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Feller-Pareto Distribution

MAHMOUD RIAD MAHMOUD
AND AMANI SHAHEEN ABD EL-GHAFOUR

Department of Mathematical Statistics, Institute of Statistical Studies and
Research, Cairo University, Giza, Egypt

In this article, the exact form of Fisher information matrix for the generalized Feller-
Pareto (GFP) distribution is determined. The GFP family is a general distribution which
includes a variety of distributions as special cases. For example:

e generalized Singh-Maddala distribution which in turn includes Burr, Fisk, and
Lomax distribution (see Kleiber and Kotz, 2003);

e a Pareto IV distribution which includes a hierarchy of Pareto models, omitted an
additional location parameter (see Arnold, 1983, 2008); and

e beta Lomax distribution which includes, for example, beta Il and Lomax
distributions.

Application of these distributions covers a wide spectrum of areas ranging from actuarial
science, economics, finance to bioscience, telecommunications, and medicine.

Keywords Fisher information; Beta Lomax; Generalized Singh-Maddala; Generalized
Feller-Pareto; Beta Burr XII.

Mathematics Subject Classification 62E15.

1. Introduction

In this article, the exact Fisher information matrix for the generalized Feller-Pareto (GFP)
distribution is determined. It is well known that Fisher information matrix serves as a
valuable tool for derivation of covariance matrix in the asymptotic distribution of maximum
likelihood estimators (MLE).

The GFP distribution is a five-parameter family of distributions, four important four-
parameter daughter distributions can be obtained from the five-parameter parent GFP
distribution either as special cases or as limiting cases. These distributions are commonly
referred to as the generalized beta distribution of the second kind, beta Weibull, beta
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Lomax and generalized Singh-Maddala distributions. They can, in turn, give rise to special
or limiting case three- parameter families of distributions: for example, generalized gamma
and Burr XII distributions. In summary, the GFP family is indeed an attractive, flexible,
elegant, and ingenious family but it involves five parameters. For further discussion and
diverse applications, see Arnold (2008), Brazauskas (2002), Brazauskas (2003), Kleiber
and Kotz (2003), and Paranaiba et al. (2011).

This article is organized as follows. In Sec. 2, two different representations of the GFP
family are described and some general distributions which the GFP family includes as
special cases are specified. In Sec. 3, we provide elements of the Fisher information matrix
for GFP and some special cases.

2. Generalized Feller-Pareto and Related Distribution

The Generalized Feller-Pareto (GFP) family was defined by Zandonatti in 2001 as men-
tioned in Kleiber and Kotz (20013). Let random variable V is distributed as Beta(q, p). For
somea, 0, b > 0, use x = b(v~7 — 1)//% to make a transformation to obtain

a—1

=g ()T -0+ ) T e o

where the four parameters a, 8, pandg > 0 are shape parameters, b > 0 is a scale parameter
and B(p,q) = %. Kleiber and Kotz (2003) omited an additional location parameter.
In this case, X is said to have a generalized Feller-Pareto distribution. We denoted this
distribution by GF P(a, 0, b, p, q). Alternatively, the GFP distribution is defined and in-
vestigated by Paranaiba et al. (2011) under different name which is Beta Burr XII (BBXII)
distribution using a generalized class of distributions was defined by Eugene et al. (2002).

More specifically, if a generalized class of distributions for p > 0 and ¢ > 0 is defined as

G(x)

Fx)= [ v~ (1 = v)P dv, )
0

B(p,q)

where p and ¢ are shape parameters. When G(x) =1 — (1 + (%)“)‘9 is the cumulative
function of Burr XII distribution, then (2) is the corresponding cumulative function to GFP
distribution (1).

Some known distributions can be special case from GFP distribution in (1). For ex-
ample, beta Weibull distribution is a limiting distribution as & — oo (Paranaiba et al.,
2011) and generalized beta distribution of the second kind (Feller-Pareto) distribution
is obtained for & = 1 (Kleiber and Kotz, 2003). And the beta Lomax distribution is
given by

p—1

e (R) M (S(RY )

which is special case from generalized Feller-Pareto distribution if a = 1 in (1).
A new distribution defined in Zandonatti 2001 as mentioned in Kleiber and Kotz (2003)
is obtained by putting ¢ = 1 in (1), as

o= (G 0+ GY) (-0 G))) T 0 o
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Distribution (3) will be known as the generalized Singh-Maddala distribution. It in-
cludes Singh-Maddala, Lomax, and Fisk distributions by puttingin(3) p = l,a = 1,6 =1,
respectively. Furthermore; the distribution obtained when p = 1 in (1) can be a Pareto IV
distribution with density function

f()_aq“‘<1+(z))_6q_l, x>0 @)

Distribution (4) includes a hierarchy of Pareto models, with an additional location
parameter which discussed in Arnold (1983) by putting ¢ =6 =1 in (4). For further
discussion and diverse applications, see Arnold (2008), Brazauskas (2002, 2003), and
Kleiber and Kotz (2003).

