If p € LY(R™), f € LP(R"), h € LY(R"™), where 1 < p < co and % + é =1, then

(p* f.h)=(f,p"*h),

where (u,v) = [uv and p*(x) = p(—x).

Proof. (i) Let h(z,y) = f(y)g(z —y). Then (f % g)(z) = [ h(z,y)dy, so by Lemma[2.2]
’J‘C*HQ ﬁ ﬁP(R") with [[fxgllp = [ [ h(y) dylly < [ 1A 9)llpdy = J1F )] Imygllp dy =
f 1119||p-
(ii) By hypothesis AM > 0 with |f(y)D%g(z—y)| < M f(y) € L*(R™). So by Lemma
O; (f x 9)(@) = O, [ F(Y)g(x —y)dy = [ f(y)0;9(x — y) dy = [ * (O, 9)](x). The
result now follows by induction.

(iii) By Fubini, (p f,h) = (f * p,h) = (f,hx p*) = (f,p" * ). O

Remark 2.6. Note that if K is compact and B, = {t: |t| < €}, then
(Suppf C K and suppg. C Fo,s) = suppge * f C K¢,

where K, = {x € R" : dist(z, K) < e} = {x € R" : |z — y| < ¢ for some y € K}. Indeed,
if [t —y| > ¢ for all y € K, then g.(z — y) vanishes on K, so (g- * f)(z) = (f *x ge)(z) =
Jic [(y)g9e(x —y) dy = 0.

Definition 2.7. For any function p on R", we denote p.(x) := e "p(x/e).

If p € LY(R") and [ p(z)dx = 1, we call p. an approzimate identity.

If pe CX(R™), [plx)dz =1, p>0, p(x) = p(—z) and p(z) = 0 if |x| > 1, we call p.
a mollifier. We constructed such p in Chapter 1.

Note that if p € L, then [ p. is independent of ¢, since [ p.(z)dz = [ p(e 'z)e " dx =
[ p(y) dy. The following lemma justifies the name “approximate identity”.

Lemma 2.8. Suppose p € L'(R") and [ p(z)dx = a. If f € LP(R™) with 1 < p < oo,
then pe x f — af in LP(R™) as e — 0.

2. This shows that L'(R™) is a Banach algebra, if the product is taken to be the convolution.
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Proof. Setting y = £z, we have

o f(@) — af(@) = [ )z —y) ~ @) dy
= [ o) —e2) — f@)) dz = [ ple) (s f (@) = F(a)) .

Hence, by Lemma lpex f—afllp < [|p(2)|||7ezf — fllp dz. But for each z, || 7. f — fll,
is bounded by 2| f||,, and tends to 0 as ¢ — 0 by Lemma So the assertion follows by

dominated convergence. O

Corollary 2.9. For any 1 < p < oo and any open 2 C R", C°(Q) is dense in LP(Q).

Proof. Since C.(f2) is dense in LP(2), it suffices to show that C°(2) D C.(92). Let
f € C.(Q) and let d = dist(supp f,9Q) (with d := oo if @ = R"). Let p. be a mollifier. If
£ < d/2, we have p. * f € Co(Q) by Remark [2.6] Moreover, p. * f = f * p. € C*°(R") by
Lemma [2.5] (ii). Finally, p. * f — f in LP(£2) by Lemma O

Corollary 2.10. Let f,g € LL (Q). Then Ty =T, iff f = g a.e. on 2. In other words,

loc
Ll (Q) can be embedded in D'(Y), i.e. the map f > Ty is injective.

Proof. Let h € L] (Q) and suppose T, = 0. Then (h,p) = 0 for all p € C°(Q). If h
was in L?(2), we would deduce that (h,h) = 0 by density of C2°(Q2) and thus h = 0.
Unfortunately this may not be the case, so we shall approximate h by a smooth function.

Let U C Q be open with U C Q and U compact. Then 1 := h|y € L*(U).

Let V. C U be open with V' C U. Let p. be a mollifier. If p € C(V) and ¢ is
sufficiently small, then p. x ¢ € C(U). So (¢, p: * ¢) = 0 and thus (p: * 1, ¢) = 0
by Lemma But p. * ¢ is smooth, so (p. * ¥)|y € L?(V). Since C°(V) is dense in
L*(V), there exists {¢;} C C°(V) with ¢; — (p=*)|v in L*(V). Hence, | p. *w”%Q(V) =
lim;(pe * 1), ;) = 0 and thus (pe * )|y = 0 a.e. But as € — 0 we have p. ¢ — ¢ in
LY(R™), so 1|y = 0 a.e. Since V is arbitrary, ¢» = 0 a.e. Since U is arbitrary, h = 0 a.e.
on €. O

2.2 The Fourier transform
Notation. Let dz be the Lebesgue measure on R™. We denote
dm(z) == (27)?dx.

This normalization is motivated by the inversion theorem we give later on. For z,& € R"
weset ¥ & =31 ;& and [€2 =30 €2 If Ng = {0,1,2,...} and a € N}, we denote

o (5] (0% o 1 (07 —
v =x{t-xpr, DT =030 ---0pr and |af =ar+... 4 ay.

If f € LY(R™), we define the Fourier transform of f by

o~

(FHE=1E)= | fl@)e < dm(z).
Given z € R" and a € R*, we define the function e, and the scaling operator S, by

e:(y) ==e¥* and (Sof)(y) = f(y/a).
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Lemma 2.11. Suppose f,g € L*(R") and z € R™ and a > 0. Then

(a) ;ZL\f = 6_2‘]?, (b) e/z.\f = Tzf7
(c) Saf =a"Sy/af, (d) Fxg=(2m)"f5.

Proof. We leave (a), (b) and (c) as exercises to the reader. For (d), note that fxg € L'(R")
by Lemma (1) By the absolute convergence, we may use Fubini and get

@) (T ) = @0 [ ([ 1wgta —y)dy)e =€ dm()
- / Fwe ([ <x—y>e*2<“y>fdm<x>) dim(y)
([ sweeam)( [ore=<am) = fog©. o

Definition 2.12. Let C,(R") be the space of bounded continuous functions on R". We
define the space Cp(R™) C Cp(R™) of continuous functions vanishing at infinity by

Co(R™) = {h € C(R™) : h(€) — 0 as |¢] — oo} .

Theorem 2.13. (a) If f € L*(R"), then f € Co(R™) and || f]lso < || f]1-

(b) If z*f € LY(R™) for |a| < k, then f € C*(R™), and D*f = F[(—iz)"f].
(c) If f € CE(R™), then for o] < k, (D*f)(€) = (i&)*F(&).

(d) If f € C(R™), then f € Co(R™) N LP(R™) for every p > 1.

() (Riemann-Lebesgue Lemma). If f € LY(R™), then f € Co(R™).

Proof. If f € L'(R™), then \f )| < f|f| Hle, SO HfHOO < || f]l1- Moreover, if {§,} C R"

with &, — &, then T T8 50 f(§n) — f({) by dominated convergence. Hence, f
is continuous, so f € Cy(R™)

The case k = 0 of (b) is given in (a). For k£ > 0, we have by Lemma [2.1| and induction
on |a| < k that f € C*(R™), with

Df(¢) = D¢ / f(z)e =@ dm(x / f(x e~ dm(x),

o (b) holds. For (c), integrating by parts,
O = [0 @) dma) = - [ f(@) i€ dm(z) = i€ (€),

so (c) follows by induction. For (d), let f € C°(R™). Then by (c), (Daf)(g) = (i6)* f(£)
for all «, so using (a), £ f(€) is bounded all a. Hence, [[]7(1 + 52)]f(§) is bounded. In

particular, f(£) — 0 as |¢| = oo, i.e. f € Co(R™), and f € L!(R™) because Jr ﬁ d¢§j =m
i
converges. But f € Co(R") implies || f||f < sup, IF (O f]l1 < oo, s0 f € LP(R™).
For (e), we know by (a) that f € Cy(R™). Choose ¢ € C°(R™) such that || f—¢||1 < £/2

—

)
(use Corollary R.9). Then |F(€)| < |(F = £)(©)+IB(©)] < [If —¢lli +|B(©)] < £/2+]B(€)].
But ¢(§) — 0 as || — oo by (d). So |f(&)| < € for |{] sufficiently large. O

We now calculate the Fourier transform of a Gaussian.

Lemma 2.14. Let ¢(x) = e~lel*/2 for x € R™. Then (;AS = ¢.
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Proof. First/sgpose n = 1. Since ¢/'(z) = —z¢(x), we have by Theorem [2.13 ub ) that
&€ = (—izg)(€) = (i¢)(€) = i(i€)p(&) = ~£6(¢). Thus, both ¢ and ¢ SOlVG the
equation y' = —zy, so ¢ = c¢. But $(0) Jr *wQ/Qdm(a:) = 1. Thus ¢¢(0) = 1, i.e.
c=1, so qg = ¢.

For general n, we have by Fubini, denoting dm; = (27r)*1/ 2 dw;,

(&) = / e lel?/2g—iz-é dm(z) = / e~/ 2miwiE1 dmq - / e*x%ﬂe*i”"g"dmn
— e E1/2. . G2 _ lERP2 n

Definition 2.15. Given f € L'(R"), we define

o~

(F D) = Fw) = [ f©eEdm() = Fl-a).
The notation .#* is motivated by the following lemma.

Lemma 2.16. If f,g € LY(R"), then [ fg = [ fg and (f,9) = (£,7).
Proof. By Fubini,

[ Foge) = [ [ rme=tge) - / 1@ [ 9@ = [ fgia)
(F.o) = [Feg@= [ [ 1@e=5@ = [ 1@ [s@ec=(55). O

We claim that #*% f = f. A simple appeal to Fubini’s theorem fails because the
integrand in (F*Zf)(z) = [ [ f(y)e ¥ Edm(y)dm(€) is not in L'(R™ x R™). The

trick is to introduce a convergence factor as follows.

Theorem 2.17 (Fourier Inversion Theorem). If f € LI(R”) and f € L*(R"), then f
agrees a.e. with a continuous function f., and F*F f = FF*f = f..

Proof. Let ¢(x) = e 17*/2, Given ¢ > 0 and z € R", we have by Lemma a),

[P f de = [oleg)ea©)F€)de = [ Sas©T ) de,
so using Lemma and Lemma [2.11)c),
[t ranefie)de = [5G rat(€)de = [ S5+ ) de.
But $ = ¢ by Lemma So
[eerrane g as = e [ S +ndy = [6)fa =) dy = b x (@),

where we changed the variable y to —y and used the fact that ¢(—y) = ¢(y). Now
[ ¢(z)dz = (27)™2, so by Lemma be * f — (20)™2f in L' as ¢ — 0. But since fe
L', then by dominated convergence, the LHS tends to [ ¢ f(¢)d¢ = (2m)"/2(Z* f)(x).

Hence, f = %*%f a.eﬁ Similarly, #.%*f = f a.e. Since F*%f and F.F*f are
continuous, being the Fourier transforms of L! functions, the proof is complete. ]

2
3. Because (ffooo e /2 dm) = o e~ HV/2 g dy = fozﬂ de fooo e 2rdr = 2r.

4. If fmu — f in L* and fm — ¢ pointwise, then f = g a.e. Indeed, if f,, — f in L', then some
subsequence f,,, converges pointwise to f (see e.g. [I4]), so f = g by uniqueness of the pointwise limit.
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We finally give the important
Theorem 2.18 (Plancherel). The map .% : L'(R™) N L?(R™) — Co(R™) extends uniquely
to a unitary isomorphism F : L*(R") — L*(R™).

In other words, the unique extension of .# to L?(R") is linear, bijective, and satisfies

Vf,ge L*R") : (Zf,Fq) = (f,9) (Parseval’s identity).

Proof. We first note that if f,g € C2°(R™), then f,§ € L*(R") by Lemma [2.13(c), so by
Lemma and Theorem

(Ff,Zg)=(f, 7" Fg)=([9).

Hence, |.Z ng || fll2 for every f € C‘X’(R") So F|ceemny extends uniquely to an
isometry . : L2(R") — L?(R™). Moreover, ,/(f) = f on LY(R™) N L%(R"). Indeed,
given f € Ll(]R”) N L?(R™), use Corollary [2.9) . and its proof) to find f; € CZ°(R™) such
that f; — f in both L'(R") and LQ(R”). Then HJf] Jng = |If; — fH2 — 0 and
15 = Flloe < 165 = £l = 0 by Lemma R.13[a). But Zf; = ;. Hence, 7/ = J.

It remains to show that .Z is surjective. Let h € C=(R™). Then F*h(z) = h(—z) €

LY(R™) N L*(R™) by Lemma [2.13(c), so ;( F*h) = F*h=h by Theorem [2.17, Hence,
h € Ran .#, so C'OO(]R") C Ran.#. Since .7 is an isometry, then Ran.# is closed. 5| Hence,
by Corollary 2.9, L?(R") = C>(R") C Ran.Z, so .Z is surjective. O

2.3 Sobolev spaces and embeddings

Definition 2.19. Let f,h € L] _(Q). We say that h is the weak a-th derivative of f, and
denote h = DS f, if Ty, = DTy, i.e. if (h, ) = (=1)I0(f, D) for all p € CX(Q).

Remark 2.20. By Corollary if a weak a-th derivative exists, it is unique (up to sets
of measure 0). In particular, if f € C*°(f2), then D*f = DS f for all a.

Definition 2.21. Let 1 < p < co. We define the Sobolev space WP (Q) by
WHEP(Q) = {f € LP(Q) : DS f exists for all |a| < k and DOf € LP(Q)}

and endow it with the norm

/
1o = (3 102s1) "

|| <k
Sometimes we endow W*P(Q) with the equivalent norm Ny ,(f) = Dial<k 1D5 fllp-
Remark 2.22. If f, f; € W*P(Q), then
fi — fin WFP(Q) <= D&f; — D2f in LP(Q) for each |a| < k.

Indeed, if f; — f in W*P, then || DS f; — D& fllp < ||fi— fllkp — 0, s0 DS f; — DS f in LP.
Conversely, if each D f; — Dg f in LP, then || fj — fllep = (Xja<k 1D f5 — Dy flp)" —
0. Similarly, (f;) is Cauchy in W*? iff each (D2 f;) is Cauchy in LP.

5. If f}fj — g, then ||f; — frll2 = Hggf] — Jgkag — 0 as 4,k — oo, so by completeness of L?, f; — h
for some h € L?, so Z f; — Fh, so g = Fh and the range is closed.
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Lemma 2.23. W*P(Q) is a Banach space. W2(Q) is a Hilbert space.
Proof. Let (f;) be Cauchy in W*P?(Q). Then (D2 f;) is Cauchy in LP(Q) for every |a| < k,
so by completeness of LP(2), there exists f, € LP(2) with D§ f; — fo. Let f := fo and
p € CZ(Q). Then (f,D%) = lim;(f;, D*¢) = lim;(=1)l*/(Dg f;, ) = (=1)*!(fa, ¢).
Hence, D3 f = fo. We thus proved that DS f; — Dg f in LP(Q) for each |a| < k, so
fi — fin WkP(Q).

When p =2, (f,9)r := Z|a|§k(Dﬁ‘,f, D2g) defines an inner product on W*?2(Q) which
induces the norm || [|52, so W*2(Q) is a Hilbert space. O

Lemma 2.24. (a) If f € W*P(Q) and |a| + |B| < k, then D&(D2 f) = DA,
(b) If f € WEP(Q) and ¢ € C(Q), then fo € WHP(Q) and 0f (fo) = (9 f)e + fOje,
where 8;” is the weak j-th partial derivative.
(c) If p€ CX(R™) and f € WEP(R™), then px f € C®(R") N WHFP(R™) and D*(p* f) =
px DS f for all |a] < k.
Proof. (a) Exercise.
(b) Let ¢ € C°(£2). Then
(fe,0j¢) = (f,90¢) = (f,9;(@¥)) — (f,49;9)
= —(97 f, o) — (fOj0,%) = = (97 f)e + fO;0,9).
Hence, 0} (f¢) = (0] f)p + f0jp € LP(Q), and (b) follows by induction.

(c) We have p* f = f*p € C®(R") by Lemma [2.5[ii), and p x D} f € LP(R™) by
Lemma [2.5(i). So it suffices to see that D*(p* f) = p* D3 f. Let ¢ € C>°(R™). Then

(p* [, D%) = (f,p" x D%p) (Lemma [2.5(iii))
= (£, D*(p* * ¢)) (Lemma [2.5[(ii))
= (—D)I(Dgf,p"xp)  (since p*x p € CX(RM))
= (=D)l*(px DS f, ). O

Definition 2.25. If Q@ C R” is open, we define Wg’p(Q) as the closure of C2°(2) in
WEP(Q). Thus, f € WEP(Q) iff there exists {¢;} C C°(Q) such that || f — @]k, — 0.

Roughly speaking, VV(;C P(Q) consists of functions in W*P(Q) which vanish on 99.
This can be made precise using traces, but we will not discuss this here. Note that
WEP(€) = LP(Q) by Corollary

Lemma 2.26. Wf’p(R”) = WHP(R™). In other words, C°(R™) is dense in WFP(R™).

Since C°(R™) € C®°(R") N WHP(R™), then C>°(R") N WHP(R™) is in particular dense
in WEP(R™). Actually C*(Q) N WHP(Q) is dense in WHP(Q) for any open set Q C R™.
This is known as the Meyers-Serrin theorem. For a proof, see e.g. [23, Theorem 10.15].

Proof. Let ¢ € C°(R™) such that ¢(x) = 1if |z] < 1 and () = 0 if || > 2. Given
f e WEP(R™), let fr(z) = f(2)y(f)- Then fr(x) = f(z) if |z| < R, fr(z) = 0 if
|z| > 2R, and fr € WFP(R") by Lemma [2.24(b). Assuming |D7(z)| < M for |y| < k,

we get |DYVp(5)| < % < M for R > 1, hence | D fr(z)| < M'Y 5, | D5 f(x)| by Leibniz.

Thus, D% fr — D& flly = (o r DS SR = DEFD)Y < M"Y g (froor IDEFP)? = 0
as R — oo, because f € WFP(R"). Let ps be a mollifier. Then ps * fr € C°(R")
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by Lemma [2.24(c) and Remark Moreover, D*(ps * fr) = ps * (D% fr) — D% fr in
LP(R™) for each |a| < k as § — 0. Thus, given ¢ > 0, we may choose ¢ small enough

so that ||ps * fr — frllkp < €/2 and R so large that | fr — f|lxp < €/2, which yields
lps * fr — fllkp < €. Hence, C°(R™) is dense in WkP(R™). O

Corollary 2.27. If f € WF2(R"), then for |a| < k we have

— o~

(DG &) = ()" f(&) -
In particular, £ f € L2(R™) for all o] < k.

Proof. Use Lemma to find {¢;} C C2(R") with ¢; — f in W*2(R"). Then D% —
D& f in L*(R™). Since .Z is unitary, hence continuous on L?, we get by Theorem [2.13{c),

-~

Do f = lim D, = lim(i€)°3; = (i¢)* f. O

We are finally ready to illustrate the power of the Fourier transform in understanding
the structure of Sobolev spaces.

Definition 2.28. We define
CER™) = {f € CFR") : D*f € Co(R™) for |a| < k}.
Then C§(R") is a Banach space when endowed with || f| = Plal<k 1D fllco-

Theorem 2.29 (Sobolev embedding theorem). Suppose k > r+ 5.

(1) If f € WF2(R™), then for |a| < r, we have 53,\]" € LY (R™) with H@Hl < C| fllk2
for some C independent of f.

(2) Every f € WE2(R") agrees a.e. with an f. € C5(R™), and the embedding W*?2(R™) —
CH(R™) which maps f — f. is continuous.

We usually express (2) less precisely by saying that W*2(R") C C§(R") and that the
inclusion map is bounded.

