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Local Study of Functions

0.1 Reminders

Lemma 0.1. Suppose that f : ]a,b[ — R attains a mazximum or minimum at ¢ € |a,b|. If
f is differentiable at ¢, then f'(c) =0

Proof. Suppose f has a maximum at ¢ and let g(z) = W Then

— if £ > ¢, we have g(z) <0, hence f'(c) = lim, . g(x) <0,

— if z < ¢, we have g(z) > 0, hence f'(c) = limgq g(x) > 0.
Hence, f'(¢) = 0. If f has a minimum at ¢, then — f has a maximum at ¢, hence — f’(¢) = 0
and thus f/(c) = 0. O

Theorem 0.2 (Rolle’s Theorem). Let f : [a,b] — R be continuous on [a,b] and differen-
tiable on ]a,b[. If f(a) = f(b) =0, then there exists ¢ € |a, b[ such that f'(c) = 0.

Proof. Since |f| is continuous on [a,b], |f| attains its maximum at a point ¢ € [a,b]. If
|f(c)| = 0, then |f(z)| = 0 for all  (because 0 < |f(z)| < |f(c)|), hence f is identically
zero and the theorem is clear. If | f(c)| > 0, then ¢ # a, b, moreover f has a maximum or
minimum at ¢. Hence, f'(¢) = 0 by the previous lemma. O

Theorem 0.3 (Mean Value Theorem). Let f : [a,b] — R be continuous on [a,b] and
differentiable on |a,b[. Then there exists ¢ € |a,b[ such that f(b) — f(a) = f'(c)(b— a).

Proof. Let g(x) = (b—a)f(z)+(f(a) = f(b))x+af(b) —bf(a). Then ¢'(x) = (b—a)f'(x)+
f(a) — f(b). Moreover, g(b) = g(a) = 0, so by Rolle’s Theorem, there exists ¢ € ]a, b[ such

that ¢/(c) = 0, ie. F(b) — f(a) = f(c)(b — a). =

Corollary 0.4. Let f : [a,b] — R be continuous on |a,b] and differentiable on ]a,b[. Then
(i) f is constant iff f' =0,

(ii) f is increasing (resp. decreasing) iff f' >0 (resp. ' <0),

(iii) if f' > 0 (resp. f' <0), then f is strictly increasing (resp. strictly decreasing).

Proof. If f = C and x € ]a, b[, then f($+h,z_f(x) = ¢ =0, s0 f/(z) = 0. Conversely, if
f'(z) =0 for all z € ]a, b, let y > a, then by Theorem [0.3] we may find ¢ € ]a, y[ such that
f(y) — f(a) = (y —a)f'(c) = 0. Hence, f(y) = f(a) for all y € [a,b] and f is constant.

If f is increasing, then w > 0, hence f/'(z) > 0. Conversely, if f/ > 0, then
given a < x < y < b, we have f(y) — f(z) = (y — 2)f'(¢) > 0 (if f/ > 0, we also have
f(y) — f(x) > 0). The case of decreasing functions is similar. O



2 LocAL STUDY OF FUNCTIONS

0.2 Taylor-Young Formula

Definition 0.5 (Landau notation). Let f, g be two functions defined near zy € R. Assume
g(x) # 0 for x # x9. We say that

1. f = O(g) near x if there exists M > 0 such that |f(z)| < M|g(z)| near zo,

@) g,

2. f =o0(g) near zg if lim,_,, 9(@)

3. [~ gnear xg if lim,_,,, % =1.

When f = O(g), we say that f is dominated by g, when f = o(g), we say that f is
negligible in front of g, when f ~ g, we say that f is equivalent to g.

Recall that f is differentiable at z¢ iff lim,_,,, %ﬁéxo) exists; in this case we have
by definition limg_,4, %ﬁgzo) = f'(x¢). Hence, f is differentiable at zg iff

f(x) = f(xo) + f(x0)(x — m0) + o(x — 20) near xg. (%)

This means that x — f(zo) + f'(xo)(x — o) is the best linear approzimation of f near
xg. The aim of the Taylor-Young formula is to give the best polynomial approximation of
f near z.

Lemma 0.6. Suppose g is differentiable near 0 and satisfies ¢'(h) = o(h*) near 0. Then
g(h) — g(0) = o(h**1) near 0.

Proof. Let ¢ > 0. Since ¢’(h)/h¥ — 0 as h — 0, we may find ho > 0 such that |¢’(h)| <
g|h|F for h € ]—ho, ho[ \ {0}. Let h € ]—ho, ho[ \ {0}. Then by Theorem we may find
x between 0 and h such that |g(h) — g(0)| = |¢/(x)||h — 0] < e|z|*|h| < ]h|FT!. Hence,
7(]1) g()—>OaSh%O O

Theorem 0.7 (Taylor-Young formula). Let f be defined near xo and assume f is differ-
entiable n times at xg. Then near xg we have

(") (g
(x—x0)2+...+ W(m—x@"—}—o(@—mo)") .

f// (;UO)

f(w) = f(wo) + f'(w0) (v — w0) + ~—;

Proof. We prove the result by induction. When n = 1, the theorem is true by (*).
Suppose the result is true for n — 1 and apply it to f’, which is differentiable n — 1
times at xg. Then taking h = z — zg, we have

- 1 4(G+)
fl(zo+h) = Z h]+o(h” ! :th]%—o(hn h.
= =
Let g(h) = f(zo + h) — f(z0) — Sp_; L@ bk Then
o) (g - +1
g0 = Flao+h)— Y {k_(l‘;?h (0 + h) — Z FID@0) 5 _ oy,
k=1 : j=0

Since g(0) = 0, we have g(h) = o(h") by Lemma as asserted. O
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Corollary 0.8. The following expansions are valid near 0 :

2 "
n
e’ —1+x+§+ +H+o(x)
2 4 2n
z x n T 2n
cos(z) = 1—§+4 +...+ (-1 ero(x )
) 1'3 565 N xQn—&-l ol
sin(x) = T + Pt (1) m+o(x )
-1 —1) - (a— 1
(1+:c)“:1+am—|—a(a2)x2+...+a(a ) ga nt )a:"—i-o(gc”)
n:
2 3 n
ln(1+az):x—%+%+...+(—1)"+1%+o(:c”)

Remark 0.9. In Corollary
(i) we may replace o(z"), o(x?") and o(z?"*!) by O(z"*!), O(z?2) and O(2?"+3),
respectively. For example, e* =1+ + ...+ %7: + (fznTT)' + o(z™*1). Since % +
o(x"*1) = O(2™*1), we have the assertion.
(ii) We may remove o(z"), o(x?") and o(x?"*1) from the expansions, but replace = by ~.

For example, In(1 4+ z) ~ z and In(1 + ) ~ x — % near 0. Indeed, lim,_,o w =

_a? 2
limg 0“2 = Jimg o1+ %20) = 1, and i, p 2052 < lim, o T <
T 2

limg (1 + f(—mz) =1, since o(z) = 0 as  — 0 (see Rernark 5 below).

Remark 0.10. 1. If f =o(g), then f = O(g).

If f~g,then f=0(g) and g = O(f).

If j > k, then near 0, o(z7) + o(z¥) = o(2*). In particular, o(z) + o(z?) = o(x).
z - o(z) = o(zF*1) and o(z¥) = z¥o(1).

If k > 0, then lim, 0 o(z*) = 0. In particular, lim, ,oo(1) = 0.

o(g) —o(g) = o(g) and O(g) — O(g) = O(g).

If ¢ € R, then ¢-0(g) = o(g) and c¢- O(g) = O(g).E|

N o W

Proof. 1. If f = o(g), then choosing ¢ = 1, we may find § > 0 such that |%| <1, ie.
|f(@)] < lg(@)] if [z — 20| < 6.
2. If f ~ g, then choosing ¢ = 5, we may find § > 0 such that for |x—z¢| < 6, |

<
g(fr 1 <
ie. §<I < so2_|f< | < $ and thus | f(2)| < 3[g(x)| and |g(x)| < 2|f(2)].

If f/27 — 0 and g/z* — 0, then (f + g)/2" = (f/29)27 =% + g/2¥ = 0asz — 0.
If /2% — 0, then zf/2**! — 0. By induction we get o(x*) = z¥o(1).
If g = o(z¥), then lim, o g(z) = lim,_,0(g(z)/2*)z* = 0.

If f1/g— 0and fo/g — 0, then (f1 — f2)/g — 0. If | f1| < Cilg| and |f2| < Cs|g| near
o, then |f1 — fol < |fi[ + [f2| < (C1 + C2)|g| near zo.

7.If f/g— 0, then c¢f/g — 0. If | f| < C|g|, then |cf] < C'|g|. O

1
2

o oUW

1. O(g) and o(g) are sets of functions, so the equality f = O(g) is not very precise (it should be f € O(g)
and f € o(g)). This is why we get some strange rules in Remark Note also that the equality sign is
not symmetric: 0 = o(g), but o(g) # 0. Still, these notations are very helpful in practice.
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Example 0.11. (1) lim,_o Cgssgiz;)l = —1. Indeed, cos(z) — 1 = —z?/2 + o(z?) and
wsin(z) = 22 + 0(a?), hence DL — “W2tel) y _y

(2) lim,_,o S=2v1tetl W = 3. Indeed, vI+z = 14+2/2—2%/8+0(x?), hence e* —2v/1 + z+
1=(1+z+2%/2+0(2?) - (2+z—2?/4+0(2?)) + 1 = 322 + o(2?).
(3) Expand f(z) == Sm(m) to the order 5.

Let g(z) = 22 sm( ) and h(z) = 1/(1 + z). Then g(z) = 2® — 2°/6 + o(2°) and
h(z) =1—z+ 2% — 23 + 2% — 2% + o(2%). Hence, using remarks 3 and 4,

f(z) =g(z)h(z) = (333 — :C5/6 + 0(:65))(1 —z+at -4+t + 0(:05))
=% — 2 +52°5/6 + o(27) .

0.3 Estimation of the remainder

Theorem 0.12 (Taylor-Lagrange formula). Let f : [a,b] — R be continuous on |a,b] and
differentiable (n + 1) times on Ja,b[. Then there exists ¢ € |a,b[ such that

f"(a) f("( )(b_ o)+ F ()

f) = f@) + F@b—a) + L2 -0+ EEERUSOA

Proof. Let g(z) = f(x) — f(b) + Xy O F (). Then

(b—a)"
n!

S (b—2)h G S (b—2) n

/(@) = 1) = 3 G 10w + 3 O 0 ) = )
i=1 : i=1 :

Let A = —g(a) ;D and h(z) = A= Then h(a) = h(b) = 0, so by Rolle’

et A= —g(a) BoayieT an () =g(z) + CESHR en h(a) = h(b) = 0, so by Rolle’s

Theorem, we may find ¢ € Ja,b[ such that 0 = h/(c) = %(f(”“)(c) — A). Hence,

A = f*+D(¢). Inserting this in the equation h(a) = 0, we obtain Taylor’s formula. O

Theorem 0.13 (Taylor formula with integral remainder). Let f : [a,b] — R be continu-
ously differentiable (n + 1) times on ]a,b[. Then

b (b—t)"

n!

b _ n
£0) = f@) + - )@ + o+ O poogay o [TEZO gy,
Proof. We prove the result by induction. For n = 0, the theorem is true by the fun-
damental theorem of integration (f(b) = f(a) —|— f b #(t)dt). Now integrate by parts

. _(ph—t\nt+1 —a n+1 n
with u = f("+1)( t) and v = % to get f f(”“)( t)dt = (b(n+)1)! ( +1)(a) +
n+1
fb (b—1)

s (n+1), ft2) (¢ ) dt. Hence, if the result is true for n, it is also true for n + 1. O

0.4 Exercises

1. Expand f(z) = to the order 2 near 0.

2
T
2. Expand f(z) = *T10 to the order 5 near 0.

3. Let g(z) = - on |-Z, Z[. Expand g to the order 4 near 0.

cos T 272

4. Expand tanx to the order 5 near 0.




0.4. EXERCISES )

. Expand f(z) = (1 4 cosz) — 2tanz to the order 3 near 0. Deduce a function which

is equivalent to f.

. Calculate the following limits. Here a,b > 0.

. z(l4+cosx)—2tanx 1 1
e lim - lim (7 — 7)
z—0 2r —sinx —tanz z—0\z  In(l+x)
L T4 pr 1/
o lim < e lim (a i ) :
z—0 z—0 2

. Give an example of functions f, g, h such that f ~ g near 0, but the relation h+f ~ h+g
is not true. Show that if A/g has a limit, then h + f ~ h + g.






Chapter 1

Numerical Sequences

1.1 Limits of numerical sequences

Definition 1.1. A numerical sequence is a map u : N — K, where K = R or C. We
denote u, := u(n). The map itself is denoted by (un)nen-
If K=R, (un)nen is real sequence. If K = C, (up)nen is complex sequence.

More generally, a sequence may start from an index kg € N. In this case, we denote it
by (un)n>k,- For simplicity, we shall often denote sequences by (uy).

Definition 1.2. We say that a sequence (uy,) is bounded if
IM >0: |u,| <M Vn € N.
Definition 1.3. We say that ¢ € C is a limit for a numerical sequence (uy,) if
Ve>03dnpeN:n>ny = |u, — ¢ <e.
If (uy,) has a limit, we say that (uy,) is convergent. Otherwise, we say that (u,) is divergent.
Lemma 1.4 (Uniqueness of the limit). Any sequence has at most one limit.

Proof. Suppose on the contrary that a numerical sequence (u,) has two limits ¢ # ¢’ and

choose ¢ := @ > 0. Then there exists an index ny such that |u, — ¢| < e Vn > nq, and

an index ng such that |u, — ¢'| < e Vn > ns. Let ng = max(ni,ng). Then
2
10— = (£ — ung) + (ung — )| < € — upg| + |upy — 0] < 2e = §|€—£'!-

This contradiction shows that ¢ = ¢'. O

The unique limit of a sequence, when it exists, is denoted by nlLHgO Uy, Or more simply
by lim w,. If (uy,) has a limit ¢, we say it converges to ¢ and denote u, — /.
Remark 1.5. Given two sequences u and v, if dng : u,, = v, Vn > ng, and if v has a limit

¢ € C, then v converges to the same £. In other words, if a sequence converges, and if we
change a finite number of its terms, then this does not change the limit.

Lemma 1.6. Any convergent sequence is bounded.

Proof. Suppose (u,) converges to £ € C. There there exists ng € N such that |u, —
¢ < 1Vn > ng. Hence, |up| < |up, — 4 + 4] < 1+ ¢ Yn > ng. Take M :=
max{|ug|, [uil, ..., |ung—1|,1 + |€]}. Then |u,| < M for all n, hence (u,) is bounded. [



8 CHAPTER 1. NUMERICAL SEQUENCES

Lemma 1.7. Iflimu, = ¢ € C and limv, = ¢ € C, then for any c € C,

(i)  lim cu, = ¢, (i)  Um (up+v,) =L+,

n——+oo n—-+0o

(iii)  lim wpv, =00,
n——+o0o

Proof. (i) Given € > 0, there exists ng such that
n>ng = |cu, —cl| =|c| - |Ju, — €] < |- <e,
where e’ =¢/|c|if c£0and e’ =1if ¢ =0.
(ii) Given € > 0, we have
|(tn +vn) — (L + )| = [(tun = O) + (v = )] < |up — €] + v, = ]

We know there exist ny,np € N such that |u, — (| < § Vn > ny and |v, — 0| < §
Vn > ng. Take ng = max(ny,n2). Then |(un, +vn) — (L + )| < e Vn > ns.

(iii) Given € > 0, we have

[unvy, — 0| = |upvy + upl’ — unl — 00|

= |un(vy — E/) + (un — W’! < un||vn — £/| + [un — EW\ .

Since (uy,) converges, it is bounded, so there exists M > 0 such that |u,| < M for all
n. On the other hand, we may find n1,n2 € N such that |v, — /| < 557 for n > my
and |u, — £| < & for n > ngy, where & = 2{2, if ¢/ #0and ¢ = 1if ¢/ = 0. Take
n3 = max(ni,n2). Then |uyv, — 0| < e Vn > ng. d

Lemma 1.8. Suppose u, — £ # 0. Then there exists k1 such that u, # 0 for all n > k1.
Moreover, the sequence (1/up)n>k, converges to 1/¢.

Proof. Given € > 0, we have |ui — %| = “e”sz . We start by giving a lower bound on the

denominator. We have |u,| > |¢| — |u, — £|. Choosing &’ = %‘, we know that |u, — ¢| <&’

starting from an index k1. Hence, |u,| > |[¢| — &' = ¢’ and we get

1 1’:‘Un_£‘§|£1€/|un_£’ for all n > k.

Uy, bu,,

But we may find k2 such that |u, — £] < &” for all n > ko, where ¢” = |{|¢’c. Hence,
]i—% < ¢ for all n > max(ny,ng). O

Lemma 1.9. If (u,) is bounded and (v,) converges to 0, then (u,v,) converges to 0.

Proof. Let € > 0. We may find M > 0 such that |u,| < M for all n. On the other hand,
choosing ¢’ = 7, we may find ng such that |v,| = |v, — 0] < & for all n > ng. Hence,
|upv,| < Me' = ¢ for all n > ny. O

Definition 1.10. Let zp € K, where K = R or C, let B,(z0) := {z € K : |z — 2| < r}
and let B.(20) = {z € K: |z — 2] < r}. If K =R, then B,(29) = Jz0 — 1,20 + r[ and
B, (20) = [20 — 1,20 + 7]. If K= C, then B,(z0) is an open disk of radius r > 0, centered
at zo, while B,.(z0) is a closed disk.

Definition 1.11. Let f: B,(20) — C and p € B,(z0). We say that lim,_,, f(z) = £ if

Ve>030 >0:Vz€ Br(2), |2—p| <6 = |f(2) ¢ <e.
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Lemma 1.12. Let f : B.(20) — C and p € B.(20). Then

ll_rg?f(z) =0 <= (V{un} CBr(20): upn —>p = flun) —1).
Proof. Let ¢ > 0 and suppose lim,_,, f(z) = ¢. Then we may find 6 > 0 such that
|f(2) —£| < e for any z € B,(z) satisfying |z — p| < d. But if u,, — p, then Ing such that
|up, — p| < 6 for all n > ng. Hence, |f(u,) — ¢ < e for all n > ng and thus f(u,) — £.
Conversely, suppose that lim,_,, f(z) # ¢. Then

Je>0Vd>0:32€ By(20), |2—p| <d but |f(z)—4]>c¢.

Hence, for § = 27" we may find w,, € B, (zo) such that |u, —p| < 27" but |f(u,) —¥{| > e.
Hence, u, — p but f(u,) - £. The assertion follows by contraposition. 0

Example 1.13. lim,_,osin(1) does not exist. Indeed, if z, = i then x, — 0 but

2
T 2n+1)7?
sin(+) = sin(%) = (—1)" has no limit. Hence, sin(%) has no limit by Lemma [1.12

Ty T

Definition 1.14. We say that f : B,(z9) — C is continuous at p € B,(zp) if
Ve>030 >0:Vz € By(20), |z—p|<d = |f(2) — f(p)| <e.

Lemma 1.15. Let f : B.(z0) — C and p € B.(29). Then [ is continuous at p iff
V{un} C By(20), if un — p, then f(u,) — f(p).

Proof. Comparing Definition and Definition we see that f is continuous at p iff
lim. ., f(z) = f(p). Hence, the assertion follows from Lemma [1.12] O

Example 1.16. If u,, — ¢, then |u,| — ||, since x — |z| is a continuous function.

1.2 Basic properties of R
Definition 1.17. We say that r € R is an upper bound for a set A C R if
r>a Ya € A.

We say that r € R is a least upper bound for A C R if
¢ r is an upper bound for A,
© any § < r is not an upper bound for A.
The least upper bound is also called the supremum of A and is denoted by r = sup(A).

Theorem 1.18. R has the least-upper-bound property. That is, if a nonempty A C R has
an upper bound, then it has a least upper bound.

Proof. Admitted. O
Theorem 1.19. Given x > 0 and y € R, there exists n € N such that nx > y.
We refer to this as the archimedean property of the reals.

Proof. Suppose on the contrary that nx < y for all n € N. Then A := {nz : n € N} is a
nonempty set of real numbers which has an upper bound y. Hence, it has a least upper
bound r = sup(A). Since r —x < r, r — x is not an upper bound for A, so there exists
m € N such that » — 2z < ma. Hence, r < (m + 1)z, which is impossible, since r is an
upper bound for A. This contradiction proves the theorem. ]
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Corollary 1.20. Given x > 1 and y € R, there exists n € N such that =™ > y.