3. Information Matrix for Generalized Feller-Pareto

Suppose X is a random variable with the probability density function fA(x) where A =
(A1, ..., Ap)and fa(x) has second derivatives fa(x)/dA;0A; for all i and j. Then the
information matrix /(A) is the k x k symmetric matrix with elements

2
1(8) = _Ex [a log(f <x>>]

FYVErY

For the GFP(a, 0, b, p, q) distribution all second derivatives exist. Thus, we have
A = (A1, Az, A3, Ag, As) = (a, 0, b, p, q), the log-likelihood

1og(L(x))=nlog<#§q))+<a—1>210g( ) <9‘1+1)Z‘°g(1+<b>a)
—i—(p—l)glog <1—(1+(%)“)_g).

Elements of the Fisher information matrix of the GFP distribution were obtained using

second partial derivatives and some of them can be written in a simpler form by using the

digamma function ¥ (y) = 111((y)) and the trigamma function W’'(y) = 7~ (%)

Iss(A) = n[¥'(g) — ¥'(p + q)]
Iss(A) = —n¥' (p + q)

—nab 1
Is3(A) = m |:B (p,q)— B (P’ q+ 5)]
Isa(A) = g(w (P+q)—V(g)

Isi (A) = Z(\v (P+q)—V(g)

n B 1 " 1 v 1
caman (0t ae) (v (00) v (rree3))
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00 (—1)® 'rlj([?)
AP (g (1) — W (af + 0q + 1))

0
+ ag(q+oz)(9q+9a+l)

0o o _T(p)
(=D N alf(p—a)

Z < (0g + 0 + 1)

na6 1
In(AD)= —|B(p—1, 1)—B —-1l,g+-+1
13(A) bB(p’q)[ (p g+1 (p a+7 )}

Lo (0) = 5o g + 1) =W (p+q)

W@+ -=¥({p+q9)

In ()=
nB(g+i+1,p-1) 1 1
- b <\P<q+5+1>—\ll(p+q+5))

aB(p,q)

C'(p—
( 1)0! 'F(p o— 1)

(q+a+1)0g+0a+6+1)

[eS)

aB (p q) Z

a=0
fee] (_1)0! C'(p—1

a!l'(p—a—1)

n6?
X (V1) —V¥(xf+60g+6+1)) —
SAC ( 9 ) aB(p,q)§(9q+9a+9+l)2

b? b’B(p,q i|
na*@q +1) 1
T B9 [B (p’q+5) (p at ﬂ

nab (p — 1)
_—sz(p,q) [B(p—l,q+1)— < 1q+9+1>:|

nba*(p — 1 1 2
0N (g ) e (oo 24)]

b>B (p, q)

n92a2(p—1) 2 1
—— B -2, —+1)—-2B -2, —+1
el A GeXAr et R GeXie sy
nb%a*(p — 1)
b*B(p,q)

naq 1
I (A )_W[B(P’C])—B(P’CI‘FE):I

nap=Dp, o +1+1)[w< + +1—1)—w< +1+1)]
~ 3B PP 24+ Pta+s g9+

- 0 1 1
) = 5+ D [B(m)— (p q+9>
2
0

B(p—-2,q+1)
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+M|:B( —1 —i—l)—B( —1 +1+1>}
B |EP e p=la+
na(p —1)
R g (p—2.g+D[W(g+1)— W 1
B (p.q) (p g+D[V@+1D (p+q—1]
n n(@qg+1) 1
el R CERT)]
m[B( 1 +1)—B< 1 +1+1)]
bBpg L0 P

n@q+1) 1 1 1
+beB(p,q>B<p’q+5) [qj<"+5>_w<p+q+5>}
nq+1) 2 2 2
_beB(p,wB(p’“@) [‘D(“@)_w(”“@)}

n(p—1) 1 1 1
Blp—lg+1+— )|V g+-4+1)-¥(p+tqg+-

" bB(p,q) 0 0 )
+n(p_l)B<p—1,q+l+z> [W<q+%+l>—\ll<p+q+z
bB(p,q) 0 0 )
+m3(p—2,q+1)[\I/(q+1)—\lf(p+q—1)]
bB(p,q)