Proof. By Corollary 2.27] [ D3 fll1 = €@ fll1- Let hy = (1+[¢[*)f and hg = (1+|¢]F) "€
Then £ f = hihe. We first show that hy, ho € L?(R™), then apply Cauchy-Schwarz.
For hy, we have ||hi]l2 < ||fll2 + |[|€]* f||2. For the first term, we have by Plancherel,

o k
I £llz = 1fll2 < 1| fllx2- Next, note that [¢** = (3711 €7)" = 32 5<k c5€™ for some g > 0.
So using Corollary [2:27] and Plancherel again,

P73 = [ 1eP17 R dg = Yes [ 17FOF = 3 calle”
=D callDLfI =3 sl DLSIE < el f

2
k2

Hence,
~ N
[hall2 < [ Fll2 + NEF Fll2 < NI fllr,2 -

For hs, we have ||hz||3 = Jig<1 |ha(€)|? d€ + Jie>1 |ha(€)|2d€. Since hg is continuous, the
first integral is finite. For the second integral, since |¢;| < |€], we have [¢¥] < |¢|lel. But for
[€] > 1 we have [¢]l*) < |¢[7if |a] < 7. Thus, fig5; [h2(6)[> A€ < figsq (1+[€17)72(€[" dé =
Jrs1(1+ RF) 2R R1AR < [po R2PR¥ 1R < oo because 2r +n — 1 — 2k < —1,
since 7 + § < k.

We thus showed that | Dg flli = £ fll = [|hthalli < [[hallallhall> < CIlf|lk2-
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For (2), we know from (1) and Corollary that for each |a| < r, we have (i€)*f =
53‘16 LY(R™), so by Theorem , we have .Z(f) € C5(R™). Hence, F*Z f(£) =
F(f)(=€) € Cj(R™). So by the inversion formula, f agrees a.e. with an f. € Cf§(R").
Moreover, by Theorem ), 1D felloo = [|DYF (f Allso = | Z](=i&)™ ]||oo, and by The-
Ol"em@( )s |7 (=) ]lloo < [[(~i€)* fll1. But by Corollary[.2and (1), [[(~i€)° ]}, =
IDa 7l < leg = Xjaj<r 1D felloo < C"[|fllk,2, so the embedding is
bounded, hence contlnuous O

Let us partly extend the previous theorem to open subsets.

Lemma 2.30. Let f € Wég’p(Q) and let f be the extension of f by zero to R", i.e.
flz) = f(z) if £ € Q and f(x)=0ifz ¢ Q. Then f € WrP(R™), D2 f = DS f, and the

map [ — [ is isometric.

Proof. Let {¢;} C C°(Q) converge to f in Wé"”p(Q). Then D%¢; — D¢, f in LP(Q2) for all
|a| < k. Denote (f,9)r = [p fg. Then given ¢ € C2°(R"), we have

(f, D*)rn = (f, D*)o = lim (¢, D*)o = lim (~1)I*/(D%;,¥)a
= (~1)lN(DL f, )0 = (~1)U(DG £, )gn

Thus, D3 f = D3 f € LP(R™). So f € W*P(R™) and || flyrn(@n) = = £l -

Corollary 2.31. Let 2 CR" be open and k > 1+ 5. Then
(a) Wk2(Q) — C™(Q).
(b) Wg’Q(Q) — C} () and the embedding is continuous.

The continuity of the embedding W*2(Q) < C7(Q) is delicate for general €2, and
depends on the nature of €.

Proof. For (a), let U C Q, with U C Q and U compact. Let ¢ € C°(Q) with ¢ = 1
on U. Then for f € W*2(Q), we have ¢f € W*2(R") by Lemma so we can apply
Theorem to deduce that ¢f agrees a.e. with some gy € C"(f2). Hence, f|y agrees
a.e. with gy, and since U is arbitrary, f can be identified with some f. € C"(2).

For (b), the maps f — f = fo = felo from Wi2(Q) — Wh2(R™) < C5(R™) — Cf(Q)
are all bounded by Theorem [2.:29] and Lemma [2:30} so the embedding is continuous. [

We now prove the Rellich theorem, which is of great importance in applications.

Definition 2.32. Let X,Y be normed spaces. We say that T': X — Y is compact if T'(B)
is compact in Y for every bounded set B C X.

Equivalently, T is compact if any bounded sequence (x,,) in X has a subsequence (z,, )
such that (T'zy,) converges (Exercise).
For example, if T" has a finite rank, i.e. dim Ran(T") < oo, then T is compact.

Theorem 2.33 (Rellich embedding theorem). Let 2 C R™ be a bounded open set.
(a) For any k > 1, the inclusion Wéﬂ(Q) — W§_1’2(Q) is a compact operator.
(b) If k >r+ 5 + 1, then the embedding Wg’Q(Q) — C7(Q) is a compact operator.
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In particular, the identity map Wy2(€2) — L2(2) is compact (recall that W3*(Q) =
L2()). It is also true that the identity map W12(Q) — L?(Q2) is compact, but 99 should
be continuous in this case (see e.g. [27]). In fact the following proof works without change
for W12(Q) if Q is an extension domain, i.e. there exists a continuous linear operator
E: Wh2(Q) — WL2(R"). Domains with regular boundaries (e.g. Lipschitz continuous)
are extension domains; see e.g. [23].

Proof. (b) follows from (a) and Corollary so we only need to prove (a).
First assume k = 1 and let (f;) be bounded in I/VO1 2(Q). By Lemma identifying f;

with fj, we may regard (f;) as a bounded sequence in W12(R"). So applying Plancherel,

Ity = £} =N = Fall = |

G- Rl [ AP

[§I<R I§I=R

for any R > 0. Since for each i, (9¥f;) is bounded in L?(R™), the sequence (&f]) is
bounded in L?(R™) by Plancherel and Corollary m Hence, (|¢|f;) is bounded, say

H‘ﬂfj’b < C for all j. Hence,

— 2 4C?
— f 2 d </ €7 f2ae <2
/IEZR [fp = fal”dE < el>r B2 [fp = fal”dE < RZ

Given £ > 0, we may thus choose R so that f\&IZR |?; — fq|2 < ¢/2 for all p,q. We now
turn to the integral over {|¢| < R}. Since (fj) is bounded in L?(€2), by passing to a
subsequence, we may assume (f;) is weakly convergent.lﬂ Since 2 is bounded, we have
ee € L*(Q), so fj(ﬁ) = (27)™™2(f;, e¢) is convergent and in particular Cauchy. That is,
ﬁ(f) - fq(ﬁ) — 0 pointwise as p,q — co. But since Q is bounded and (f;) is bounded
in L2(Q), then (f;) is bounded in L*(Q2), because ||f;ll1 = |If; - 11 < ||fill2 - vol(2)'/?
by Cauchy-Schwarz. So by Theorem a), (f]) is uniformly bounded in C,(R"), say
||J?]HOo < M. Since M is integrable on {|{| < R}, then by dominated convergence, we
get flé\SR |f;(§) - ﬁ](f)|2 — 0 as p,q — oo. We thus showed that for p, g large enough,
| fo — f4ll3 <&, so (f;) in Cauchy in L?(€), hence convergent. This proves (a) for k = 1.
Now let. (f;) be bounded in W§"2(Q), k > 1. Then (f;) is bounded in Wy"*(), so by the
case k = 1, (f;) has a convergent subsequence in L?*(Q), say (f40(j)), Where @o : N — N
is strictly increasing. Next, (O, f,(;)) is bounded in WO1 ’Q(Q), so it has a convergent
subsequence in L*(2), say (0, fsp001(j))- Note that (f,op,(j)) also converges, since it is
a subsequence of (f,,(;)). By induction, we find a subsequence (fyjo...op,(j)) Such that
(D% fp90---0pn(5)) converges for all [a| < 1. Take 11 = ¢go---op,. By induction, we find a
subsequence (fy, o...,_,(j)) such that (D fy, o..y, ,(;)) converges for all |a] < k—1. Thus,
taking x = v10- - - 9y_1, it follows that the subsequence (f,(;)) converges in Wéﬂfl’z(Q). O
Here is an important application of the Rellich embedding. One can prove that the
Laplace operator —A : C2°(Q) — L?(f2) has a self-adjoint extension in L?(2), the Dirichlet
Laplacian. One can prove that its resolvent Ry = (—=A — A\)~! is a bounded map from
L*(Q) — W01’2(Q). Since the embedding W&’Q(Q) — L%(Q) is compact, then the resolvent
Ry : L?(Q2) — L%(Q) is a compact operator. It follows that —Agq has a discrete spectrum,
with eigenvalues tending to oco. This generalizes the fact that the Dirichlet eigenvalues
nm

of —A on ]—a,a are E, = (3%)2, and is very convenient because we can add a bounded

potential V' without any effort. Hopefully, we’ll prove the details later in Chapter 4.

6. Any bounded sequence in a Hilbert space has a weakly convergent subsequence. This can be proved
directly (see e.g. [30, Chapter 16]), or using the Banach-Alaoglu theorem we shall prove next chapter.
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2.4 Paley-Wiener Theorem

The Paley-Wiener theorems relate the decay properties of functions with the analyticity
of their Fourier transform. There are several versions of this theorem, some apply to square
integrable functions [31], others to distributions [32]. In this section we present one for
smooth functions, following [40]. We denote B, = {z € R" : |z| < r}.

Theorem 2.34 (Paley-Wiener). A function f onR"™ is the Fourier transform of a function
in C2°(R™) with support in B, iff f can be extended to C" as an entire function, and there
are constants Cn such that

Fo1< S i e € and N = 0.1,2 ()

< or all ( € C" an =0,1,2,.... *

(1+[¢HN

Proof. Suppose f(\) = @(\) for some ¢ € CX°(R") with suppe C B,. Define f(¢) =

Jan o(z)e™™C¢ dm(x) for ¢ € C™. This is well-defined because |e™*@¢| < e"Im¢l for 2 € B,

soe_cp € LY (R™) for each ¢ € C™. Moreover, the power series of e ~**¢ converges uniformly

on By, s0 f(Q) = [ ¢(x) Laeny S dm(@) = Laeny ([, o(@)(—iz)® dm(z)5y).

Since | [z ¢(z)(—iz)*dm(z)| < rlol||@]]1, the series of f(¢) converges absolutely for

all ¢ € C". Hence, f is entire. To see (x), integrate by parts to get (i()*f(() =

[ () (i0)%e <% dm(z) = [(D%p)(x)e~ < dm(z) and thus [¢°||£(C)] < [IDper el

Hence, (1+[C)NIF(O] < (141Gl + -+ [GDNIFQ)] < Cner ™™l for some Cy.
Conversely, suppose f is entire and satisfies (x). Then X — (1 4+ |A|)Y f()) is bounded

on R” for every N, so we may define

p@)= [ SN dmy) = Fo).

Then ¢ € C*°(R") by Theorem [2.13(b) (or Lemma (b)) We claim that supp ¢ C B,.
To prove this, first note that for any n € R", we have

pla)= [ FOFime Ot dm(y. ()

Indeed, fix n for £ > 1 and consider

Let I" be a rectangular contour in C with vertices at £ R and +R + i1, where R > 0, and
denote ( = A + in. Then by Cauchy’s theorem, [ f(©)e™<d¢, = 0, since the integrand
is analytic in (3. For points ¢ = (£R + is, (2, ..., (,) along the vertical sides of T', where
5] < [, we have by (x)

Cye" | Im C|€fx-ImC

ix-C
|f(Q)e™ 5| < L -0

as R — oco. Hence, the part of the contour integral along the vertical sides tends to 0 as
R — 00, 50 0 = limp_s00 Jp £(¢)e®®¢d¢y = I(0) — I(m). Hence, I(nm1) = I1(0). Repeating
this for each 7; and using Fubini, we get (). Hence, using (x),

CN6T|77| . . Cyn
< z-n < erInl xn/
lo(x)] /(1 B z'n|)Ne dm(\) <e L dm(\),

where N is chosen large enough so that the integral in the RHS converges. Set n = Ax
with A > 0. Then e" =271 = ¢=Azl(|21=7) "0 taking X — oo, we conclude that [p(z)| = 0
if |z| > r. Hence, supp ¢ C B,..

It follows from the inversion formula that f(\) = ¢(A) for A € R™. O
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2.5 Further results

Many parts of this chapter can be generalized quite easily to distributions. For ex-
ample, if ¢ € D(R") and T € D'(R"), we define the convolution (T * ¢)(z) := T(7.9),
where ¢(x) = p(—x). Note that for distributions Ty we have T¢(1,¢) = [ f(y)m¢(y) dy =
| f(y)e(x—1y) dy, so this generalizes the convolution of functions. One can prove expected
results; for example T * p € C°(R"), with DY(T % ¢) = T % (D%p). Convolutions can
similarly be defined for T € £'(R") and ¢ € E(R™). The Fourier transform can also be
extended to tempered distributions. The reader will find out how in Exercise [I2] For
details on all these generalizations, see e.g. [32].

Sobolev spaces are widely used in spectral theory, because they arise in the domains
of self-adjointness of differential operators. There are many embedding theorems for these
spaces, and many important inequalities which are used on a regular basis. For example,
the Sobolev embedding can be generalized to W*P(Q) < CJ(Q), when € is an open set
with a sufficiently regular boundary (for example Lipschitz continuous). The condition
becomes k > r—l—%. Similarly, the Rellich embedding generalizes to the Rellich-Kondrachov
theorem. A classic reference here is [I], but the basic results can be found in many books,
e.g. [27], [4], [12] or [24].

One generally learns as an undergraduate that the Laplace transform can be helpful
in solving ordinary differential equations. For example, to solve f”(t) 4+ 4f(t) = sin(2t)
with initial conditions f(0) = f’(0) = 0, take the Laplace transform of both sides. This

gives s2.Z2{f(t)} — sf(0) — f'(0) + 4.L{f(t)} = ZL{sin(2t}. Since L{sin(2t)} = ﬁ, we
deduce that Z{f(t)} = =25z, 50 taking the inverse Laplace transform we get f(t) =

(s2+4)2>

tsin(2t) — £ cos(2t). The bottom line is that the differential equation was transformed
into an algebraic one, which was easy to solve, and we deduced the differential solution
from the algebraic one using the inverse Laplace. This idea is also exploited in partial
differential equations, using the Fourier transform. For example, if we have the PDE
P(—i0,, —i0y)u(x,t) = 0 and we take the Fourier transform, we get P(&, —id;)u(&,t) = 0.
This is a PDE in ¢ only; which is a lot easier to solve. We then get the solution of the
original PDE using the inverse Fourier transform. For details, see e.g. [11].

There are many directions to pursue from where we stopped. One can for example con-
tinue with harmonic analysis; see [§] for an elementary treatment. Another route is the the-
ory of pseudo-differential operators and microlocal /semiclassical analysis. Let us mention
an example of such operators. As we know, if f € C°(R"), then (D*f)(§) = (i€)>F(€).
So denoting Dy = (i)~1%1D%, we get (Do f)(€) = £€*f(€). Using the inversion formula,
this reads (Dof)(z) = [&*F(€)e™€dm(£). More generally, given a partial differen-
tial operator P(z,D) = Y ca(z)Da, we get [P(z,D)f|(z) = [p(x,&)f(&)e dm(€),
where p(z,§) = > co(x)€ is called the symbol of P. However, this last operator has
a meaning even if p(x,£) is not a polynomial in . We obtain pseudo-differential op-
erators by using different p(z,£). For example, if A\*(¢) = (1 + |€|?)¥/2, we may define
INS(D)fl(z) = [ A(€)e € f(€) dm(€) for arbitrary s > 0. Differential operators are thus
thought of as functions p(z, &) on the phase space R x Rg. To work microlocally means
to work on the phase space rather than on R™. This leads to a more coherent theory. A
classic treatise here is the 4 volumes [2I]. Shorter accounts can be found in [11], [43], [33]
and [45].
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2.6 Exercises

1.

Compute the following limit and justify the calculation:

o
o [0 Ly,
=0 Jo t x(1+ 22)

2. Let F(t) = f05 % dz for t € R. Compute F’(0) and justify your answer.

3. Let (X, 1) be a o-finite measure space and K € LP(X x X, u x p), 1 < p < co. Define

10.
11.

(T f)(x) = [x f(y)K(z,y)du(y) for f € LI(X), where % + % = 1. Show that Tk is a
bounded linear operator from LY(X) — LP(X), with || Tk || < [|K||zr(x x x)-

. Assuming all integrals in question exist, prove that

(a) fxg=gx*f.

(b) (f*g)*xh=fx(gxh).

(c) For z e R", 7.(f *x g) = (1. f) * g = [ * (729).

(d) supp(f *g) C supp(f) + supp(g), where A+ B ={a+b:a€ A,be B}.

. Let f(z) = e * and g(z) = 2 on R. Compute (f * g)(z).
. Let p,q be conjugate exponents, 1 < p < co. Let f € LP(R™) and g € L4(R"™).

(1) Show that || f * glleo < [[fllpllglle-
(2) Show that f * g is uniformly continuous.

Hint: you must show that limy o ||7y(f * g) — f * glloc = 0. For this, use (1),
Ezercise[f)(c) and continuity of translations in LP norm.

(3) Show that if 1 < p < 00, so that 1 < ¢ < oo, then f x g € Co(R™).
Hint: choose {fn}, {gn} in Cc(R™) such that || fn — fllp, = 0 and ||gn — gl = 0.
Show that fp, * gn € Ce(R™), || fn * gn — f * gllco = 0 and deduce the result.

. Let p € LY(R") with [ p(z)dz = a. If f is bounded and uniformly continuous, show

that p: * f — af uniformly as ¢ — 0.
Suppose f,g € L'(R") and z € R” and a > 0. Prove that

(a) mf=e.f, (b) e.f=r.1, (c) Suf =a"Sy/af.

. Using a change of variables, show that

F© = [z Nia)e = cem dm(a).

€12
Deduce that ~ ‘
2() = [ (f =72 )@)€ dm(a) .

112

Conclude that |f(£)| — 0 as |¢| — oo using continuity of translations in the L' norm.
This gives another proof of the Riemann-Lebesgue lemma.

Given a < b, let g = x4 on R. Compute g(¢&).
Recall the Schwartz space studied in the exercises of Chapter 1:

S(R") = {p € C®°(R"™) | pas(p) := sup |2*D’p(z)| < oo for all a, B € Nj}.
TzeR™

The reader proved in particular that S(R™) is a Fréchet space when endowed with P =
{Pa,s}, and that S(R") C M1<p<oo LF(R™), with [[oflzr < (2m)"[|¢ll, for ¢ € S(R™).

Here ||elll, = |arfg|§kpa,ﬂ(<ﬁ)-



2.6. EXERCISES 35

12.

13.

14.

15.

16.

(a) (Continuity of differentiation). Let o € Nj and ¢ € S(R™). Show that D% €
S(R) with [|D%]l, < [[¢llsa for all k € N,

(b) (Continuity of multiplication). Let ¢» € C°°(R™) have polynomial growth. Show
that there are Cj, Ny such that ¢ € S(R") = ¢ € S(R"), with [|¢¢]||, <
Cilllllgyon, - n particular, if ¢(z) = 2, show that [z, < Qk(a!)\||cp|||k+|a|.

(¢) (Continuity of Fourier transform). Show that if ¢ € S(R™), then ¢ € S(R"), and
@l < )" (k + D)Mo 4 -
(d) Show that .# : S(R™) — S(R™) is an isomorphism.

Recall that a tempered distribution is a continuous linear functional on S(R"). If
T € S'(R™), we define T : S(R") — C by T'(¢) = T(p).

(a) Check that T € S'(R™).
(b) Check that if g € L'(R"), then T, = T.
(¢) Compute &, and (57) for b € R™.
d) Check that .# is continuous on &’(R"), in the sense that T,, — T in S’(R™) implies
(d) Check t P
T, — T in S'(R").
(e) Show that (iz)*T = DT and DT = F[(—iz)PT).
Show that if f,g € S(R™), then f* g € S(R").
Hint: show that f g = (27)"2.Z~1(fg).
(0% 1 .
Show that | fllkp = ( Sjaics 1D2FI2)” and Nip(f) = ¥jojcp 1 D3 are equivalent
norms on WP (R").

Given s > 0, let A*(€) = (1 + |€]2)%/2. We deﬁne
H*(R"™) = {u € L*(R") : \*T € L*(R")}
and endow it with ||u||%s) = [A(&)u(&)|? dm(€).

(1) Show that [AH(©A)* = X (©aE)* + o N(©Fu(©).
(2) Deduce that u € H**1(R") <= u,0%u,...,0%u € H*(R"), with
lullesny = lullfy + D2 I1DGullg,) -
la|=1
(3) Deduce that H*(R") = Wk2(R") for k € N.
(Heisenberg uncertainty principle). Let f € CL(R).
1. Show that || f||2, = —2Re fpzff'.
2. Deduce that || fl|2. < 2[|zf ] 2| f] 2.

