Solved problem for Electromagnetism
subject (231)

Chapter (1): Vector algebra

Problems:

1.1,13,15,1.7,19 .1.11, 1.13, 1.15, 1.17 1.19, 1.21)

L1 Find the unit vector along the line joining point (2, 4, 4) to point (-3, 2, 2).

=(-3.2.2)-(2,4.4) =(-5,-2,-2)
(=5,-2,-2)

T /25+4+4

2.4
-2,

-=-0.8703a, —0.3482a, — 0.3482a.

A = 2a, + a, — 3a,
B =a, — a,
C = 3a, + 5a, + 7a,
determine:
(a) A—2B + C
(b) C — 4A + B)

2A — 3B
©)
|C|

(d) A-C — |B?
(e) 3B X (A + ;C)




(a)A-2B =(2,1,-3)-(0,2,-2) = (2,-1,-1)
A-2B+C =5a, +4a,+ 6a,

(b) 4+ B =(2,2,~4)
C-4(A+B)=(357)-(88,-16)=-5a, —3a, +23a,

(c)2A4-3B =(4,2,6)-(0,3,-3) = (4,-1,-3)
C|=v9+25+49 =9.11
24-3B
C|
(d)4-C=6+5-21=-10,

B=12

A-C-[B =-10+2=-8

=0.439a, -0.11a, -0.3293a,

) (1.4167..5833.0.73)

=1.1667a, -0.7084a  ~0.7084a.
214167 15833 075 —




A =35a +3a 1 2a,
B=-a +4a + 62,
C =28, + 2,

find the values of « and @ such that A + B + C is parallel to the y-axis.

LetD=aA+ B +C
=(5a-p+8la, +(3a+4p+2)a, +(-2a +6p)a,
D =0->5%-+8=0 (1)
D, =0->-2a+6=0—>a=38 (2)
Substituting (2) into (1),

wﬁ—ﬂ;&ﬂbeﬁzbiz-%

14

12

a=-—,
vy

1.7 (a) Show that
(A-B)* + (A X B}’ = (4B)’
(b) Show that

a, X a, a, X a, a, X a,
*oacaxa 7 a-aXa a,-a, X a,




@a)A-B=ABcosf ,,
AxB = ABsin@ a,

(4-B) +|Ax B" =(4B) (cos*8,, +sin? @, )= (4B)

19 GivenvectosT = 2a, - G, + Ja,and = 2, + 1a, + a, fnd: () e sclrproe-
tion of T on S, () the veetor projction of S on T, c)the smallerangl between T and S,




@T7T,=T a, = = -2.8577

TS _(2-6-3)-(1,21) -7
|| V6

05, (5 - 812726

=-0.2857a, +0.8571a, - 0.4286a,

TxS| 2 -6 3’_|(—12,1,10]_,/p_45
ir|s| 1 2 1 7J6 776

= G, =65.91°

(C) SiI’l grs = = 09]29

L1 Calulae the anges that vector H = 3a, + 5a, - 8a, makes with the - -, and z-abes,

3 3

5 5

" J9+25+64 98

: _ -8 _:_8__
H|  J9+25+64 98




1.13 Simplify the following expressions:

(@) AX (A XB)
(b) A X [A X (A X B)]

(a) Using the fact that
| (AxB)xC =(4-C)B-(B-C)A,
. weget
Ax(AxB)=—~(AxB)xA=(B-A)A-(4-A)B
(b) Ax(Ax(Ax B))= Ax[(4-B)4-(A-A)B]
=(4-BYAxA)-(4-AXAx B)

115 Points Py(1, 2, 3), Py( =5, 2, 0), and Py(2, 7, - 3) form a riangle in space. Calculate the
area of the riangle.

PP =r, —r, =(-6.0.-3)
PP =r, -r, =(15.-6)

o

-6 0 -
PP,xPP, = J‘ = (15.39,-30)

(15 -6

. I ki 1 hl
Area of the tr1angle=;|P,P:, x PP,|= %-\/15“ +39°+30° =25.7

117 Points P, (), and R are located at (- 1,4, 8), (2, —1,3), and (- 1,2, 3), respectively.
Determine: (a) the distance between P and Q, (b) the distance vector from P to R, (c) the
angle between QP and OR, (d) the area of triangle PQR, (¢) the perimeter of triangle PQR.