M-,

1
p i p—2,q+l+—>
bB(p,q) ( 0

R )

no (p—1 2
+L3<p—2,q+l+§)

bB(p,q)

USRS

8 0g + 1) & D g (V) — W (@f +6g +3)

a!ll'(p—a)
bB (p,q) ; (0g + 6o +2)(0q + 6o + 1)
no2(p— 1) i (=) =l (W (2) — W (o + 0 + 6 + 3)
bB(p,q) = (0g + 0o + 6 + 1) (0g + 6o + 6 + 2)

© (=1 gl (W (3) — ¥ (0g + b + 6 + 3))

”92(17—1)2
bB(p,q) gG+a+1D)Og+0ax+0+1)0g+0ax+60+2)

a=0

n nqg(p+q-—1)

6% (p —2)

ng(p+q—1)
0% (p —2)
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ng (D g (W () — W (@ +6g + 1)

B = Fs (@ +49) @8 +0q+ 1)

L g i (=D g
aB(p,q) = (@b +6q + 1)

B(p,q)

(rlowa) v lorers))]

1
PG =D [y 4 1) = W(p+q - DE+ g+ 1)~ W(p+q — D]
ab(p —2)

n(p—1DB(g+3.p—2) 1 1 2
T w@BGg) {q’<"+5+1)_w<”+“5_1>}

_n(p=DB(@+3.p~2)
abB(p, q)

—Z[(Wg)—wwwm

1 1
[\I’(q+§+l)—‘lf(p+q+5—l)}

o0 (-1)&%(1 +20(qg +a+1))

n(p—1) Z
ad?B(p, q) port [(@ + g)(ab +0g + 6 + D]?

I'(p—2)

np—1 o,
x(\ll(l)—\ll(a9+9q+9+1))+ﬁg(—l) G —a=2

[ 1 V(b +60g+6+1) ]
Oa+0g+0+1P3 00a+60g+0+1Da+qg+1)

I(ay = 1y 009+ D § (=) 25 (W(2) — W(ab +0g + 1))
T a’*B(p.q) = (ab +0g + 1)(ab + 6g + 2)

Ondqg + 1) i (=1 s (V') + V'@ + 6g + 1))
a’B(p.q) = (b +0q + )b +6g +2)

enp— 1) i (-1)&%(@(1) + W (ab + 0g + 20 +2))
a’B(p,q) “= (@b +6q +20+2)

0n(p — 1) i (_1)aa,§(<p/’ =D 5(¥(1) — (@b +6g +26 +2))?
a’B(p,q) = (@b +6q + 20 +2)

0n(p — 1) i (=D gl (0 + D' (1) + V(@b + 69 + 6 +2)
a’B(p, q) ~ (b +6g+6+2)
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0n(p — 1) i (=1 s (0 + DY (1) — W(ab +6g + 6 + 2))?
a’*B(p,q) (@b +6g +6+2)

a=0
0%n(p — 1) i (=D =2 (W(1) + W00 + 0g + 26 + 1)
a*B(p.q) “= (af +6q 420 +1)

02n(p — 1) i (— 1) e (W (1) — W(ab +6g +26 + 1))’
a’B(p, q) (b +0g+26+1)

a=0
enp— 1) i (-1)&%(29 + DY) 4+ V(b +6g + 6 + 1))
a*B(p,q) = (@6 +6g+6+1)
en(p— 1) i (-1)&%@(1) — W(ab +60g + 6 + 1))?
a’B(p,q) “= (@b +6g+6+1)
02n(p — 1) i (1) 15 (W (1) + V(@b + 6g + 6))
a*B(p.q) = (@+q+1)
02n(p — 1) i (=) gl (W(1) — W (@b + 6g + 6))?
a*B(p.q) “= (@+q+1) '

Noted that, Paranaiba et al. (2011) provided the observed information. Indeed, the GFP
family is an attractive, flexible, elegant, and ingenious family but it involves five parameters.

4. Special Cases

In this section, we provide Fisher information matrix for special distributions from GFP
family GF P (a, 0, b, p, q). For Feller-Pareto family, Fisher information matrix elements,
given in Brazauskas (2002), is obtained when 6 = 1. Thus, elements for Fisher information
matrix of generalized gamma and transformed beta distributions can be obtained.