3. Deduce that for any zo,& € R, || fl[2, < 2[[(z = 20) f] 221 (€ — o) f| 2.
Hint: consider g(x) = e™"0% f(x + x).

Thus, f and ]? cannot both be sharply localized about single points zg, £. This
inequality can be generalized to all f € L?(R) (but the RHS may be infinite).

7. Actually, H*(R") is defined for all s € R, not just s > 0, but in this case, we consider v € S'(R").
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17. (Fourier series). Let T = R/(27Z) be the one-dimensional torus, which is obtained
from R by identifying points which differ by 27k, for some k € Z. We denote LP(T) =
LP[0,27] and regard functions in LP(T) as maps defined on the circle T.

It is well known that if eg(z) = \/%—We““ on [0,27], then {ey}rez is an orthonormal
basis of L2(T). It follows from Hilbert space theory that any f € L?(T) can be written

as f = ZkeZ<f7 6k>ek7 and that <fa g> = ZkEZ<fv ek><ga€k> for any fag € Lz(T) Now
if for f € L*(T) and k € Z we define

z)e F dr

~ 1
(9f)k=fk=m/0

we have (f,ey) = fr. Hence, f = >kez frer. Moreover, since >kez | /|2 converges to
HfH%Q(T), it follows that .7 : L*(T) — ¢?(Z), and

(f,9)12(m) = (F, 9)ex( (Parseval’s identity).
f0

1. Let CY(T) = {f € 01[0,271’] : ) (27?)}. Show that for f € C1(T), we have
() = ik fi.
2. Let \*(k) = (14 k?)%/? for k € Z. Given s > 0, we define the Sobolev space
HY(T) = {f € L(T) : 32 (k)[ful? < oo}
kEZ
and endow it with the norm HfH%S) = ez A25(k)| fx|2. Note that 1 £1l0y = Il z2(m)
by Parseval.

We say that h € L?(T) is a weak derivative of f € L*(T) if (h,p) = —(f, ') for all
¢ € CL(T). In this case, we denote h = f/,. Show that

HYT) = {f € L*(T) : f! exists and f, € L*(T)},

and that HfHé) = ||f||%2(1r) + ||f1lv||%2("]1‘)
3. Let Sy = Z{f Akek Show that if s > 1/2, there exists Cs such that for all
f e H¥(T), we have 158 = Flloo < 527211 fll(s)-

Hence, in this case, the Fourier series Sy converges not only in L?*(T) (which is
known by Hilbert space theory), but also uniformly.

(Hint: Sy = flloo < <= Sipon 1l < =11l (S5 72 dr)2)

4. Deduce the following Sobolev embedding: if s > 1/2, then H*(T) — C(T).
(Hint: Sy € C(T) for each N.)

5. Let f € C}(R) and suppose there exist C, e > 0 such that

(L+2*)! 27 f(@) < C and [(1+2?)*f'(2)| < C

for all x € R. Show that the Poisson summation formula holds:

ST fla+2nk) =Y flk)ex(x)

keZ keZ
Here f is the Fourier transform of L!(R) functions, i.e. f(k) = \/% Jg f(z)e @k dx.

In particular, for = 0 we get Y .oz f(27k) = \/ﬂ Y okez F (k).

(Hint: let g(x) = Y ez f(x + 27wk) for x € [0,27]. The hypotheses imply that this
series converge uniformly, so g € CY(T) C HY(T). Hence, g = 3. grer. By (3),
the Fourier series of g converges uniformly, so we may calculate gi by integrating
termuwise.
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1+e 2 1 a
6. Deduce that coth(ra) = ———— = — Z 5
l—em2ma  mi=a®+ k

(Hint: Apply Poisson to f(z) = el






Chapter 3

Some Important Theorems

This chapter is a potpourri of classical results which are regularly used in analysis, and
generally assumed to be well known. From now on, X is a vector space over K = R or
C, and if X is locally convex, we denote its topological dual by X* instead of X’. Thus,
X*={A: X — K| X is linear and continuous }.

3.1 Measure theory

We start by giving some fundamental results of measure theory, which are not always
covered in undergraduate courses. Here we follow [31].

Definition 3.1. A positive measure is a countably additive function defined on a o-
algebra, with range in [0, 00]. A complex measure is a complex-valued countably additive
function defined on a o-algebra.

Hence, a positive measure is just an ordinary measure with co as an admissible value.
On the other hand, when we talk about complex measures, pu(E) is always a complex
number. So a positive measure is not necessarily a complex measure.

Definition 3.2. Let u be a complex measure on a o-algebra 9. We define the total
variation of p as the function |u| : M — [0, oo] given by |u|(E) :=sup Y iy |u(E;)|, where
the supremum is taken over all measurable partitions {E;}$°, of E.

Lemma 3.3. || is a positive measure on M, and |p|(X) < oo.

Proof. See the Appendix, Section O

Definition 3.4. Let p be a positive measure on a c-algebra 2 and let v be a positive
or complex measure on M. We say that v is absolutely continuous with respect to p, and
denote v < p, if for each £ € M : p(E) = 0 implies v(FE) = 0.
We say that v is concentrated on a set A € M if v(E) = v(ANE) for every E € M.
We say that two measures 11 and v on I are mutually singular, and denote v L vs,
if there are disjoint A, B such that v is concentrated on A and s is concentrated on B.

The following result is “probably the most important theorem in measure theory”,
according to [31].

Theorem 3.5 (Lebesgue-Radon-Nikodym). Let (X,9) be a measurable space. Let p be
a o-finite positive measure on M and v a complex measure on M.
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(a) There is a unique pair of complex measures v, and vs on M such that v = v, + vg,
Vg < v and vs L p.

(b) There is a unique h € L'(u) such that ve(E) = [ hdu for every E € M.

Proof. See the Appendix, Section [3.7} O

This theorem has many applications. For instance, any complex measure gets a polar
decomposition dp = hd|u| for some measurable h with |h(z)| = 1. Consequently. we can
define integration w.r.t u by [ fdu := [ fhd|u|. One also obtains the Hahn decomposition
for signed measures p. Namely, X can be written as a disjoint union of two measurable
sets A, B such that u is positive on A and negative on B. Finally, we obtain the following
important consequence:

Theorem 3.6. Let (X,0M, ) be a measure space with p o-finite. Let 1 < p < oo and q
its conjugate exponent (i.e. %—l—% =1). Define ® : LI(pn) — LP(p)* by g — Ay, where
X(f) = [ fg. Then ® is an isometric isomorphism.

In particular, the dual of ¢P is £7 (take X = N with the counting measure).
Proof. See the Appendix, Section [3.7} O

We conclude this section by discussing the dual of C'(X).

Definition 3.7. Let X be a locally compact Hausdorff space. We say that u is a Borel
measure on X if p is defined on the o-algebra of Borel sets.
If p is positive, we say it is reqular if for every Borel set £ C X, we have

E)= _ inf V)= sup K).
'u( ) VQE,VOpenM( ) K§E7Kcompactu( )

If 1 is complex, we say it is regular if |u| is regular. We denote

A (X) = { regular complex Borel measures on X},
M+ 1(X) = { regular Borel probability measures on X},

and endow .Z(X) and .#, 1(X) with the total variation norm ||p| = |[u|(X).

Theorem 3.8 (Riesz-Markov). Let X be a locally compact Hausdorff space and define
QM (X) = Co(X)* by pp— Ay, where \y(f) = [fdu. Then ® is an isometric
isomorphism.

If X is compact, the map p — X\, gives an isometric isomorphism of 4 1(X) with
CX)L1={ e CX)" |]Al =1 and A(f) > 0 whenever f > 0}.

This result is also known as the “Riesz representation theorem”.
Proof. See the Appendix, Section [3.7] for a sketch. O

Before moving on, note that by Theorem if p > 1, then L? is reflexive, i.e. (LP)** =
(L9)* = LP. However, (LY)* = L* but (L>)* # L'. It turns out that L°>(u)* is the
space of bounded finitely additive signed measures v which are absolutely continuous with
respect to p. This is known as the Kantorovitch representation theorem, and is somehow
reminiscent of Riesz-Markov. For a proof of this theorem, see [30, Section 19.3].
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3.2 Separation of convex sets
In this section we follow [32]. Let us first recall the Hahn-Banach theorem:

Theorem 3.9 (Hahn-Banach). Let X be a real vector space and suppose p : X — R
satisfies p(x + y) < p(x) + p(y) and p(tx) = tp(x) for x,y € X andt > 0. Let Y be a
subspace of X. If A\ : Y — R is linear and A\(z) < p(x) onY, then X has a linear extension
L: X — R such that L(z) = A(x) on'Y and L(z) < p(x) on X.

Although this theorem is sometimes stated in the special case of normed spaces, the
proof of the above statement is exactly the same. Let us also recall some properties of the
Minkowski functional defined in the Exercise [2] of Chapter 1.

If C is a convex absorbing set in a vector space X, we define the Minkowski functional
pc : X — R by po(x) = inf{t > 0:t "'z € C}. The reader was asked to prove that
po(x+y) < po(z) + po(y) and po(tx) = tpo(x) if t > 0. If C is moreover open, then
C={zxeX:pc(x) <1} Indeed, if z € C, then (1 +¢)z € C for € > 0 small enough,
so po(z) < ﬁ < 1. Conversely, if pc(z) < 1, then 3t € (0,1) with ¢t "'z € C, so
r=tt1z)+(1-t)0eC.

We now prove the following geometric version of the Hahn-Banach theorem.

Theorem 3.10. Suppose X is a locally convex space defined by a separating family of
seminorms. Let A, B C X be disjoint nonempty convez sets.

(a) If A is open, there exists A € X* and v € R such that Re A(a) < v < ReA(b) for every
acAandbe B.

(b) If A is compact and B is closed, there exists A € X* and 1,72 € R such that Re A(a) <
71 < y2 < ReA(b) for everya e A and b € B.

This is sometimes called the separating hyperplane theorem. That’s because, if we
define Hy = {y € X : A(y) = 7}, then this theorem says that A can be separated from B
by the hyperplane H.,. This is certainly not true if A or B is not convex, even in R2.

Proof. 1t suffices to prove the theorem for real scalars. Indeed, if the field is C and the
real case is proved, then there is a continuous real-linear A\; on X that gives the required
separation. Define \(z) = A\j(x) — i\ (ixz). Then A is complex-linear and continuous, i.e.
A € X*, and Re A = A\1. Hence, we assume the field is R.

For (a), let —z9 € A— B and let C = A — B 4 {zp}. Then 0 € C, C is open, thus
absorbing, and convex. Let pc be the Minkowski functional of C. Since AN B = ), then
xo ¢ C, so pc(xg) > 1. Define A on Y = {tx : t € R} by A(txg) = t. Then for t > 0,
we have A(txg) =t < tpc(xo) = po(tzp), and for t < 0, M(tzg) < 0 < pc(tzg). Thus,
AMy) < pe(y) on Y. So by Hahn-Banach, we may extend A linearly to all X and have
AMz) < peo(x) on X.

Now if y € C N (=C), then po(£y) < 1,s0 A(y) <1 and —A(y) = A(—y) < 1. Thus,
IA(y)] <1lonV =CnN(-C),so A is continuous. Indeed, since V' is open and 0 € V, then
given ¢ > 0, we may choose § > 0 and p € P such that By s(p) C €V. Then z € By s(p)
implies z = ey, y € V, implies |\(2)] = €|A(y)| < ¢, so A is continuous at 0, so by linearity,
A is continuous on X.

Finally, if a € A and b € B, then A(a) — A(b) +1 = Aa—b+x0) < pcla—b+xp) < 1,
since A(zg) = 1, a—b+xo € C and C is open. Thus, A(a) < A(b). It follows that A\(A) and
A(B) are disjoint convex subsets of R. Moreover, A\(A) is open. Indeed, if A\(z) € A\(A),
there is € > 0 with B, .(p) C A for some p € P, since A is open. Taking a small & > 0
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we have © £+ &’z € By (p). Hence, Nz £'zg) € A(A), i.e. A(z) e € A(A), so A(A) is
open. Hence, if we let v = sup,c4 A(a), we get (a).E|

For (b), let V' be a convex neighborhood of 0 in X such that (A+V)NB = @.E| Then
applying (a) to A+ V in place of A, there exists A € X* such that A(z) < v < A(b) for
every x € A+ V and b € B. Let 79 = supA(A) = A ap), since A is compact. Then
AMa) < v = Map) < v < A(b) for any a € A and b € B, so taking 71,72 such that
Yo <71 <2 <7, we get (b). O

Corollary 3.11. If X is a locally convex space defined by a separating family of semi-
norms, then X* separates points.

Proof. If x1,29 € X, x1 # x2, apply Theorem b) to A ={z1} and B = {z2}. O

3.3 Banach-Alaoglu

Definition 3.12. Let X be a locally convex space defined by a separating family of
seminorms.

(a) The weak topology on X is the topology induced by the family {p) : A € X*}, where
pa(z) :== |[A(x)|. This family of seminorms is separating by Corollary

(b) The weak* topology on X* is the topology on X* defined by the family of seminorms
{pz : ® € X}, where p(\) := |\(z)|. This family is separating by definition.

Remarks 3.13. (i) The weak™ topology is weaker than the weak topology on X*, since
the latter would be induced by {p, : n € X**}, and any p, is in this family, by taking
n(A) == A(z) for A € X*, so that n € X**, and p,(\) = [n(A)| = |A(z)] = pa(N).

(ii) A sequence {x,} C X converges weakly to x if p)(z, —z) — 0 for every A € X*, i.e.
if AM(x,,) = A(z) for every A € X*. This is of course weaker than the convergence of
Ty, to x in norm, since |\(x,) — A(x)| < ||A||||zn — ]|

(iii) A sequence {\,} C X* is weak™® convergent to A if p, (A, — A) — 0 for every x € X,
ie. if \p(z) = A(x) for every x € X.

(iv) If X is a Hibert space, than by the Riesz representation theorem, {x,} converges
weakly to z iff (z, —x,2) — 0 for each z € X.

Example 3.14. If {z,} is an orthonormal sequence in an infinite dimensional Hilbert
space, then {x,} does not converge strongly, since |z, — z,,,||> = 2 for n # m. However,
{x,} converges weakly to 0, because by Bessel’s inequality, >5°  |{x,, z)|* converges for
every z, so (zp,z) — 0 for every x. This shows that weak convergence is strictly weaker
than convergence in norm.

Similarly, in /Z with 1 < p < oo, the sequence e; = (1,0,0,...), e2 = (0,1,0,0,...), etc
converges weakly to zero, but not in norm. Indeed, if + + 1 =1, then (fP)* = ¢4 via the
identification ¢4 5 u < f, € (¢P)*, where f,(x) = > x;u; for x € P. Since Y |u;|? < oo
for every u € ¢4, then f,(e;) = u; — 0, so e; converges weakly to 0.

In X = Cl[a,b], if a sequence {f,} C X converges weakly to f € X, then f, converges
pointwise to f. Indeed, A(f,) — A(f) for any A € X*, so fixing ¢ € [a,b] and taking
M (f) == f(t), we have Ay € X* so f(t) = f(t).

1. Since A(A) is open, then v ¢ A(A), for otherwise, there would exist e > 0 with v+ & € A(A4), which
contradicts that v = sup A(A). Hence, A(a) < « for all a.
2. If X is a normed space, just take a sufficiently small ball. In general, use [32], Theorem 1.10].
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We now proceed to the most useful property of the weak* topology. We denote by X7
the closed unit ball of X*, i.e. X{ ={X € X*:||A|| <1}. The following proof will involve
the product topology. We remind the reader (see Exercise [6]in Chapter 1), that if {Yy }acr
is a collection of topological spaces and Y =[], Ya, then the product topology on Y is
the weak topology generated by the projections m, : ¥ — Y, which map (zg) — zo. In
other words, it is the weakest topology on Y which makes every m, continuous.

Theorem 3.15 (Banach-Alaoglu). For every normed space X, the ball X is compact in
the weak* topology.

Proof. Given z € X, let B, = {c € K: |¢| < ||z||}. Then B, is compact, so K := [[,cx Bx
is compact in the product topology, by Tychonoft’s theorem. Define i : X; — K by
A = (AMx))zex. This is well-defined: if A € X7, then ||A[] < 1 and thus A(z) € B;.
Clearly, 7 is injective. Moreover, if we let Ky 0y = {k € K : Kqgyby = akg + bky} for
z,y € X and a,b € K, then each K, is closedﬁ in K, and i(X7) = Ny y0p Keyab
Thus, i(X7) is closed in K, hence compact. Finally, if By :(ps,,--.,Ps,) is a semiball in
X7, then i(Bae(Pays - -5 Pai)) = {(0(2))aex « [A(@1) —n(z1)| <e A AN aw) —n(zp)] <
e} =Nk, 7o (M(xi) — &, M(w;) + €), which is open in K since all the m, are continuous.
Hence, the image of any open set under i is open, so i~}
i1 (i(X{)) = X7 is compact (because i~

is continuous on i(X7). Hence,
maps compact sets to compact sets). ]

Theorem 3.16 (Sequential Banach-Alaoglu). For every separable normed space X, the
ball X} is sequentially compact in the weak™ topology.

This theorem follows from Banach-Alaoglu because if X is separable, then X} is metriz-
able, so compactness is equivalent to sequential compactness. However, we shall give an
alternative proof which does not rely on Tychonoff, and only uses a “diagonal trick”.

Proof. Let {zy}72, be dense in X. The sequence {f,(x1)}nen is bounded in C, since
|fr(x1)] < [fnllllz1]] < ||z1]| for all n. Hence, {f.(xz1)} has a convergent subsequence
{fo1m) (1) fnen by Bolzano-Weierstrass. The sequence {f,, n)(z2)} is also bounded, so
it has a convergent subsequence {f,, op,(n)(72) fnen. And so on. Let ¢, = @10+ 0 @.
Then {fy, (n)(Tk)}nen converges for each k.

Let gn = fy,(n)- Then for any k € N, the sequence {g,(71)}nen converges, because
n > k implies that {g,(zx)} is a subsequence of the convergent sequence { fy, (n)(Zk) }nen-
Define g(zx) = limp 00 gn(x). Then |g(xy)| = limy, |gn(zx)| < Lm||gn||l|zk|| < [|zkl|l- So g
is a bounded linear map on the dense set {x}, so g has a unique bounded linear extension
g defined on all X. Let z € X, say « = limy, z,(). Then

19(2) — gn(2)] < |9(7 — 2um)| + 9(Tor)) — Gn(Te@))| + [gn(T — Tow))]
< (llgll + sup lgnlDllz = zo@y | + 19(Zpr)) — gn(@p)]

and sup,, ||gn|| < 1. Givene > 0, choose k large enough so that the first term is smaller than
£/2. Then |g(x)—gn(2)| < €/2+[9(T (k) = 9n(Tp(k))|- But gn (k) = 9(Tpr)) = 9(Tp k)
as n — oo. Hence, gn(z) — g(z). Since z is arbitrary, the subsequence (g,) of (fy) is
weak™® convergent to g. O

Corollary 3.17. Any bounded sequence in a Hilbert space has a weakly convergent subse-
quence.

3. as it is the preimage of the weak* closed set {0} under the map Kk — Kaztby — ks — by, which is
continuous in the product topology.
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Proof. Let {x,} be bounded in .7 and let .4 = sp {x,,}. Then 7 is separable. Assume
|zn|| < M for all n and let f,(y) = (y, 33) for y € 7. Then ||fu| = |53l < 1,50 fris a
bounded sequence in (74)7, and has a weak* convergent subsequence by Theorem
say {fn,(y)} converges for all y € 4. Hence, (y,x,,) converges for all y € 4. Let P be
the orthogonal from . — %) and let Q = I — P. Then given z € 7, (Qx, x,,) = 0, since
Qz L 4. Hence, (z,zy,) = (Px,zy,) + (Qz,zp, ) = (Px,x,,) converges. As x € J is
arbitrary, {x,, } converges weakly. O

This result can be strengthened as follows: a Banach space is reflexive iff every bounded
sequence has a weakly convergent subsequence. This is known as the Eberlein-Smulian
theorem. For a proof, see [10, Chapter 9.8].