Proof. Let © =1+ h, h > 0. Then by the binomial theorem, (1 + k)" > 1+ nh. By the
archimedean property, we may find n such that nh > y — 1. Hence, 2" > y. O

Lemma 1.21. Given z € R and a > 0, there exists a unique n € Z such that
na<z<(n+1la.
Proof. & Uniqueness : If n and n’ satisfy the assertion, then

n<s<n+1 :>n—n’<1:>n—n'§0} ,
— n=n.

n<f<n+l = n-n<l= n-n<0

{ Existence : By the archimedean property, we may find ni, ny € N such that an; > x
and ang > —x. Thus, A :={k € Z : ka < z} is a nonempty subset of Z (—ny € A)
which has an upper bound n;. Hence, A has a greatest element n € A.E| Since
n+1¢ A wegetna<z<(n+l1)a. O

The case a = 1 in the previous lemma is of special interest :

Definition 1.22. If x € R, the unique n € Z satisfying n < x < n+1 is called the integer
part of x, and denoted by [z]. The real = — [z] is called the fractional part of x, and is
denoted by {xz}.

1.3 Limits of real sequences

We are now interested in certain notions that use the natural order of the reals. Let
us first note the following result.

Lemma 1.23. (i) If a real sequence (uy,) has a limit £, then ¢ € R.

(ii)) A complex sequence (uy,) converges iff the sequences (Reu,) and (Imwu,) converge.

Proof. (i) Put £ = a + ib, where a,b € R. Then for any ¢ > 0 we have |u, —{| < ¢

starting from an index ng. Thus, [b] < \/(up, — a)? + b?> = |uy, — €] < & for any
€ > 0, which means that b = 0.

(ii) If (Reuy) and (Imu,) converge, then (u,) = (Reu,+Imu,) converge by Lemmal[l.7]
Conversely, suppose u, — £ € C and put £ = a + ib, a,b € R. Then

|Reup, —a| < \/(Reun—a)2+(1mun—b)2 = |up — ¢,

so the convergence of (u,) to ¢ implies the convergence of (Reu,) to a. Similarly,
the sequence (Imw,,) converges to b. O

Lemma 1.24 (Passing to the limit). Let u and v be two real convergent sequences. If
there exists k1 € N such that u, > v, for alln > ki, then limu, > limv,.

In particular, taking the constant sequence v = 0, if u,, > 0 for all n, then lim u,, > 0.

1. This follows from the well-ordering principle, which says that any nonempty subset of N has a least
element.
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Proof. Suppose u,, — {1 and v, — ¢2. By hypothesis, we have u,, — v, = |u, — v,| for all
large n. Hence,

ly — by = lim(uy, — vy) = lim |uy, —vy| = [0 —l2| > 0. O

Lemma 1.25. Let (uy,) be a complex sequence and ¢ € C. If there exists a real sequence
(vp) converging to 0 such that |uy, — €| < vy, for all n, then u, — .

Proof. Let € > 0. Since v, — 0, there exists ny such that |v,| < e for all n > ng, and thus
|up, — €| < vy, < e for all n > ng. O

Example 1.26. Let f be a bounded function defined on X C R. If M = supy f, then
we may find a sequence (x,) of elements of X such that f(x,) — M.

Indeed, M—% is not an upper bound, so there exists x,, € X such that M—% < fxp).
But M is an upper bound, so f(z,) < M. Hence, —1 < f(z,) — M < 0 and thus
|f(zn) — M| < L. Hence, f(z,) — M by Lemma

Corollary 1.27 (Sandwich Theorem). Let (uy,), (v,) and (wy,) be real sequences. If there
exists k such that u, < v, < w, for alln >k, and if limu, = limw, = ¢ € R, then (v,)
converges, and lim v, = £.

Proof. We have hypothesis 0 < v, — u,, < wy, —uy, for any n > k. Since lim(w, —u,) = 0,
the sequence (v, — wy,) tends to 0 by Lemma Since vy, = up, + (vn, — uyp), we have
limv, =¢£+4+0="~¢. O]

Definition 1.28. We say that a real sequence (uy,)
¢ tends to +oo if
VM eRIngeN:n>ny = u, > M,

o tends to —oo if (—uy,) tends to +oo, i.e. if
VM eRIngeEN:n>ny = u, < M.

Note that if u and v are real sequences, and if there exists k € N such that u, < v,
for all n > k, then (v - 400 = v — +00), and (v - —00 = u — —o0). This is
clear from the definitions, and may be seen as an appendix to the sandwich theorem.

Lemma 1.29. Let ( n) be a real sequence. Then u, — +o0 iff k1 € N:u, >0Vn > ky,
and the sequence (u In>k, tends to 0.

Proof. Suppose u, — +oo and let ¢ > 0. Then we may find k; such that u, > 1/¢ for all
n > ki. Thus, forn>k1,wehaveun>0and0<i<€ Thus, ui—>0

Conversely, let M > 0. If 1 — 0, then we may ﬁnd no > ki such that 0 < -~ - < M
since u, > 0. Hence, u,, > M and Uy — +00. ]

Definition 1.30. We say that a real sequence (u,) is

o bounded from above if there exists M € R such that u, < M for all n,

o bounded from below if there exists m € R such that w, > m for all n,

o increasing if upy+1 — uy, > 0 for all n,

o decreasing if up+1 — upn <0 for all n,

o monotone if it is either increasing or decreasing.
We say it is strictly increasing, strictly decreasing or strictly monotone if the corresponding
inequality is strict.
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Theorem 1.31. Let u be an increasing real sequence.
1. If it is bounded from above, then it converges to £ = sup{u, : n € N}.
2. If it is not bounded from above, then it tends to +oo.

If v is decreasing and bounded from below, then it converges to ¢’ = inf{v, : n € N}.

Proof. 1. If u is bounded from above, then A := {u, : n € N} has a least upper bound ¢
by Theorem Let € > 0. Then £ — € is not an upper bound, so dng € N such that
¢ — € < up,. Since u is increasing and bounded from above by ¢, we get

n>ny = L—¢c<up, <up, <L,

hence u,, — ¥.

2. If w is not bounded from above, then given M > 0, we may find ng such that wu,, > M.
Since u is increasing, we thus have w,, > u,, > M for all n > ng. Thus, u,, — +o00.
Finally, if v = —wv, then w is increasing and bounded from above, hence converges to

supu = sup(—v) = —inf v, so that v = —u converges to —supu = inf v. O

Definition 1.32. We say that two real sequences v and v are adjacent if
o Vn eN, u, < vy,
¢ wu is increasing and v is decreasing,
o (v — up) tends to 0.

Lemma 1.33. If u and v are two adjacent sequences, then they converge to a common
limit £ satisfying w, < € < v, for alln.

Proof. We have u,, < v, < vg for all n, so u is increasing and bounded from above. Hence,
u converges and u, < lim u by Theorem Similarly, v is decreasing and bounded from
below, hence converges and we have v, > limv. Finally, v = u+(v—u) and lim(v—u) = 0,
so limu = lim v. O

Definition 1.34. We say that (I,,) is a sequence of nested intervals if each I,, is an interval
of Rand I,,+1 C I,,.

Corollary 1.35 (The Nested Interval Theorem). If ([ay, by]) is a sequence of nested closed
intervals whose length tends to 0, then the set Nyen [an, bn] consists of a single point.

Proof. By hypothesis, the sequences (a,) and (b,,) are adjacent, so they possess a common
limit ¢ satisfying a,, < ¢ < b, for all n. The point ¢ thus belongs to each [ay, b,], hence
the intersection of these intervals contains ¢ and is nonempty.

On the other hand, if x € Nyen [an, by, then a, < x < b, for all n, so passing to the
limit we get ¢ = lima,, <z <limb, = ¢. Hence, z = ¢ and Nye [an, by] = £. O

1.4 Some standard limits

Definition 1.36. Let (u,) and (v,,) be two sequences of numbers. We say that

1. up = O(vy,) if there exists ng € N and C' > 0 such that |u,| < Cv,| for all n > ny.
2. u, = o(vy,) if there exists a sequence w,, — 0 such that u, = wyvy,.

3. uy, ~ v, if there exists a sequence w, — 1 such that u,, = w,v,.

Note that if v is never 0, then u, = o(v,) iff i — 0 and uy, ~ vy iff Z—Z — 1.
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Remark 1.37. If u, = o(v,), then uw, = O(v,). If u, ~ vy, then u, = O(v,) and
vp, = O(uy). This is proved as in Chapter 0.

Theorem 1.38. (a) If a > 0, then lim, o —5 = 0.

ne
(b) If a € C and |a] < 1, then lim;,, o a™ = 0.
(c) If p> 0, then lim, o {/p = 1.
(d) lim /n = 1.
(e) Ifa>1 and a € R, then lim,_, Z—: =0.
(f) If a > 1, then lim;, o a™ = +00.
(g) For any a, 8 > 0, we have lim,,_, (hibiﬁ)a =0.

Proof. (a) Let u, = n% Given € > 0, we use the archimedean property to find ng € N
such that nosl/a > 1. Then 0 < u,, < n% < ¢ for any n > ng.
0

(b) If @ = 0, this is clear, otherwise ﬁ > 1, so given € > 0 we may use Corollary to
find ng such that <|71I>n0 > 1. Hence, |a"| < |a|™ < ¢ for any n > ny.

(c) If p =1, this is clear. If p > 1, put 2, = /p — 1. Then z,, > 0 and by the binomial
theorem, 1+ nx, < (14 z,)" =p. Thus, 0 < z, < pn;l and z,, — 0.

1

E.

(d) Put z, = /n—1. Then z,, > 0and n = (1+z,)" > "("2_1 x2. Hence, 0 < x,, < %
for n > 2. Hence, x,, — 0.

() Put a =14 h, h > 0. Let k be an integer such that ¥ > o and k > 0. Then for
n > 2k, we have n = § + 5§ > 5 + k, so by the binomial formula,

0 n n\,, nn—-1--(n—k+1),, n"A*
a"=(1+h) ><k>h = x h* > ST

If 0 < p < 1, we obtain the assertion by considering ¢ =

a—k

% k .
Thus, 0 < 75 < 2kl o=k for any n > 2k. Since o — k < 0, we have n — 0.

“RE
(f) This follows from (e) by taking o = 0 and applying Lemma m

(g) We first show that (Inn)® < Cn?/2? for some C > 0. Given v > 0, let f(z) =

~1 MY — oy—1 1 _ ar—1
v 2 —Inz. Then f'(z) = 277" — 5 = “——= > 0 for any 2 > 1. Furthermore,

f(1) =471 > 0. Hence, f(x) > 0 for any z > 1. Taking v = B we thus get the

200
required inequality for any n € N*. The value of the limit now follows from (a). O

Lemma 1.39 (Decimal approximation of a real number). For any x € R, the sequence
_ [10™z]
Un = Hon

converges to x.

In particular, any real number is the limit of a sequence of rationals. We say that Q
is dense in R.

Proof. By definition, [10"z] < 10"z < [10"z] + 1, hence u, < < uy + 13=. Thus,
0§:r:—un<m%andthusun—>aj. O

Example 1.40. If z = /2, then ug = 1, u; = 1.4, up = 1.41 and ug = 1.414.
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1.5 Subsequences and the Bolzano-Weierstrass Theorem

Definition 1.41. A sequence (vp)nen is said to be a subsequence of (uy)nen if there exists
a strictly increasing map ¢ : N — N such that v, = u(,) for all n € N.

Example 1.42. (up11)neN, (U2n)nen and (u2n+1)nen are subsequences of (uy,)neN.

Note that if ¢ : N — N is strictly increasing, then we see by induction that
p(n) >n Vn € N.

Lemma 1.43. If u, — ¢, then any subsequence (vy) of (uy) also converges to L.

Proof. Given € > 0, we may find ng such that |u,, —¢| < e for any n > ng. But v, = Up(n)
for some strictly increasing ¢ : N — N. Hence, ¢(n) > n and

n>ny = p(n)>ny = |uym — ¥ <e. O

©(n)
Example 1.44. 1. The sequence (—1)" is divergent, since the subsequence (ug,) tends
to 1, while the subsequence (ug,+1) tends to —1.

2. The sequence u,, = cos(nm/4) is divergent, since the subsequence u4, = (—1)" diverges.

Lemma 1.45. If the subsequences (uay) and (uan4+1) of u converge to a common limit ¢,
then u also converges to £.

Proof. Given € > 0, we may find ni,no € N such that

n>n = |ugy, — € <e and n>ny = |ugpt1 — ¥ <e.
Take ng = max(2ni,2ny + 1). Then for n > ngy, we have |u,, — ¢| < ¢, hence u, — ¢. O
Lemma 1.46 (cf. [12]). Any real sequence has a monotone subsequence.

Proof. Let (uy,) be a real sequence. Call u,, dominant if u,, > u, for all n > ng.

If (u,,) has an infinite number of dominant terms with indices ny < nj < ..., then the
subsequence (unj ) jeN is decreasing, since up, > Up, - So the result is true in this case.

If (uy) has a finite number of dominant terms, let uy be the last one and put m; =
N+1. Then u,,, is not dominant, so there exists mg > my such that w,,;, < ty,,. Similarly,
Um, is not dominant since mg > N, so there exists mg > mg such that u,,, < up,. By
induction, there exists a subsequence wpy,;, < Upm, < Upmy < .... This completes the
proof. O

Corollary 1.47 (Bolzano-Weierstrass Theorem). Any bounded sequence has a convergent
subsequence.

Proof. 1. Let u be a real bounded sequence. By Lemma [I.46] it has a monotone subse-
quence v, which is of course bounded too. Hence, v converges by Theorem [1.31

2. Let u be a complex bounded sequence and put w, = x, + iy, with x,,y, € R. Since
|zn| < /22 + y2 = |uyl, the sequence (z,) is real and bounded, so it has a convergent
subsequence (7)) with limit a. Similarly, [y,m)| < [ugm)ls 80 (Yp(n)) has a convergent
subsequence (Yo (y(n))) With limit b. Finally, (z,y4(n))) is @ subsequence of (z,(,)), so
Ty = @ by Lemma [[AZ Thus, ey m)) = Tewm) + Yewm) = @ +ib. -
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1.6 Cauchy criterion
Definition 1.48. We say that (u,) is a Cauchy sequence if
Ve>03dngeN:pg>ny = |up —uy| <e.
Remark 1.49. Equivalently, (uy) is a Cauchy sequence if
Ve>03ng e N:ir>mng,s >0 = |u, — upgs| < €.

Indeed, to go from the first definition to the second, take p = r and ¢ = r + s. For the
converse, take 7 = min(p, ¢) and s = max(p, q) — min(p, q).

Theorem 1.50. A sequence converges iff it is a Cauchy sequence.

Proof. Suppose u,, — ¢ and let £ > 0. Choose ng such that |u, — ¢| < /2 for all n > ny.
Then for p,q > ng we have

[up — ug| = [(up =€) — (ug — O] < up — €] + |ug — €| < e.

Conversely, suppose (uy) is Cauchy. We first show that (u, ) is bounded. Taking ¢ = 1,
we may find ng such that |u, —ug| <1 for all p,q > ng. In particular, |u,| < 1+ |up,| for
any n > ng. Put M = max{|ug|,...,|uny—1],1 + |tne|}. Then |u,| < M for all n, hence
(uy,) is bounded.

It follows from the Bolzano-Weierstrass theorem that (u,) has a convergent subse-
quence (Uy(ny) With limit £. So 3ny such that |ug,) — £ < e/2 for all n > ny. But (uy) is
Cauchy, so 3ng such that |u, — ug| < e/2 for all p,q > ny. Since ¢(n) > n, we thus have
in particular |u, — Uy, | < €/2 for all n > ny. Hence, if n3 = max(ni,n2), we have

n>ng = |up — €| < |up — tgm)| + [upm) — € < e,

hence (u,,) converges to /. O

1.7 Recursive sequences

In the following, u,, : N — K, where K =R or C.

1.7.1 Arithmetico-geometric sequences

We say that (u,) is an arithmetico-geometric sequence if there exist a,b € K such that
the following recurrence relation is satisfied :

Vn € N:up1 =auy, +5b.
If a = 1, we have an arithmetic sequence, hence
Vn € N:u, =ug+nb.

Suppose a # 1, we show that

b
1—a’

VneN:u,=a"(ug—r)+r, where r =

Indeed, put v,, = u,, —7. Then vy41 = au,+b—1r = av,+ar+b—r = av,. Hence, (v,) is a
geometric sequence with common ratio a. Hence, u, = v, +1 = a"vg+1r = a™(up—r) +r.
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If up = r, the sequence is thus constant and converges to r. If |a| < 1, we also have
up — 7. If ug # r and |a| > 1, then |uy| > |a|"|ug — 7| — |r| = 400, so (uy) is divergent
(if (un) was convergent, (|u,|) would also be convergent). We will see in Exercise [7| that
if |a| = 1, then (a™) converges iff a = 1.

Conclusion : if |a| < 1, then w, — r. If |a] > 1, then (u,) converges iff (ug = r) or
(a =1 and b = 0), in which case (u,) is constant.

1.7.2 Linear recursive sequences of order 2

We say that (uy,) is a linear recursive sequence of order 2 if
Vn € N : upyo = atpy1 + buy, (%)

for some a,b € K.

Lemma 1.51. Let P(X) = X? —aX —b.

(a) If P has two distinct roots r1 and 1o, then the solutions of (%) are the sequences
(arl + Bry)nen, with a, 5 € K.

(b) If P has a double root r, then the solutions of (x) are the sequences ((a+ Bn)r™),en,
with o, B € K.

(¢c) If K=R and P has no real roots, there exist p > 0 and 0 ¢ {kw : k € Z} such that
the solutions of (%) take the form (p™(Acos(nf) + psin(nf)))nen, with A\, u € R.

Proof. Let E' = {(un)nen : (un)nen satisfies (x)}. Using elementary linear algebra, we see
that E is a vector space of dimension 2 (the map f : E — K2 given by f : (un)nen —
(up,wu1) is an isomorphism).

Hence, there are exactly two linearly independent sequences which satisfy (x).

In case (a), the sequences (r]) and (r5) both satisfy (%), and they are not proportional.
Hence, they form a basis for F, and this proves (a).

In case (b), the sequence v, = r" satisfies (x). Let us show that w,, = nr™ also satisfies
(*). Since P has a double root r, the discriminant A = a? + 4b is zero and we have r = .
Thus,

Wpyo = (n+2)r" -2 = (n 4 2)r"(ar + b) = a(n + 1)r" ™ + b(nr"™) + ar™ ™t 4 200"
= awpy1 + bw, + (% + 2b)r™ = awp41 + bwy,

because 7 = § and A = 0. Hence, (v,) and (w,) form a basis for I/, and this proves (b).

Finally, in case (c), P has roots in C of the form r+ = pe™® with p > 0 and 0 ¢
{km : k € Z}. Since the sequences (") and (r™) both satisfy (x), their linear combination
(p™ cos(nd)) and (p" sin(nd)) also satisfy (x). Moreover, they are real and form a basis for
E. This yields (c). O

1.7.3 General recursive sequences of order 1

We conclude this chapter with a study of real sequences (u,, )nen satisfying a recurrence
relation of the form
Vn e N:uyp1 = fluy),

where f: I — R is a function defined on an interval I C R, with ug € I. We also suppose
that I is stable by f,i.e. f(I) C I, to ensure that the sequence is well defined (indeed, if
say u1 = f(ug) ¢ I, then ug = f(uq1) is undefined).
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Definition 1.52. We say that an interval I C R is closed if it has the form
I=lab], I=][a,+o0[, I[=]-00,b] or I=R.
Lemma 1.53. If I is closed, u, € I ¥n and u,, - ¢ € R, then £ € I.

Proof. This is trivial if I = R. If I = [a,4o0[, then u, > a Vn, hence limu, > a by
Lemma and thus ¢ € I. The other cases are proved similarly. O

Lemma 1.54. Let f : I — I be a continuous function on a closed interval I. If the
sequence Up+1 = f(uyn), up € I has a limit ¢, then £ € I and ¢ = f(¥).

Thus, the limit of such a sequence must be a fized point of f.

Proof. Since u, € I Vn and [ is closed, then ¢ € I by Lemma [1.5

On the other hand, u,, — ¢ implies f(u,) — f(¢) by Lemma hence u, 41 — f(0).
But (un+1)nen is a subsequence of (uy,)nen, SO Un4+1 — £. The uniqueness of the limit now
shows that ¢ = f(?). O

Example 1.55. If u, 1 = u2 + 2, then u, diverges, because the equation x = f(x) has
no solution. Indeed, Vz € R, x < 2? + 2. Taking x = u,, we see that (u,) is strictly
increasing. Since it diverges, it tends to 4oco0.

Lemma 1.56. If there exists £ € I and k € [0, 1] such that the map f : I — I satisfies
Veel:|f(x) -4 <klx—{,

then given ug € I, the sequence un+1 = f(uy) converges to L.

Proof. We see by induction that |u, — ¢| < k™|ug — ¢|, so u, — ¢, since |k| < 1. O
Example 1.57. Let ug > 0. We define the sequence u,4+1 = 5;‘:;?, whose terms are

5x+3
+5 °

has two roots 1/3. Since all the u,, are nonnegative, the limit

nonnegative because the interval R, is stable by f:x —
: __ 5z+3

The equation z = 2222

of u must be nonnegative. Hence, if u converges, it must tend to /3 by Lemma m

Given z > 0, the inequality

/()

V3= |5$+3;i\/5§_5\/§| _ |(m—\f)J£55—\/§)| - (5—\/§)|x_\/§|

proves that u, — v/3 by Lemma m

Definition 1.58. A map f : I — R is a contraction if it is k-Lipschitz continuous on I,
with k& € [0,1[. That is, if 3k € [0, 1] such that Vz,y € I : |f(x) — f(y)| < klz — y|.