4.1. Generalized Singh-Maddala Distribution

The elements that represent information for the parameters of the generalized Singh-
Maddala distributionG F P (a, 6, b, p, 1) are given as

n
Lu(A) = —

V4
=" L g, i
v b Lpp—1) "9
Lip (A) = ﬁ(w @) —W(p+1)

B(i4+2,p—-1

I4I(A)=L(W(2)—\D(p+1))_np (0 p )

a(p—1)
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C'ip
1 1 nph —— (= 1)(!“,1—(1,& 5
v l-4+2)—-WV¥ 1+ — _ 27
(v (Gr) v (reeg)) L

— (¢ +2)(Oc +20 + 1)

npo* & (=1)* FF(” :
X (W(1) =W (b +20+1)) — 3 (p=a=1)

prd a!(@a + 26 + 1)2

n6*a’ nap (abq +a—6 — 1 1
I(A) = p_ naplabq )B<p,1+—>

b*(p—2) b2 0
na’p (g + 1) 2\ n82ap(p—1)
O, () 2)

2 1

Jo(pa2en) (s 2 le2)]

nbap (p — 1) (1 —a) 1 nfa’p(p —1) 2

1

132(A>=%B(p,1+§>+%[wz>—wm]

nap(p — 1) 1 nap(p —1) 1

—TB(p—1,2+§)—TB(p—2,2+§)

|:\Il D B P ]

<[v(r+5)-v (2+5)

0+1 1 0 —1 1
ISL(A)=%B<p’l+5)_MB(p_L§+Z)

b

nép np 6+ 1) 1
+m[‘y(2)—‘l’(l7)]+ b—QB <p,1+5)

1 1 np @+ 1) 2
() v (o)) -G e (r14 )
vl z \If( 1 2
X[ ( +9>_ Pt }
np(p—1) 1 1 1
np(p—1) 2 2 2
e (2 ) v (G2) v (r )
nbp (p —1) 1 1 1
_2TB<P—2,2+5)[\I/<5+2>—\11< Pty ]
nbp (p — 1) 2 2 2
+TB<P_2,2+5)|:‘-I/<§~|-2)—\If<p~|—9 ]

_nfp(@+1) i (=) 2 (W (2) — W (@b + 0 +3))
b o O +0a+2)O+0a+1)
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+n92p<p—1)§:<—1>°‘ Tl (W (2) — W (a8 +20 + 3)

b Ba+204+1)Oa +20 +2)

a=0

"07p (P = 1) 3 (=" e (¥ (3) = W (B +26 +3))

-2 b = (@+2)(Ba+20+ 1) (O +20 +2)
_ " np / v np _ 2
In(A) = o5 + o =2 (' (2 \If(p))+—62 =% (¥ (2)— ¥ (p)
Cop XD (YD) W@+ 0+ 1) pp S (D gy
IZI(A)_7Z @+ D@l +0+1) T Z(oze+9+1)2

=0
—%[(‘1’(1)—‘11(17+1))+p3(1+% p> <\y(1+ ) —W(p+1+ ))}

n(p = DpB(+14,p—2)
afd

np
a0 —2)

1 1\]> n(p—DpB(+5 p—2)
X{\p<z+5)_w(p+5)} = ] <9+2>

© (—1)* 12D _ (1) — W(ah + 260 + 1))

_ l np(p - 1) all'(p—a—2)
Y+ I+ — o ; [(@ + (@b + 20 + DI?

[(¥Q2) —w(p)* +¥Q2) — ¥(p)] -

I'(p—-2)

np(p — 1) o o
(1+26(+2) + L2 g—l) T (p—a—2)

1 (b 426 + 1) ]
[(ea +204+173  00a+20+ Do +2)

no 0np@+1 o= (=T (p)
I(pA) = a_2+ a2 Zoa!l"(p—a)

(V' Q)+ W (@ +60+ 1)+ (¥Q)— W (ad+06+1)?)
x @46+ 1)@ +6+2)

0’np(p— 1) o= (=D*T'(p —2)
a? goa!F(p—a—Z)

(U (1) + W' (@0 +30 +2)+ (U (1) — ¥ (af + 30 +2)))
x (@6 +36 +2)

np(p (=D*T(p—2)
(9+1)Z P P

(U (1) + W' (@f +20 +2)+ (W (1) — ¥ (af + 20 +2))7)
x (@6 +26 +2)
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0%np(p—1) = (=D*T' (p —2)
a? nga!F(p—a—Z)

5 (U (1) + W (@ +30 4+ 1)+ (¥ (1) — W (e + 36 + 1))

(@f +30 + 1)
np(p (=D)*T(p—2)
(29+1)Z AT —a—2)

5 (U (1) + W (@ +20 4+ 1)+ (¥ (1) — W (e + 20 + 1))
(@f +20 + 1)

0’np(p— 1) o= (=D*T'(p —2)
a? goa!F(p—a—Z)

5 (U (1) + W' (b +20) + (¥ (1) — ¥ (a6 + 26)))
(a+2) .