Example 3.18. Let py € #4 1([0,1]) be the probability measure supported on {0},
and p, € #41([0,1]) be the normalized Lebesgue measure supported on [0,1/n]. By
Theorem [3.8, we may identify ./ 1([0,1]) with a subspace of C[0,1]*. Choose f, € C[0,1]
such that ||fn]| =1, [ fndpn = 1/2 and f,(0) = O.E| Then [ f,duo = fn(0) = 0. Hence,
[ten — poll = supy gj=1 | [ f d(pn — po)| = 1/2, so pi, does not converge to pg in norm. But
in converges to po in the weak™ topology. Indeed, if f € C10, 1], then given ¢ > 0, we
may choose n large enough so that |f(z) — f(0)| < € on [0,1/n] (by continuity of f at 0).

Then | [ f dun — J £djuol = | [(f(x) = F(0)) dun(2)]| < .

Corollary 3.19. If X is a compact Hausdorff space, then #, (X) is compact in the
weak* topology.

Proof. Let C(X)7 4 = Ngso{A € C(X)7 : A(f) > 0}. For each f, {A: A(f) > 0} is closed
in the weak* topology. Thus, C(X)7 | is closed in C(X)j, hence compact by Banach-
Alaoglu. Thus, .# 1 (X) is compact by Theorem O]

Our last application of Banach-Alaoglu gives an interesting property of C(K).

Theorem 3.20 (Universality of C'(K)). Every normed space X is isometrically embedded
into C(K) for some compact topological space K.

Proof. Let K = X7, endowed with the weak* topology. Then K is compact by Banach-
Alaoglu. Define ¢ : X — C(K) by ¢ : © — E,, where E,(f) = f(x). Note that E, is
indeed continuous by definition of the weak* topology. Clearly ¢ is linear, and it is an
isometric embedding because || Ex|| = supjcr [Ex(f)] = supjexs | f(2)] = [|z[|, where we
used the Hahn-Banach theorem in the last equality. O

Theorem 3.21 (Banach-Mazur). Every separable normed space X is isometrically em-
bedded into C|0,1].

Proof. (Sketch). When X is separable, the weak™ topology on X; becomes metrizable, so
X can be embedded in C'(K) for a compact metric space K, and this essentially finishes
the proof. For the details, see [25, Theorem 3.12] or [5, Corollary 12.14]. O

3.4 Markov-Kakutani and Haar

Definition 3.22. Let T': X — X be a map on a set X. We say that z € X is a fized
point of T if Tax = x.

4. eg. fo(z) =nzifz€[0,1/n], fu(z) =2—nz if z € [1/n,2/n] and f,(x) =0 on [2/n,1].
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The reader probably learned the Banach fixed point theorem as an undergraduate.
Namely, if X is a complete metric space and T : X — X is a strict contraction (meaning
d(Tz,Ty) < kd(z,y) with 0 < k < 1), then T has a unique fixed point.

Here is another fixed point theorem:

Theorem 3.23 (Leray-Schauder-Tychonoff). Let X be a locally convexr space defined by
a separating family of seminorms. Let K be a nonempty compact convex subset of X and
let T : K — K be continuous. Then T has a fixed point.

This theorem is much more difficult to prove; see [9, Chapter V.10]. It generalizes
the Brouwer fixed point theorem, which says that if B; is the closed unit ball of R” and
T : By — B is continuous, then 7T has a fixed point; a result which is already quite deep.

Following [7, [44], we shall prove a stronger result by more elementary means, but in
the special case where the maps are linear in some sense.

Definition 3.24. Let X, Y be vector spaces, C' a convex subset of X. We say that
T:C =Y is affine if T(} ajxj) => o;T(x;) whenever z; € C, o;j > 0 and Y} o = 1.

Theorem 3.25 (Markov-Kakutani). Let X be a locally convex space defined by a separat-
ing family of seminorms. Let K be a nonempty compact convex subset of X and let F be
a family of commuting continuous affine maps of K into itself. Then there is an xg € K
such that T'(xo) = xo for allT € F.

Proof. If T € F and n > 1, define T = %ZZ;& Tk, Then T : K — K, since K is
convex. Let K = {TM"(K):T € F,n>1}. IfT,...,7, € Fand ny,...,n, > 1, then the
commutativity of F implies that () # Tf”l) - T,gn”)(K) - ﬂ?lej(nj)(K). Thus, K has the
finite intersection property. Since K is a collection of compact sets, it follows that there
is an o in ({B : B € K}. We claim that z¢ is the required common fixed point.

Let T € F and n > 1. Then z¢ € T (K), so 3z € K such that zo = T (z) =
L@+ T(x)+ -+ T (z)). Hence, T(x0) — 20 = 2(T(x) + ...+ T"(2)) — L+ ...+
T Y(z)) = 2(T™(x) — x). Let p be one of the seminorms defining the topology. Then
for each n we have p(T(z0) — o) < 22, where B = sup{p(y) : y € K} < oo since K is
compact. Since this holds for each n, it follows that p(T'(xg) —xo) = 0. Since p is arbitrary
and P is separating, we thus get T'(z¢) = zp. O

Definition 3.26. We say that G is a compact abelian group if G is a compact topological
space which is also an abelian group.

We say that a measure p on G is invariant if [ fdu = [ fydp for any g € G and
[ € C(G), where f, is the translate of f, namely f,(h) = f(h —g).

Corollary 3.27 (Haar measure). There exists an invariant measure on any compact
abelian group G. This measure is unique up to positive scalar multiple. We call it the
Haar measure on G.

This corollary can be generalized to locally compact groups. Moreover, the group can
be non-abelian, but in this case one gets left and right Haar measures.

Proof. We only prove existence; uniqueness is proved by different arguments.

Let p € #1+(G) and define Tyu by Tou(f) = u(fy). Then T, maps 4 +(G) —
A1 +(G) and is continuous in the vague (weak®) topology. Indeed, given ¢ > 0 and
f € C(G), we have py(u) = |u(f)], so |ps(Typ — Tyv)| = |py, (1 — v)|. Choosing § = ¢, we
have |py, (1 —v)| <0 = [ps(Typ — Tyv)| < €. Hence, Tj is continuous.
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Clearly, . +(G) is convex, and ., 4+ (G) is compact by Corollary Finally, the
various Ty, commute since G is abelian, and they are affine. It follows from Markov-
Kakutani that there exists a common fixed point p1.,, with the desired invariance prop-
erty. O

Example 3.28. (a) If G = R", the Haar measure is the Lebesgue measure.

(b) If G = S* is the unit circle, the Haar measure is arc length. For the torus T = (S1)",
the Haar measure is the product of the arc length measures on the factors.

(c) If G is discrete, the Haar measure is the counting measure.

3.5 Krein-Milman

The Krein-Milman theorem describes compact convex sets in terms of their extreme
points. We shall follow [44]. If X is a vector space and z,y € X, we denote

[,y ={te+ (1 —t)y:t€[0,1]} and (z,y)={tz+(1—-t)y:te(0,1)}.

Definition 3.29. Let X be a vector space and let A C X be convex.
If x € A, we say that x is an extreme point of A if

x € [y, z] forsomey,z€ A = x=yorz==z.

We let ex(A) be the set of extreme points of A.
If ) # B C A is convex, we say that B is an extreme set in A if

y,z€ Aand (y,2) NB#0 = [y,z] C B.

Remark 3.30. x is an extreme point of A iff {x} is an extreme set in A. Indeed, if = is an
extreme point of A and {x} N (y,2) # 0, then x € (y, 2), so x € [y, z] but z # y and = # z,
a contradiction. Hence, {z} N (y,z) = 0 for any y,z € A, so {z} is trivially an extreme
set. Conversely, if {x} is an extreme set and = € [y, 2|, thenzx =yorz=zory <z < z.
The last case is impossible, since it implies {z} N (y, z) # 0, and hence [y, z] C {z}, i.e.
y = z = z, a contradiction. Hence, x is an extreme point.

Example 3.31. (a) In R", the extreme points of a closed convex polyhedron are just the
vertices. Every edge, face, etc. is an extreme set. Half a face is not an extreme set.

(b) The set of extreme points of a closed euclidean ball in R™ is the boundary sphere.

(c) If X is a compact Hausdorff space, then ex(.#, 1(X)) = {0, : © € X}, where ¢, is
the probability measure supported on {z}. Indeed, if C' C X has 0 < u(C) < 1 and
Ho(B) = p(C) (B N C), jix\e(B) == p(X \ C) (B \ C), then taking 6 = u(C)
we get 1 = Opuc + (1 — 0)ux\c, so p is not an extreme point.

If 1 has the property that p(A) is 0 or 1 for each A C X, and if x # y are both
in supp i, then we can find disjoint open sets B,C' with x € B and y € C. Hence,
1=p(BUC) = pu(B)+ p(C), so u(B) =0 or u(C) =0 by the 0-1 hypothesis. This
means that x and y cannot be both in supp u, so u = d, for some .

Thus, ex( A4 1(X)) C {0, : € X}. Suppose 6, = ap+bv witha+b=1. If z € A,
then 1 = §,(A) = ap(A) + bv(A). Now pu(A) < 1 and v(A) < 1. If u(A) < 1 or
v(A) < 1, then ap(A) +brv(A) < a+b =1, a contradiction. Hence, u(A) =v(A4) = 1.
Similarly, if z ¢ A, then since pu(A) > 0 and v(A) > 0, we get u(A4) = v(A) = 0.
Hence, it = v = 04, 50 6, € ex( M4 1(X)). Thus, ex(Ay1(X)) = {0, 12 € X}.
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Definition 3.32. Let X be locally convex and let A C X. We define the closed conver
hull of A, denoted €6(A), the smallest closed convex set containing A. This set exists since
intersections of convex/closed sets are convex/closed.

Theorem 3.33 (Krein-Milman). Let X be a locally convez space defined by a separating
family of seminorms. If A C X is compact and convez, then A =To(ex(A)).

Proof. Let B be a closed extreme subset of A. We first prove that B contains an extreme
point of A. Let § be the family of closed subsets of B which are extreme in A. Partially
order § by Fy > Fy if F; C F,. Then every chain {F, },er has an upper bound, namely
NacrFun. This is closed, nonempty (Cantor’s intersection theorem) and extreme in A: if
(y,2) N (NaecrFa) # 0, then (y,2) N F, # 0 for each «a, so [y,z] C F, for each a, so
[y, 2] € NacrFa. It follows from Zorn’s lemma that § has a maximal element (i.e. a
minimal closed subset of B which is extreme in A), call it F. If x,y € F, x # y, then by
Theorem [3.10[b), there is an f € X* with Re f(z) < Re f(y). Let M = max.cp Re f(z),
which exists since F is compact, and let D = {w € F : Re f(w) = M }. Then D is extreme
in A,E| D C F and D # F since x ¢ D. This contradicts the minimality of F'. Thus, F is
a singleton {xo}. We thus showed that B contains an extreme point of A (namely, xg).
Since ex(A) C A and A is closed and convex, then C' := to(ex(A)) C A. Suppose
C # A. Then thereis an z € A\ C. Since C is closed and convex, by Theorem [3.10[b), we
may find A € X* such that Re A(y) < @ < ReA(x) for all y € C. Let M = max,c4 Re A(2)
and B = {z € A: ReA(z) = M}. Then B is extreme in A, and since M > «, we have
BN C = (. But by the preceding paragraph, B contains an extreme point of A, say
2o € BN C. This contradiction shows that C' = A. O

The Krein-Milman theorem has many applications in different fields. For example, it
can be combined with Markov-Kakutani to prove the existence of ergodic measures on
compact spaces (see [44], [36]). A stronger Krein-Milman theorem can be found in [32] [36].
This states that for A as in Theorem [3.33] any p € A is the barycenter of a probability
measure p on ex(A), that is, f(p) = fze@ f(z)du(x) for all f € X*. This gives a
better representation than the convex series of extreme points given by the usual Krein-
Milman. Let us mention, however, that the mere existence of extreme points in compact
convex sets is powerful. In fact, this is all we’ll need in the following section to prove the
Stone-Weierstrass theorem. The Krein-Milman theorem is also used in game theory to
solve matrix games (see [16]). As a final connection with the idea of extreme points, we
mention the Banach-Stone theorem: let X and Y be compact Hausdorff spaces such that
C(X) and C(Y) are linearly isometric. Then X and Y are homeomorphic. For a proof,
see [9, Chapter V.8].

3.6 Stone-Weierstrass vs Monotone Class

In this section we follow [7, 2] [13].
The Stone-Weierstrass theorem is an important extension of the Weierstrass approxi-
mation theorem of C[0,1]. To motivate the result, let us give some of its consequences:

Example 3.34. (a) Suppose X C R" is compact. Let P(X) C C(X) be the restrictions
of polynomial functions on R™ to X. Then P(X) is dense in C(X).

5. Indeed, if y,z € A and (y,2) N D # 0, say v =ty + (1 —¢)z € D, then (y,z) N F # 0, so [y,z] C F,
so Re f(y) < M and Re f(z) < M. But Re f(v) = M. If Re f(y) < M or Re f(z) < M, we would get
Re f(v) = tRe f(y) + (1 — t) Re f(2) < M, a contradiction. Hence, Re f(y) = Re f(z) = M. By linearity,
if w € [y, 2], then Re f(w) = M. Hence, [y, 2] C D.
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(b) Let S' C C be the unit circle. Let P(S') be the set of functions of the form f(z) =
SN yanZ, for arbitrary N € N. Then P(S') is dense in C(S1).

(¢) Let X be a compact Hausdorff space and let &7 C C(X x X) be the set of all finite
linear combinations of functions of the form (x,y) — f(x)g(y), where f,g € C(X).H
Then &7 is dense in C'(X x X).

Theorem 3.35 (Stone-Weierstrass). Let K be a compact Hausdorff space and o/ C C(K)
a linear subspace. Suppose that

(i) o is a subalgebra, i.e. is closed under multiplication.
(ii) The constant function 1 € <.

(iii) <7 separates points, i.e. if x,y € K and x # y, there is some f € </ such that

f(@) # fy).
(iv) If K= C, then f € o implies f € .
Then <f is dense in C(K).

Proof. (de Branges). Let @+ = {u € C(K)*: [gdu =0Vg € o}. It suffices to show
that &7+ = {O}m Suppose 7+ # {0}. By Banach-Alaoglu, 27" is weak* compact, so by
Krein-Milman, there is an extreme point u € @4%. Then p # 0, since 0 = 2v + 1(—v)
for v € a7+ \ {0} shows that 0 is not extreme. Thus, 0 < ||| < 1. If ||u|| < 1, then
o=l e/l pll) + (U= [0 implies g = p/[|p]| = 0, a contradiction. Hence, [|p]| = 1. In
particular, if C' = supp y, then C # . Fix xy € C. We show that C' = {z}.

Let = € C, x© # . By (iii), there is an f; € & with fi(z9) # fi(z) =: 8. By (ii),
the constant function € o/. Hence, fo = fi — f € &, fa(zo) # 0 = fa(x). By (iv),
fs = fol? = fafy € o. Also, f3(x) =0 < f3(x) and f3 > 0. Put f = (| f3] + 1)~ fs.
Then f € o7, f(x) =0, f(xo) >0and 0 < f < 1. By (i), gf and g(1 — f) € & for every
g€ . Since p € o+, weget 0= [gfdu= [g(1— f)du for every g € o7. Hence, fu
and (1 — f)u € &/+. (Here hyu denotes the measure E — [ hdu).

Put a = || fpl| = [ fd|ul|. Since f(zo) > 0, there is an open neighborhood U of xy and
an € > 0 such that f(y) > e fory € U. Thus, a = [ fd|u| > [;; fd|p| > e|p|(U) > 0, since
UNC # (. Similarly, 1 — f > 0 (as f < 1) implies a < 1. Hence, 0 < a < 1. Moreover,
1—a= [(1=f)dul = |(1=F)pll. Hence, u = a(fu/|lfull) + 1 —a)[(1= )/l (1= F)ull,
which implies g = fu/||fu|. But the only way the measures g and o' fu = fu/||ful
can be equal, is that a~'f = 1 p-a.e. Since f is continuous, this implies f = o on C.
In particular, f(zo) = f(z) = a. But f(z) = 0 # a. This contradiction shows that
C = {xo}. Hence, i = 6, for some |y|=1. But p € &+ and 1 € &, 50 0= [1du =,
a contradiction. Thus, &+ = {0}, so & = C(K). O

Using Banach-Alaoglu and Krein-Milman to prove Stone-Weierstrass is perhaps overkill.
A more standard proof can be found in [28]. The previous theorem can be extended to
Co(X) with X locally compact without difficulty; see [7, Corollary 8.3].

We now give an analog of the Stone-Weierstrass theorem which holds in the measurable
world. This is frequently used in probability theory.

Theorem 3.36 (Functional Monotone Class). Let ¥ be a family of bounded real valued-
functions on a set ) such that

(i) ¥ is a real vector space.

6. This is just the algebraic tensor product C'(X) ® C(X).
7. If o # C(K), take f € C(K) \ «/. By Hahn-Banach [22] Lemma 4.6-7], there is a A € C(K)* with
A(f) =1 and A(g) =0 for all g € /. Hence, A € &/ is nonzero, i.e. &+ # {0}.
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(ii) The constant function 1 € ¥ .
(iii) If fn € ¥ are nonnegative, increasing and sup,, || fnllco < 00, then f :=lim, f, € ¥ .

Suppose C is a subset of ¥ which is closed under multiplication. Then ¥ contains all
bounded o(C')-measurable functions.

Proof. We first prove that 7 is closed under uniform convergence. So let {f,} C ¥ with
lfn — flleo = 0. By passing to a subsequence, we may assume || fp4+1 — fnlloo < 27™. Let
In = fn—f1— 21" 4 1. Then gn € ¥V since ¥ is a vector space containing the constant
functions. Moreover, ||gnllooc < || falloo + [ filloo + 2, SO gy is uniformly bounded. Finally,
In+1—9n = for1—fn+27" > 0forn > 1 and gy = 0. It follows from (iii) that lim g,, € 7.
Hence, f = (limg,)+ fi—1€ 7.

Now let £L = {D € o(C) : 1p € ¥}. By (i), (ii), (iii), £ is a )\—systemlﬂ on 2. We
will show that £ contains a m-system P generating o(C'). By the Dynkin 7-A theorem,
it will follow that £ 2 o(P) = o(C), hence L = o(C'). Consequently, # will contain the
indicator function 1p of every D € o(C), and this will complete the proof since every
bounded o(C)-measurable function is the pointwise limit of an increasing sequence of
simple functions, and ¥ is closed under such limits by (iii).

Let fi,..., fn € C, let M = max;<i<p || fil|co and let & : C* — C be continuous. Then
by Stone-Weierstrass, ® is the uniform limit on K = {|z| < M} of a sequence (R,,) of
polynomial functions in n variables. By hypothesis on C and ¥, R, o (f1,..., fn) belongs
to ¥. Take ®(z1,...,2,) = [[}=; min (1,7(z; — a;)4) for r > 0 and ay,...,a, € R. The
(increasing) limit of ®(x1,...,2,) as r — o0 is [[{2g 1(4,5q,)- Hence, if f1,..., fn € C, the
function [[i 1(f,54,) belongs to #". Hence, B = Ni_;(f; > a;) € L for all a1,...,a, € R.
It follows that £ contains the m-system P consisting of finite intersections of sets of the
form f=1(I), where f € C and I C R is an open halfline. Thus, o(C) = o(P) C L. O

Example 3.37. 1. Let (2,P) be a probability space, let X,Y be random variables and
suppose E[f(X)g(Y)] = E[f(X)g(X)] for all real f,g € C°(R). Then P[X =Y] = 1.
Indeed, let ¥ be the set of all bounded real %(R?)-measurable h : R? — R such that
E[r(X,Y)] = E[h(X,X)]. Then ¥ satisfies (i)-(iii). Let C' be the set of functions
(x,y) = f(x)g(y) with f,g € C(R). By hypothesis, C' C ¥/, so by monotone class,
¥ contains all bounded o(C)-measurable functions. But %(R?) is generated by pro-
jections 7i(x,y) = = and my(z,y) = y, which are pointwise limits of f,(z)gn(y) and
gn(z) fn(y), respectively, where f,, g, are smooth, f,(t) = t on [-n,n|, g, = 1 on
[—n,n], fn = gn = 0 outside [-n — 1,n + 1]. Since f,, g, are o(C)-measurable, then
71, T are o(C)-measurable. Hence, o(C) contains %(R?). Thus, ¥ contains all Borel
functions. Choosing h = 15, where A = {(z,2z) : v € R}, we get P[X =Y] = 1.