Corollary 1.59. If ¢ € I is a fized point of f and if f: I — I is a contraction, then the
sequence converges to £.

Remark 1.60. If f is differentiable on I, and if |f/(z)| < k on I, where k € [0, 1[, then f
is a contraction on I by the mean value theorem.
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Example 1.61. Let ugp = 0 and u,41 = 3 sinu, + 1. Since the interval [0, 1] is stable by
f(z) = sinz + 3, this defines a sequence of elements in [0, 1].

The function g(z) = = — f(x) satisfies g(0) < 0 and g(1) > 0. Since it is continuous
and strictly increasing, there must exist a unique point ¢ such that g(¢) =0, i.e. £ = f(¥).

The function f is ;-Lipschitz continuous, since it is differentiable and |f'(z)| < 1.
Hence, the sequence converges to /.

We can actually estimate the speed of convergence :

un )< (3) w0 — 1< (5)"

Sometimes the preceding criteria are not sufficient to conclude. We can then try to
study the monotonicity of the sequence. For instance, if we show that (u,) is increasing
and bounded from above, then we can conclude that it converges (Theorem [1.31]). We
have the following criteria.

Lemma 1.62. If f(z) —x > 0 Vz € I, then the sequence up+1 = f(uy) is increasing. If
f(x) —x <0 Vz €I, then the sequence is decreasing.

Proof. We have up+1 — up = f(upn) — up. O

Lemma 1.63. If f is increasing, then the sequence up4+1 = f(uy) is monotone.

Proof. If uy < wuy, then u; = f(up) < f(u1) = ug and by induction, u, < up41 Vn.
Similarly, if ug > wuq, then (u,) is decreasing. O

Remark 1.64. If f is increasing, we can use the fixed points of f to bound the sequence.
For instance, if f(a) = a and u, < a, then up+1 = f(uy) < f(a) = a.

Example 1.65. Let ug > 0 and u,41 = u2 —u,+1. Since f(z) = 22 —z+1 = (z—3)*+3,
we see that Ry is stable by f. The equation f(x) = x has a unique solution z = 1.

The estimate |f(x) — 1| = |z||x — 1| gives no information. So we will argue by mono-
tonicity.

We have Vx € Ry, f(z) > x, so the sequence (u,) is increasing. Hence, if ug > 1,
the sequence cannot converge to 1, the only fixed point of f, so it diverges to 4+oo. If
uo < 1, the sequence is increasing and bounded above by 1 (use Remark. Hence, the
sequence converges, and its limit must be 1.

We conclude this chapter with an important theorem. In contrast to Corollary [I.59]
this theorem proves the existence of a fixed point under certain assumptions.

Theorem 1.66 (The Fixed Point Theoremﬂ7 cf. [13]). If f: I — I is a contraction on
a closed interval I, then f has a unique fixed point £ € I. Moreover, for any ¢ € I, the
sequence ug = ¢, Un4+1 = f(up) converges to £. The speed of convergence may be estimated

by

n
1—-k
where k € [0,1] is the Lipschitz constant of f.

’un_g‘ < ful—uo\,

2. of Banach or Picard.
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Proof. For any x,y € I we have

lz =yl < |z — f(@)] +[f(z) = F)] +1f(y) =y
<lz— f@)| +klz —y[+|f(y) — vl

and thus

|f(x) —z[+f(y) —y
|z —yl < Tk - (%)

This already shows the uniqueness of the eventual fixed point : if x and y are two fixed
points, then |z — y| = 0.

To prove its existence, let f* = fo---0o f be the map f composed n times with
itself, with the convention fO(z) = x. Let ¢ € I. We may write the sequence uy = c,
Up+1 = f(up) in the form (f™(c))nen. Let us show that this is a Cauchy sequence. It will
then follow that it converges to a fixed point ¢ € I by Lemma which is the required
result.

We first note by induction that |f™(z) — f™(y)| < k™|z — y| for any x,y € I. Taking
z = f"(c) and y = f™(c) in (%), we thus get

[f(f*(e) = [+ F(F™(e) = [

[f"(e) = f"(e)] <

1—k
_ Q) = Ml M (e) = M)

1-k
<k”]f(c)—c[+km\f(c)—c\_k”+km| |
= 1—k oo el

Since k € [0, 1], this tends to 0 as n,m — +00, hence (f"(c))nen is a Cauchy sequence.
Keeping n fixed and letting m — —+00, we obtain the estimate on the speed of convergence.

O
1.8 Exercises
1. Calculate the limits of the following sequences, if they exist :
3" —(=2)" n—vn?+1
« — o Vn24n+1-vVn2-—n+1 °« —
3n + (=2)n n+vn2 -1
( 1 >" L1 ( 1 > sinn
° 1+ — e sinn ( — °- —
n n n+(=1)"
n! e 1
T T o (2+(-1)"
o (1+2"43"+7M)ln o Vn! e sin(n).

2. Let u = (Up)nen, V = (Un)nen be two real sequences. Are the following assertions
correct 7 Justify your answer.

(a) If u is increasing and bounded from above, then it converges.

(b) If u is bounded from above and convergent, then it is increasing.

d

(e) If uis decreasing and strictly positive, then it converges to a strictly positive limit.

)

(c) If u converges to | € R, then it is bounded.

(d) If u is decreasing and nonnegative, then it converges.
)
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(f) If u diverges to —oo and v diverges to 400, then u + v converges to 0.
(g) If u tends to 0 and the u,, are nonzero, then 1/u tends to +oo or —oo.
(h) If u and v diverge to —oo, then u + v diverges to —oo.
(i) If u converges and v diverges to +oo, then uv diverges.
(j) If u tends to 0, then uv tends to 0.
(k) If u is increasing and v converges to 0, then u — v is increasing.
(1) If u tends to +o0 and v is bounded from below, then u + v tends to +oc.
(m) If u converges and v does not converge, then uv does not converge.
(n) If u tends to +oo and v is bounded from below beyond a certain index by a strictly
positive real number, then uv tends to +oo.
3. Let (un)n>1, (vn)n>1 be two real sequences defined by

1 1 1
Up =14+ —=4+—=+...+— and v,:=u,+
1 2! n!

n-nl’

Show that (uy), and (v,), are adjacent. Deduce that they converge to a common
limit. We will admit that this limit is the real number e.

We would now like to prove that e ¢ Q. For this, show that we can write u, = % with
an € N and deduce the inequality

1
ap < en! <a,+ — for all n > 1.
n

Suppose that e = % € Q and deduce a contradiction by choosing n = ¢ in the previous
inequality.

. Let u = (up)nen, V = (Un)nen be two real sequences which do not vanish beyond a

certain index. Are the following asserions correct 7 Justify your answer.
(a) If uy, ~ vy, then for all k € Z, we have uf ~ v¥ ;

If u, ~ v,, then e¥» ~ e ;

If u, ~ v,, then Inu, ~ Inv, ;

If up, =1+ 0(1), then e ~ ¢ ;

n .

n

)
)
)
(e) If uy ~ vy, then |u,| ~ vy ;
) If uy, ~ vy, then ul' ~ v
)

(g) If up = o(vy,), then u, = o(v?).
. Let a and b be strictly positive, a < b, and let (up)nen and (vp)nen be two sequences
defined by
u) = a and vo=2>
2UnUn Up, + Uy,
Un+1 = m and Un+1 = B) .

1)
2)
3)

)

4) Application: give rational approximations to v/2 and v/3.

Show that for all n € N, u,, < v,.
Show that (uy,), and (v, ), converge and that their limits are equal.

Using the product u,vy,, determine the value of this limit.

(
(
(
(
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10.

11.

(Cesaro means). Let (upn)p>1 be a numerical sequence and (vy,)n>1 the sequence of
Cesaro means defined by

1
Un :;ZU]C
k=1

Show that if u,, — 0, then v, — 0.

[\
~ D = —

Deduce that if u, — [ € C then v, — [.

Does the convergence of v, imply the convergence of u,,?

—~~ o~~~ —~

Application: Let (x,)n>1 be a sequence with strictly positive terms. Suppose the
sequence vy, = z;—:l converges to [ > 0. Show that the sequence (z,)n>1 defined by
zZn = 3/x, converges to [.

1
(5) Application: Determine the limit of the sequence (Qn") /m
(6) Give an example of a sequence (x,)n>1 such that {/z,, — [ but the limit of x;—:l

does not exist.

Let z be a complex number with |z| = 1 such that the sequence (z"),>0 converge.
Determine the limit of this sequence.

Hint. You may use Exercise [6]

. Let (uy) be a real sequence such that, for all p € N,

Jggo(uwrp —un) = 0.

Does the sequence (u,) converge 7

Study the convergence of the following sequences, and give their limits if possible.

U 2
o wuy=1and up11 = v2u, o wuy>0and upg = n

Up + 1

Sty — 2
o wuy=0and up+1 =vV2—u, ° u0:0andun+1:2u71

—

o wug,u1 and uyqo = \/§un+1 — Up o uy=0,u; =1 and upio = dupy1 —4u, +2
o uy= 3 and up41 = —?)un exp(un)

Let (uy) be a real sequence and put

n
Sn:Zuk and Tnzz%.
k=1 k=1

(1) Show that if S,, converges, then u,, — 0.

(2) Show that if 7, converges, then u,, tends to 0 in the sense of Cesaro, i.e. = 3 7_; uy —
0. Hint. Express uy as a function of T then use Exercise @

Let n € Nand let f,, : [0,1] — R be the function defined by f,(x) := 2" + 2%+ 2 — 1.
(1) Fix n € N. Show that f,(x) is a continuous, strictly increasing function.

(2) Deduce that f, has exactly one zero. We denote z,, € [0, 1] the zero of f,.
(3)

Fix x € [0,1]. Show that the sequence (f,(x))y, is decreasing. Deduce that the
sequence () is increasing.

(4) Show that (z,) converges. We denote its limit by I.
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12.

13.

14.

(5) Show that for all n € N, f, (%) > 0. Deduce that @, < 2 and that 2" — 0 as
n — o0.

(6) Conclude that 12 +1— 1 = 0. What is the value of [ ?
(Fekete’s Lemma). Let (uy,)n>0 be a real sequence satisfying wym < w, + uy, for any
n,m € N. Show that (%2),>; tends to £ = H;fl n ¢ RU{—o0}.

nz

Let (uy,) be a nonnegative, decreasing sequence that tends to 0. We put

o= (3 k) =t

k=1
(a) Let p € N. Show that for all n > p, we have v, > >7_, (ug — un).
(b) Deduce that if (v,) is a bounded sequence, then the sequence S,, = DL, ug
converges.

(c) Study the converse.
Let (un)n be a real sequence. We say that ¢ € R is a limit point of the sequence if there
exists a subsequence of (u,) which converges to /.
a) What are the limit points of the sequence u, = (—1)"? the sequence u, = sin("")?

b) Show that if a sequence converges, then it has a unique limit point. Is the converse
true ?

¢) Show that every bounded real sequence which has a unique limit point is convergent.

d) Application: Let (u,)n be a bounded real sequence such that u, + “2* converges.
Show that (uy,), converges.

e) Application: Let (a,) and (b,) be two real sequences such that a,, + b, — 0 and
e + ebn — 2. Show that the two sequences converge.



Chapter 2

Numerical Series

2.1 Generalities

Definition 2.1. Given a sequence (uy), we call > 02 gu, = ug +u1 + ... a series with
general term u,. We call S := Zﬁ:o Uy, the partial sums of the series. We say that the
series converges if the sequence Sy converges. In this case, S = limy_,00 Sk = D peg Un 1S
called the sum of the series. R, = S — S, = > .72, 1w is called the remainder of the
series.

Example 2.2. The geometric series Y A" converges iff |\| < 1. Indeed, if A = 1, the
series diverges. If A # 1, we have S, = 1 + A+ ...+ A and AS, = A+ ... + A\*1. Hence,
Sk —ASp = 1= Mt e G =122 + . We see that (Sk) converges 1ff |A| < 1. In this

case, Y oo A" = limg_,00 Sk = ﬁ

Remarks 2.3. o If Y uy, and Y v, converge, then A" up + p > vy := > (Auy + poy,)
converges. The converse is clearly not true.
o The convergence of a series > u, is unchanged if we modify a finite number of u,,.

Lemma 2.4. If Y u, converges, then u, — 0.
Proof. If n > 1, we have u, =5, — S,_1. Hence, S, = S = u, - 5—-5=0. O

The converse is not true. For example, u, = % — 0. However, using the identity

In(1+2) < z with 2 = 1, we have

:Zn:; zn: (k+1) In(n +1),
k=1 k=1

which tends to co as n — oc.
Lemma 2.5. If Y u, converges, then R, — 0.

Proof. Assume S, -+ S. Then R, =5-5,—>5-5=0. O

hence YK 1 —

converges. Indeed = % — n=1 71

Example 2.6. Zn>1 m n+1) , n(n+1)

Q- +G—5)+ + (G- k+1)_1 k+1 — lask — oo
Such series of the form Y (v, — v,41) are called telescoping series. In this case,

ZQ:O(Un — Upt1) = V0 — Ug+1-

n+1’
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2.2 Series with nonnegative terms

Lemma 2.7. Let Y u, be a series with u,, € Ry. Then " uy, converges iff (Sy,) is bounded.

Proof. If u, > 0 for all n, then S,, is an increasing sequence of real numbers, which
converges iff it is bounded. O

Theorem 2.8 (Comparison Test). Let > u, and Y v, be two series with nonnegative
terms.

(1) Suppose u, = O(vy). Then the convergence of > v, implies the convergence of Y un,
and the divergence of > uy, implies the divergence of > vy.

(2) Suppose u, = o(vy). Then the convergence of > v, implies the convergence of > tn,
and the divergence of > uy, implies the divergence of > vy.

(3) Suppose uy, ~ v,. Then > uy, converges iff > v, converges.

Proof. If u, = O(vy,), then there exists ny € N and C > 0 such that 0 < u,, < C'v, for all
n > ng. Let Sy (u) = Y 5_oun and S, (v) = > 7_ovn. Suppose that > v, converges and
let S, = > 02 vn. Then for n > ng, we have

Sp(u) = Spy(u) + Z Up < Spy(u) +C Z U < Spo(u) +C - Sy
k=no+1 k=no+1

The RHS does not depend on n. Hence, (S,(u)) is bounded and ) u,, converges by
Lemma

If u, = O(vy,) and Y u,, does not converge, then Y v, does not converge by contrapo-
sition.

We thus proved (1). Result (2) follows because u,, = o(vy,) implies u, = O(vy). Result
(3) follows because u,, ~ v, implies u, = O(v,) and v, = O(uy). O

Example 2.9. 1. If > u, and Y v, are two convergent series with nonnegative terms,
then >~ (max(uy,v,)) converges. Indeed, max(uy,v,) < up + vp.

2. Under the same hypotheses, if 0 < «a,5 < 1 are such that o + § = 1, then Zugvg
converges. Indeed, u®v? < max(uy,, vyn)® max(un, v,)? = max(up,, vy, ).

To get more concrete applications for the comparison test, we first need to have good
reference series with which to compare. A fundamental one is the following.

Theorem 2.10 (Riemann’s Rule). Let o € R. Then 37, L converges iff a > 1.

Proof. We already saw that > % diverges in the counter-example of Lemma

Suppose o # 1. Then = ~ L(n(}_l - (n+11)a_1)- Indeed,

ne a—1
@ 1 1 _ 1 -
an—l(no‘_l a (n—l—l)o‘_l) B ail(l_(nil)a 1) - aT—Ll(l_(l_n—Fl)a 1)

__n (1_(1_a—1+0(n1 1)))

a—1 n+1 +
n n
= o(l) —» 1.
n+1 + n+1 (1)
But L 1 Vigsatel : ; ith k o1 y_q1_-__1
ut > (a=t (n+1)a_1)lba elescoping series, with > (-5 (n+1)a—1) GieT

which converges iff « > 1. Hence, 3+, n% converges iff a > 1. O
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Here are two other proofs of the divergence of > % :
1) % N ln(n+ 1) _ ln( ) Indeed, In(n+1)—In(n) _ In(1+1/n) _ 1/nto(l/n) _ 1 —|—O(1) 1.

1/n 1/n 1/n
But Y (ln(n + 1) — In(n)) is a telescoping series with S-F_, (In(n + 1) — In(n)) =
In(k + 1) —In(1) — oo as k — oo, hence 3_ L diverges.
2) Let Sg = Zn 1711 Then Sy, — S) = T}H"F'“‘Fﬁ' But % > i for each k+1 < j < 2k.

Hence, Soi, —Si, > 2116 +.. .—i—ﬁ = kzﬁ = % But if Sy — S, then So;, — S because (Sai)
is a subsequence of Sg, so that Sop — S — 0, a contradiction. Hence, > % diverges.

We now make an important remark :

Lemma 2.11. Let > u, be a series with nonnegative terms.
(i) If /un > 1 for infinitely many n, then Y u, diverges.
(ii) If there exists ng and 0 < A < 1 such that Yu, < X for all n > ng, then Y uy,
converges.

Proof. In case (i), up - 0, s0 Y uy, diverges by Lemma
In case (ii), up, < A" for all n > ng, i.e. up, = O(A™). But > A" is a geometric series,
which converges because || < 1, so " u,, converges. O

Corollary 2.12 (Root test). Let > u, be a series with nonnegative terms. Suppose that
YUy — p# 1. Then > uy, converges if p < 1, and Y w, diverges if > 1.

Proof. If u < 1, then for € = PT“, we may find ng such that p/u, —pu < e Vn > ng, hence
Yup < p4e= HT“ < 1Vn > ng, so > u, converges by Lemma m
If > 1, then dn; € N with p/u, > 1 Vn > nq, so u, - 0 and > u, diverges. O

Note that the root test fails when ,u = 1. For example, {/+ = %\/ﬁ — 1 and ,"/# =

n

( \F) — 1, but Z diverges while Z converges.

—n
Example 2.13. Study the convergence of >, -1 upn, where u, = (1 + %) .
2

Solution : Inwu, = —n?In (1 + %) ~ —nQ(%) = —na®. Hence, %lnun — —a? and

_ .2
thus /u, = e V¥ — ¢7%" < 1. Hence, Y u,, converges.
Here is another criterion :

Lemma 2.14. Suppose there exists ng such that for all n > ng, we have u, >0, v, >0
and “”:1 < ”z“. Then the convergence of > vy, implies the convergence of > uy,, and the
divergence onun implies the divergence of > v,.

Un+1 Un Un )\ j i i Un Ung
Proof. For n > ng we have -~ < 3%, hence (vn) is decreasing. In particular, 32 < ne

and u, < Zﬂvn Vn > ng. Thus, u, = O(v,) and the result follows from the comparison
no
test. ]

Corollary 2.15 (Ratio test). Let Y u, be a series with strictly positive terms. Suppose
that "Z—:l — A# 1. Then > uy, converges if A < 1, and Y u, diverges if A > 1.

Proof. If A < 1, then for ¢ = T)\ we may find ng such that “”:1 A < e Vn > ng, hence
“":1 <A+e= H)‘ <1. Let p= 1+’\ and v, = p". Then Y v, converges and “*** = .
Hence, “2 < U"“ VYn > ng and Zun converges by Lemma .

If A > 1 then for e = %, we may find nq such that ""“ — A > —e Vn > ng, hence

u”“ >A—¢e= H)‘ > 1. In particular, u, > uy, for all n > ng. But Y uy, = oo, hence
u, diverges b the comparison test. ]
o ges by



26 CHAPTER 2. NUMERICAL SERIES

Again, the ratio test fails if A\ = 1.

Example 2.16. Study the convergence of Y u,,, where u,, = ﬁ ( [T (a+ k:)2>, a€R.

Solution : If a = —m for some m € N*, then u, = 0 for all n > m, hence > u,
converges and equals > Uy,.

. n 1)2 .
Otherwise, “u+ - (2721‘*'17;(;1) ) i, hence Y u, is also convergent.
n

Theorem 2.17 (Integral test). Let f : [1,00[ — Ry be continuous and decreasing. Put
U = f(n). Then 3,51 un converges iff the sequence ( [\ f(t)dt) converges.

Proof. Since f decreases, we have f,f“ f(t)dt < f(k) forall k > 1, and f,f_l f)dt > f(k)
for all £ > 2. Hence,

n+1 n k+1 n n k n
t)dt = t)dt < k) < f(1 t)dt = f(1 t)de.
JARECEED Y AN CLED WL ENOED W AV CLE (DR V(U

Hence, if [{" f(t)dt converges, S, = >_7_; f(k) is bounded, hence Y f(n) converges.
If [{" f(t) dt diverges, then flnﬂ f(t)dt — oo, hence S,, — oo and Y f(n) diverges. [

Remarks 2.18. 1. In the previous proof, we established that
n+1 n n
| rwar < sm < s+ [ s
1

Here is an application : study the convergence of a,, = ﬁ Iy ﬁ

Solution : let f(z) = ﬁ Then

NG R SN R D

Thus, @jﬁl_l) <u, < L\/\/ﬁﬁ—l) and u, — 2 by the Sandwich theorem.