4.2. A Pareto IV Distribution

The elements of the Fisher information matrix of the generalized Pareto IV
GFP(a,0,b,1,q) are given (where A = (A1, Ay, A3, Ag) = (a, 0, b, q))

n

La(A) = 7
LAY = na6
wlh) = b(gh + 1)
n
Ip(A) = g
I (A)—ﬂ ‘I’(l)—‘I’(QCI-l-l)_92(‘V(1)—‘If(99+2)) 20q + 1
T q 0g + 1 (q(gf + 1)?
na’éq
I3(A) = P20 +2)
To(A) — a4
2(A) = m
—ng nqd(3 +20q)
Li(A) = m (W(2)—W(g+3)— b(g0 + 220 + 1)
Ia(A) = 2
_ b _
Li(A) = 2@+ 1) CAOERACD)!

i / _ 2
I”(A)zlJrenq{w Q+V(Og+D+(VQ) -V (g +1) }.
a? a*(0q +2)
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4.3. The Beta Lomax Distribution

The beta Lomax distribution, GF P(1, 8, b, p, g), can have the following elements for its
Fisher information matrix where A = (A1, A2, A3, Aq) = (0, b, p, q)

Iyy(A) = n[¥'(q) — ¥ (p + q)]

I3(A) = —nV' (p +q)

—nb 1
Ip(A) = bB(p.a) |:B(P, q)— B (P, q+ 5)]

Ly (A) = gov (P+q)— ¥ ()

I3(A) =n[¥ (p)— ¥ (p+q)]

0 1
nq
131(A)=m(‘1’(6]+1)—‘1’(19+®)
_nbg  n(0g+1) 2 no’q(p+q—1)
'”(A)‘?_sz(p,q)B<’q+5>+ P(p—2)
2P D (1 g+ 24 1) =B —lg+1
2B (p.q) (p 4ty ) (p—1lg+1)
n@z(p—l) 2 1
+m|:B<p—2,q+§+1)—23(p—2,q+5+1):|
. nq Iy n(p-1 B 1
IZI(A)_bB(p,q)B<p’q+9> bB(p,q)B<p I’Q+9+1>
ng(p+qg—1)
W[‘I’(Cl‘f‘l)_\p@‘i‘q—l)]
n(p—DB(p—2,q+5+1) 1 1
a bB(p,q) |:lll<p+q+§—l>—\lf<q+5+l>:|
-1
111<A>=9’1—2+%(W’@+1)—wp+q—1>)
nq(p+q—1)qj D w e
m{ @+ —-V¥(p+g-1)}

In summary, we introduced exact Fisher matrix for the generalized Feller-Pareto (GFP)
distribution and for Beta Lomax and generalized Singh-Maddala and a Pareto IV distri-
butions. For diverse applications, see Arnold (2008), Brazauskas (2002, 2003), Kleiber
and Kotz (2003), and Paranaiba et al. (2011). There are some useful integrals are used to
compute the elements of Fisher matrix for GFP distribution will be in the following section.
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5. Useful Integrals

The first-order and second-order partial derivatives of beta function enable us to get the
exact Fisher matrix for GFP distribution. Useful integrals are in the following:

1

/ v (1 — v’ in(v)dv = B(p, ¢)[¥(g) — ¥(p + )]
0
1

/ v (1 =)’ in(1 — v)dv = B(p, 9)[¥(p) — ¥(p + q)]
0
1

/ v M = v)P M nW)In(1 = v)dv

0

= B(p, P{¥(q) — ¥ (p + PIV(p) = V(p + )] — V' (p + )}
1

f vt (1 = 0P n*()dv = B(p, IV (9) — ¥ (p + I + V'(g) = V'(p + )
0
1

/ v (1 = 0P R (1 = v)dv = B(p, U¥(p) — ¥(p + )1 + V'(p) — V'(p + )}
0
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