2. Let {py}weq be a family of measures on R. The following statements are equivalent:
(a) For all t € R, the map w — [ X(—o0¢ (%) dpie, () is measurable.

(b) For all bounded Borel f : R — C, the map w — [ f(x)du,(z) is measurable.

Indeed, (b) trivially implies (a). For the converse, let ¥ be the set of all bounded
measurable f : R — R with w — [ f(z) du, () measurable. Then ¥ satisfies (i)-(iii).
Let C' = {X(—oo, : t € R}. By hypothesis, C' C #". By monotone class, 7 contains all
o(C)-measurable functions, i.e. all Borel measurable functions f : R — R. By linearity,
for all Borel functions f : R — C, the map w — [ f(z)du,(z) is measurable.

8. Recall that a m-system P on a set 2 is a collection of subsets of 2 which is is closed under finite
intersections (e.g. = R and P = {(a,b] : —00 < a < b < o0}). A A-system on Q is a collection £ of
subsets of Q such that (i) Q € £, (ii) if A € £, then A° € £, (iii) if 4, € L, Ap N A, = 0 for n # m, then
UA, € L. The Dynkin 7w-X\ theorem says that if £ is a A-system containing a 7-system P, then o(P) C L.
For a proof, see [3| Theorem 1.1].
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3. Endow Q with a og-algebra %, let {p, }wen be a family of measures on R and suppose
w — fy(B) is #-measurable for each B € Z(R). If W C Q xR is .¥ @ B(R)-
measurable, define the w-section W, = {t € R : (w,t) € W} for each fixed w € 2. Then
the map w +— (W) is .#-measurable. Indeed, if W = A x B for some A € .# and
B € #(R), then pu,(W,,) = 14(w)uw(B) and the measurability of this mapping is clear.
The general case now follows from a monotone class argument.

3.7 Appendix

In this section we prove the results of Section [3.1]
Lemma 3.38. |u| is a positive measure on M, and |p|(X) < oo.

Proof. Clearly, |u|(B) > 0. If B = U®B,, with {B,}{° C 9 pairwise disjoint, then given
e > 0, choose a measurable partition { F; }$° of B such that |u|(B)—e < >.1° |1(E;)|. Then
Ul(B) — & < 5320, | 500 u(Ei 01 By)| < 5552, 5%, |u(Ex 1 By)| (we can always change
the order of summation when the terms are positive). But {E; N B, }52, is a partition of
B, Hence, |ul(B) — ¢ < 5 |ul(By). Thus, [ul(B) < S5 ul(By). Tt [al(B) = oo, we get
S [ul(B) = 00, 50 |ul(B) = S5 |ul(By). T |ul(B) < oo, then |u|(By) < oo for each
n. Given € > 0, let {Ez(n) 9, be a partition of B,, such that ), ]u(EZ(n))\ > |p|(Bn) = 5
Then 0y [ul(Ba) < il (S u(B™)| + 5) < &+ S0l 5 ln(B)| < & + |ul(B).
Letting N — oo and € — 0 gives > ° |p|(Bn) < |u|(B). Thus, |u|(B) = >23° |u|(Bn).

To prove that |u| is finite, we use a somehow reversed triangle inequality:

If z1,...,z2nv € C, then 3 S C{1,...,N} such that | Yeg 2k > £ S0 |2kl

To see this, write 2, = |2;]e’®. For any S C {1,...,N} and 6 € [—m, 7], we have
1S gzk] = [ Nge 2] > ReXge @z, = g |zr|cos(ap —0). Let Sy = {1 <k<N:
cos(ay —0) > 0}. Then [ 3 gg) 26| > X9 |2k] cos(ay, —0) = SN | |zk| cost (e — 8). Now
J7_cost(a—0)df =2 for any a € [0,27[. Indeed, [7 = [ "+ [T and [ " cosT(a—
0) = [* Tcost(a— 0 —21) = [T cost(a — 0). Hence, [* "+ [T = [[T*4 [T =
[oFT Thus, [T _cost(a—0) = [T cost(a—0) = [T cosT 0 = fir/z cos = 2. We thus

a—T a—T w/2

showed that 253 [zx] = [7 S0, [salcos™ (ox — 0) < [ o) 2] < 27 Ssany 24
where | g(gy) 26| = max_r<o<r | X g(g) 21| is attained since the function is continuous.
Choosing S = Sy, gives the claim.

Back to the lemma. Suppose first that some E € 9 has |u|(F) = oo. Put t =
7(1 + |u(E)|). Since |u|(E) > t, there is a partition {E;} of E such that >3 [u(E;)| > t
for some N. Using the preceding paragraph with z; = p(E;), we find a set A C E (a union
of some E;) such that |u(A)| > L > 1. Set B = E\ A. Then |u(B)| = [w(E) — p(A)| >
\u(A)| = [W(E)| > £ — |u(E)| = 1. We have thus split E into disjoint sets A and B such
that |u(A)| > 1 and |pu(B)| > 1. Since |p|(E) = oo, either |u|(A) or |u|(B) is infinite
(because we showed that |u| is a measure).

Now suppose |u|(X) = oco. Split X into A; and Bj as above with |u(A;)] > 1 and
|| (B1) = oo. Split By into Ay and By with |u(As2)| > 1 and |u|(B2) = co. Continuing
this way, we get a countably infinite collection {A;} with |u(A4;)| > 1 for each i. Since p
is countably additive, we have >, u(A;) = p(U;4;) € C. But the series cannot converge
since p(A;) does not tend to 0 as ¢ — co. This contradiction shows that |u[(X) < co. O

We will need some technical lemmas before we move on.

Lemma 3.39. Let (X,9M, 1) be a measure space, E € M and f: E — [0,00] measurable.
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(i) (Markov inequality). For any a >0, p{z € E: f(z) > a} < L1 [, fdpu.
(ii) If [ fdu =0, then f =0 for p-a.e. x € E.
(iii) If f > 1 on E and p(E) # 0, then [g fdp > p(E).

Proof. (i) Since f > ax{f>a}, We have [, fdu > [pax(j>aydp = ap{r € E: f(x) > a}.
For (ii), let F ={z € E: f(z) > 0}, F,, = {z € E: f(z) > 1} and note that F = U{°F,,.
By (i), u(Fn) < n [ fdp = 0. Hence, u(F) < > u(F,) = 0. Finally, if f —1 > 0 on
E and p(E) # 0, then by contraposition of (ii), we must have [,(f —1)dp # 0. But
Jg(f —1)dp > 0 since f > 1. Hence, [5(f —1)dp >0, ie. [p fdu > u(E). O

Lemma 3.40. Let (X,90, 1) be a measure space with p positive and finite. Let f € L'(u),
My ={F €M: u(E) > 0} and define the average Ap(f) = ﬁ Jg fdp for E€ M. If
S C C is closed and Ag(f) € S for all E € M, then f(x) € S for p-a.e. x € X.

Proof. Let A be a disc in S¢ with center o and radius r > 0 and put £ = {z: f(x) € A}.
Since S€ is a countable union of discs, it suffices to prove that u(E) = 0. Suppose u(E) > 0.
Then [Ap(f) — o] = ﬁ\ Je(f —a)du| < ﬁf}s |f — a|dp < r. But this is impossible
since Ag(f) € S. Hence, u(E) = 0. O

Lemma 3.41. Let (X,9M, 1) be a measure space with u positive and o-finite. Then there
exists w € LY () such that 0 < w(z) <1 for every x € X.

We will use this lemma to replace pu by the finite measure i = wp given by u(E) =
Jp wdp, which has exactly the same sets of measure 0 as p by Lemma m

Proof. Let X = UPE, with E,, € M and u(E,) finite. Put w,(x) = 27"/(1 + w(Ey))
if v € E, and wy(x) = 0if z € ES. Let w = >.7°w,. If x € X, say x € E,, then
0 < wy(z) < wlz) <327 =1 and 3Y w, 1 w, so by monotone convergence, ||w|; =

[w=1limy [ SV w, = limy XV [w, =limy >N (27 liﬁlgl)) <1. O

Theorem 3.42 (Lebesgue-Radon-Nikodym). Let (X,91) be a measurable space. Let p be
a o-finite positive measure on M and v a complex measure on M.

(a) There is a unique pair of complex measures v, and vs on M such that v = v, + vg,
Vg K pand vs L p.

(b) There is a unique h € L'(u) such that vo(E) = [z hdu for every E € M.

Proof. (von Neumann). First assume v is positive and finite. Associate w to p as in
Lemma and let A = wu + v. Consider the functional F(f) = [ fdv on L2(\).
By Cauchy-Schwarz, |F(f)| < [ |fldv < [ |[fldN < |If]l - (M(X))Y2, where ||| =
([ 1f[>d\)Y2. Thus, F € L?*(\)*. Applying Riesz’s representation to the Hilbert space
L%(N), there exists g € L?(\) such that F(f) = [y fgd\. Thus, [y fdv = [y fgdA. In
particular, for f = 1p we get

I/(B):/Bgd)\ for BeM. (1)

ButOSuS)\,SOOS%megd)\:%glforeveryBeier. Hence, 0 < g <1
for A-a.e. x by Lemma Modifying g on the A-null set does not affect (1), so we may

assume 0 < g <lon X. Let S; = {z:0<g(x) <1} and S2 = S{ = {x : g(x) = 1} and
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define the measures v1(B) = v(B N S1), va(B) = v(B N Sy) for B € M. Then using (})
and A = wp + v, we get

/B(l—g)dV:/ngd,u for B € M. (1)

For B = S5, the LHS is zero, while the RHS is f52 wdp. Since w > 0, it follows by
Lemma [3.39ii) that z(S2) = 0. Since v5(S§) = 0 by definition, we get v» L . Next, since
Jp(1=9) = [pns,(1 —g) and 1 — g > 0 on S1, we have

,u(B):>/gwd,u:O:> 1-g)dv=0 = v(BNS;)=0 = 1n(B)=0.
B BNS,

Hence, 11 < p. Thus, we have a Lebesgue decomposition v = v, + v with v, = 11 and
vs = vo. Multiplying (1) by 1,9,4%,...,¢" and adding, we get

/(l—g”H)dV:/(g+92+...+g"+1)wd,u for B € M.
B B

Since 1 — g"*! 11 on Sy, denoting by h the increasing limit of (g + ...+ ¢"")w, we get
vo(B) = v1(B) = v(BNSy) = lim, [gng (1 — g™ dv =lim, [5(1 — ¢"*!)dv = [ hdy,
which completes the proof of existence for finite positive v. We now prove uniqueness.

Suppose v = v}, + v/} is another Lebesgue decomposition. Then v/, — v, = vs — v,. But
vl — vy < pand vs — v, L . Hence, v, — vy = vs — v, = 0.]

Next, if [z h1dp = [z hodp for all B € M, then [z(hy — hy)dp =0 for all B € M. In
particular, [, _; (h1 —hg)du =0 and [, o, (ha —h1)dp =0, so [ |k — ho|dp = 0 and
thus hy = hs. This concludes uniqueness.

Finally, if v is complex, then v = vy + ivp with vq, v real. Moreover, v; = Vj+ -V,

+ — 1y, . - — 10, ) i3
where v;” = 3(|vj| +v;) and v; = 5(|v| — v;) are positive. Hence, we can apply the
preceding case to each Vj-[. O

Theorem 3.43. Let (X,9, p) be a measure space with p o-finite. Let 1 < p < oo and
q its conjugate exponent (i.e. % + % =1). Define ® : Li(pu) — LP(n)* by g — Ay, where
X(f) = [ fg. Then ® is an isometric isomorphism.

Proof. We first assume pu(X) < oo. Clearly, ® is linear. To see surjectivity, given A €
LP(p)*, let v(E) = A(xg) for E C X measurable. If E = U°E; with {E;} disjoint,
then xp = 3 xm, in L?, since |[x — Xt xmly = | S5 xmlp = #( Uy B =
(> u(Ei))l/p — 0 (we used that p < o0). Since A is linear and continuous, we get
v(E) = > AMxE,) = X7 v(E;:), so v is a complex measure. Also, if pu(E) = 0, then
IXEllp, = 0 and thus v(E) = 0. Hence, v < pu, so by Radon-Nikodym, there exists
g € L'(p) such that A\(xg) = v(E) = [z gdp for all measurable E. By linearity, we get

A= [ fgdun (4

for all simple f, and thus for all f € L (u), since every f € L°(u) is a uniform limit of
simple functions (f;), and ||fi — fllp < Ifi — flleopt(X)YP — 0, so that A\(fi) — A(f).

9. We have used the following facts: (i) if 11 < p and v2 < p, then v + vo < p, (i) if 1 L p and
vy L p, then vy +wvo L p, (iii) if v € pand v L p, then v = 0. (i) is obvious. For (ii), if there are
A1 N By = () such that v; is concentrated on A1, p on By, and Az N By = () such that v» is concentrated
on Az, ;1 on Ba, then v; + vs is concentrated on A = A; U A, pon B = B; N Bz, and AN B = (). Thus,
v1 + v2 L p. Finally, for (iii), if v L u, then v is concentrated on a set A such that pu(A) =0. But v < p,
so v(E) = 0 for every E C A. Hence, v is also concentrated on A°. Thus, v = 0.



3.7. APPENDIX 53

We now show that g € LI(u). If p =1, then by (x) we have | [ gdu| < ||A|xel =
[A|w(E) for all E € M. Hence, |g(z)| < ||| a.e. by Lemma [3.40] so ||g][oo < [IA]l-

If 1 <p<oo,let B, ={x: |g(x)] <n} and write |g| = ag, where a is measurable
and |a| = 1.E| Put f = xg,|9/% ta. Then f € L>®(u), and |f|P = |g|? = fg on E,, since
pg—p=q. Soby (x), [, [97du =[x fgdp=Af) <[Alfl, = IM(Jg, 1917)"/7. Thus,
(Jx xE. 1917 dp) Ve < |IAll. Applying monotone convergence, we get ||g|l; < [|A]].

We thus showed in both cases that g € L(u), with [|g]lq < [|A]. By (%), A and Ag
coincide on L>(pu), which is dense in LP(u), hence X = X\, But by Holder, |\,(f)| =
| [ fadpl < | flipllgllg: so [IAl = [IAgll < llgllg- Thus, ® is an isometry. In particular, ® is
injective, and we just proved it is surjective. This completes the proof if u(X) < oo.

If 41 is o-finite, choose w € L'(u) as in Lemma and let & = wp. Define © :
LP(i) — LP(u) by F +— w'/PF. Then O is a bijective isometry since 0 < w < 1. Hence,
if A€ LP(p)*, then ¥ := Ao © € LP(i)* and ||¥| = ||A||. By the finite case, 3G € Li(j)
such that U(F) = [ FG dji and ||¥|| = ||G|l;- Put g =w9Gifp>1and g =G ifp=1.
Then [|g|?dp = [|G|*dp = [|¥||? = [[A[|? if p > 1, while |g]loc = [|Gllcc = W]} = [[Al
if p=1. In any case, ||g|l, = ||A||. Moreover, since Gfi = w/Pgu, we finally get A\(f) =
U(w YPf)y = [w VPfGdi = [ fgdp for every f € LP(u). dJ

Theorem 3.44 (Riesz-Markov). Let X be a locally compact Hausdorff space and define
O M(X) = Co(X)* by p — Ny, where X\,(f) = [ fdu. Then ® is an isometric
isomorphism.

If X is compact, the map p — X\, gives an isometric isomorphism of My 1(X) with
CX)L1={ e CX)" ]Al =1 and A(f) > 0 whenever f > 0}.

Proof. The proof is really long, so we will only outline the main steps. We encourage
the serious student to read the whole proof in [3I, Theorem 6.19]. As in Theorem
the difficulty is to prove that ® is surjective. Before we begin, let us mention that the
proof is much easier in the (important) special case of C[0,1]. In this case, one simply
argues as follows: given A € C|0,1]*, use Hahn-Banach to find an extension L of A to
the space of all bounded functions on [0, 1]. The advantage of L over X is that it is well-
defined on characteristic functions. So imitating the proof of Theorem we may put
w(x) = L(X[o,2])- It can be shown that w has a bounded variation. Now given f € C[0, 1],
let fr, = >0 f (%)X[% - Then f,, converges uniformly to f, so L(f,) converges to
L(f). But L(X{%%}) = L(X[o,%’]) - L(X[Q%]) = w(y) —w(51), s0 L(fy) = [ fadw by
definition of the Riemann-Stieltjes integral. Hence, L(f) = [ f dw. For details, see [28|
page 354] or [22] Section 4.4]. We now proceed to the general case:

1. Let A € Cyp(X)*. We first assume \ is positive, i.e. A(f) > 0 whenever f > 0. Given V
open in X, define

(V) =sup{A(¢) : ¢ € Ce(X), 0< ¢ < 1and suppgp C V}.
Clearly, V1 C Vs implies pu(V1) < u(V3), so

pE) = nf  a(V) ()

for any open set E. We now define y(F) for any set £ C X by (x). Let Mp be the
class of all E C X such that u(E) < oo and u(E) = supxcp i compact #(F). And let

10. Let a(z) = %, where E = {z : g(z) = 0}. Then a(z) =1 on E, a(z) = g(z)/|g(z)| on E°,

and « is measurable since E is measurable and §(z) = z/|z| is continuous.
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M be the class of all £ C X such that £ N K € My for every compact K. Then one
proves that 2t is a o-algebra, and p is a measure on 9 (much effort here).

2. Show that A(f) = [y fdp for every f € Co(X). The idea is as follows: let K = supp f
and divide K into pieces F; on which f is almost constant. Now use a partition of
unity (h;) subordinate to {E;} to write f = > h;f. This writes f as something close
to a step function, so it is more or less sufficient to describe p(F;) and p(K) in terms
of A(h;), and one does this by working from the definition of p (V') with V' open.

3. Now generalize the previous construction to all A € Cp(X)*, not just the positive ones.
This is done by associating a positive functional to A, namely A(f) = sup{|A(g9)| : g €

Co(X) and |g| < f}. One can prove that X is indeed linear, and ||A]| = |||

These are the major steps, one then ties everything together and concludes with some
additional arguments. d



Chapter 4

Spectral theory

This chapter is taken from [44], [28] and [38], with added details. The letters X,Y, Z, 7
denote vector spaces over C which are never {0}.

4.1 Compact and Hilbert-Schmidt operators

Definition 4.1. Let X,Y be Banach spaces. We say that T': X — Y is compact if T'(B)
is compact in Y whenever B C X is bounded.
Lemma 4.2. The following assertions are equivalent:

(i) T is compact.

(ii) T(Xy) is compact. Here Xy is the unit ball of X.

(iii) Any bounded sequence (xy) in X has a subsequence (xy, ) such that (T'xy,) converges.

Proof. Exercise O

Example 4.3. If T : X — Y has a finite rank, i.e. dimRan(T") < oo, then T is compact.
Indeed, if B C X is bounded, then T'(B) is a closed bounded subset in a finite dimensional
normed space, hence compact by Heine-Borel.

The set of compact operators from X to Y is denoted by K(X,Y’). The set of bounded
operators is denoted by B(X,Y"). We also denote K(X) = K (X, X) and B(X) = B(X, X).

Lemma 4.4. Let X,Y be Banach spaces.
(a) K(X,Y) is a closed subspace of B(X,Y). In other words, «T+ S is compact whenever

T,S are compact, o, 5 € K, and if {T,,} is a sequence of compact operators converging
in norm to T, then T is compact.

(b) If Z is a Banach space, T € K(X,Y), S; € B(Y,Z) and Sy € B(Z,X), then TSy €
K(Z,Y) and SiT € K(X, Z). In particular, K(X) is an ideal in B(X).

(c) If T € K(X,Y), then the adjoint T* € K(Y*, X*).
If X, Y are Hilbert spaces, then the Hilbert adjoint T* € K(Y, X).