2. In case of convergence, if we sum instead over £ > n + 1 in the previous proof, we
obtain

b f@t)dt < i f(k)S/noof(t)dt.

n+l k=n+1

Here is an application : estimate the remainder of the series }, - n% when o > 1.
Solution : let f(z) = % and R, = 332,41 . Then

-1 1 oo -1 1 oo
<R, < — .
o—1zo0tiptr — “a—1zxzolly
1 1 11 11
Thus, P e <SR, < gamm,and Ry ~ =5 a1

2.3 General series

Theorem 2.19 (Cauchy criterion for series). A series of numbers Y u, converges iff it
satisfies the Cauchy criterion :

Ve>03INeN:n>N,p>0 = [Spip — Sn| = |tnt1+ ... + Upip| < €.
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Proof. This follows immediately from the Cauchy criterion for sequences, since > u,, con-
verges iff (S;,) converges. O

Definition 2.20. A series of numbers Y u, is absolutely convergent if 3 |u,| converges.
Theorem 2.21. If Y u, is absolutely convergent, then > u, is convergent.

Proof. Suppose Y |u,| converges and let ¢ > 0. By the Cauchy criterion, we may find N €
N such that ZZ:Z—H |ug| < eforallm > N, p > 0. Hence, | ZZIfLH ug| < ZZJ:FZ—H lug| < e.
Hence, Y u, converges by the Cauchy criterion. O

Example 2.22. > Sin%{%) is absolutely convergent.
If u, = (—1)”(% + an), then 37,51 u, is not absolutely convergent, since |uy,| ~
2 However, > u,, is convergent. Indeed, u, = v, — vp+1, Where v, = (?/1% . Hence,

vn
—1)"
Dbt Uk = D g1 (Vg — Vkg1) = V1 — Upp1 = —1 + \(/n—i)-l — -1

Remark 2.23. The comparison test of Section fails when the reference sequence
changes sign. For example, if u, = (—1)”(% + ﬁ), then 1 = o(u,). However, 3" u,

n

converges, but 3" £ diverges.
) n

Definition 2.24. A real series > u,, is alternating if (—1)"u,, has a fixed sign.

=" _ 1

For example, Y (_Tl)" is alternating, since (—1)"*— ~ is always positive.

Theorem 2.25 (Aternating series criterion). Suppose > u, = >_(—1)"v, is an alternating
series such that (v,) is nonnegative, decreasing and convergent to 0. Then > u,, converges,
and its sum S satisfies Sopy1 < S < S for all n. Moreover,

[e.o]

> w

k=n+1

|Rn’ = < Un+1 -

Proof. We prove that So,41 and S, are adjacent. We have

Sont1 = Sop—1 + U2n + U2nt1 = S2n—1 + V2 — V241 > Son—1,

Sont2 = Sop + Uopt1 + U2pnt2 = S2n — Vont1 + Vong2 < Sop .

Thus, (S2,+1) is increasing, (Sa,) is decreasing and Sa, — Sopt+1 = —u2pt+1 = V2p4+1 — 0.
Thus, (S2n+1) and (S2,) converge to a common limit S satisfying Sop+1 < S < Sy, for all
n. Hence, 0 < Sy, — S5 < Sop — Sopg1 = v2p41, and 0 < S — Sop 1 < Sapy — Sop—1 = v2p,
which yields |Ray| < van41 and |Rop—1| < vay. O

Remark 2.26. If u, = (—1)""'v,, with (v,) nonnegative, decreasing and converging to
0, then > u, is also convergent, but now Ss, < 5 < So,y1. The estimate on R, is still
valid.

Example 2.27. If a > 0, then > (_n# converges and | > 72, (_i)k] <1

(="

/n

In particular, > converges.

If u, = %, then u, ~ (?/1%”. However, > u,, diverges. Indeed,

-1)" 1 -1)" -1)" 1 -1 1 1
7 <1+<—f>’”>:(ﬁ) (- oG = 0GR

Up —
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The first term gives a convergent series, the third one also yields a convergent series by
Riemann’s rule. Hence ) u, diverges due to the divergence of ) %

This example shows again that the comparison test fails when the reference sequence
(here (?/15)”) changes its sign.

Remark 2.28. The condition that (v,) is decreasing in Theorem is necessary. For
example, if w9, = 3% and Ugn 11 = _%ﬁ’ then w, = (—1)"v, with (v,) positive and
convergent to 0. However, Y u,, diverges, since Sop+1 = Y 1—g 3% — > r k7i5 — —00.

2.4 Summation by packets

Theorem 2.29. Let > u, be a series of numbers and ¢ : N — N be strictly increasing.
Put vg = ng)o) uy, and v, = f(:n;(n_l)+1 uy, forn > 1. Then
(1) If > uy, converges, then Y. vy, converges and has the same sum.
(2) If 3" v, converges, then Y u, converges in the following cases :
(a) up — 0 and (¢(n+ 1) — p(n)) is bounded,
(b) (up) is real, and the uy of each packet {p(n — 1)+ 1 <k < ¢(n)} have the same
sign.

Proof. Let Uy, =377 uj and V;, = 373 vg. Then

©(0) (1) o(n) o(n)
VnZZuk—i- U+ ...+ Z uk:Zuk:U¢(H).
k=0 k=p(0)+1 k=p(n—1)+1 k=0

Thus, (V) is a subsequence of (U,). So if U, — Y u,, then V,, converges to the same
limit. This proves (1)

Now suppose that Y v, converges. Given n € N, let p be the unique natural number
satisfying o(p — 1) < n < ¢(p). Then

¢(p)
Vo—Un=Uppp)—Un= > uy.
k=n+1

To prove (2.a), assume S = >, v, and let K such that ¢(n + 1) — p(n) < K for all
n. Now let ¢ > 0 and N € N such that |u,| < ﬁ for n > N. Then for n > N we have
|V — Uy| < ngﬂ lug| < (¢(p) —n)5% < 5. But there exists N” such that [S — V| < §
for ¢ > N'. Given n > max(N, p(N')), we have ¢(p) > ¢(N'), so p > N’ and thus

|S_Un|§|S_VZD|+W}9_Un‘§5a

SO Y Uy, converges.
To prove (2.b), note that if all uj have the same sign in each packet, then

»(p) »(p) »(p)
Vo—Unl= > lwl < > lwl=] D w|=lvl
k=n+1 k=p(p—1)+1 k=p(p—1)+1

Since v, converges, we may find N such that |v,| < § for ¢ > N. Hence, for n > ¢(N),

we have p(p) > ¢(N), so p > N and thus |V, — Uy| < |vp| < 5. It now follows as before

that > u, converges. O
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Remark 2.30. If u, = (—1)" and we take packets of size 2, i.e. p(n) = 2n + 1, then
vy, = 0 for all n, hence ) v, converges but »_ u, diverges. So an additional condition like
(2.a) or (2.b) above is necessary to guarantee the convergence of > uy,.

Example 2.31. Let u, = % Then |u,| is not decreasing, so we cannot apply the

criterion of alternating series. However, if we take ¢(n) = 2n + 1, then
1 1 1 1

On T N T T T o T 2n@ar 1)

and since Zn% converges, then Y v, converges. Since (2.a) is satisfied, > u, is also
convergent.

Example 2.32. Let u,, = w We take packets of size 3, i.e. ¢(n) =3n + 2. Then

noting that cos(27/3) = cos(47/3) = —1/2, we get

1 1 1 1

Un = U3p + U3nt1l + Usny2 = 3 28n+1)  203n+2) ~ on?

as can be easily checked. Again, (2.a) is satisfied, so Y u, converges.

2.5 Rearrangements

Theorem 2.33. Suppose > uy is absolutely convergent and let o : N — N be a permuta-
tion, i.e. a bijective map. Then ) uq(y) is also convergent, and Y Ug(n) = D Un.
Proof. Let € > 0. By the Cauchy criterion, we may find ng € N such that

n>ng,p>1 = |[upp1|+ ...+ |[ungp| < €.

Choose n1 such that the terms wo, ..., u,, appear in the partial sum S, = Y7L, Ug(y).-
Then S;Ll contains at least ng + 1 terms, so n; > ng. Hence, for m > ni, the terms
UQ, - - - , Up, disappear from the difference S, — S;,. So there exists k € N such that

’Sm - S;n| < ‘Uno—i-l’ +...+ ’un0+k’ <e.
Hence, S, — S}, — 0, so S], converges to the same limit of .Sy,. O

Remark 2.34. Absolute convergence is necessary for the previous theorem to hold. For
example, consider the series > u,, where u,, is given by

Then taking packets of size 2, we see that > u,, converges since u,, — 0. However, consider
the following rearrangement :

1 11 -11111 -1
1757_17 7777777

1 1 1 1 -1
20—l 417 20—l 427 2p=1 4 377207 p 7T

Then this series diverges since it does not satisfy the Cauchy criterion. Indeed,

1 1 1 11
S I T D e i L T 2

27
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2.6 Double series

Definition 2.35. A double sequence is a map u : N> — C. We denote uy,, := u(p, q). The
map itself is denoted by (upq)(p,q)enz-
A double series is a sequence Spm = 320 D gto Up,g-

_ m n 00 oo _ 00 o)
Clearly, Sym = 4=0 Zp:() Up q- But do we have szo Zq:o Up,g = Dg=0 szo Upg !

Example 2.36. Consider the double sequence

1 ifg=p
Upg=19—1 ifg=p—-1 0 1 -1 0 0

0 otherwise.

Then 3272 0> 2otupg=1+0+0+...=1but 32,3 Fqupg =0+0+0+...=0.
So we cannot interchange the order of summation here.

Definition 2.37. We say that 3272, vy is a linear arrangement of 3, jyene Up,q if there
exists a bijection ¢ : N — N? such that vy, = Ug (k)-

Example 2.38. The series > 72 Eerq:k Upg = (’U,(),())+(’UJL()—FU()J)+<UQ,0+U1,1+UO,2)+. ..
is a linear arrangement of Y u,,. Here, o(0) = (0,0), o(1) = (1,0), o(2) = (0,1),
(3) = (2,0) and so on.

Theorem 2.39. Suppose there exists B > 0 such that 370" > 0 g |upg| < B for all
m > 0. Then the series 3_° (> 2 gupq and 350203 2 upq both converge to the same
sum. Moreover, every linear arrangement of 3, yene Upg converges to the same sum.

Proof. Let Y 32, v be a linear arrangement of Y u,,. The sequence (ZZ:O \vk\) is in-
creasing and bounded by B, hence Y |vg| and Y vy both converge. Similarly, we see that
Ry =320 upg and Ly = 372 up, converge.

Let € > 0. By the Cauchy criterion, we may find ng such that

n>ngk>1 = |vpg1| + ...+ |vnpr] < e.

Choose ny such that the terms vg,...,v,, appear in the partial sum ZZLO ZZLO Up g-
Then for I > ng and n,m > nj, the terms vy,...,v,, disappear from the difference
Dpmi = 22050 2 g0 Up,g — Sk _o vk and there exists k € N such that

’Dn,m,l‘ S ‘Un0+1| +...+ ’anrk’ S €.
Put § = 3772 gvk. Then as [,n — oo we get |37 g Ry — S| < e. If we interchange
D0 Dog=0 = Jog—0 >p0s We obtain similarly [3°0_ L, — S| < e. Hence, 3°72, R, and

ZZO:O L, both converge to the same sum S. O

If u,q, > 0 for all p,q, we have a much stronger result. Namely, we can always
interchange the order of summation :
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Theorem 2.40. If u,, > 0 for all p,q > 0, then

o0 o0 o0 o0
ZZ“MZ ZZ“M’

This means that even if one of the double series diverges, then both will be 4oc0.

Proof. Admitted. See for example [I5], page 23. O

2.7 Cauchy product

Definition 2.41. The Cauchy product of two series > 7% u, and 2024 v, is defined to
be the series > o2, (Zq:o un_qvq> = ugug + (uov1 + u1vo) + (uova + u1v1 + ugvy) + . . ..

Example 2.42. The Cauchy product of >, - CL" with itself is divergent. Indeed,

vn+1
Z Un—q¥q

Thus, the Cauchy product of two convergent series may diverge.

(n+1)—— =1
n = .
n+1

_Z\/n—q—i-l\/j—Fl -

Theorem 2.43. If Zgo:o u, and Zgio vg are both absolutely convergent, then their Cauchy
product converges, and we have

() (S) = 2 (X vnare)

Proof. By hypothesis, there exist By, By such that 3 ¢ |up| < By and 3" |ve] < Ba.
Hence, >77" 5 300 [upl|vg| < B1Ba for any m, and we may apply Theorem Here we

have Ry = u, 3 2 gvgand 35 % o Ry, = (Z;io up) (E;‘;O vq). By the theorem, the Cauchy
product, which is a linear arrangement of E(pyq)eNz UpVq, converges to the same sum. []

Example 2.44. Let |a| < 1. The Cauchy product of ﬁ = Yoo af with 1+a =
o0 1)44 i
ao(=1)%a® is

Z Za"*q(—l)qaq = Z a Z(—l)q = Z at =
n=0 q=0 k=0

n=0 q=0

_ 1
This is not surprising since we know that = Tta +a =1 a2.

Example 2.45. Let us calculate the Taylor series of = )2 using the Cauchy product of
ﬂ with itself. We have

Z Za" 19 = Z(n +1)a"

1_a n=0q=0 n=0

Example 2.46. The series ). Zn—, is absolutely convergent for any z € C (use the ratio
test). The sum is by definition e®. Let us show that e*17%2 = e*1¢*2 for z; € C. We have

—-q [e%s}
S S B M) IE (U SRR SR PRSI

n=0g= 0 n=0g= 0 n=0
where we used the binomial theorem.

Remark 2.47. Theorem remains true if only one series is absolutely convergent. For
a proof, see e.g. [9].
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2.8

Exercises

1. Determine the nature of the following series, and calculate the sum in case of conver-
gence.

C T R (0) ) X

n>1 n>2
CY e () ()
Svn+vn+1 = 4n? — 1 n?—-1)"

Hint. Show that they are telescoping series.

2. Let >, cnun and ), oy s be series with u, > 0 and v, > 0 beyond some index. Are
the following assertions correct ? Justify your answer.

)
)
)
)
)
)
) If 3 vy, diverges and w,, ~ vy, then Y, o uy diverges.
)
)
)
)
)

If the partial sums of the series ), -y u, are bounded, then the series converges.
If u, — 0, then the series ), .y un converges.

If >, en un converges, then u, — 0.

If >°,en un converges, then for all ng € N the series >, -, u, converges.

Let ng € N. If > uy, converges, then the series ), .y u, converges.

n>ng

If Y, ~oun and ), ~q vy converge, then > <, u,v, converges.

If up, = o(vy,) and Y v, converges, then } - u, converges.
If up = o(vy,) and Y vy, diverges, then Y, oy u, diverges.
If up, = O(vp), then Y, cyupn and Y-, oy vp have the same nature.

Ifup =0 (%), then >, cn up diverges.

Ifu, =0 (%), then ), oy un, converges.

(m) If u, ~ 3, then 37,y up converges.

3. Study the convergence of the following series (here a > 0 and a € R)

2m +5 1+L

[ ] n n [ J

7; 3n—11 T; >
1 (n!)3

Z ° T; (3n)! * Z

n-lnn-Inlnn

n>3 n>1
Z(l 1)“2 vnt+l—yn n"
_ = ° yrTLaT v ° n
n>1 n n>1 n n>1 n!
U+... —1)! 2" 4 5" Inn
I D S C Y
n>1 : n>1 n>1
1 n?
Z e Vn ° Z In (cos ) ° Z 5
n>0 n>1 n o1 2
1 —9)!
Z n?sin2™" ° Z 1 — cos () ° Z T +' (n )
n>1 n>1 n n>2 n
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6.

10.

11.

(Cauchy condensation test). Suppose u; > ug > ug > ... > 0. Show that > °°; uy,
converges iff 372, 2k 91 converges.

Deduce new proofs about the nature of the series Z and ) — mn

. Let D, cnUns Donen¥n be series with u,,v, € R. Suppose Jkg such that v, # 0

Vn > ko. Are the following assertions correct ? Justify your answer.
(a) If up ~ (_nl)n then ), cn un converges.

(b
(c

(

)
)
d) If 3°,>0 un is absolutely convergent, then -, u, converges.
)
)

If wy, ~ 1) , then ), oy uy, converges.

If >°,>0 un converges, then }, -, uy is absolutely convergent.

(e) If 32,50 un is absolutely convergent, then -, - u? converges.
(f) If 3,50 un is absolutely convergent, then >, - \/un| converges.
(8) If 32,50 un converges, then 3, - ua converges.

Study the convergence and absolute convergence of the following series:

—1)" —1)"
° Z\/n—i-(—l)"—\/ﬁ ° Zm ° 2(2(71)1)3

n>1 n>2

o Z(—l)” cosh (%) sin (%) . Z 27" sin(nb) o Z In < —1)" >
n>1 n>1 n>1
. Z sin (mvn? + 1)
n>1
eV

(1) Let f(x) = 75 Estimate f(n+1) — f(n) using Taylor’s formula with integral
remainder. Deduce the nature of the series -,,~; f'(n).

(2) Determine a primitive F' of f. Estimate F(n + 1) — F/(n) by the same method.
Deduce the nature of the series >,~; f(n).

(Raabe-Duhamel rule). Let Y u, be a series with strictly positive terms.

(1) Show that if UZ—T*LI =1-2+ O(niﬁ) with 5 > 1, then the sequence (n®uy,) has a
finite non-zero limit, and
o if a > 1, then ) u, converges;

o if @ <1, then > u, diverges.

(2) Application: Study the convergence of the series Y u,, where u,, = %(272";1)%

(3) Application: Prove the Stirling approximation: there exists K > 0 such that
n! ~ Kn"e~"/n. One can show that K = /2.

(4) Show that if *2:2 =1 — & 4 o(1) with
o «a > 1, then > u, converges;
o «a < 1, then " u, diverges.

Let (an)n>0 be a sequence with strictly positive terms. Suppose >’ a,, diverges and put
= > p—o ak. Study the nature of the series ”*1.

(Rlemann rearrangement theorem). Let >, ax be a real series which converges, but
not absolutely. Suppose —o0 < a < co. Show that there exists a permutation o of N
such that 3772 a, ) = a.

Let (uy) be a complex sequence and Y v, a series with nonnegative terms.

(1) Suppose that > v, diverges. Show that
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12.

13.

14.

o if u, = O(vy), then ZZ:O Up = O(ZZ:O vp);

o if u, = o(vy,), then ZZ:O Up = 0( Z;ZO vp);
o if u, ~ v,, then ZZ:o Up ~ 22:0 Up.
Applications: Show that if u, — ¢, then u, — ¢ in the sense of Cesaro.
Show that > /4 £ ~Inn.
(2) Suppose that Y v, converges. Show that
o if up, = O(vy,), then Z;ﬁf’l up = O( ;,;Ofl vp);

o if u, = o(vy,), then Z;:Ofl up = O(Z;ﬁ% vp);

o if ty ~ vy, then Y725 uy, ~ Z;ﬁ% Up.
Abel’s test). Let Y a,v, be a series such that A, := Y 7_4ax is bounded and v,
k=0
decreases and tends to 0. Show that > a,v, converges.
Application: Study the convergence of the series > CO;%H and > Sig—;ﬁ, where a > 0
and 0 is a real which is not an integer multiple of .

Variant: Show that if A, converges and if v,, is monotone and convergent, then 3" a,v,
converges.

Let (u,) be a decreasing sequence of strictly positive reals such that the series > uy,
converges. Show that u, = o(1).

Give an example of a sequence (uy,) of strictly positive reals such that the series > u,
converges but the sequence nu, does not tend to 0.

Let (a,) be a nonnegative sequence such that the series Y a, converges. Show that if

o> %, then the series > Van converges. What can we say if a = %?

no



Chapter 3

Sequences and Series of Functions

In this chapter, all functions f, f, are defined on a ball I = B,(z9) C K. Recall that
By (20) =]z0 — 1,20 + r[ if K= R and B,(zp) is an open disk of radius of r if K = C.
We follow [14] closely in Sections 3.1 to then we follow [2] in Sections 3.4 and

3.1 Pointwise convergence

Definition 3.1. We say that a sequence of functions (f,,) converges pointwise on I if for
any z € I, the sequence (f,(x)) converges. In this case we define the limit function f by

f(x) :nh—g)lof"(x)’ rxel.

We say that Y f, converges pointwise on I if the sequence of partial sums S, (z) =
> h—o fx(z) converges pointwise on I. The limit function of (S,) is then called the sum of
the series and is denoted by S(x) = > 72 fu(x) for z € I.

If the functions f;,, are continuous, differentiable, or integrable, is the same true for the

limit function ?
Recall that f is continuous at z if lim f(¢) = f(z). But %im f(t) = lim lim_ fn(t), and
t—x —x

t—xn—
if f, are continuous at x, then f(x) = Jim fo(z) = Jim ggn fn(t). Hence, 1f (fn) are
€T

continuous, then limit function f will be contmuous if

1 e T
i Jim, fa(®) = iz fim £ (®),
i.e. if we can interchange limits without affecting the result.

Let us first illustrate that the order of the limits is important in general. Afterward,
we will give some conditions under which the limits can be safely interchanged.

Example 3.2. For m,n € N*, let s,,, , = Then for any fixed n, we have hm Smp =

m+n

1, hence lim lim s,,, = 1. However, for any fixed m, hm Smpn = 0,50 lim hm Smp =
n—00 Mm—00 m—00 N—00

0. So the result changes when we interchange limits.

Example 3.3. Let f,(x ):ﬁforajeRandneN Since f,,(0) = 0 for all n, we have
S22 o fa(0) = 0. For x # 0, we have Y2° ) fu(x) = 22 30° 1+362)7123321_11 =1+22

1+z2

Thus, > f, converges pointwise on R to the function

0 ite=0,
S(x) = 2
14+2* ifzx#0.

Thus, a convergent series of continuous functions may have a discontinuous sum.
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Example 3.4. For z € R and n € N*, let f,(z) = % and f(z) = limy, o fu(x) = 0.
Then f’(z) = 0 for all . However, f](z) = +/ncosnz, so f,(0) = /n — oco. Hence, (f})

does not converge pointwise to f’.

Example 3.5. Let f,(x) = n?z(1 — 22)" for x € [0,1] and n € N*. Then f,(0) = 0, and
for > 0, lim,, o0 fn(z) = 0. Thus, (f,) converges pointwise on [0,1] to f = 0. However,
taking y = 22, we have fol (1 — 2?)"dx = %fol(l —y)"dy = %_(1;}:)1"“ I§ = 2n1+2. So
fol fn(z)de = 12 s 50, although fol f(z)dz = 0.

2n+2
Note that if g,(z) = nz(1 — 22)", then g, still converges pointwise to g = 0, but we
now have [ g,(z)da = s . Thus, even if ([P gn(x) dx), _ converges, its limit

may not be equal to f;g(x) dz.

3.2 Uniform convergence

Definition 3.6. We say that a sequence of functions (fy,) converges uniformly to a function
fon Iif
Ve>03dINeN:n>N = |fo(z) — f(2)| <e Veel.

We denote this by f, = f on I.
We say that a series of functions > f,, converges uniformly on [ if the sequence of
partial sums S, (x) = > }F_¢ fr(x) converges uniformly on I.

Remark 3.7. Recall that (f,) converges pointwise to f on [ if

VeelIVe>03INeN:n>N = |fu(z) — f(z)] <e.

The difference is that in uniform convergence, there is one N which works for any x € 1.
In pointwise convergence, for each x, we may find a corresponding N (which may depend
on z). Hence, uniform convergence implies pointwise convergence.

Lemma 3.8. Let f, g be bounded functions on I and denote || f||oo := supyey | f(x)|. Then
L [flle 20, [[flle=0 <= f=0o0nl,

2. lafllec = laf - [ fllec Ve e€C,

3. 1f 4 gllce < [Iflloo + llglloo-

4. I fgllco < N1 flloollglloo-

We call || f]|oo the supremum norm of f.

Proof. Clearly, || f|lcc > 0. Moreover, |fllcc =0 <= sup,e;|f(z)| =0 <= |f(z)| =
OVezel < f(x)=0Vzx el < f=0onl.

Next, [|aflloe = sUpser [af(@)] = sup,er lallf ()] = lalsup,er [£(@)] = lal]lf -

Next, if z € I we have |f(x) + g(z)| < |f(2)| + |9(z)| < | flloc + ||g]lcc- Taking the
supremum in the LHS we get || f + glloo < [|f]loo + [|9]|co-

Finally, if x € I we have |f(x)g(x)| = |f(z)||lg(x)| < || flloollgllco, SO taking the sup in
the LHS we get (4). O

Remark 3.9. Note that

fa=2fonl < nh_g)lOan—fHoo:O
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Lemma 3.10. Suppose f,, = f, go = g on I and let o, 3 € C. Then af,+Bgn = af +Bg
on I. Moreover, if each f, and g, is bounded on I, then f and g are bounded on I, and

Jngn = fg on 1.
Proof. By Lemma [3.8]

leefn + Bgn = (f + B9) oo < laf - [|fn = flloo + 18] [gn = gllc = 0,

which proves that af, + B89, = af + Sg on I.
Next, note that if each f, is bounded on I, then f must be bounded on [ since for ¢ = 1
we may find N such that || fllec < [[f5 = flloo + [[/N]lc <1+ C, where C' = || fn oo < o0

because fy is bounded. Similarly, g is bounded on I. Hence,

angn - ngoo = H(fn - f)(gn _g) +g(fn - f) - f(g _gn)Hoo
<[ fa = flloollgn = glloo + llgllocll fr = flloo + I fllcllg = gnlloc = 0. O

Remark 3.11. The last result is not true if f,, or g, is unbounded. For example, if
fnlx) = % and g,(x) =z on R, then f,, =0, g, = g, where g(x) = x, but f,g, = = does
not converge uniformly to 0- g = 0. Indeed, || frngn — 0lloo > fn(n?)gn(n?) =n — co.

Lemma 3.12 (Cauchy criterion). A sequence of functions (f,) converges uniformly on I
iff
Ve>03INeN:nm>N = |fu(x) — fm(z)| <e Veel. (%)

Proof. Suppose f, = f on I. Then there exists N € N such that, if n > N, then
|fn(x) — f(z)] < § for any z € I. Hence,

nm 2N = [fu(z) = fm(2)] < [fo(2) = (@) + |f(z) = fm(2)| < €

for any x € I. Hence, (f,) satisfies the Cauchy condition.

Conversely, suppose (%) holds. Then for any fixed € I, (f,(z)) is a Cauchy sequence
of numbers, hence converges to some ¢; € C. Define f(z) := ¢,. Then, (f,) converges
pointwise to f on I.

To see that f, = f on I, let ¢ > 0 and take N such that (x) holds. Fix n and let
m — oo in (). Since fp,(z) — f(x), we get

n>N = |fo(zx) — f(z)| <e Veel. O
Corollary 3.13. If > f, converges uniformly on I, then f, =0 on I.

Proof. Since Y’ f,, is Cauchy, given € > 0, we may find N € N such that |S, (x)—S,—1(x)| <
e forany n > N and « € I. Thus, |f,(z)| <eforany n > N and = € I, hence f, = 0. O

Lemma 3.14. Let )’ f, be a pointwise convergent series and put Ry(x) = .72, 11 fu(z).
Then > fn is uniformly convergent iff R, =0 on I.

Proof. If S, = Son I, then R, =5—-5,=0on [.
Conversely, if > f, converges pointwise to S on I and R, = 0 on I, then S, =
S—R,=Sonl O

Corollary 3.15. Let > (—1)"gy be a series of functions on I such that
o Vx € I, the numerical sequence (gn())nen s nonnegative and decreasing,
o gn=20o0nl.

Then > (—1)"g, converges uniformly on I.
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Proof. By the alternating series criterion, for any = € I, the series > (—1)"gy,(x) is con-
vergent and |R,(x)| < gn+1(z). Hence, |Rpllcoc < ||gn+illoc — 0, so the series converges

uniformly by Lemma [3.14 O

Definition 3.16. We say that > f,, converges absolutely on I if the numerical series
> | fu(x)| converges for each x € I.
We say that > f,, converges normally on I if the numerical series Y || f||co converges.

Lemma 3.17 (Weierstrass M-test). If >° f,, is normally convergent, then it is absolutely
and uniformly convergent.

Proof. Given = € I, |fn(z)] = O(||fnlloc), hence Y |fn(x)| converges. Thus, Y f, is
absolutely convergent.

Moreover, given € > 0, we may find N € N such that >;" || fillco < € for n,m > N.
Hence,

nm>N = | fi@)| <@ <Y lfile<e  vrel.

Hence, Y f, satisfies the Cauchy criterion and thus converges uniformly. O

Remark 3.18. The converse of the previous lemma is not true. For example, let

. 1

0 if 0§av<n+

fulx) = % ifn%rlgx<%,
0 if %Sxﬁl

Then )" f, converges absolutely on [0, 1] because for any = € [0,1], we have f,(z) =0
for all large n. Y f,, also converges uniformly on [0, 1] because || EZ;}; 11 felle < n%rl
However, > f,, does not converge normally, since || fy,||co = % and Z% diverges.

3.3 Conservation of properties by uniform convergence

Definition 3.19. A limit point of a ball I is a point in I or on its boundary.

A neighborhood of a point x € I is a ball V' = Bg(x) for some s > 0.

A neighborhood of +00 and —oo is an interval of the form |M, +o0o| and |—oo, M|,
respectively, for some M € R.

Definition 3.20. Let a be a limit point of I. We say that lim,_,, f(z) = ¢ if for any
e > 0, we may find a neighborhood V' of a such that x e VNI = |f(z) —¢| <e.

Theorem 3.21. Suppose fr, = f on I. Let x be a limit point of I and suppose that

lim f, (1) = A, .

t—z

Then (A,) converges and
lim f(t) = nh—{%oA"'

t—x

Thus, we have lim;_, limy, o0 fn(t) = limy o0 limy—sy fr(2).
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Proof. Given € > 0, we may find by Cauchy’s condition NV € N such that
n,m>N = |fo(t) — fm(t)| <e  Vtel.

Letting t — x we obtain |4, — A,,| < € for all n,m > N, hence (A4,) is Cauchy and
converges, say to A. Now for any n € N,

[f(@) = Al < |f(t) = fa(@®)] + [fn(t) — Anl + A — A (1)

Choose ng € N such that |f(t) — fn,(t)] < /3 for any ¢t € I and |4,, — A| < ¢/3. Next,
choose a neighborhood V' of x such that | fp,(t) — An,| < e/3 forallt € VNI. Then taking
n=ng in (1) we get |f(t) — A| < e forany t € VN I. O

Corollary 3.22. If (f,) is a sequence of continuous functions on I, and if f, = f on I,
then f is continuous on I.

Proof. Let x € I. Since f, is continuous at z, we have A, = lim;_,, f,(t) = fn(x). Using
Theorem we get limy_,, f(t) = limy, 00 fn(z) = f(x). Hence, f is continuous at
x. O

Theorem 3.23. Let (f,,) be a sequence of Riemann integrable functions on [a,b] such that
fn =2 f on[a,b]. Then f is Riemann integrable on [a,b] and

/:f(ac) dx:nli_{]go/abfn(x)dx.
Proof. We admit that f is Riemann integrable[[] Next,
[ @y [ s@ae =| [ (fa@) - 1)tz
< [1@ - 1@l < 6=l Sl >0, O

Corollary 3.24 (Term by term integration). Let (fy) be a sequence of integrable functions
on [a,b] such that > fr, = S on [a,b]. Then S is integrable on [a,b] and

/abS(a:)dx:Z/abfn(x)dx.

Proof. Let Sy (z) = > 5o fr(x). Since S,, =% S, we have by Theorem

/ S(z)dx = nh_}n@lo/ Sp(z)dz = Jim Z / fr(z)de = Z fr(z)dax. O
a a k=0 a

k=077

Theorem 3.25. Let (f,) be a sequence of differentiable functions on [a,b]. If (fn(x0))
converges for some zg € [a,b], and if (f],) converges uniformly on [a,b], then (f,) converges
uniformly on [a,b] to a function f such that

fl@)= lim fiz)  Veelad].

1. Here is a proof: Let X = (xx)ji—o be a subdivision of [a,b], let s(f) = supy ZZ;S(Ik+1 —
k) inf[z’mz“l] fand S(f) = infx ZZ;;(MH — xg) SUP[,, oy ] f. Since f, is integrable, s(fn) = S(fn)-
Let en = ||fn — fllc. Then fn —en < f < fn +¢€ on [a,b], so fab(fn —¢en) = s(fn —en) <s(f) <S(f) <

S(faten) = [ (faten). Thus, 0 < S(f)=s(f) < [T (faten)=5(f) < [ (faten—faten) = 2en(b—a).
Taking n — oo, we get s(f) = S(f), so f is Riemann integrable.
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Proof. Given € > 0, choose N such that for n,m > N, we have

2(b—a)’

[ fn(z0) = fm(zo)| <

e
S and [1fs— Sl <

Applying the mean value theorem to the function f, — f,, we get

|fn($)_fm(x)_fn(t)+fm(t)| < 2 |l‘—t| < (i)

£
(b—a)

| ™

for any n,m > N and z,t € [a,b]. Hence,

[fn(2) = fm(@)] < |fo(@) = fm(2) = fa(@0) + fm(@o)| + [fn(20) = fm(20)| < €

for any = € [a,b] and n,m > N. Hence, (f,) converges uniformly on [a,b]. Put f(t) =
limy, 00 fn(t), fix € [a,b] and define

f(t) = f(=)

9alt) = t—x

and ¢(t) =

W for ¢ € [a,b] \ {w}.

t —
Then ¢,, converges pointwise to ¢ on [a,b] \ {z}. Moreover, by (1),

€
2(b—a)

|¢n(t) - ¢m(t)’ <

for any n,m > N, so that (¢,) converges uniformly on [a,b] \ {z}. Thus, ¢, = ¢ on
[a, ] \ {z}.
Finally, apply Theorem to ¢y, with A, = limy_,, ¢, (t) = f} (x) to get

n—o0

f(@) = lim 6(t) = lim_fi (). O

Definition 3.26. We say that f € CP [a,b] if the derivatives f’, f,... f®) exist and are
continuous. If f € CP [a,b], we say that f is of class CP on [a,b].
We say that f € C® [a,b] if f*) exists for all k& > 1.

Corollary 3.27. Let (f,) be a sequence of functions in CP [a,b], where 1 < p < oo. If

(fn) converges pointwise on [a,b], and if for each k, 1 < k < p, the sequence (fr(Lk)) 18
uniformly convergent, then (fy,) converges uniformly to a function f € CP [a,b] such that

F®(z) = lim f¥(z)  Vaela,b].
Proof. Follows by induction from Theorem [3.25 O

Corollary 3.28 (Term by term differentiation). Let (f,) be a sequence of functions in
CP [a,b], where 1 < p < co. If Y fn is pointwise convergent on |a,b], and if for each k,

1 <k <p, the series > fy(lk) converges uniformly on [a,b], then Y f, converges uniformly
to a function S € CP |a,b] such that

SH) (z) = Zf,(f) (x) Vz € [a,b] .



3.4. UNIFORM CONTINUITY 41

3.4 Uniform continuity

Definition 3.29. Let I C R be an interval. We say that f is uniformly continuous on I
if

Ve>038>0:Vo,yel, [z —y|<d = |f(x)— fly)| <e.

Remark 3.30. Recall that f is continuous on [ if
VeelVe>030>0:Vyecl, |[z—yl <6 = [f(x)— fy)] <e.

The difference is that the § in uniform continuity depends only on €, while in continuity,
it may also depend on x. Hence, uniform continuity implies continuity.

Reminder 3.31. We say that f is Lipschitz continuous on I (Lip) if there exists K > 0
such that Vx,y € I : |f(z) — f(y)| < K|z —y].

If f is Lip, then given ¢ > 0, if we choose 6 = /K, we see that f is uniformly
continuous.
Example 3.32. (a) f(z) = 22 is uniformly continuous on I = [0,1], since it is Lip on
[0,1]. Indeed, given x,y € I, |22 — y?| = |z + y||x — y| < 2|z — y|.
(b) f(x) = 2? is not uniformly continuous on R. Indeed, take e = 2 and any § > 0. Now
choose v = } and y = 2 + 6. Then |z — y| < §, but |22 — y?| = y* —2? =2+ > &.
(¢) f(x) = sinzx is uniformly continuous on R, since it is Lip on R. Indeed, for any
x,y € R, we may find z € ]z, y[ such that |sinz —siny| = |cosz| - |z —y| < |z — y|.
(d) f(z) = +/z is uniformly continuous on R, but not Lip on R;.
Indeed, given K > 0, choose z = ﬁ Then |f(z) — f(0)] = x = ﬁ]w - 0| =
2K |z — 0] > K|z — 0|. Hence, f(z) = /x is not Lipschitz on Ry.
On the other hand, note that if 0 <z <y, then z+y = (y —2) + 2z < |z —y| + 2 /zY.
Similarly, if 0 < y < z, then z +y = (z — y) + 2y < |z — y| + 2/zy. Thus, for
any z,y € Ry we have z — 2/7y + y < |z — y|, i.e. (Vo —/¥)? < |z —y|. Hence,
lvz — /y] <]z — y[. Given £ > 0, choosing § = 2, we thus have

Vo, yeRy iz —y|<d = Vo -yl <y/lz—yl<e,
which shows that f is uniformly continuous on R .
We thus have
f Lipshitz continuous = f uniformly continuous = f continuous,

and neither implication is an equivalence.

Theorem 3.33 (Heine-Cantor Theorem). Let [a,b] be a closed bounded interval. If f is
continuous on [a,b], it is uniformly continuous on [a, b).

Proof. Suppose f is continuous on I = [a,b]. Suppose on the contrary that f is not
uniformly continuous on I. Then

Jeg>0:V0 >0, dx,yel, [x—y| <0 but|f(z)— fly)] >eo.

Take this 9. For 6 = 27", we may thus choose x,,y, € I such that |z, — y,| < 27" but
|f(2n) — f(yn)| > €0. Hence,

lim(zn — ga) = 0 but ¥n € N, |f(@n) = F@a)l = 0. (+)
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Since I is bounded, the sequence (z,) is bounded and has a subsequence (7)) which
converges to some . Since I is closed, we have o € I. Since Y, (n) = Ty(n) + (Yp(n) = Tp(n))s
we have y, ) — .

Since f is continuous, we thus get lim (f(2y(m)) — f(Ypm))) = f(a) — f(a) = 0. This
contradicts (x). Hence, f is uniformly continuous on I. O

3.5 Approximation theorems

Definition 3.34. A map f : [a,b] — C is piecewise continuous if there exists a subdivision
a=ag<a <...<a,=">bsuch that the restriction of f to each Ja;_1,a;[ can be extended
to a continuous function on [a;—1, a;]. The set of such functions is denoted by C'P [a, b].

Remark 3.35. If there is a subdivision a = ag < a1 < ... < a, = b such that
© g is continuous on each |a;_1, a;],
¢ g has a right-sided limit at ag,...,ap_1,
¢ ¢ has a left-sided limit at aq, ..., an,

then g € CP [a,b].

Definition 3.36. A map ¢ : [a,b] — C is a step function if there exists a subdivision
a=ag<a <...<ay=D>bof[a,b] such that the restriction of ¢ to each interval Ja;_1, a;[
is constant. The set of such functions is denoted by F [a, b].

Lemma 3.37. For any f € CP[a,b], we may find g € C[a,b] and ¢ € E[a,b] such that

f=9+¢

Proof. We prove the lemma by induction over the number of points of discontinuity of f.
If f has no point of discontinuity, take g = f and ¢ = 0.

Suppose the result is true for piecewise continuous functions having n points of dis-
continuity and let f be discontinuous at n 4 1 points. Let ¢ be one of them. We define

f(x) if x € [a, (]
h(z) = ¢ lim,_,.- f(x) ifer=c
f($) —lim, .+ f($) + limy, - f(l‘) if z € ]Ca b] :

Then h is piecewise continuous on [a, b] and has at most n points of discontinuity. More-

over, ¢ := f — h is a step function on [a, b]. By hypothesis, h may be written as h = g+ ¢

for some g € C'[a,b] and ¢ € E[a,b]. Hence, f = g +(p+1). O
= =

eClat]  eE[ab]

Theorem 3.38. Any f € CPla,b] is the uniform limit on [a,b] of a sequence of step
functions.

Proof. By the preceding lemma, we may assume f € C'[a,b]. Indeed, if f = g + ¢ and
Yn = g, then o, + ¢ = f.

So let f € Cla,b]. By Heine’s theorem, f is uniformly continuous on [a,b], so for
e =1, 36, > 0such that Vo,y € [a,b] : [z —y| < 6, = [f(z) — f(y)| < 2.

Let a =ap < a1 < ... < ap, =b be a subdivision of [a, b] such that ay41 — ar < 6, and
let ¢, be the unique step function on [a,b] such that ¥y, (a,) = f(a,) and ¥, (t) = f(ax)
for t € [ag,ax+1[, 0 <k <p—1. Then

Vit € lag, apa [ |f() = dn(®)] = [f(t) = flax) <1/n,  0<k<p-1.

Since the inequality is clearly true for t = a,, the proof is complete. O
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Definition 3.39. A function f : [a,b] — C is piecewise linear if there exists a subdivision
a=ayp<a <...<ap=>bof [a,b] such that f is linear on each interval |a;_1, a;|.