Proof. (a) Let (x,,) be bounded in X. There is a subsequence (z,(,)) such that (T,))
converges. But (7,(,)) is bounded, so it has a subsequence (Zyoyp(,)) such that
(ST poy(n)) converges. Hence, ((aT + BS)Tyoymn)) converges, so o' + 35 is compact.
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Suppose T,, € K(X,Y) and ||T,, — T'|| — 0. To see that T is compact, it suffices to see
that T'(X1) is totally bounded.lﬂ Let € > 0. Given z,y € X, we have

[Tz —Ty|| < [Tz = Tozll + | Toz — Tayll + Ty — Tyll < 2T — Tol| + | Toz — Thyll -

Fix N large enough such that |7 — T'|| < ¢/4. Choose a finite £/2-net for T (X1),
say {Tn(x1),...,ITn(zy)}. Then {T'(z1),...,T(z,)} is an e-net for T(Xl).E|

(b) Let () be bounded in Z. Then (S2z;,) is bounded in X (since Sy is bounded), so there
is a subsequence (S22,(,)) such that (7'S22,(,)) converges, so T'Sy is compact. Next,
if (z) is bounded in X, there is a subsequence (1)) such that (T'z,(,)) converges,
80 (81T () converges (since Sy is continuous), so 17 is compact.

(c) We only prove (c) for Hilbert spaces; the reader can find the Banach case in [22]
Theorem 8.2.5]. So suppose 1" is compact and let (y,,) be bounded in Y, say ||y, | < M.
Since TT™* is compact by (b), then (y,) has a subsequence (y(,)) such that (TT*y,,))
converges. Hence,

* * 2 *
||T Yo(n) — T ygp(m)” = <TT (ygo(n) - y(,p(m))a Yo(n) — ygo(m)>
< HTT*(ygo(n) - y(p(m))H : Hygo('n) - y«p(m)”
< 2MHTT*y¢,(n) — TT*y¢(m)|| —0

as n, m — o0o. Hence, (T*y‘p(n)) is Cauchy, hence convergent, so T* is compact. O

Example 4.5. Suppose 7 is a Hilbert space with orthonormal basis {e;}32; and let
T € B(J) be given by the diagonal matrix T;; = Aid;j, i.e. Te; = Ae;. Then T is
compact iff \; — 0 as i — oo.

To see this, first suppose A\; — 0. By definition, if x = Y  o;e; € FZ, then Tz =
> a;Mie;. For each n, let The; = Te; if i < n and The; = 0 if ¢ > n. Then T, has
a finite rank (RanT),, C sp{e1,...,en}), so T, is compact. Moreover, ||(T — T,)z||* =
| S i @Ml = i a2 < 5Dy N2, Jidi[? < supis, [N 2l]?. Hence,
| T — T|| < sup;s,, |Xi| = 0 as i — o0, so T is compact by Lemma [1.4{(a).

Conversely, suppose A; # 0. Then there exists g9 such that J = {i : |[\;] > o} is
inﬁnite.lﬂ For each 4,7 € J, i # j, we have ||Te; — Te;||?> = |\i|*> + |Aj]?> > 2¢3. Hence,
(T'e;) has no convergent subsequence, so T' is not compact.

Compact operators enjoy many interesting properties:

Lemma 4.6. (1) If X, Y are Banach spaces and T € K(X,Y), then T transforms weak
convergence into strong convergence. That is, if £(x, —x) — O for every £ € X*, then
Tz, —Tx| — 0.

(2) If A is a separable Hilbert space and T € K (), then T transforms strong conver-
gence into uniform convergence. That is, if ||Spx — Sz|| — 0 for each x € H, then

1S, — ST| — 0 and | TS, — TS|| — 0.

1. Recall that if K is a metric space, then £ C K is an e-net for K if Vp € K dq € E such that
d(p,q) < e. K is totally bounded if for each ¢ > 0 there exists a finite e-net for K. A classic result is that
K is compact iff it is totally bounded and complete. Since Y is Banach, T'(X1) is always complete.

2. Longer proof: suppose (z,) is bounded in X. There is a subsequence (z1,,) such that (Thz1,,)
converges. Also, (r1,,) has a subsequence (z2,,) such that (T>x2,,) converges, and so on. Let ¥, = Tn,n-
Then (T5ym)m is Cauchy. Using an €/3 argument, it follows that (Ty») is Cauchy, hence convergent.

3. Details: if for all £ > 0 the set J = {i : |A;| > ¢} is finite, then Ve > 0 3N € N (namely N = max J)
such that [A\;| <eif i > N, so \; — 0.
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(3) If A is a separable Hilbert space, then every T € K(J€) is the norm limit of a
sequence of operators of finite rank.

We will not need this lemma, but we prove (1) and (3) for the curious reader. Let
us mention that (3) is not true for general Banach spaces. We say that a Banach space
has the approximation property if (3) is true. The first separable Banach space without
this property was constructed by Enflo in 1972. He was awarded a live goose for his
achievement, which was promised by Mazur in 1936. Enflo was 28 years old.

Proof. For (1), suppose x,, converges weakly to x. By the uniform boundedness principle,
the sequence (||zy||) is bounded (see [22]). Let y, = Tz, and £ € Y*. Then |[¢*(y,) —
*(y)| = |(T*)(xy, — x)| — 0 since T*¢ € X*. Hence, y,, converges weakly to y. Suppose
yn does not converge to y in norm. Then there exists €y and a subsequence (y¢(n)) of
(yn) such that ||y, — yll = 0. But (z4(,)) is bounded and T is compact, s0 y,,) =
Ty (n) has a subsequence (Yo (n)) that converges (in norm) to some y. Now g # y since
17 — yll = lim [|Ypop(n) — yll > €0. But this is impossible since (ypoy(n)) converges weakly
to y and (y,) converges weakly to y. This contradiction shows that ||y, — y|| — 0.

We omit the proof of (2). Sketch: we may assume S = 0. First assume T has a finite
rank, then generalize using (3).

For (3), let {e;} be an orthonormal basis of 7 and let T,,x = > 7(x,e;)Te;. Then
Tz — Thx = Ty, where y, = S0%(z,e;)e; € {e1,...,e,}T and |lyn| < ||z|. Hence,
||T - Tn” = SUpjiz|I<1 ||T$ - Tn.I‘H < SUPye{e,....en}t, |lyll<1 ||Ty|| =: ap. Clearly, ay is
monotone decreasing, so it converges to a limit o > 0. Choose y,, € {ey,... ,en}L with
lynll < 1 such that ||Ty,| > 2. Then ||Ty,| > 3o if n is large enough. Since y,
converges weakly to 0, then ||Ty,| — 0 by (1). Thus, « = 0. Hence, |T —T,|| - 0. O

Definition 4.7. Let % be a Hilbert space with orthonormal basis {e;} and let T' € B(¢).
We say that T' is a Hilbert-Schmidt operator if 3, [Te;||? < .
Equivalently, >, ; |T;5]% = > 1(Tej, ei)|? < o0.

This seems to depend on the basis, but it does not:

Lemma 4.8. 37, . [(Tej, e)|? = > TS5, fi)? for any orthonormal bases {e;} and {f;}.

Proof. We have
D Tej e =3 |ITej|* = ZI Tej, fi)]? ZI (e, T* f)]? ZHT*sz2
i,J J

The RHS is independent of {e;}, and hence so is the LHS. O

Definition 4.9. If T' is Hilbert-Schmidt, we define the Hilbert-Schmidt norm of T by
T2 = (X, ||Tej||2)l/2, where {e;} is any orthonormal basis of JZ.
Lemma 4.10. Let T be a Hilbert-Schmidt operator. Then

(i) T is Hilbert-Schmidt with ||T*||2 = ||T||2,

(i) (17 < 1712,

(iii) T 4s compact.
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Proof. For (i), see the proof of Lemma For (ii), let {e;} be an orthonormal basis of
 and © = ) aje; € . Then by Cauchy-Schwarz,

IT2? = 3 [Tz ei* = 32 | 3 aj(Tej ei)
<3 (Xlayl?) (X Tes el?) = I3
i J

J

2

For (iii), for each n, define T,, € B() by Tpe; = Te; if i <n and T,e; = 0if i > n. Then
T, has finite rank. Furthermore, T—T, is Hilbert-Schmidt, with [|T—T, 15 = 3~ [ Te;*.
Since ; |Te;||? < oo, we have |T — T,|l2 — 0, so by (i), |T"— Tp|| — 0. Hence, T is
compact by Lemma [4.4[a). O

Example 4.11. Let (X, ;1) be a o-finite measure space and let K € L?(X x X). Define
the integral operator Tk : L?(n) — L*(u) by (Tk f)(z) = [x K(z,y)f(y)dpu(y). Then Tk
is Hilbert-Schmidt, and || Tk|l2 = | K|l p2(xx x)-

To see this, fix z and let K,(y) = K(x,y). Then K, € L?*(u) for p-a.e. x by Fubini’s
theorem. Let {e;} be an orthonormal basis of L?(1). Then by monotone convergence,

S itel? =Y [Txed@P = 3 [ 1#n el
= [ S 1®aen = [IRalace) = 1 -

The space of Hilbert-Schmidt operators .%; is a Hilbert space when endowed with the
inner product (T,5) = 2, ; T35 ;.

We showed above that % C S, C B(J), where .Z,, are the compact operators,
and we showed that .#, is a closed ideal. There are analogous classes of operators .7,
for every 1 < p < co. The most important one is p = 1, the set of trace class operators.
They are defined as follows: call an operator T' positive if (T'z,z) > 0 for all x € 5. If
T is positive, define the trace of T by tr(T) = >7°(Te;, e;). If T is a matrix, the trace is
just the sum of the diagonal elements, and also the sum of the eigenvalues. We will give
a meaning later on to the operator |T'| = T*T (it is the unique operator B satisfying
B >0 and B? = T*T). We say that a bounded operator A is trace class if tr |A| < co. Tt
can be shown that any trace class operator A takes the form A = BC, where B,C € %.
The classes %, and % also form ideals.

4.2 Spectral theorem for compact operators

It is well-known that a Hermitian matrix on C" (i.e. a;; = @;;) has an orthonormal
basis of eigenvectors. In this section, we generalize this result to compact self-adjoint
(more generally, normal) operators on a separable Hilbert space.

Definition 4.12. Let J# be a Hilbert space and T' € B(). Given A\ € C, we define
J6, ={x € A : Tx = \x}. Then J is a closed subspace of 7. ) is called an eigenvalue
if 74 # {0}, and x € JA4 is called an eigenvector.

Example 4.13. In contrast to finite dimensions, a self-adjoint operator need not have
any eigenvalue. For example, define T : L?[a,b] — L?[a,b] by (T'f)(z) = xf(z). Then T is
self-adjoint, 7" is bounded since ||T'f|| (a5 < ]| Loo[a,)l| 1| 22[a,5), DUt T has no eigenvalue,
since Tf = \f implies (x — \)f(z) = 0 a.e. and hence f = 0 in L*[a, b].
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Lemma 4.14. Let 2 be a Hilbert space and T € B(J) be self-adjoint (i.e. T =T%).
(i) If W is T-invariant (i.e. T(W) C W), then W+ is also T-invariant.
(ii) For every x € A, (Tx,x) € R. In particular, all eigenvalues are real.

(iit) | 7] = supyz<1 Tz, )]

(iv) If X # B, then 6 L 3.

Proof. (i) Ify € W+ and x € W, (z,Ty) = (Tx,y) = 0 since Tx € W. Hence, Ty € W+.

(ii) Note that (Tz,x) = (x,Tz) = (T*z,z) = (Tx,z), so (Tx,z) € R.

If To = Az, x # 0, then \||z||?> = (Tx,z) € R, s0 A € R.

(iif) Let a = supy, <1 [(T%, x)|. By Cauchy-Schwarz, a < ||T||. To prove that | 7| < a,
we first show that [(T'z,y)| < af|z||||ly||. Since this inequality is unchanged if we multiply
y by a complex number of modulus 1, we may assume (T'z,y) € R. Then

UTx,y) = (T(r+y),z+y —(T(x—y),r—y),

so using the definition of a and the parallelogram identity,

o
(Tz,y) < (2 +yl* + llz = ul*) = Sl + Iyl -

e~ e

Apply this inequality to y/ax and ﬁy for any a > 0. We get

« 1
(T2 y)| < 5 (allal> + —llol?)

If © = 0, then trivially [(Tz,y)| < «flz|||ly]]. Otherwise, choose a = |ly||/||z] to get
(Tx,y)| < allz||||ly]|. To finally complete the proof of (iii), choose = such that Tz # 0,
and apply this inequality to y = Tz/||Tz|| (the case T = 0 is trivial). Then we get
ITol = (T, 1)) < alle] - 1, ie. |T] < o

(iv) If Te = Az and Ty = By, then (T'z,y) = XNz, y), and (T'z,y) = (z,Ty) = f{z,y)
(B € R by (ii)). Hence, (A — 8)(x,y) = 0. If A # 3, we must have (z,y) = 0. O

Theorem 4.15 (Spectral theorem I). Let T' be a compact self-adjoint operator on a sepa-
rable Hilbert space 7. Then F has an orthonormal basis {e,} consisting of eigenvectors
of T, i.e. Tey, = Mpen. If I is infinite-dimensional, then A, — 0.

This is known as the Hilbert-Schmidt theorem. Note that since A\, — 0, then each
nonzero eigenvalue has a finite multiplicity. So here, the spectrum we will soon define is a
discrete set, with no accumulation point except perhaps A = 0.

Proof. We first claim that we can find at least one non-zero eigenvector. If T' = 0, any
vector is an eigenvector, so we may assume 17" # 0. By Lemma M(iii), we can choose
Ty € H with ||z,|| < 1 such that [(T'zy,z,)| — ||T']|. By passing to a subsequence, we
may assume (T'z,,x,) — A, where |A| = ||T||. Since (x,) is bounded and T is compact,
by passing to a subsequence we may assume 7Tz, — y for some y € . Since ||T|| # 0
and ||T|| = lim [(Tzy, 2y )|, then y # 0. Now using Lemma [4.14ii),

Tz, — )\ﬂsn||2 = ||T33n||2 —2XNTzp, xn) + )\2\|an2 < 2HT||2 —2XNTzp, xp) .

As n — oo, we get | Tz, — Azy,|| — 0. Since Tz, — y, we thus have Az, — y. As T is
continuous, we get ATz, — Ty. But since Tz,, — y, we also have A\Tz,, — \y. Hence,
Ty = Ay, so y is an eigenvector.
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Using Zorn’s lemma, we can now choose an orthonormal set of eigenvectors E for T
which is maximal among all orthonormal sets of eigenvectorsﬁ Let W = sp E be the
span of these vectors. It suffices to see that W = 2, i.e. Wt = {0}. We clearly have
TW C W, so by Lemma (i), TW+ C Wt. Hence, T|yr € B(W) is self-adjoint,
and if W+ # {0}, then by the preceding paragraph, there is an eigenvector for T in W+,
This contradicts the maximality of ¥ and proves the first assertion of the theorem. The
second assertion follows from Example O

We now generalize this result to normal operators. We first note the following.

Corollary 4.16. Let S, T be compact self-adjoint operators on a separable Hilbert space
J such that ST = TS. Then F has an orthonormal basis {e,} such that e, is an
etgenvector for both S and T.

Proof. Let 4, be the eigenspace for T' as in Definition If z € JA, then T(Sx) =
STx = S(A\x) = AN(Sx). Hence, Sx € I, so S : 4 — J,. Since S|4 is compact and
self-adjoint we may choose and orthonormal basis {e, x}» of & consisting of eigenvectors
of S. Of course, {e, »}n are also eigenvectors of 1" since e, \ € J3. Taking {e,} = Ur{enr}
we get the basis. O

Definition 4.17. Let s be a Hilbert space. We say that T € B(¢) is normal if it
commutes with its adjoint, i.e. T*T = TT*.

For example, self-adjoint operators are normal. Unitary operators are also normal
(recall that U is unitary if U is bijective and U* = U~!). On the other hand, T = 2i[ is
normal, but neither self-adjoint nor unitary.

Theorem 4.18 (Spectral Theorem II). Let T' be a compact normal operator on a separable
Hilbert space 7. Then S has an orthonormal basis {e,} consisting of eigenvectors of T,
i.e. Te, = ypen. If F is infinite-dimensional, then ~, — 0.

Proof. Let T1 = T+2T* and Ty = TElT* Then T' = Ty + i3 and T; are self-adjoint.
Moreover, T} and Tp commute since T' is normal. So by Corollary [1.16] there is an
orthonormal basis {e,, } for 7 such that T'e,, = Tie,+iToe,, = Apen+titinen = (An+ipn,)en.

So we may take v, = A, + ipy,. Finally, 7, — 0 by Example [£.5] O

4.3 Application: Peter-Weyl Theorem

The Peter-Weyl theorem is an important result in harmonic analysis which can be
regarded as a generalization of the completeness of the Fourier series. Let us start with
two examples to better understand the theorem.

Example 4.19. Consider the unit circle T C C and let ej(z) = ¥ on T. Then the Fourier
basis {ex hrez is an orthogonal basis of L?(T). The fact that they are orthogonal is a simple
calculation (here [ 2¥27 dz = f027r e**e=% dg). Their span is dense in L?(T) because by
Stone-Weierstrass, their span is (uniformly) dense in C(T), which is dense in L?(T).

Hence, if we let 74 = C-ep = {aeg : a € C}, then L(T) = @kez J,. Here @ denotes
the closure of the direct sum. Moreover, the 4 are mutually orthogonal. Also, if we
define (7, f)(2) = f(az) for a € T and f € L?(T), then (muex)(2) = er(az) = a2, ie.
mger = aFey. Hence, 74, is invariant under each 7.

4. As usual, consider the class of all orthonormal sets of eigenvectors for T', ordered by set inclusion.
This class is nonempty since it contains {v}, where v = y/||y|| is the eigenvector we constructed. Any chain
{E+} has an upper bound, namely UE,, which is clearly orthonormal. So we can apply Zorn’s lemma.
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Example 4.20. Let G C GL(n,R) be a compact subgroup. For each r, let P, be the space
of polynomial functions on R™*" of degree at most r, i.e. if p € Py, then p : R™*"™ — R and
Pi(aig)iim1 = ko i j=1 ciyj,kaﬁj. Each g € G acts on R™*"™ by matrix multiplication.
Moreover, for a fixed g, this map R"*™ — R™*™ is linear. Hence, if f € P, and 7, f(z) =
f(g7 '), then myf € P,. Thus, if V;, = {f|g : f € P}, then V; is my-invariant. Moreover,
V. C Vij1, dimV, < oo, and U;V; is (uniformly) dense in C(G) by Stone-Weierstrass.
Hence, U;V; is dense in L?(G). Let Ay = {r €V, :2 LV,_1}. Then dim 7 < oo, {7}
are mutually orthogonal, L?(G) = @,.%., and /. is invariant under each g, 9 € G,
assuming G is equipped with a left invariant (Haar) measure.

Definition 4.21. Let G be a group, V a vector space and GL(V') the group of invertible
linear maps on V. A representation of G on V is a homomorphism 7 : G — GL(V),
7 g mg. We say that W C V is invariant under 7 if 7,(W) C W for all g € G. We
say that the representation 7 is ¢rreducible if it has no closed invariant subspaces other
than {0} and V. If G is a topological group and . is a Hilbert space, we say that a
representation 7 : G — GL() is unitary if each 7, is a unitary operator on ¢, and if
the map g — 7, f is continuous for all f € 7.

Definition 4.22. Let G be a compact group with a left invariant (Haar) measure p
(see Chapter 3). We define the (left) reqular representation of G by 7 : G — L*(G, ),

(mgf)(z) = f(g~ ).
It can be shown that the regular representation is unitary.

Theorem 4.23 (Peter—Wey/l\). Let G be a compact group and w the reqular representation
on L*(G). Then L*(G) = ®,H,, where H, are mutually orthogonal, dim %, < oo and
. is invariant and irreducible for .

Proof. Given ¢ € C(G), define K(z,y) = p(x~'y). Then the integral operator T = Tk
is compact by Example Hence, T*T is compact by Lemma [4.4{b) and clearly self-
adjoint. By the Spectral Theorem [£.15] it follows that

L2(G) =ker(T'T) & © A4, (1)
AF£0

where 73, is the corresponding eigenspace for 7T, and for A # 0, dim 474, < oo since each
nonzero eigenvalue has a finite multiplicity.