Theorem 3.40. Any f € Cla,b] is the uniform limit on [a,b] of a sequence (f,) of
piecewise linear continuous functions satisfying fn(a) = f(a) and f,(b) = f(b) for all
n € N.

Proof. Let f € C[a,b], so f is uniformly continuous on [a,b]. Hence, for ¢ = 1 we may

find &, > 0 such that for any z,y € [a,b], if |z — y| < &, then |f(z) — f(y)] < L.
Let a =ap < a1 < ... < ap, =b be a subdivision of [a, b] such that ay41 — ar < 6, and
let g, be the unique piecewise linear function on [a, b] such that g,(ax) = f(ax) for all k.
We may express g, as follows :

3

gn(t) = Mepflar) + (1 — M) faps) if t € [ag,ap41], 0<k<p—1,

where Ay = %=L Then g,(a) = f(a), gn(b) = f(b) and

[f (@) = gn(®)] = A (8) + (1 = A ) f(2) = gn(D)]

SAerlf() = flar)| + (1= X)) — flars1)] < = O

SRS

Corollary 3.41. Any f € CP [a,b] is the uniform limit on [a,b] of a sequence of piecewise
linear functions.

Theorem 3.42. Let f € C'[0,1]. The sequence of polynomials (By,) defined by

Bule) = Y (Z) -2y (5

converges uniformly to f on [0,1].
We call B,, the nth Bernstein polynomial associated to f.

Proof. Let ¢ > 0. By Heine’s theorem, f is uniformly continuous, so there exists § > 0
such that for any x,y € [0,1] satisfying |z — y| < §, we have |f(z) — f(y)] < §. On the
other hand, if we put M = max,¢(o 11 |f(z)|, we always have |f(x) — f(y)| < 2M. Thus,
for any x € [0,1] and n € N,
— if k satisfies |£ — 2| <6, then | f(z) — f(
— if k satisfies |E — x| > 6, then |f(z) — f(

f— 2
(hpa) > 1.

Hence, for any index k we have |f(z) — f(£)] < £ +2M (k;;;ﬁ)z. Thus,

n

)

g
5 2
2M < 2M (k;%"g) , since in this case,

Va € [0,1]: |f(@) = Balo) = | 3
" n — NI 2
<z (k)xk(l ot (5 e L),

where in the first equality, we used the fact that Y_p_, (7)2*(1—2)"~% = 1 by the binomial
theorem. We now note that

(k —nz)? = k(k — 1) + (1 — 2nz)k 4+ n’z?.
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But k(}) = kg = n(571) if k> 1, and 0 if k = 0. Hence,

" [(n e " (n-—1 e in—-1 j .
§k<k>xk(l—m) k:Zn<k_1)xk(1—x) F—n ( j )x“(l—w) !

Similarly, k(k — 1)(}) =n(n —1)(}75) if k > 2 and 0 if ¥ = 0, 1. Hence,

S k(k - 1) (Z) (=) =Y (o 1) (Z B ;) (1 = g)nh

k=0 k=2

We thus showed that

n

Z(k:—nx)Q (Z) 2*(1—2)"* = n(n—1)22+(1—2nz)nz+n?2? = —nz’+nz = nz(1—=z),
k=0

SO
e 2Mz(l—z) e 2M
Ve € 0.1]: [£(x) ~ Bu@)] < & + m ma(l ) = & ¢ 20 Z) 2 20
since = € [0,1]. Choosing ng such that % < § for all n > ng, we obtain the result. O

Corollary 3.43 (Weierstrass approximation theorem). Any f € Cla,b] is the uniform
limit on [a,b] of a sequence of polynomial functions.

Proof. Let ¢ :]0,1] — R be given by ¢(z) = a+ (b —a)z. Then fop € C|0,1], so it is
the uniform limit of a sequence (B,,) of associated Bernstein polynomials. Hence, f is the
uniform limit of the sequence B, o ¢!, which is indeed a sequence of polynomials since
Bnocpfl(:n) :Bn(%). O

3.6 Exercises

1. Study the pointwise and uniform convergence of the following sequences of functions:

n?zx if x| < %, _
o fno(z)=2" on [0,1] o fun(x)= {; if 2] > g o fn(x)=n%e ™ on Ry
o fu(z)= 1+ —on [0,1] o fu(z)= 1 + on [0, 1] o fu(x)= ln§1++n7;x) on Ry
o fo(z)=(1—=x)z" on [0,1] o fo(z)=na’e ™ on[0,7] e fu(z)=e"% on [0,7]
o fu(z)=(1—|z[)" on]—1,1] o fn(z) =sin"(x) on [0, 7] o fu(zx)= %sm(n:n) on R
. n k
o fo(z)=aexp ( — sin %) onR e f,(z)= Sl;l%) on Ry o folr)=¢" kz_% % on R4
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2. Let (fn)nen be a sequence of functions on I = [a,b]. Suppose that f,, = fsur I, i.e. f,
converges uniformly to a function f on I. Are the following assertions correct? Justify
your answer.

(1) If f is discontinuous at a € I, then Vn € N, f,, is discontinuous at a.

(2) If f is discontinuous at a € I, then Ing € N such that, Vn > ng, the function f, is
discontinuous at a.

(3) If f is continuous at a € I, then Vn € N, f,, is continuous at a.

(4) If f is continuous at a € I, then Ing € N such that, Vn > ng, the function f, is
continuous at a.

(5) If f, is continuous and F,, is a primitive of f,, then F,, converges uniformly to a
primitive of f.

(6) If fp,: I — J and ¢ : J — R is continuous, then ¢ o f,, = ¢o f on I.
(7) If fr,: I — J and ¢ : J — R is uniformly continuous, then ¢ o f, = ¢ o f on I.

: 1
0 1f$<r_‘_1,
3. Let fy(z) = {sin® T if 2 <ax <L
0 if%<az.

Show that (f,,) converges, but not uniformly, to a continuous function.

Use the series > f,, to show that absolute convergence, even at each point of R, does
not necessarily imply uniform convergence on R.

4. (Continuous but differentiable nowhere). Put
90(x>:’$‘7 —-1<z<1
and extend the definition of p(z) to all x € R by defining

pla+2) = pla).

Let -
=3 (3) ).
n=0

Show that f is continuous on R but not differentiable at any point of R.
5. (Dini Theorems).

(1) First Theorem: let f,, : [a,b] — R be a monotone sequence of continuous functions
(i.e. font1 > fn or fnr1 < fn) which converge pointwise to a function f. If f is
continuous, show that (f,)nen converges uniformly to f.

(2) Application: let Py(z) = 0 and P,y1(x) = Py(x) + % for n € N. Show that
(Py)nen converges uniformly to the function |z| on [—1,1].

(3) Second Theorem: let f,, : [a,b] — R be a sequence of increasing functions (i.e.
x < y implies f,(z) < fn(y)) which converge pointwise to a function f. If f is
continuous, show that (f,,)nen converges uniformly to f.

(4) Application: let f,(x) = (1+ 7)". Show that (fy)nen converges uniformly to the
function e” on each interval [—a,a], where a > 0.

6. Let fy(x) = 17727 for z € R. Show that (f,) converges uniformly on R to a function

f, and that the equation f/(z) = lim,_ f} () is true for = # 0, but false for 2 = 0.
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10.

11.

12.
13.

14.

15.

16.

. Let (fn)nen be a sequence of real-valued differentiable functions on [a, b]. Suppose that

fn converges pointwise to a function f and that there exists M > 0 such that Vn € N,
Vo € R, |f](z)] < M. Show that the convergence is uniform on [a,b]. Is the function
f necessarily differentiable on [a, b]?

Show that the series fo:l(—l)"xi# converges uniformly on any bounded interval of

R, but does not converge absolutely for any value of .

. Let fn(7) = o+ for x € R, n € N,

x24n?2

(1) Show that >, cx fn(x) converges normally on R. Denote its sum by S(x).
(2) Show that S(z) is a continuous function on R.

(3) Show that lim; o S(x) = limg—, o S(x) = 0.

Let fp(x) = W forz e R, neN.

(1) Show that >, oy fn(x) converges pointwise on R. Denote its sum by S(z).

(2) Show that Y,y fn(x) converges normally on [a, +00[ and |—o0, —a| for any a > 0.
Deduce that the function S(z) is continuous on |—o0, 0[ U0, ool.

(3) Calculate S(x) for each z € R. Is the function S(x) continuous on R?
Consider Y’ f,, where f,, is defined below. In each case,

1) show that the series converges pointwise on I ;

determine the intervals on which the series converges normally ;
show that the limit function is continuous on I ;

)
)

4) study the series of derivatives ;
)

5) is the sum differentiable ?
o fule) =, . )= ;
o fulz)=xe I=R} o fu(x)=sin (;) , I=R
. fula)=——  I-R . f(x)—ﬂ I=R
T n2(z )’ o T 1 2 oot

By considering the series of functions S(z) = 3,5¢(5)", calculate 3, - 57

Put f,(x) = nxe " for x € Ry et n € N. Show that Y f,, converges pointwise on R .
Study the uniform convergence on Ry and [, 400, where & > 0.

Let fo(z) = S for s € R, neN.
(1) Show that ) f,, converges uniformly on R. We put S(z) = >72; fu(x).
(2) Deduce that limg_,~ S(x) = 0.

(3) Show that Y f/ converges normally on any interval [—a,a], a > 0.

(4) Deduce that S is of class C! on R.

Are the following assertions correct 7 Justify your answer.

(1) If f: R% — R is continuous on [, +-00] for any € > 0, then f is continuous on R, .

(2) If h: R% — R is bounded on [e, +oo[ for any € > 0, then h is bounded on RY.

(3) If > fn converges normally on [e, +00[ for any € > 0, then Y f,, converges normally
on RY.

Let fn(x) = m forz € Ry and n > 1.
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17.

18.

19.

20.
21.

22,

(1) Show that ) f,, converges pointwise on R* . Does it converge at 07
For x > 0, we put S(z) =Y 72 fno(z) and Sy(z) = > p—; fu(z).
2) Show that } f,, is not uniformly convergent on RY.
3) Show that S(z) is nonnegative, decreasing, and Vn > 1, x € R% | S,,(z) < S(x).
4) Show that if H, = Y7_; 1, we have S,,(3) > 1 H,,.
5) Deduce that lim, ;. S(%) = +o00. Deduce that lim, 0 S(z) = +o0.

n

(
(
(
(

Thus, we see that we can sometimes interchange the limit with the summation, even
if we cannot apply the general theorem directly.

Study the pointwise, normal and uniform convergence of Y f;, in the following cases:

—nx

(1) fn(.’IT) = mlenn on R'f"
(3) fu(@) = il on [1, 40| (Hint: fu(z) = (fu(z) - 52 + 520,
In each case, study the limit as x — +o0.

Determine the domain of definition D of S(x) := >_72;(—1)"In (14 £). Is the function
of class C! on D?

Let (a,) be nonnegative. Show that Y a,, converges iff Y a, cos(nx) converges uni-
formly on ]0, 27].

Deduce that if 0 < p < 1, then Z% does not converge uniformly on |0, 27[.
However, it converges pointwise on |0, 27| by Abel’s test.

Show that for any a > 0, [y ﬁ dz =¥, (1;172:

sin(2"x)

Show that the function f(x) = >°77; =5 is not differentiable at 0. (Hint: near 0,
we may find C' > 0 such that siny > Cy).

Sophomore’s dream). Show that [f 2 % dz = >, n " and [ 2% dz = 32, (—1)"Fin™n,
( p 0 n=1 0 n=1






Chapter 4

Power Series

4.1 Power series and radius of convergence

Definition 4.1. A power series is a series of functions of the form Y a,z", where z is a
variable in K =R or C, and (ay,) is a numerical sequence.

Definition 4.2. The radius of convergence of the power series >_ a,z" is the value
R:=supl,, where I, ={r € Ry : (ayr") is bounded }.

Note that I, # 0 because 0 € I,. So R exists; it is either finite or +o00. Moreover,
I, = [0,R] or [0, R]. Indeed, if r € I,, then 0 < r < R, hence I, C [0, R]. Conversely, if
0 <r < R, then r is not an upper bound for I,, so 37 € I, such that r < 7, so (a,7") is
bounded, hence (a,r™) is bounded and r € I,. Hence, [0, R] C I,.

Example 4.3. 1. The power series Y a,2", > |an|2™ and Y~ Aa,z" with A € C* have the
same radius of convergence.

The series > Zn—f has R = +o0, since % — 0 for any r € R,..

The series > n"z"™ has R = 0, since n"r" is unbounded for any r # 0.
The series > % has R = 1, since " is bounded for 0 < r < 1 and unbounded for r > 1.

"

n
The series S n(")"2" has R = 1, because [n(~)"r?| < nr™ — 0if 0 < r < 1, and for
r =1, n{=V" is unbounded. Hence, R = sup [0, 1] = 1.

or o N

Lemma 4.4. If R is the radius of convergence of the power series > anz", then
o Y apz™ is absolutely convergent for any z such that |z| < R,
o > anpz™ diverges for any z such that |z| > R.

Proof. o If |z| < R, choose r such that |z| < < R. Since [0, R[ C I, we have r € I,
so (anr™) is bounded, say |a,r"| < M. Hence,

n n
lanz"| = \anr"\(m) < M(M) .
r r

But ZM('%‘)" = 1_1“;[|/r converges, hence Y |a,,z"| converges.
o If |z] > R, then |z| ¢ I,, so (ay|z|™) is unbounded. Hence, a,z" - 0 and Y a,z"
diverges.

Remark 4.5. The radius of convergence R of > a,z" is thus the unique R € Ry =
R4 U {400} such that
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o if |z| < R, then Y |a,z"| converges,

o if |z| > R, then } |ap2"| diverges.
(R satisfies this by Lemma If there were two R; < Ry satisfying this, then for
R < |z|] < Ry, we would have Y |a,z"| convergent and divergent, a contradiction).

Remark 4.6. The behavior of the series is unpredictable when |z|] = R < 4oo. For
example, the series Sp(z) = Y. 2", Si(z) = > % and S2(z) = > 7272 have all a radius of
convergence equal to 1. But Sp(z) diverges at all points with |z| = 1, Si(z) diverges at
z =1 and converges at z = —1, and S2(z) converges at all points with |z| = 1.

Lemma 4.7. Let Y a,2™ be a power series with radius of convergence R. If

_ a _
lan| = L€ Ry or ’nJrl‘—)LE]RJr,

an

thenR:%. Here, %:OifL:—i—oo and%:—i—oo if L=0.

Proof. Fix z € K and put u, = a,2". Then /|u,| = ¥/|a,|-|2| = L|z|. If L = 0, then
> lanz™| converges Vz by the root test, so R = +oo. If L = 400, then Y |a,2"| diverges
Vz #0,s0 R=0. If 0 < L < +o00, then Y |a,z"| converges if |z| < % and diverges if
|z] > % Hence, R = % The second case is proved similarly using the ratio test. O

Example 4.8. The series ) 532" has a radius of convergence equal to 3, since {/s% — %

Lemma 4.9. Let > a,z"™ and > b,z" be two power series with radii of convergence R,

and Ry, respectively.

1. If ap, = O(by,), then Ry > Ry.

2. If a, = o(by), then Ry > Ry.

3. If ap, ~ by, then R, = Ry.

4. If Raqp is the radius of convergence of > (an + by)2", then Rqip > min(Re, Rp). If
moreover Ry, # Ry, then R,y = min(R,, Rp).

5. If cn = > h—g kbn—k, then Y- cpz™ = (3 an2™) (X bn2™) for any |z| < min(Rg, Rp). If
Ryp is the radius of convergence of > cpz", then Ry, > min(R,, Rp).

Proof. 1. Let I, = {r € Ry : (a,r™) is bounded }, I, = {r € Ry : (b,r™) is bounded }
and r € I. Then (b,r™) is bounded, say |b,r"| < M. But Ing € N, C' > 0 such that
lan| < Clby| Vn > ng. Hence, |a,r"| < M’ := max{|ao|, |a17], ..., |an,—17™ ", CM}.
Hence, (a,r™) is bounded and r € I,. Thus, I, C I, and Ry < R,,.

2. If a,, = o(by,) then a,, = O(by,).

3. If a,, ~ by, then a,, = O(b,) and b, = O(ay).

4. If |z| < min(Rg, Rp), then >" a,z™ and Y by2" converge absolutely, so > (an + by)z"
converge absolutely, so 2| < Rgtp. Thus, min(Ra, Rp) = SUD|.|cmin(r,, i) 2] < Rato-
If moreover R, # Ry, say R, < Ry, then for z satisfying R, < |z| < Ry, the series
> (an + by)z™ diverges since it is a sum of a divergent series and a convergent series.
Hence, [z| > Rqyp. Hence, R, = inf|, s g, [2] = Rayp and thus min(R,, Ry) = Ry >
Rosp.

5. If |z| < min(Rg, Rp), then Y a,z™ and > b,z" converge absolutely. Let u, = a,z"
and v, = bp2". The Cauchy product > w,, where w, = > [_,urv,_i converges
absolutely and equals (3 uy,) (3 vn). But w, = 37 arzb, 2"k = 2"¢,,, 50 3 ¢, 2"
converges absolutely and equals (Y a,2™) (> b,2"). In particular, |z| < Ry, and thus
min(Ra, Rp) = SUP|.|<min(Ra,Ry) 12| < Rab- O
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Example 4.10. The power series ), ~1(1 + % +... 4+ %)t" has a radius of convergence
equal to 1. Indeed, 1 < (1+ 35 +...+3) <n,s0 1< V(l—l—%—i—...—ki) < n and
thus C/(l +34.+ %) — 1 by the Sandwich theorem. Actually, this is just the Cauchy

product of the series Y a,t™ and > t", where ap = 0 and a,, = % for n > 1. Hence, for
t € ]—1,1] we have

Z(1+%+...+i)tn

D= () (3 Ly = MO0

n>1 n>0 n>1
where we used the Taylor series of In(1 — ¢) in the last equality.

Theorem 4.11. The power series Y., an2™ and the series of derivatives Y, ~1 nanz" "1
have the same radius of convergence.

Proof. Let R and R’ be the radii of convergence of 3_,,~¢ a,2" and 3,51 na,z" ! and put
I={reR, : (a,r") is bounded } and I' = {r € R, : (na,r"!) is bounded }.
If » € I', then for n > 1, |a,r"| < n|a,r™| = r|na,r" | < rM for some M. Hence,
lanr™ < M’ Vn, where M" = max(|ag|,rM). Hence, r € I and I’ C I. Thus, R’ < R.
Suppose R’ < R and let r1,75 such that " < r1 < ro9 < R. Then |na,r]”

n—1 n—1
(W;T)]anrg”\ < (®L—)M’ for some M’, since r < R. But

1| _
nr

n—1
1 _ n(rin -
Gl (7)™ — 0 since

n
2

r1 < ro. Hence, n:}n is bounded by an M”. Thus, |na,r? | < M'M", which is absurd
2

since 71 > R'. Thus, R = R. O

4.2 Properties of the sum function

We shall suppose in this section that ) a, 2" is a power series with radius of convergence
R # 0 and sum function S(z).

Definition 4.12. We define the disk of convergence of > a,z" as the open ball D =
Bgr(0) ={z € K: |z| < R}.
If the variable z is real, this disk is just the interval |-R, R].

Theorem 4.13. A power series converges normally, hence uniformly, on any closed ball
with center 0 contained in the open disk of convergence.

Proof. Let B,(0) C D. Then r < R. But Sup_. g,

verges because r < R. Hence, Y a,7" converges normally on B,.(0). O

) lan2"| = |ap|r™ and Y |anr™| con-

Remark 4.14. 1. In general, the series does not converge uniformly on D. For example,
> 2™ has radius of convergence 1 and does not converge uniformly on its disk, since z"
does not converge uniformly to 0 on this disk.

2. Actually, if the series converges uniformly on D, then it converges uniformly on D =
{z € K : |z| < R}. Indeed, using the Cauchy criterion, uniform convergence on D
means that

Ve>03Ing eN:n>ng,p>0 = V2 €D :|an2" +... +anpz" 7P| <e.

Fix n,p and zp on the boundary of D, i.e. |z = R. By continuity of the map
z +> |anz™ + ...+ anspz™tP|, by letting z — zp, we obtain the same inequality at zo.
Hence, uniform convergence holds on all D.
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3. If there exists zp with |z9| = R at which the series is absolutely convergent, then we have
normal convergence on D. Indeed, sup, 5 |anz"| = |an||20]" and 37 |an2g| converges
by hypothesis.

Theorem 4.15. The sum function S(z) is continuous on its disk of convergence.

Proof. Let zp € D and r = R%"ZO‘. Then |29 < r < R, so 29 € B,(0) C D. But the series
converges uniformly on B,.(0). Since each function a,z" is continuous, it follows that S
is continuous on B,(0), in particular at zp. Since this holds for arbitrary 29 € D, the
function S is continuous on D. O]

Corollary 4.16. For all p > 0, the sum function S(z) admits an expansion of order p
near 0, which takes the form S(z) = ag + a1z + ... + apzP + O(2PT1).

Proof. We have S(z) = ao + a1z + ... + apzP + 30, 5,11 an2™. But 30,5 15 ap2" =

2Pt 2on>p+ anz" P71 and 2 on>p+ anz" P71 = a,i1 +apiez + ... is a power series, so it

is continuous on its disk of convergence. Hence, there exists a neighborhood of 0 in which
1 _ _ 1

| Y onspr1 an2"| < C|2PTH, where C = |api1| 4 1. Hence, 3,5, 11 an2™ = O(2PT). O

For differentiation and integration, we suppose from now on that we have a power
series S(z) = Y apz™ of a real variable, i.e. K =R, with radius of convergence R > 0.

Theorem 4.17. If [a,b] C |—R, R], then

b b
/ S(t)dt:Zan/ t"dt, .

n>0

In particular, for any 0 < x < R,

JC _ an  ni1
/OS(t)dt_ZTH_lx .

n>0

Proof. Y~ apx™ converges uniformly on [a,b] and each a,z™ is continuous, so we may
integrate term by term by a theorem in Chapter 3. O

Example 4.18. We may thus recover the Taylor series of In and arctan :

¢ 1 * nn (_1)n n (_1)n71 n
ln(l—l—x):/o I—Hdt:/o S =30 S s S
n>0

n>0 n>1

t ( )_ * 1 dt = xZ(_l)nthdt_ Z (_1)71 2n+1
arctan(xr) = 0 71+t2 = 0 P —n>072n+1[13 y

both expansions are valid on |—1,1].

Theorem 4.19. The sum function S : |—-R, R[ — C is of class C*°, and its derivatives
are given by
S () = Z nn—1)...(n—k+ 1az"F.

n>k

In particular,
S (0) = klay .
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Proof. Let f,(x) = ana™. The series Y f,, converges pointwise on |—R, R[, each f, is of
class C* and ) fT(Lk), which also has radius of convergence R by Theorem converges
uniformly on any [—r,7] C |-R, R[. Let 29 € |—R, R[. Then xg € [—r,r| for r = w.
Hence, S is of class C* on [—r,r] by the theorem. Since any point in |—R, R[ has a
neighborhood [—r, 7] on which S is of class C*°, it follows that S is of class C* on |—R, R]
with the given formula for S*).

Finally, we have S®) (z) = klay, +( ) k41 o4& 2) Aot +. .., 50 S (0) = klay. O

4.3 Problems on the boundary

Theorem 4.20 (Abel). If 37, > a, converges, then the function S defined by

:Zanaz", —-l<zx<1,
n>0

satisfies

lim S(z Z an, -

r—1— n>0

This result is immediate if a,, > 0 for all n, since in this case >_ a,x™ converges normally
n [—1,1]. In the general case, the proof goes as follows:

Proof. Put S, =3 }_gar if n >0 and S_; =0. Then

Zan —ZS —Sp1)z ZSCE ZSn_lx”
n=0 n=1
m—1

—ZSnm—ZS’:E =Spz™+ (1 —x) ZSnx

n=0

Taking m — +o00 we get

S(x)=(1—=x) Z Spa" (%)

n>0

because Sy, converges and z™ — 0 for |z| < 1. Let € > 0 and put S = 3_, -y a,. There
exists ng such that |S — S,| < ¢/2 for all n > ng. Hence, noting that (1 —x) 3, 5o2" =1
for |x| < 1, we obtain by (x) that for any 0 < x < 1,

no—1
n n € n

|S(x)—S\=‘(1—x)Z(Sn—S):U \3(1—95)2 Sy = Sl + (1—2) 3 Ja

n>0 n=0 nzng

no—1 no—1

(1—2x) Z|S —S|z" + (1—2x) Zx (1—-x) Z\S — S|z" +§

n=0 n>0 n=0

Asxz — 17, thistends to /2,030 >0:zx € |1 — 4,1 = |S(x) — 5| <e. O

Corollary 4.21. If S(z) = Y ana™ has radius of convergence R, and if >~ a, R" converges,
then S is continuous on |—R, R].
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Proof. Let b, = a,R™ and f(t) = Y byt™. By Theorem lim; ;- f(t) = > b,. Let
e > 0. There is thus § > 0 such that
te]l— 6,1 = ‘th" Zb‘<a:>‘2anRt ZanR‘<€
Put z = Rt. Then
z€]R— RO,R[— t€|]l -§,1] = ’Zanx Zaan’SE.

We thus showed that lim, ,z- S(z) = S(R), so S is continuous at R. Since we already
know it is continuous on |—R, R[, the corollary is proved. O

4.4 Usual functions

Definition 4.22. The power series },~q 57 " has radius of convergence R = +o00. Its sum
is called the complex exponential function, and denoted exp : z — €

Theorem 4.23. Starting from the series e =) %,
tities, without using any geometric arguments :

(1) Vz1,22 € C, 1172 = e#1e%2,

(2) e #0 and £ = e .

(3) €2 = €% and |e*| = eRe(®),

(

(

)

)
4)dz

)

we may recover the following iden-

d_ z _ ,z
dze = e".

t

The restriction of exp to R is positive, increasing and satisfies €© — 00 as * — 00
and e* — 0 as x — —o0.

(6) There exists a number © such that €™/? =i and e* = 1 iff 5 € L.

(7) exp is periodic, with period 2mi.

(8) Let S! be the unit circle. The map f: R — S* defined by f(t) = €' is surjective.
(9) The map exp : C — C* defined by exp(z) = €* is surjective.

10)

(

There exists a unique continuous function L defined on C\R_ such that L(1) = 0 and
Vze C\R_, el = 2. This function is called the principal value of the logarithm
and coincides with the function In on R7 .

Proof. Admitted, see the prologue of [15]. For (10), see [2]. O

Definition 4.24. We call complex cosine and sine, denoted respectively by cos and sin,
the maps from C to C defined by

eiz _|_e—iz Z2n
VzeC, cosz = ——— = (-1)" 7
2 nz;() (2n)!
eiz 2n+1
VzE(C,sinz:i—Z [
=0 (2n +1)!

We call complex hyperbolic cosine and sine, denoted respectively by cosh and sinh (or
ch and sh), the maps from C to C defined by

€% + e % Z?n
Vz e C, coshz:izzi,
2 =0 (2n)!
z_ ,—z 2n+1
Vze(C,sinhz:%: %
nzo( n+ 1)!
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We call complex tangent and cotangent, denoted respectively by tan and cot, the maps
defined by

Vz ¢ g—l-ﬂ'Z, tan z = sz, Vz ¢ 7, cotz = €% _ tan (E —z).
c

0S 2 sin z 2

Lemma 4.25. For all z,a,b € C we have

cos(iz) = cosh z cosh(iz) = cos z

sin(iz) = isinh z sinh(iz) = isinz

¢'* = cosz +isinz e = cosh z + sinh z

e =cosz —isinz e * = cosh z — sinh z

cos® z 4 sin® 2z = 1 cosh? z — sinh? z = 1

cos(a + b) = cosacosb —sinasinb cosh(a + b) = cosh a cosh b 4 sinh asinh b

sin(a + b) = sinacosb + cosasinb sinh(a 4 b) = sinh a cosh b + cosh asinh b
Proof. Exercise. O

Lemma 4.26. (1) cos is even, periodic, of period 2w. Moreover, ¥z € C, cos(z + 7) =
—cosz and cos(§ — z) = sin z.

(2) sin is odd, periodic, of period 2w. Moreover, Vz € C, sin(z 4+ 7) = —sinz and sin(§ —
z) = cos z.
(3) cosh is even, periodic, of period 2mwi. Moreover, Vz € C, cosh(z + mi) = —cosh z and

cosh(z +i%) = isinh z.

(4) sinh is odd, periodic, of period 2mi. Moreover, Vz € C, sinh(z + mi) = —sinhz and
sinh(z +1%5) = icosh z.

Proof. Exercise. Use Theorem [4.23 ]

4.5 Analytic functions

Definition 4.27. Let X C K. We say that f : X — C is analytic near 0 if there exists a
power series Y a,z" with radius of convergence R > 0 and an open ball B,(0) C X with
radius 0 < r < R such that f(z) =" a,2" on B,(0).

We say that f is analytic near zo € C if the function g(z) = f(z + zp) is analytic near
0.

We say that f is analytic on X if f is analytic near any point in X.

For example, the function f(z) = {1, defined on C\ {1}, is analytic near 0 because
f(z) =3 2" on B1(0). More generally, we have

Lemma 4.28. The function f(z) = W is analytic near 0 for any k € N. Moreover,

1 n+k
(1_z)k+lzz< ;: )z” on B1(0).

n>0

This lemma is easy to prove if the variable is real, by differentiating ﬁ = > z" and
using Theorem For complex variables, we argue by induction.
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Proof. The coefficient ("zk) is a polynomial of degree k in n, so (":k)r” —0if0<r<1,

and (”;gk)r” — oo if r > 1. Hence, the radius of convergence of the above series is 1; it is
thus well defined on Bj(0).

We already know the result for £ = 0; this is just a geometric series. Suppose the

result is true for k. Write 1 — 2 = Y a,2" with ag = 1, a1 = —1 and a = 0 for &k > 2,

and put b, = ("Zflrl) Then the Cauchy product of Y a,2" with Y b,2™ has general

_ _ ekt TRy _ (ntk+1)! (n+k)!  _ (ntkt+D)!—n(n+k)!

term ¢, = aobn + arbn—1 = ("7577) — (131) = Gernmr — RO = Dl =
k1) (n-+k)! —n(ntk)! k!

(bl — bl — ("F). Hence, (1 - 2) %0 ("ph)2"H = X (")) =

W, which proves the result for k£ + 1. O

For the rest of this section, we suppose that f is a function of a real variable, i.e.
X CR.

Lemma 4.29. If f is analytic near xg, then f is of class C* on an interval |xo — r,xo + 7|.
. . . (n)
Moreover, the expansion of f near xqg is given by > fT(,IO)(:E —xo)".

We call this the Taylor series of f at xg.

Proof. Let g(x) = f(x + ). By hypothesis, there exists a power series Y a,x" with
radius R > 0 and an interval |—r,r[ with 0 < r < R such that g(z) = > apz™ on |—r, 7.
But x € |zg — 1,z +r] iff 2 — 29 € |—r,7[. Hence, f(z) = g(x — x9) = Y. an(x — 29)"
on |zg — r,x9 + r[. By Theorem g is of class C* on |—r,r[, so f is of class C* on
M) _ f™ (o) 0

n! n!

|xo — r, 2o + r[. Moreover, a,, = 2

This lemma ensures the uniqueness of the series expansion : if f(x) =3 an(x —x)" =

(n)
S bn(x — 20)", then a, = b, = fT(,mO) Here is an application of this :

Lemma 4.30. Let f be analytic near 0 and > a,x™ its power series.
o If f is even, then Vp € N, agpt1 = 0.
o If f is odd, then Vp € N, ag, = 0.

Proof. Suppose that f(z) = Y apz™ on |—r,r[. Then g(z) = f(—=z) satisfies g(z) =
Yoan(—x)" =Y (=1)"apx™. If f is even, then g(z) = f(x), so by the uniqueness of the
expansion, a, = (—1)"a, and thus asy+1 = 0 Vp. Similarly, if f is odd, g(z) = —f(x), so
a, = (—1)"*la, and thus azy = 0 Vp. O

Note that the converse of Lemma [4.29] is incorrect : we shall see in Exercise [§] some
functions of class C'"*° which are not analytic near 0. The following results give us criteria
that ensure the converse is true.

Lemma 4.31. Let f : |—a,a[ — C be of class C*>. Let Sp(z) = Y r_o %mk and
R, (z) = f(x) — Sp(z). Then f is analytic near 0 iff there exists an interval |—r,r[ on
which Ry, converges pointwise to the zero function.

Proof. If f is analytic near 0, then there exists an interval |—r,r[ on which f(z) =
> k>0 %x"’, so for any x € |—r,r[, Sp(x) — f(x), hence R,(z) — f(x) — f(z) = 0.
Conversely, suppose R, converges pointwise to the zero function on |—r,r[ and let
z € |—r,r[. Then f(x) = limyoo(f(z) — Rn(x)) = limy, 00 Sn(z) = D72 f(kk)!(o)xk, so f
is analytic near 0. O
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Corollary 4.32. If f : |—a,a[ — C is of class C* and if there exist C > 0 and w > 0
such that for all x € |—a,a] and n € N we have | f™) (t)] < Cnlw™, then f is analytic near
0.

:E|"+1

Proof. By the Taylor-Lagrange formula, we have |R,(x)| < |(7 SUPge[0,4] ()] <

n+1)!
C|z|"*w™ L. Hence, R, converges pointwise to 0 on |—r, [, where r = min(a,w™!). O

Remark 4.33. The hypothesis of the corollary is satisfied in particular if the successive
derivatives of f are uniformly bounded, i.e. bounded independently of x.

Remark 4.34. The converse of the corollary is also true; see Exercise

4.6 Power series and differential equations

To show that a function f is analytic near a point, and to determine the expansion, it
is often useful to use differential equations. Here is the general argument :

1. Find a differential equation that f satisfies, and indicate initial conditions.

2. Suppose y(x) = Y a,x™ is a solution of the differential equation and deduce the a,, and
the radius R. If R # 0, we will have f(x) = y(x) = > a,z™ on |—R, R[ by uniqueness
of the solution of the differential equation.

Before we give an example to clarify this method, let us state a general result on
differential equations.

Theorem 4.35 (Cauchy-Lipschitz Theorem). Let ai,...,an,b be continuous functions on
an interval I with values in C. Let xg € I and aq,...,a, € C. Then there exists a unique
solution f, defined on I, to the differential equation

y™ 4 ar @)y 4 an(a)y = b(x)
which satisfies
flwo) =01, fl(z0) =02, ..., fO7(x0)=om.
Proof. Admitted. See [I] for a proof. O

Actually, we shall only need the cases n = 1 and n = 2, and we only use the uniqueness
of the solution. Let us now give an example to illustrate the method described above.

Lemma 4.36. The function f(x) = (14 )% is analytic near O for any o € R. Moreover,
(1+x)°‘=2 <a>x" on |—1,1]
n b b
n>0
where (§) =1 and () =a(a—1)...(a —n+1)/n! forn > 1.
Proof. We note that f satisfies on |—1, 1] the differential equation

(B) {(1+i)y’ = oy,
y(0) = 1.
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Suppose (E) has a solution y(z) = 3,50 anz". Then ¢/ (z) = 3,51 nanz™ ' =3, 50(n+
1)an4+12™. Hence,

0=01+2)y —ay= Z(n + Dap12" + Z(n + 1)an+1:v"+1 — o Z anx"
n>0 n>0 n>0

But >2,~0(n + Dapyz™t = don>1nanT™ =3, 5o napx". Hence,

S ((n+ Dapsr + (n— a)ay)z™ = 0.

n>0

By the uniqueness of the expansion, we thus have ((n+ 1)an41 + (n — @)a,) = 0 for all n,

in other words,

a—n
a

n+1

By a simple calculation we deduce that a, = ao(g). But ap = y(0) = 1, so a,, = (g)

Hence, y(z) = > (7)z". If a € N, then () = 0 for all n > a + 1, so the radius of

n

Ap4+1 = n n>0.

convergence of this series is R = +o00. Otherwise, % = % — 1,50 R =1. In any
case, y(z) = Y (%)2™ is a solution of (E) which is well defined on |—1,1[. Since f is also
a solution of (E), we have f(z) =y(z) = > (7)z" on |-1, 1] by Theorem @ O

To conclude, note that conversely, given a differential equation, we can try to find its
solution by supposing that it takes the form of a power series Y a,x™, then calculate the
an and the radius R.

4.7 Exercises

1. Let P and @ be nonzero polynomials and let o« € R. Calculate the radius of convergence
of the power series }_,, >0 a,2", for

e a,=a" e a, =100cos(n) o a,=ec "
coshn <1+ 1 )" <2n—1>2”
[ ] a, = [ ] a, = —_— [ a, =
" n " 2n " n+1
1 (=" o —(n)
* T e ¢ T T ¢ an=sin(e")
1
o Gn:m ° anze_\/ﬁ e a,=Inn
n2 e\/ﬁ n
e a,=c¢ * ay=— e a,=—
n Inn
n! n!
[ ] Ay = n' [ ] Ay = W [ ] Qp = ﬁ
1 —nd—n+2 Inn+e™
[} an, = ———— [ ] aQn = ————— [ ] a, =
" gan-l " n?+5 " n3 +1In(1 +sin(377))
Inn P(n
L] an:23’n]7_2 [ ] an:QEfn/; L] a2k:2k et a2k+1:0
2. Let a € R and k£ € N*. Calculate the radius of convergence of the following power
series :
3n
. Z 252" e Z 257227 o Z ;? ° Z a"Z" e Z anz",
n>0 n>0 n>0 n>0 n>0

where
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1. a,, is the sum of the squares of the divisors of n.
2. a, =1 if n is prime, a,, = 0 otherwise.
3. ay is the number of couples (z,y) € Z? such that 2 + y? < n?.

3. Let > a,z" be a power series with radius of convergence R and let kK € N* and o € R.
Calculate the radius of convergence of the power series with general term:

n
o a,2"" e 27%2” e n%a,z2"
n“+n+2
2
° aﬁz" ° ane‘/ﬁz” o a,2"

(Hint: For the last series, first consider the case where R is finite, nonzero, then study
the cases R = +o00 and R = 0).

4. Let a, be a real sequence, a,, — a. Calculate the radius of convergence of f(z) =
> on>0 srx™, then calculate limy o0 67 f().

5. Determine the radius of convergence and the sum of the following real power series:

n n+22n —1 n
s SRS i

n>0 n>1 n>1
(71)71 2n z" Sil’l(’I’LOé) n
[ ] —X [ ] _— [} —X
n§>:1 2n n§>:1 1+...4+n n§>:0 n!
n
. (—1)"Flpg2ntt . (coshn)x™ e T
nZZO Tgo ; n(n + 2)
1 & 1)..n = 1 n (=", n
n>0 k=0 n>0 k=0 n>1

6. Show that if >" a,, > b, and > ¢, converge to A, B and C, and if ¢, = > p_ apbn—k,
then C' = AB. (Hint: use Abel’s continuity theorem).
Thus, we do not need > a, and > b, to converge absolutely if we already know that
their Cauchy product converges.

7. Give a power series expansion near 0 for the following functions:

1 1
e In(x+a),a>0 e e

G-DE—2) =)
1 @ arctan(t?) 1—a?
—=dt t

EE ) /0 ; e arc an(l—i—x?)
o ccosx o In(z?-52+6) e cos’x

1
. - e arcsinz e In(l+uxz+2?)

—x

8. In this exercise we show that a function of class C* is not necessarily equal to its
Taylor series.
1. Give an example of a function f of class C° on a domain D such that the equality
flz)=> %w" is only true on an interval which is strictly smaller than D.
@ ifx # 0, ;
0 ifz=0"
> %x" for any x # 0.

2. Show that if f(z) = { hen Z%x” converges, but f(z) #
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10.

11.

12.
13.

14.

15.

16.

17.

18.

3. Show that if f(z) = 3. e "sinn’z, then f is of class C™ but %x" diverges
for all z # 0.

(Bernstein Theorem). Show that if f is of class C°° on |—a,a[, and if f and all its

derivatives are nonnegative on |—a, a, then f is analytic near 0.

Deduce a new proof of the fact that for —1 < 2 < 1 we have (1 +z)* = 3,5 (7)z"

for any a € R, where () =1 and () = a(a—1)...(a —n+1)/n!

(Hint: Consider g(y) = (1 —y)~? with 8 > 0, then deduce the general case).

Calculate 325% 5o, Yo%y (71,):1_1 and >0 (2;2: (Hint: Use the standard Taylor

series. The 2nd and 3rd series will need some justifications).

(Converse of Corollary 4.32)). Show that if f is analytic near 0, then there exist strictly
positive reals C', w and r such that for all n € N and z € |—r,7[, |f™(z)| < Cnlw™

Expand e 2% g5 4 power series near 1.

Let f(x) = > anz™ be a power series defined for |z| < R. Show that f is analytic on
|—R, R, i.e. f has a power series expansion near any a € |—R, R].

Let o € R and f(z) = cos(aarcsin x).

1) Show that f is the unique solution on ]—1, 1] of the differential equation

(E) {(1 —2?)y" — zy + oy =0,
y(0)=1,4'(0)=0

2) Show that if y(z) = 3" a,a™ is a solution of (F) on |-R, R[, 0 < R < 1, then

n2 — a2

vneN:an+2:m

Ay .

Deduce the value of a,,.

3) Calculate the radius of convergence of 3 a,z™. Deduce a power series expansion
for f.

Show that the differential equation
dry” +2y +y=0

has, up to a multiplicative constant, a unique solution which is analytic near 0. Give
this solution explicitly.

Show that the differential equation
(1+2%)y" —2y=0

with the conditions y(0) = 0 and '(0) = 1 has a unique solution f which is analytic
near (. Calculate the coefficients and the radius of convergence of the power series,
then make it explicit as much as possible.