We claim that each 73 is invariant for w. First note that if g € G, then [T'(7, f)](z) =
[ K(z,y)f(g7 y)du(y). As p is invariant, we may replace y by gy to get [T'(m,f)](z) =
J K (2, 9y)f(y) duly) = [ K(g~" 2,y) f(y) duly) = [mg(Tf)](x). Hence, T commutes with
mg. Also, T*T commutes with m,. Indeed, first note that (m,f,h) = [ f(g tz)h(z) =
[ f(@)h(gz) = (f,m,-1h), so Ty = Ty-1. Hence, T"my = T"m7_, = (w1 T)* = (T'mg-1)" =
g™ and thus T*Try = T*n,T = 7,T*T. 1t follows that 7, is invariant for 7. Indeed, if
v € J, then T*T(m v) = mg(T*Tv) = 7y(Av) = A(mgv), so Tgv € J3 as asserted.

We can now use Zorn’s lemma to choose a maximal collection {V;} of mutually or-
thogonal, finite dimensional subspaces V; C L?(G) with V; invariant and irreducible for 7
(such Vj exist by the preceding paragraph). Let W = @ V;. We claim that W = L*(G).
If not, then we can choose f € W+, f # 0. Since C(G) is dense in L?(G), we can find
¢ € C(G) such that (o, f) # 0. Again define K(x,y) = ¢(z~'y) and T = Tk to obtain
the decomposition (). Now let P : L?>(G) — W+ be the orthogonal projection. By con-
struction, W is invariant for 7. So W is also invariant for 7. Indeed, if v € W+ and
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w € W, then (myv,w) = (v, 7,~1w) = 0 because 71w € W, hence myv € W+ as asserted.
It follows that P commutes with all 7,. Indeed, if u € L?(G) and v € W+, we have

(mgu — g Pu,v) = (u, mg-1v) — (Pu, my-1v) = (u, my-1v) — (u, Pmy-1v).

But Pmg-1v = m,-1v since my-1v € W+, Hence, (mgu — mgPu,v) = 0. Thus, mu =
TgPu + (mgu — mgPu) with mgPu € W and (myu — myPu) L W+, So by definition of
the orthogonal projection, Pryu = myPu, so P commutes with 7,. Hence, 7,(PJ4) =
P(mg78) C P(J4), so P(4) C W is also invariant for 7. Since dim P(J4) < oo, this
will contradict the maximality of {V;} if we can show that at least one P(743) # {0}.
However, if P(s4,) = {0} for all A # 0, then @4 C W and thus Wt = W C
(®HR)*, ie. WL C kerT*T. But if T*Tv = 0, then 0 = (T*Tw,v) = (Tv,Tv), so
Tv = 0. Thus, we would have W+ C kerT. However, (T'f)(e) = [ K(e,y)f(y)du(y) =
[o@)fy)duly) = (¢, f) # 0. Moreover, Tf is a continuous function on G. Hence,
Tf #0in L?(G). But f € W+, so this contradicts W+ C kerT. Hence, at least one
P(4) # {0}, which completes the proof. O

The previous theorem can be used to prove other versions of the Peter-Weyl theorem,
for example the following one.

Theorem 4.24 (Peter-Weyl IT). Let G be a compact group and o a unitary representation
of G on a Hilbert space 5. Then = D, , where 4. are mutually orthogonal,
dim 77, < oo and 7, is invariant and irreducible for o.

Proof. See [44), Theorem 3.3.9], or your favorite book in harmonic analysis or representa-
tion theory. 0

4.4 The spectrum of a bounded operator

We saw in Example that a bounded self-adjoint operator may have no eigenvalues.
Hence, if we want to obtain a spectral theorem for such operators, we should weaken the
notion of eigenvalues. This motivates the following.

Definition 4.25. Let X be a Banach space and T' € B(X).
We say that T is invertible if T~! exists and T-! € B(X).
We define the spectrum of T by

o(T)={A € C:T — Xis not invertible }.
Here T'— X\ := T — \I; a standard abuse of notation.

Example 4.26. 1. If ) is an eigenvalue, then A € o(7T') since Ty := T — X is not injective.
If dim X < oo, then A € o(T) iff X is an eigenvalue. Indeed, if A is not an eigenvalue,
then T is injective. So dim X = dim T)(X), so T\(X) = X, so T), is surjective. Hence,
T/\_1 exists, and T)\_1 € B(X) by the open mapping theorem. Hence, A ¢ o(T).

2. Let . be a Hilbert space with orthonormal basis {e;}. Define T € B(J¢) by Te; = \ie;
with A; = 0 as ¢ — oo, but \; # 0 for all 5. Then 0 is not an eigenvalue, but 0 € o(T).
Indeed, if T was invertible, we would have T le; = A lei. Since A; — 0, this cannot
be a bounded operator.

Definition 4.27. Let X be a Banach space and T' € B(X). We say that T is bounded
below if there is some k > 0 such that ||Tz| > k- ||z for all x € X.
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Lemma 4.28. If T € B(X), then T is invertible iff T is bounded below and T'(X) is
dense.

Proof. If T is invertible, then T(X) = X and |z| = |T-'Tz|| < |[T7Y||Tz|, ie. T
is bounded below by k = ||T~!||~!. Conversely, if T is bounded below by k, then T is
injective since To = 0 implies ||z|| < k7Y||Tz| = 0, ie. z = 0. If T(X) is moreover

dense, given y € X, choose x,, € X such that Tz, — y. Then {Tz,} is Cauchy and
| Tzn — Tam|| > k||zn — xm||. Hence, {z,} is also Cauchy, so =, — z for some z since X
is complete. Hence, Tz, — Tz, so Tx = y. Thus, T is surjective, hence bijective. Finally,
1T 2| < k=Y TT x| = k~|z]|, so [T < k=1, Conclusion: T is invertible. O

Example 4.29. Let 7 = L*(X, u) and suppose ¢ € L®(X). Let M, be the multiplica-
tion operator on J# given by M,(f) = ¢f. Then for any A € C, M, — X = M,_\. We
claim that o(M,) = ess range(y), Whereﬂ

ess range(p) ={A € C | Ve > 0: u{z : |p(z) — A| < e} > 0}.

Indeed, if A ¢ ess range((p), then there exists € > 0 such that, if A. = {z : |p(x) — | < &},
then 1(A:) = 0. Hence, given f € J2, || Mo\ fl3 = Jx\a. |%|2 < e72|f||3. Hence,
M,y is invertible, with inverse M /(,_x), 80 A & 0(M,). Conversely, if A € ess range(yp),
define S, = {z : |p(z) — A| < 27™} and let xm = xs,,- Then u(Sy) > 0, so xm # 0.
Moreover, ||My_axml3 = [, lo(z) = A]? < 272" u(Sp) = 272" |[xm 3. Hence, M,_, is
not bounded below, so not invertible. Thus, A € o(M.,,).

Lemma 4.30. Let 7 be a Hilbert space and T € B(J€). If T and T* are bounded below,
then T is invertible.

Proof. By Lemma it suffices to show that T(J#) is dense. But T(#)*+ = ker T*.
Indeed, y € T()t <<= (y,Tz) = 0 for all x € # <= (T*y,z) = 0 for all
x € <= T*y=0. Since T* is bounded below, ker T* = {0}. Hence, T(#)* = {0},
so T'(J) is dense. O

We saw in Lemma[£.14] that the eigenvalues of a bounded self-adjoint operator are real.
We now have the following generalization.

Lemma 4.31. Let 57 be a Hilbert space and T € B(.7).

(a) If T is self-adjoint, then o(T) C R.

(b) If T is unitary, then o(T) C {A € C: || = 1}.

Proof. (a) By Lemmal4.30} it suffices to show that if | Im A| # 0, then T— X and (T'—\)* are
bounded below. Let [[y[| = 1. Then [[(T' = Ny|| = [((T' = Ny, y)| = Ty, y) = My y)|-
Since (Ty,y) € R by Lemma [4.14) and |jy|| = 1, then |[(T — A)y|| > [ImA|. Thus,

(T = Nz[ = [ImA| - [|z]| for all z € . Also, [(T — A\)*z|| = (T — Nzl >
[Im A| - ||z|| = |Im A| - ||z||. Hence, T'— X and (7" — A\)* are bounded below.

5. Let .1 be the pushforward measure . u(B) = (o~ *(B)) for Borel B C C. Then A is in the essential
range of ¢ iff every neighborhood of A has positive ¢, u-measure. In general, ess range(p) = Ny=¢ a.c. Rany.
If X is a compact subset of R, ¢ € C(X) and p is the Lebesgue measure, then ess range(¢) = Ran(yp).
Indeed, if A € ess range(y), then for each e > 0, we have p{z : |p(x) — A] < €} > 0. In particular,
{z : |p(x) — A\| < €} # 0. Thus, Bx. N Ran(p) # 0. Since € > 0 is arbitrary, we get A € Ran(p). But
Ran(y) is compact, hence closed, so ess range(¢) C Ran(p). Conversely, if A € Ran(yp), then A = ¢(zo)
for some xo. Let € > 0. Since ¢ is continuous, there exists § > 0 such that |p(zo) — ¢(z)| < € whenever

|z —x0|2 < 6. Hence, pu{x : |p(xo) —p(z)| < e} > p{x : |z —x0|2 < 8} = ¢nd™ > 0. Thus, A € ess range(p).
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(b) It suffices to show that if |A| # 1, then T"— X and (T — A\)* are bounded below.

We have [(T' = M| = [[|Tz| — [[Azl|| = [T = [A[] - [lz]|, since [[Tz]| = [lz[]. Also,
(T —N)*z|| = (T~ = Nx|| > |1 — ||| - ||=]|, since T~ is unitary. Hence, T'— X and
(T"— M\)* are bounded below. O

The following lemma is a special case of the spectral mapping theorem.

Lemma 4.32. Let X be a Banach space, T € B(X) and p(t) a polynomial. Then

o(p(T)) = p(a(T)).

Proof. If p(t) = c is constant, then p(T") = ¢l and o(cI) = ¢ = p(c(I)). So suppose p is
not constant. Given A € C, let {u;} be the roots of the polynomial p(t) — A. Then we
have p(T) — A = ao [[j=1(T" — p;), where ag # 0. If T'— p; is invertible for each 4, then
p(T) — A is invertible. Conversely, if T' — p;, is not invertible for some ig, then p(7') — A
is not invertible. Indeed, by the open mapping theorem, T" — p;, is either non-injective
or non-surjective. If it is not injective, then p(T') — A = (T — p1) - - (T — pn ) (T — i) 18
not injective. If it is not surjective, then p(T) — XA = (T — pio )(T — p1) - -+ (T — pyp) is not
surjective. We thus showed that p(7') — A is invertible iff each T" — p; is invertible.
Hence, A € o(p(T)) <= pi € o(T) for some i. But u; € o(T) implies A € p(a(T)),
since p(p;) — A = 0. Conversely, A € p(o(T")) implies A = p(u) for some p € o(T). So p is
a root of p(t) — A, so u = p; for some i. Hence, u; € o(T). Conclusion: A € o(p(T)) <~
A€ p(o(T)). O

We now turn to the main result on the spectrum of a bounded operator.

Definition 4.33. Let T' € B(X). We define
a) The resolvent set of T by p(T') = C\ o(T).
b) The spectral radius of T by || T|s = supyeq(ry [Al-
c¢) The resolvent operator of T by R(\) = (T — \)~! for X € p(T).
Let X be a Banach space and x; € X. Recall that Y x; is absolutely convergent if

Yozl < oo. Since || D20, zif| < 5, ||wil|, then absolute convergence implies conver-
gence by the Cauchy criterion.

Theorem 4.34. (i) If T € B(X) and ||T|| < 1, then I — T is invertible. Moreover,
(= T) = Sy ™ and (I~ 7)1 < by

The set of invertible operators is open in B(X).

If (Al > ||IT||, then XA € p(T), R(\) = =302 o A" 1T and |RON)|| < m
(Resolvent identity). For all \,u € p(T) we have R(A) — R(p) = (A — u) R(A)R(p).

p(T) is open, and the resolvent R(\) is an analytic operator-valued function. That
is, any X € p(T) has a small neighborhood in which R(u) can be expressed as a
convergent power series R(p) = 35 (p — )" 1R(\)".

(vi) o(T) is a compact non-empty set with | T||» < ||T||.

Proof. (i) Since ||T|| < 1, the series Y T™ is absolutely convergent, hence convergent,
say to S. Let Sy = Y017, Then (I —T)Sy = Sy(I —T) = I —TVN. Letting
N — o0 we obtain § = (I — T)~%. Finally, [|(I - 7)Y < 52, | T]" = =z

(i) If T is invertible and S € B(X) satisfies |T — S|| < ||T71||7}, then |ST-! — I|| <
IS =TT~ <1, s0 ST~ =1~ (I~ ST!) is invertible by (i). Hence, S is
invertible, so the set of invertible operators is open.
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(ili) T — A= —A(I — ). Since || L] < 1, R()) exists by (i) and equals —A~* 302 ()",
The norm is bounded as in (i).

(iv) (A=) RA)R(p) = RA)A = ) R(p) = ROV(T — p) — (T = MR (k) = R(A) — B(p)-

(v) Let A€ p(T)and p € C. Then T —pu=(T—X)—(u—XA) = (T =N — (u—A)R(N)).
So by (i), (T — ) is invertible if ||(u — \)R(\)|| < 1, ie. |u— Al < ||[R(N\)||~!. This
shows that p(T) is open. By (i), R(p) = R(A) > opo(pe — A)"R(A)™ for such p.

(vi) By (iii), if A € o(T), then |A| < ||T'||. Hence, ||T||s < ||T||. In particular, o(T) is
bounded, and it is closed by (v). Suppose that o(T) = (. Then R(\) is analytic
on all C by (v). We claim it is also bounded. Indeed, by continuity, it is bounded
on the compact set {)\ Al < 2||T||}, and if |A| > 2||T||, then by (iii), we have
IR < B HTH HTII Fix f € B(X)*. We thus showed that f(R()\)) is a bounded
entire function, so by Liouville’s theorem, f(R(A)) is constant. But |f(R(\))| <
£l IR < % — 0 as |A| = oco. Hence, f(R()\)) = 0, since it is constant.
Since this holds for all f € B(X)*, then by Hahn-Banach, R(\) = 0. This contradicts
the fact that R(\) is invertible, so o(T") # 0. O

Theorem 4.35. Let X be a Banach space and T € B(X). Then
IT)le = lim |T7[Y/" = inf |T"|"/".

Proof. Upper bound. If X\ € o(T), then \* € o(T™) by Lemma so |A" < || T"|» <
|T™|| by Theorem [4.34(v). Hence, |A| < || T||'/". Thus, ||T||, < inf, [T}/

Lower bound. Fix f € B(X)*. By Theorem [£.34|v), f(R())) is analytic on the
annulus [\ > ||T]j,. And by Theorem [£.34[iii), f(R(\)) = — S22 A" 1f(T") in
the smaller annulus |[A\| > ||T||. By the theory of Laurent series from complex anal-
ysis, we also have f(R()\)) = — Y02 A"~ Lf(T™) in the larger annulus |A| > ||T|,.
In particular, sup, [A™""1f(T")| < oo. By the uniform boundedness principle, it fol-
lows that sup,, [[A\"""1T"|| = K < co. Hence, ||T"||"/" < KY™|A*Y/" for all n. So
lim || 77||'/™ < |A|. Since this holds for all A such that |A| > ||T|,, we have proved that
lim || T"||"/" < ||T||s. Putting this together with the upper bound, we get

Il < inf 771" < L 77" < Tim | 77" < |7,
n
This completes the proof. O

Corollary 4.36. If 5 is a Hilbert space and T € B(J€) is normal, then ||T|, = ||T|.
More generally, ||p(T)|| = maxyeq(r) [P(A)| for any polynomial p(t).

Proof. As T*T is self-adjoint, ||T||? = sup|jz|<1 {1z, Tx)| = sup g <1 (T Tz, )| = | T*T|

by Lemma But ||[T*T|? = sup|z<1 (1T, T*Tx)| = Sup”xHS1|<T2x,T2x>| =

|T2||%, since TT* = T*T. Hence, |T||*> = ||T?||. By induction, |T||* = ||T"| for
||

n = 2,22,23 ... Thus, using Theorem {4.35, |7, = lim, | 7"(|"/" = lim \|T2k||1/2k =
limy || T[] = (|-

Next, p(T') is normal by induction, so using Lemma we get [[p(T)|| = ||lp(T)||e =
Max,eq(p(7)) |1 = Max,ep(o(r)) |1l = maxyeo(r) [p(A)]- O

Example 4.37. Let 7 be the space of 2 x 2 complex matrices.

(a) If T = <)E)1 /S) for A; € C, then T is normal. We have o(T) = {1, A2}, so
2

A0

|IT|le = max{|A1],|A2|} = ||T||. Note that T" = ( 0 n
2

>, so |||V = ||
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(b) Let T' = <(1) ?) with XA # 0. Then T is not normal. We have o(T") = {1}, ||T|lo =1

1 n\
0 1

|T™[|Y/™ — 1, as asserted in Theorem

but |T]] = (1 + |A2)/2. Here T" = ) so |77 = (1 + [nA[2)Y/2. Hence,

4.5 Continuous functional calculus

Definition 4.38. Let J# be a Hilbert space, suppose T' € B(J) is self-adjoint, and let
f € C(o(T)). Since o(T) is a compact subset of R, by the Weierstrass approximation,
we may find polynomials p,(¢) such that p,(t) — f(¢) uniformly on o(7"). We define the
operator f(7T) to be the limit in B(J#) of the operators p, (7).

Lemma 4.39. f(T) is well-defined. That is, the sequence p,(T') converges, and its limit
is independent of the choice of the approximating polynomials.

Proof. Using Corollary (4.36} [[pn(T) = pm(T)| = [|(pn—pm)(T)| = e, | (Pn—pm)(N)| =

0 as n,m — oo, since {py(t)} converges uniformly. Hence, {p,(T")} is Cauchy, and con-
verges by the completeness of B(.7).

If ¢,,(t) is another approximating sequence of polynomials, then repeating the previous
argument we get ||gn(T) — pn(T)|| — 0, hence lim ¢, (T") = lim p,(T") = f(T). O

Definition 4.40. Let J# be a Hilbert space and T' € B(J#). We say that T is positive,
and denote T' > 0, if (T'z,x) > 0 for all x € 5. We say that T > S if T'— S > 0.

Theorem 4.41. Let 7 be a Hilbert space, T € B(J) self-adjoint and f € C(o(T)).
(a) The map f ~ f(T) is an algebraic x-homomorphism from C(o(T)) — B(J¢). That
s, (fg)(T) = f(T)g(T), (af)(T) = ef (T'), UT) = id and f(T') = f(T)".

(b) ( ) is invertible iff f(X) # 0 for all X € o(T).
(c) (Spectral mapping theorem). o(f(T)) = f(a(T)).
(d) 1A = 1 Nloo-
(e) If Tx = Az, then f(T ) = f(N)z.

)

(f) If f >0, then f(T) >
(g

) If TS = ST, then f(T )S = Sf(T).

Proof. (a), (e) and (g) are clear for f,g polynomials, and follow by passing to the limit.
For (b), suppose first that f(A\) # 0 on o(7). Then g = 1/f € C(c(T)). Moreover,
f®)g(t) = g(t)f(t) =1, so by (a), f(T)g(T) = g(T)f(T) = id, hence f(T) is invertible.
Conversely, suppose f(u) = 0 for some pu € o(T). Let {p,} be a sequence of polynomials
converging uniformly to f. We may assume p, (1) = f(x) = 0 by considering the sequence
gn(t) = pn(t) — pn(p). Since p € o(T), then 0 = p,(n) € o(pn(T)) by Lemma [4.32] Hence,
pn(T) is not invertible. But the set of non-invertible operators is closed by Theorem m
Hence, f(T) is not invertible.

For (c), we have u € o(f(T)) iff f(T) — p is not invertible. Applying (b) for f — pu,
this happens iff f — p has a zero in (7)), i.e. iff p € f(o(T)).