(Tauberian theorem). Let f(z) = anz™ for —1 < & < 1 and suppose na, — 0. Show
that if f(x) — ¢ as x — 17, then ) a, converges, and is equal to /.

Show that this partial converse of Abel’s theorem is false without the condition na,, — 0
(consider a, = (—1)™.)
xn

Calculate, for x € R and in case of convergence, the sum > EESIE



Chapter 5

Improper Integrals

5.1 Generalities

Reminder 5.1. If f is a bounded function on [a, b] and if X = (x1)o<k<n is a subdivision
of [a,b], we put

c(f) = _inf f(z),  Cu(f)= sup flz),

$E[Ik,$k+1] me[:vk,mlﬁ_ﬂ
define the Darbouz sums
n—1 n—1
(X, f) = (wie1 —ze)e(f), S ) =D (w1 — 1) Ci(f)
k=0 k=0

and denote s = supy s(X, f) and S = infx S(X, f). Then
o A bounded function on [a, b] is said to be Riemann integrable on [a,b] if s = S. We
then denote s = 5 = f; f(t)dt.
o Any continuous function on [a,b], and any monotone function on [a,b] is Riemann
integrable on [a, b].
o If f is continuous on [a, b, it admits a primitive F', and ff f(t)dt = F(b) — F(a).
Definition 5.2. We say that a function f is locally integrable on an interval I if it is
Riemann integrable on any [c¢,d] C I.

Remark 5.3. If f is continuous or monotone on [a, b], then it is locally integrable on [a, b[

by Reminder

Definition 5.4. 1. Let f be locally integrable on [a,b]. If lim, ,,- [ f(t)dt exists, we
denote it by [ (f f(t)dt, and say that the improper integral |, ; f(t)dt is convergent.

2. Let f be locally integrable on |a,b]. If lim, ,,+ ff f(t)dt exists, we denote it by
ff f(t)dt, and say that the improper integral f;’ f(t)dt is convergent.

3. Let f be locally integrable on |a,b[ and let ¢ € ]a,b[. If the two improper integrals
[2 f(t)dt and fcb f(t) dt are convergent, we denote their sum by f; f(t)dt, and say that
the improper integral | : f(t) dt is convergent.

Remark 5.5. The last definition does not depend on c. Indeed, if ¢ < ¢ € ]a, b, then

[ f)dt = fccl f(t)dt + [7 f(t)dt, where both integrals are well-defined Riemann inte-
grals. Hence, [T f(t) dt has a limit as z — b~ iff [7 f(¢) dt has a limit as x — b~. Moreover,

if this limit exists, we have fcb = fccl + /. 3. The same can be done on the left side, so the
improper integrals [ f(t)dt and fcb f(t) dt converge iff f;/ f(t)dt and fclz f(t) dt converge,
and in this case [C+ [2 = [¢ — [+ [+ [5 = [+ [L.
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Example 5.6. (1) [fe'dt = —e /| =1—e® — 1 as ¢ — +oo. Hence, [ e tdt
converges and equals 1.

(2) If 2 > 1, then [ 1 dt =Inz — +00 as © — +oo. Hence, [;"° 1 dt diverges.
(@1H$€[Qlemlﬁk%idt:—2#1—ﬂ§:20f—ﬁl—x)—>2%a%%1*.Hmm@
1 g converges and equals 2.
0 Vvi—t
(4) Arguing as in (1), [°_ et dt = 1. Hence, [T2° e~ I!ldt converges and equals 2.

Remark 5.7. If f is defined on |a, b], the two sides must be treated independently. For
example, [* tdt =0 for any z, but [*2°¢dt diverges because [, tdt diverges.

Theorem 5.8 (Riemann’s rule). Let a € R.
1. fol t% dt converges iff a < 1.
2. [[7°° & dt converges iff a > 1.

Proof. If a = 1, then fsl 2dt = —Ine = 400 as € = 0. Also, [ 1dt = Inz — +o0 as
& — +o0. Hence, [; 1dt and ffroo L dt diverge.
If a # 1 then fel A dt = 1-(1 — ZL5) has a finite limit as € — 0 iff o < 1. Also,

I t}, dt = (IQ1 r—1) hasaﬁmte limit as x — +oo iff a > 1. m

Hence, f0+ 0 L dt diverges for all a € R.

5.2 Basic properties of improper integrals

Theorem 5.9. 1. (Linearity). Let f,g be locally integrable on ]a,b[ and let \,u € R.
If f[ff(t) dt and ffg(t) dt converge, then f;()\f(t) + ug(t))dt converges and equals

M PP dt + o [P g(t) dt
2. (Integration by parts). Let f,g € C1(]a,b]). Suppose fg has finite limits l, at a and
ly atb. Then f:f(t)g’(t) dt converges iff ffg(t)f’(t) dt converges. In this case,

/f &_@—I—L%@fmw.

3. (Change of variables). Let f be continuous on ]a,b| and ¢ : lc,d[ — la,b] be C1,
bijective, with a continuous inverse. Then f:f( t)dt converges iff fdf(¢>( ))\(Z)’( )| ds
converges. In this case,

b d
[ o= [ re)le/(s)lds.

Proof. In all properties we assume « is finite and f, g are locally integrable on [a,b[. The

case |a, b| is similar, and the case |a, b[ is deduced by considering ]a, c] and |[c, b].

1. Given z € [a,b[, by the linearity of the Riemann integral, [7(Af(t) + pg(t))dt =
AT f@)dt + p [ g(t)dt. If each integral on the RHS has a limit when z — b, then
the LHS has a limit as asserted.

2. Given z € [a, b], integrate by parts on [a, z] to get [ f(t)g/(t) dt )g/(a:) fla)g(a)—

[ g(t)f'(t)dt. Assuming lim,_y, f(2)g(x) = Iy, then 11m$_>bf f(t)g'(t)dt exists iff
limg_y, [ g(t) f'(t) dt exists, and we have the stated equality.
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3. Since ¢ is a continuous injection, it is strictly monotonelﬂ Suppose ¢ is strictly increas-
ing. Then ¢(c) = a, lim,_,4- ¢(y) = b and lim, ;- ¢~ () = d.
Let y € [c,d[. By a change of variables in [a, ¢(y)], we have [Y f(¢(s))¢/(s)ds =
J2W) (1) dt. Hence, limy_4— [¥ f(6(s))¢ (5) ds exists iff lim,_4— [?¥) f(t)dt exists iff
lim, ,,— [i7 f(t) dt exists, in which case we have the stated equality.
If ¢ is strictly decreasing, then ¢(c) = b, lim,_,;- ¢(y) = a and the same argument
applies (the limits of the integral now have to be inverted, so ¢’ becomes |¢']). O

Example 5.10. fol Intdt converges. Indeed, f(t) =t and g(t) = Int are C! on ]0, 1] with
f(1)g(1) = 0 and lim;—o f(¢)g(t) = 0. Integrating by parts and noting that fol 1dt =1
converges, we get that fol Intdt converges and equals 0 — 0 — 1 = —1.

5.3 Integrals of nonnegative functions

Lemma 5.11. Let f be nonnegative, locally integrable on [a,b]. Then f; f(t)dt converges
iff the function F(x) = [V f(t)dt is bounded from above on [a,b|.

Proof. Since f is nonnegative, F'(zr) is increasing, so it has a limitﬂ at b which is finite or
+00. This limit is finite iff F' is bounded from above on [a, b]. O

Corollary 5.12 (Comparison test). Let f, g be nonnegative and locally integrable on [a, .

(1) If f = O(g) mear b, then the convergence of ffg(t) dt implies the convergence of
f: f(t)dt, and the divergence of f: f(t)dt implies the divergence of ffg(t) dt.

(2) If f = o(g) near b, then the convergence of ffg(t) dt implies the convergence of
f; f(t)dt, and the divergence of f; f(t)dt implies the divergence of ffg(t) dt.

(3) If f ~ g near b, then fé)g(t) dt converges iff f;’f(t) dt converges.

Proof. (1) By hypothesis, 3M,d > 0 such that 0 < f(z) < Mg(z) for all x € |b— 4,0
Integrating we get

b—4 b—¢

vxe]b—a,b[:/:f(t)dt: f(t)dt+/b:f(t)dt§ a f(t)dt—kM/b:g(t)dt.

a

If ffg(t) dt¢ converges, then [;° 5 g(t) dt has a finite limit as # — b. Hence, the RHS is
bounded by a C' > 0 independent of x, so F(z) = [ f(t) dt converges by Lemma

If [ f f(t)dt does not converge, then [ (f g(t) dt does not converge by contraposition.
(2) If f =o0(g), then f = O(g), so this follows from (1).
(3) If f ~ g, then f = O(g) and g = O(f), so this follows from (1). O
Remark 5.13. Analogous results hold for functions f, g locally integrable on ]a,b[. The

results are also true if f and g are negative functions, by considering —f and —g. The
restriction is that g cannot change sign.

1. If ¢ is not strictly monotone, there exist t1 < ¢z < t3 such that ¢(t1) < ¢(t2) > ¢(t3) or ¢(t1) >
o(t2) < ¢(t3). Suppose the first case holds; the other case is similar. The first case has two sub-cases :
If ¢(t1) < @(ts) < ¢(t2), then by the intermediate value theorem there exists ¢ € |t1,¢2[ such that
o(c) = ¢(t3), so ¢ is not injective, a contradiction.
If (t3) < P(t1) < d(t2), there exists ¢ € Jta, ts[ with ¢(c) = ¢(t1), again a contradiction.
2. This is proved exactly like sequences; we only indicate the bounded case. Let € > 0 and ¢ = SUP[q, [ F.
Then ¢ — ¢ is not an upper bound, so there exists xzo such that £ — e < F(xo). But F is increasing, so
20 <z <b = f—e< F(xo) < F(z) </ Hence, |[F(z) — {| < e and F converges to ¢.
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Example 5.14. Consider I = f;roo In(cos(2))dz. If 2 > 2, then 0 < cos(2) < 1, so

z — In(cos(2)) is continuous and strictly negative on ]%, +o0 { To study the convergence

near %, puth%—l—h. Then
1 1 T

Hence, cos(1) = sin(Th + o(h)) = T + o(h) = ﬂih(1 +0(1)) and thus In(cos(1)) =
ln( hy 4 o(1) = 111(—2) +1In(z — 2) +0(1). But fo ™ Inz dx converges, so fz In(z — 2)dz
converges and thus f 2 In(cos(2 )) dz converges.

Near +oo cos(1 ) =1- W + o( 5), so In(cos(1)) = In (1 + (cos(1) — 1)) ~ ﬁ
Since [° 25 da converges, then [° ln(cos( )) dz converges. Conclusion : I converges.

5.4 Absolute convergence

Definition 5.15. Let f be locally integrable on ]a,b[. We say that f: f(t) dt is absolutely
convergent if | (f |f(t)| dt is convergent.

Lemma 5.16. Let f be locally integrable on |a,b[. If ff f(t)dt is absolutely convergent,
then it is convergent.

Proof. Let fr = 5(|f] + f) and f- = §(|f| = f). Then 0 < f < |[fland 0 < f- <[f].
But f; | f(t)| dt converges, so f: f+(t)dt and ff f—(t) dt converge by the comparison test.
But f=f+— f_, so f: f(t) dt converges. O

Corollary 5.17 (Bounded interval criterion). Let [a,b] C R be a bounded interval and
suppose f is locally integrable and bounded on ]a,b]. Then f: f(t)dt converges.

In particular, if f is locally integrable on [a,b| and has a limit at b, then ff f(t)de
converges.

Proof. Assume |f(t)| < M for all ¢t € ]Ja,b[. Then f;Mdt = M (b — a) converges, hence
/ f |f(t)| dt converges by the comparison test, so [ (f f(t) dt converges. O

Example 5.18. fo cos( )dt converges by Corollary |5 since cos(%) is continuous
and bounded by 1 on |0, 1]

b) Making the change of variables ¢ = 1 in the previous integral, we deduce that
S
1+°° 05(s) 45 converges.
¢) Consider [t ¢ The function 2 is continuous on |0, 4+o00[ and tends to 1 as
0 t t

t — 0. Hence, fol S‘%t dt converges by the bounded interval criterion. We now study

fﬁoo Sititdt. For this, we integrate by parts, taking f(t) = % and ¢(t) = — cost,
which are C! on [1, +oo[ and satisfy f(1)g(1) = —cos(1) and lim;_, o f(t)g(t) = 0.
Hence, [;7°° S2L ¢ and [;"°° <% dt have the same nature. We just saw that the latter

sm t

converges, hence fiFe St d¢ converges. Conclusion : Joree

(d) Let us show that [ e @ dt diverges. Consider u, = [;'" |Smt| dt.

i k
We have u,, = Zk - k(j:ﬂ)rr |51;1t\ dt > 370~ fk:_:_# \Slnt| dat.

dt converges.
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But if t € {lm%—%,lm—i—%ﬂ}, then |sint| > % and % > ﬁ Hence, w, >
Yhlo 3 k+1 T =134+ — 400 asn — oo. Thus, u, — +oo and [;™° Ismtl dt
dlverges

Example 5.19 (Bertrand integrals). Given «a, 5 € R, we prove that

b 1
Iop ::/2 de converges <= a>1lor (a=1and §>1),

1/2 1
Jo8 ::/0 de converges <= a<lor (a=1and §>1),

2 1
Kyp:= ———=d —= g <1.
a8 /1/2 o ([Inz])? T converges 15}

Let fop(x) = m Then f, 3 is continuous and nonnegative on |2, 4-o0.

If < 1, then l/x =2 (Inz)? = (lnm) — 0 as ¢ — 00, S0 1 = 0o(f,,3) near co. But
J5° i dx dlverges, SO Iaﬁ diverges.
If @ > 1, take v = H'TO‘ Then {735@ = = ’Y%lnz)ﬁ — 0 as x — oo since a — v > 0.

Hence, f, = o(-5) near co. Since v > 1, [5° -1 dz converges, hence I, g converges.

If o = 1, making the change of variables u = Inx, we get that I g converges <=
e uiﬁ du converges <= [ > 1.

To study Ju,p, consider the change of variables v = % Then J, g converges <=
J5° (I#Z)ﬁ 2 =1laqp converges <= 2—a>1lor(2-—a=1and > 1),ie a<lor
(e =1and g >1).

To study Ko, let Lo g = f11/2 m dz. Near 1 we have Inz = In(1 + (x — 1)) ~

1/2

1 1 1 1
x — 1, so ~ 1P But flﬂmdx converges <= [fo'" =5 du converges

1
z®(|Inx])?
<= [ < 1. Hence, L, g converges iff § < 1. Similarly, M, s = f12 fa,p(x) dz converges iff
B <1,s0 Kog= Lap+ Myp converges iff 5 < 1.

5.5 Cauchy criterion

Theorem 5.20 (The continuous Cauchy criterion). Let A = B,(z9) C K, where K = R
or C. Let a be a limit point of A. Then f has a limit at a iff for any € > 0 there exists a
neighborhood V' of a such that z,y € VN A = |f(z) — f(y)| <e.

Proof. Suppose lim,_,, f(x) = £. Then given ¢ > 0, there exists a neighborhood V of a
such that z € VNA = |f(z) — /] < 5. Hence, z,y c VNA = |[f(z) - f(y)| <
@)=+ 1 f) — €] <=

Conversely, suppose f satisfies the continuous Cauchy condition. Let € > 0 and let
{an} € A with a,, — a. Then there exists N € N such that a,, € VN A for alln > N. So
by Cauchy’s condition, |f(ay,) — f(am)| < e for any n,m > N. Hence, (f(a,)) is Cauchy,
so it converges.

Suppose (a,) and (by,) are two sequences converging to a. We showed that (f(ay)) and
(f(by)) converge. The sequence (c;,) defined by co,, = a,, and ca,+1 = by, also converges
to a, so (f(cy)) converges and thus the subsequences (f(ay)) and (f(b,)) converge to the
same limit.

We showed that there exists ¢ such that for any sequence {a,} C A, a, — a, the
sequence f(a,) — £. Hence, lim,_,, f(x) = ¢. O
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Corollary 5.21 (Cauchy criterion for integrals). 1. Let f be locally integrable on |a,b],
beR. Then f;)f(t) dt converges iff

Ve>038>0:Ve,2' € la,b], z,2' €]b—6,b <e.
2. Let f be locally integrable on [a,+o0[. Then fjoo f(t)dt converges iff
Ve>03AeR:Vz,a' € [a,+oo, z,2' > A = f(t)dt’gs.

Proof. Apply the continuous Cauchy criterion to g(z) = [ f(t) dt, noting that neighbor-
hoods of b have the form |b — ¢, b[, while neighborhoods of +o00 have the form |A, +oco[. O

A similar criterion holds of course for integrals which are improper on the left.

5.6 Exercises

1. Let @ < 8 < v € R. Calculate the following integrals, then deduce the convergence
and the value of the improper integrals when o« — —o0, § — 0 and v — +00

v v
° / dz ° / lni dz, a >1 / VT g
0o (z+1)(x+2)(z+3) 1z
v d 7ol 1
° / @ ° / e dx ° / <1 — xarctan —) dx
o T2+2x+3 g (x+1)? 3 x
. /7 dx . /7 dx . /”/ rarctanx da
0 V1+e® 0o x3+1 o (1+22)2

2. (Gamma Function). We define the I" function on |0, +o00[ by

F(a:):/ t* e tdt.
0

1) Show that I' is well defined, i.e. the integral converges for all x > 0.
2) Show that for all z > 0, I'(z + 1) = 2I'(x) and for all n € N, I'(n + 1) = nl.

3. (Gauss integral).

—x 2
1) Let f(z) = [y ©oez dt. Show that f is differentiable on R and that f'(z) =
fl —z(1+t2) dt.

2) Put g(x) = f(2?). Show that for all € R,

™

T z 2
g (z) = ¢~ / e~ dt, then that g(z) + (/ et dt) =
0 0 4

3) Deduce the value of [;* e~* dt, then that of r'().
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4. Study the convergence of the following improper integrals:

00 o0 1/3 4 g &
° / x+2)— Va2 +4r+1dz e / e~ T /TAsInT g ° / % dx, a € R
0

—VInz o
° / dz /1 ° /1 1.Cos 1/x
Pk 0 o ln:U
d ln:p /
/2 (Inz)* o * /0 * o T2—

1 1 ! t d
. / arctan (—sm( )) dz o / aretan® g . / * 5 e, bER
0 x x 0 0o z*+
o0 L 0 a;—l 0 dx
“1T—e vo)dz, a € R / /
. /1 2*(1—e vo)dx, a . ; 9:+27/3 o ) @3R3
! alb o dzx
o /\1—m|dx,a,b€R . / da; a€R o / _
0 o lnz oo T + x2e~ %
. /e dx . / dx . /Ooe r
1 Inz e lnz 0 \f

. /OOO sin(5z) —sin(3z) | . /000 z° do, abeR / (Vo +1- ¥2) de

x5/3 1+ ab 0
5. (Improper integrals and limits). We learned that if a numerical series  a,, converges,

then a,, — 0.

1. Find a function f which is nonnegative, continuous and such that [;° f(z) dz con-
verges, but lim f(x) does not exist.

2. Show that 1f [ is locally integrable on [a,+oo[, if [ f(z)dx converges and if
Jim. f(z) exists, then Jim f(z) =0.

3. Show that if f is locally integrable on [a,4+oo[, if [;° f(x)dx converges and if f is
uniformly continuous, then lim f(x) = 0.

T—r00
4. Application: study the convergence of [;° sin(sin z) dz.

6. Study the convergence of the following improper integrals:

oo 1 i 00
o / sin(z) dz o / el dz, a>0 e / il dz, a >0
0 o a° oz
o0 11 1 > sin? x
in(e”) d / d / d
o /0 sin(e”) dx o 2 Sm(acQ) L A ——d
®©  sinz d
o ————dzx
1 VZ+sinz

7. (Abel’s criterion). Let f and g be two functions on [a,b], b € R U {+o0}, such that
o fis of class C', monotone and tends to 0 at b,
¢ g is continuous and IM > 0: Ve € [a, b, | [ g(z) dz| < M.
Show that f; f(z)g(z)dz converges

Application: study the convergence of [;* (v& + cosz — /z) dz
8. Show that fOTr/Q ln(sin x)dr = fﬂ/Q In(cos z) do = — ™02,
9. Show that [;° 1+I4 dz = 1+x4 dz = 2{

3. The criterion remains true if f is not of class C'* and if ¢ is not continuous, but the proof becomes
more complicated.
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10. Let a,b > 0 and let f be a continuous function on Ry such that [; ! ( ) dx converges.
1. Show that for a > 0, we have

[y, S,

ba X

f(bx)—f(ax) :
Deduce that the integral [;° Jbx)=1(a2) g2 converges and is equal to f (0)In &.

xX
bz_

~ ~ dz and give its value.

2.
3. Show the existence of [ €
4.

Deduce from the previous question the convergence and value of fo o L dx.
et _e—iT

2
11. Calculate the following integrals after establishing their convergence (n € N*):

5. Calculate [;° Slg—zm dz using the relation sinx =

° /Oo#dx L] /w;dx
o (z2+1)" oo (24224 3)" T
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