By (a), f(T) is normal, so using Corollary [£.36| and (c), we have || f(T)|| = || f(T)|lc =
max,eq(f£(7)) 1] = maxye p(o(r)) |1l = maxyeq () [f(A)] = [|f[|oo-

For (f), note that f > 0 1mpl1es f = g? for some real-valued g € C(o(T)), so f(T) =
g(T)? by (a). Moreover, g(T) is self-adjoint by (a), so {f(T)z,x) = ||g(T)z||*> > 0. O
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Remark 4.42. The previous functional calculus can be generalized to normal operators.
For this, one first shows that for polynomials p in z and z € C, we have o(p(T,T%)) =
{p(2,2) : z € o(T)}, deduce that ||p(T,T")|| = max.cq(r) [p(2,7)|, then define f(T") and
find its properties as we did. The reason for this detour is that now o(7") can be complex,
so the polynomials p(z) are no longer dense in C'(K). To apply Stone-Weierstrass, we
must consider polynomials p(z, 2).

The functional calculus can be used to define the operator v/T for any positive self-
adjoint operator T € B(#). Tt turns out to be the unique operator satisfying (v/7)% = T.
One can then define the modulus |T'| = vVT*T for any T' € B(J), and it can be shown
that T has a polar decomposition T = U|T|. If T is invertible, then U is unitary.

4.6 Borel functional calculus

The functional calculus admits an important generalization to the set #(o(T')) of
bounded Borel functions. The great advantage is that one can now consider characteristic
functions x4, and it turns out that x4(7") is an orthogonal projection. The proof is a bit
more difficult because Borel functions are not uniform limits of continuous functions.

Theorem 4.43. Let 7 be a Hilbert space, T € B(.) self-adjoint and f € B(o(T)).
One can define an operator f(T) € B(A) such that

(a) The map f — f(T) if an algebraic x-homomorphism from B(o(T)) — B(H).

(b) 1AM < 1 lloo-

(c) If f(t) =t, then f(T)=T.

(d) If fn, f € B(a(T)) satisfy sup,, || fulleo < 00, and f, — f pointwise, then f,(T) —
f(T) strongly in B(5C).

(e) If Tx = Az, then f(T)x = f(N)x.

(£) If f >0, then f(T) >0

(¢) If TS = ST, then f(T)S = Sf(T).

Proof. Fix x,y € A . Define a functional F; , on C(c(T")) by Fy,(f) = (f(T)z,y). Then
Fay i bounded: |Fyy(F)] < 1A llyl = 1f oyl Hence, Fuy € C(o(T))* and
| Feyll < llz|[llyll- By the Riesz-Markov representation, we may find a unique Borel regular
measure [z, on o(T) with total variation |u,,|(c(T)) < ||z||||lyll, such that F,,(f) =
S dpay, ie. (f(T)z,y) = [;ir) f(A) dpay(A) for any f € C(o(T)). We extend this to
Borel functions by defining (Bf)(z,y) = [, f(A) dpay(A) for f € B(o(T)). Then B is
lincar in z, conjugate lincar in y, and |(B/)(#,)| < Iflloclitesl @) < Iflclzllyl
Thus, B is a bounded sesquilinear form, so by the Riesz representation theorem of Hilbert
spaces, there exists a unique operator, call it f(T'), such that (Bf)(z,y) = (f(T)z,y), and
(D)) = 1B|l < ||flloc- We thus defined f(T) for all f € #(o(T)) and verified (b).

I £(t) = £, then (F(T)e,5) = (BA@1) = fyry FO) diag (D) = fyry Aditay (V) =
(T'z,y). This holds for all z, y, so (c) is proved. Similarly, (af)(T) = af(T) and 1(T") = id.

Let fn, f as in (d). By dominated convergence, (fn(T)z,y) = [,(7) fn(A) diay(X) —
Joery FA) dpigy(A) = (f (T, y) for z,y € . Thus, fn(T) converges weakly to f(T). We
prove strong convergence later.

We now prove (fg)(T) = f(T)g(T). Fix g € C(o(T)) and let ¥ = {f € B(c(T)) :
(f9)(T) = f(T)g(T)}. Then ¥ > C(o(T)) by Theorem .41} Moreover, ¥ is a vector
space since [(af1 + Bf2)g9)(T) = a(fi9)(T) + B(f29)(T). To see this equality, note that
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([ahy + Bho](T)x,y) = [lahy + Bholdpay = o [hidpuey + B [ hadpey = ([0hi(T) +
Bha(T)]x,y) for any x,y. Clearly, the constant function 1 € #. Finally, suppose f, € ¥
satisfy sup,, || fnllco < 0o and f,, — f pointwise. Then ((fg)(T)x,y) = Um((fng)(T)z,y) =
Um(f,(T)g(T)x,y) = (f(T)g(T)x,y) by weak convergence. This holds for any z,y, so
(fg)(T) = f(T)g(T). Hence, f € ¥. By the monotone class theorem, we thus have
¥V = B(o(T)). Now fix f € B(o(T)) and let ¥' = {g € B(o(T)): (f9)(T) = f(T)g(T)}.
Then ¥’ is again a vector space, 1 € ¥/, and ¥’ D C(c(T)) by what we just proved. If
gn € V', sup ||gnllee < 00 and g, — g pointwise, then ((fg)(T)z,y) = Uim((fg,)(T)z,y) =
lim (£ (T)ga(T),y) = lim{gn (T)a, F(T)y) = (g(T)z, F(T)*y) = (F(T)g(T), y). Hence,
(fg)(T) = f(T)g(T). Using monotone class again, this completes the proof. Similarly we
prove f(T) = f(T)* and items (e) and (g). Moreover, (a) implies (f) as before.

We finally prove strong convergence for f,, f as in (d). We know | f,, — f|?(T) converges
weakly to 0, so using (a) we get |(fo — D)@ = ((fu — F)T)z, (fu — HT)z) =
{|fn — fFI2(T)x,z) — 0, as asserted. O

Definition 4.44. Let T' € B(.%) be self-adjoint and let x,y € 7. We define the spectral
measure [z, of T to be the unique regular Borel measure satisfying

@) = [Ty ()

o(T)

for every f € B(o(T)). As shown in the previous proof, such a measure exists, and has a
total variation | ,[(0(T)) < ||z|/||y||. We denote py = pig s

Example 4.45. Let M, be the multiplication operator of Example and let f €
HB(o(My)). Then f(My) = Myo,. Tosee this, let ¥ = {f € B(o(M,)) : f(My) = Myop}-
Clearly, ¥ contains polynomials. If f € C(o(M,)), let p, be polynomials converging
uniformly o f. Then [|My, o0t — Myoptllz2 = [(pno @) — (fo@)tll = [(pa—f) ol <
1Pn = Fllool9lz2, 50 1Mprog — Myogll < lIp — flloe — 0, hence Myop = lin My, o —
limp,(M,) = f(M,), where the last equality holds by definition of f(M,). We thus
showed that ¥ O C(0(M,,)). Clearly, ¥ is a vector space containing the constant function
L If f, € ¥, fo >0, sup, || falle < oo and f, T f pointwise, then by Theorem [4.43]
f(Mp)y = lim f,(My)y = Um My, 0,0 = lm[f, o @b = [f o gl = Mpep1p. Here
|[fn © @]t — [f o @]ab||z2 — O by monotone convergence. As ¢ € L? is arbitrary, we get
f(My) = Mye,, ie. f €. Using monotone class, we thus get ¥ = %#(c(M,)).

Definition 4.46. Let T be self-adjoint. We define the spectral projection Pr : (o (T')) —
B() by Pr(E) = xg(T), where xpg is the characteristic function of E.

Lemma 4.47 (Projection-valued measure). Pr(E) is an orthogonal projection for any
E e B(a(T)). Moreover,

(i) Pr(0) =0, Pr(o(T)) = id,

(ii) For any Borel partition o(T) = U Ey, we have id = Y1° Pr(Ey). Here convergence
is in the strong sense.

Proof. As xg(t)? = xg(t) and xg(t) is real-valued, then by Theorem a), Pr(E)? =
Pr(FE) and Pr(FE) is self-adjoint. Hence, Pr(FE) is a projection.

Let z,y € . Then (x¢o(T)x,y) = [ xp(A) duzy(X) = 0, so Pp(B) = 0. Similarly,
Xo(r)(T) = U(T) = id. If fu(t) = 337 x£, (t), then |[fullco = 1 since the Ej are disjoint,
and fy(t) = Xq(r) pointwise since UEy = o(T'). Hence, }°1 Pr(E}) — id strongly. O
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Theorem 4.48 (Spectral Theorem III). Let ¢ be a Hilbert space and let T € B() be
self-adjoint. Then for any f € A(R), we have

f(T) = / oy VPRV,

in the sense that (f(T)x,z) = [

g

) f(N) APr(N)z, z) for any z € 2.

If T is a compact self-adjoint operator, then it has an orthonormal basis of eigenvectors.
If \i are its eigenvalues and if Py is the orthogonal projection onto 74, = {x : Tx = \ix},
then T' = >, A\ P, as the reader can check. If T' is only bounded, the spectrum is not
discrete in general, and this is why the sum gets replaced by an integral.

Proof. We have (Pr(E)z,z) = fa(T) XE(N) dpg(A) = g (E) for any Borel E C o(T). So
the theorem follows from the functional calculus. O

4.7 Further results

Each section of this chapter could be considerably expanded. Compact operators
have a rich theory that extends beyond spectral theory, especially in connection with the
operator ideals .#, we briefly mentioned. See [29] for an elementary treatment and [35]
for the advanced theory. The are also many results in the spectral theory of compact
operators which we did not cover. A famous one is the Fredholm alternative, which says
that if X is a Banach space, T € K(X) and A\ € C*, then exactly one of the following
statements is true:

(i) either the homogeneous equation Az — T'z = 0 has a nontrivial solution,

(ii) or the inhomogeneous equation Az —T'z = b has a solution for every b € X, and this
solution is automatically unique.

This alternative is very useful for studying integral equations. In this case, the homo-
geneous equation is Af(t) — fol k(t,s)f(s)ds = 0, while the inhomogeneous equation is
Af(t) — fol k(t,s)f(s)ds = b(t). Quite interestingly, this alternative also implies that if T’
is a compact operator on an infinite-dimensional Banach space, then o(T") = 0, (T) U {0},
where 0, (T) are the eigenvalues of 7. This in turn can be used to prove the spectral
theorem for compact self-adjoint operators. For details, see [38] and [28].

The spectrum can be defined in any Banach algebra, not just the algebra of operators.
Many results generalize without difficulty to this setting. To speak about adjoints, one
needs to add some structure to the Banach algebra (namely, an involution) and specify its
relation with the norm. This gives rise to C*-algebras. An important result in this theory
is the Gelfand-Naimark theorem for commutative C*-algebras. We shall not state it here
to avoid too many definitions, but we mention that it can be used to prove a generalized
spectral theorem, which yields Theorem for normal operators as a special case. An-
other famous theorem in this theory is the Gelfand-Naimark-Segal (GNS) construction,
which is perhaps more algebraic in nature, and states that every C*-algebra can be re-
garded as a C*-subalgebra of B(4¢) for some Hilbert space /. For these results, see [32]
and [26].

The spectral theorem for bounded self-adjoint operators is hailed as “one of the most
important mathematical achievements of all times” in [20]. It has another version which
goes as follows: any self-adjoint T € B(.) is unitarily equivalent to a multiplication
operator. More precisely, there is a measure space (X, 1) and ¢ € L% (X) such that T" and
M, are unitarily equivalent. This theorem can be refined to give a complete classification
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of self-adjoint operators up to unitary equivalence. The reader can find these results in
[28] and [20].

The Borel functional calculus is a special feature of normal, in particular self-adjoint
operators. However, we can define a functional calculus for any bounded operator, if
we consider the smaller set of holomorphic functions. For this, see [32]. Finally, the
Borel functional calculus and the spectral theorem can be extended to unbounded self-
adjoint operators. Such an extension is really important in mathematical physics, since
the Hamiltonian is an unbounded operator. This generalization is not exactly “proved
similarly” for many reasons. One of them is that we used the compactness of o(T') to
define the continuous functional calculus and then the Borel calculus. For unbounded
operators, o(7T) is no longer compact, so one proceeds differently. There are two ways to
do this: either prove the spectral theorem for unbounded operators from scratch, or prove
it using the spectral theorem for bounded operators. For the first approach, see [39], for
the second one see [28] and [34]. Here is the result:

Theorem 4.49. To every self-adjoint operator T on o Hilbert space €, we can find a
unique projection-valued measure Pr such that T = [y AdPr(A).

If py(E) := (Pp(E)x, z), then we can define an operator f(T) for any Borel function
f R—=C by

DU = {re s feP@u)}, (D)= [ )y,

This operator has the following properties:
(a) dr(T) =T.
(b) Forz € D(f(T)), we have || f(T)z||* = [ |f(N)]* dpz(N)-

(¢c) f(TY = f(T). In particular, f(T) is a normal operator, it is self-adjoint if f is
real-valued, it is positive if f >0, and it is unitary if |f| = 1.

(d) If f and fg are bounded, then (fg)(T) = f(T)g(T).
(e) If A € C\R, then 75 = R(\).
(f) If Tx = Az, then f(T)x = f(\)z.

4.8 Exercises

1. Let X,Y be Banach spaces, T' : X — Y. Show that the following assertions are

equivalent:
(i) T is compact.

(ii) T'(Xy) is compact. Here X is the closed unit ball of X.

(iii) Any bounded sequence (z,) in X has a subsequence (z,,) such that (T'z,,)
converges.

2. Define T': #P — (P by T : (x;)7° — (x;/7)5°. Show that T is compact if
(i) 1<p< oo,
(ii) p = o0.
3. Suppose A, B € B(.%) and AB is compact. Which statements are true?
(a) Both A and B are compact.
(b) At least A or B is compact.



4.8. EXERCISES 71

4. Which of the following statements are true?
(a) There exists a compact operator with a closed image.
(b) The image of any compact operator is closed.
()
(d) There exists a compact operator with a non-closed image.
(e)
f) The kernel of any compact operator is finite dimensional.
5. Which of the following operators T : L*[a,b] — L?[a, b] has a finite rank ?
(8) (TF)() = Xy 05(8) [ 05(5) £(s) ds, where 5,15 € L[a,b].
(b) (Th)(t) = [, f(s)ds.

6. Consider the Hilbert space ¢? and let T : 2 — (2 be a linear operator defined by a
matrix (a;;)75-1-

(i) Suppose a;; = b; jc; ;, with sup, > |bz-7j|2 < 0% and sup; >, |Ci,j’2 < O2. Show
that T is bounded, with ||| < C1Cs.

< Cf and sup; Y, |a; ;| < C5. Show that T

The image of any compact operator is not closed.

There exists a compact operator with a finite dimensional kernel.

(ii) Suppose the a;; satisfy sup; 3_; |ai ;
is bounded, with ||T']] < C1C5.

(iii) Suppose T is defined by the matrix

al a9 as
az ag
as

T —

and suppose » 72, |a;| < co. Show that 7' is compact.
7. Let  be a separable Hilbert space and T' € B() a compact operator.

(i) Suppose T is self-adjoint. Show that there exist an orthonormal basis {e,} of 7
and a sequence {\,} C R such that for each = € 7, we have x = > (x, ex)ex and
Tx =Y M (z, ex)eg.

(ii) Show that even if T is not self-adjoint, there exist orthonormal sets {e,} and { f,}
and a sequence {u,} C Ry such that for each z € 7, we have © = Y (x, ex)ey,
and Tz = 37 ux(z, ex) fx.

Hint: let {e,} correspond to T*T as in (i), show that the corresponding A, must
be positive, then take jip, = /M.

8. Let (X,u) be a o-finite measure space and let K € L?(X x X). Define the inte-
gral operator Tk : L*(u) — L*(u) by (T f)(z) = [x K(z,y)f(y)du(y). Show that
(TxN)(@) = Jx K(y, ) f(y) du(y)-

9. Let Tk : L?[0,1] — L?[0,1] be the integral operator with kernel K(z,y) = min(z,y)
for0<z,y<1.

(a) Show that Tk is a compact self-adjoint operator.

(b) Suppose Tk f = A\f, where 0 # f € L? and A € R. Differentiate this equation twice
to obtain a differential equation for f. Obtain the boundary conditions for f and
f' from the integral equations.

(c) Multiply the differential equation of f by f and integrate from 0 to 1. Deduce that
A>0.



72

CHAPTER 4. SPECTRAL THEORY

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

(d) Find all the eigenvalues of Tk.

Let Tx : L?[0,1] — L?[0,1] be the integral operator with K(z,y) = xa(z,y), the
characteristic function of A = {(x,y) : y > —z + 1}. Find all the eigenvalues of Tk.
Let T : £2 — ¢% be the right shift T : (21, 72,...) = (0,71, 22,...). Show that 0 is not
an eigenvalue of T', but 0 € o(T).

Let T : 2 — % be defined by T : (2;)$° — (ajx;)$°, where () is dense in [0, 1]. Find
the eigenvalues of T', and o(T).

Let T : £>° — £ be the left shift (z1,x2,...) — (2, x3,...).

(a) If [A| > 1, show that A € p(T).

(b) If |A] <1, show that A is an eigenvalue and find the eigenspace X.

Let T : P — (P be the left shift (z1,z9,...) — (x2,23,...). Suppose 1 < p < co. If
IA| =1, is A\ an eigenvalue of T" ?

Let T' be a compact self-adjoint operator on a Hilbert space 7. Show that o(7T) =

op(T), where 0, (T") is the set of eigenvalues of T
For the integral operator of Exercise [9] calculate
(i) |[Tx|| (Hint: calculate ||Tk||s)-
(i) (1K L2(x < x)
(iii) ||Tk||2 by two methods: first using (ii), next using the definition of the Hilbert-
Schmidt norm, with an orthonormal basis of eigenvectors.

Same question as Exercise [I6] for the integral operator of Exercise [I0]
Let ¢ be a Hilbert space and let T' € B(.%) be self-adjoint. Show that o(T") C [m, M],

where
m = inf (Tz,z) and M = sup (Txz,x).

lzll=1 |lz||=1

Hint: Show that if A= M + ¢, ¢ > 0, then T — X is bounded below. Argue similarly if
A=m—c.
Let 4 be a Hilbert space.

(i) Show that if 7' > 0, then I 4+ T is invertible.

(ii) Show that if T' € B(.%), then I +T*T is invertible.
(McCarthy inequalities). Let T' be a positive self-adjoint operator on J# and = € .
Show that

(i) If @ > 1, then (T, x) > (Tz, )| z|*> 2.

(i) If a € (0,1], then (Tx,z) < (Tw, xz)%||x|?~22.
Hint: for (i), apply the Holder inequality to (T'z,x) = fa(T) Adpgz(N). For (ii), apply
(i) to T® and ™!,
These inequalities remain true for unbounded operators, if z € D(T).
(Stone’s formula). Let T be a self-adjoint operator. Show that for all ¢ € # we have

1

§ = 5 X0t ()Y + Xap) (T)Y] -

lim — /ab (T —s—ie) ' — (T — s +ie) 1] d

Hint: let f-(\) = o= [* (== — s—) ds. Show that

T 2mi Ja \A—s—ie

0 ifA¢la,b],
Igiigfg()\): % fA=aorA=b, .
1 if A€ (a,b).
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22,

Then use the fact that pointwise convergence of f-(\) implies strong convergence of
fe(T).

(One-parameter groups). Let X be a Banach space and suppose that to every ¢t € R,
there is an associated operator Q(t) such that

(i) Q0) =id,

(ii) Q(s+1t) =Q(s)Q(t) for all s,t € R,
(iii) limyo [|Q(t)x — x| = 0 for every x € X.
Then we say that {Q(t)}ier is a strongly continuous one-parameter group.
Let A be a self-adjoint operator on a Hilbert space 7. Show that the family {U(¢) }ier
given by U(t) = e 4 is a strongly continuous one-parameter group of unitary opera-
tors.
Show moreover that the map t — U (t) is strongly differentiable at ¢t = 0, with derivative
—iA. That is, show that lim; Hw — (—iAy)|| = 0 for any ¢ € 7.
Hint: for differentiability, calculate Hw — (—iAY)||? using py and use dominated
convergence.
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