@) rpy =1y —r, =(2,-13)-(~1.4.8) = (3,-5.-5)
Fro = |Pro| = V9 +25+25 = 7.68]

(b) rpe = rp = rp =(-123) - (-1.48) = (0.-2.-5) = - 2a,

(C)rgp ==rpy =-3a, +5a, +3a,
=ry—ry =(2-13)-(-1,23)=3a, -3a,
For "Tor -9-15 - 24

IrQP”rQRl ) VO+25+25J9+9 B J18+/59
@ =13743"

cosf =

1
(d) Area = 5’:’0,, X rQR|

-3 5 5
=15a, +15a, - 6a,

r,xrR=
eroer iy 3

Area = %\/152 +157+6% =11.02

&) Perimeter =QP + PR+ RQ =ry, +rpy + Tor

=59 + V4 +25 +4/18
=7.681+5.385+4.243
=17.31

*1.19 (a) Prove that P = cos 6,a, + sinfl,a,and Q = cos 6;a, + sin ,a, are unit vectors in
the xy-plane respectively making angles 8, and 6, with the x-axis.
(b) By means of dot product, obtain the formula for cos(fl, - 6;). By similarly formulat-
ing P and Q, obtain the formula for cos(f, + 6,).

I
(c) If s the angle between P and Q, find E\P ~ Q| in terms of 8.




(a) Let P and Q be as shown below:

Y

6,

e
—

|P| =cos’ 6, +sin’ 6, =1,|Q| =cos* 0, +sin? @, =1,
Hence P and Q are unit vectors.

b) P-Q = (1)(1)cos(8, -6,)
But P-Q = c0s6, cos8, +sing, sin6,. Thus,
cos(f, — 6,) = cos6, cosd, +sinf, siné,

Let P, = P =cosé,a, +sinba, and

Q, =cosb,a, —sin 6,a,.
P; and Q; are unit vectors as shown below:

y

P, -Q, =(1)(I)cos(8, +6,)
But P, - O, =cos6, cos@, —sin6, sin6,,
cos(@, +6,) = cos6, cos, —siné, sinb,

Alternatively, we can obtain this formula from the previous one by replacing
03 b_\’ -6-> in Q




()
I I . .
E[P— s E{(cosﬁ, - cosf,)a, + (sinf, - sinfl,)a,

] b . 7 . R M
= ;\/cos‘ 0, +sin’0,+cos’0,+sin"0, - 2cos0, cosh), - 2sind sinf ,

[
:EJZ-2(cosﬁ,cosﬂ_,+sin9,sin8.,)= \/2—2cos(93-9,)
Let 0,-6,=0, the angle between P and Q.

I /
E|P— 0= 3\!2- 2¢0s6

But cos2A = 1 -2 sin *A.

/ | , -
EIP-Q!=EJ2-2+45in‘9/2= sinf /2
[hus,

I - 0,-0,
5P~ Q=sin |




121 GivenA = r'ya, - yaa, t y;;zaz, determine;

(a) The magnitude of A at point T(2, -1, 3)
(b) The distance vector from T'to S if § 15 5.6 units away from T and in the same direction
asAatT

(c) The position vector of §

(@) AtT, A =(-4,3,-9)
|4| = V16 +9 +81 = /106 =10.

(b)Letr,, = B = Ba,
(—4.3,-9)
10.3

B=56ag; =a, =

S. —
_ g 5:6(-43.9
10.3
=—-2.175a, +1.631a, ~4.893a,

r

(C)rys =rg —rp —>rg =rp +ry
“rg ==0.175a, +0.631la, —1.893a,

2.7 Convert the following vectors to Cartesian coordinates:

(@) C=zsingpa, — pcos¢a, + 2pza,

_sinf cos ¢
(b) D — r2 ar + r2 aﬁ




Chapter (2) Coordinate systems and Transformation

Problems

21,23,25,2.7,29,2.11,2.13,2.15,2.17,2.19,2.21,
2.23)
Solution

2.1 Express the following points in Cartesian coordinates:
(a) P(1, 60°, 2)
(b) O(2,90°, —4)
(c) R(, 45°, 210°)
(d) T(4, =/2, ©/6)

x = pcos¢g = lcos60° = 0.5;

y = psing = 1sinl120° = 0.866;
z = 2;

P(x,y,z) = P (05, 0866, 2).

x=2c0s90°=0; y= 2sin90° =1;
QO =0 (01,-4).

x = rsin@cos¢ = 3sin45°cos210° = - 1.837;
y=rsinfsing = 10sin135°sin90° = - 1.061;
z=rcos@ = 10cosl35° =212
R(x,y,z) = R(-1837, - 1061, 2.121).

x = 4sin90° cos30° = 3.464.
y =3sin30°sin240° = 2.
z=rcosf = 4cos90° = 0.
T(x,y,z) = T(3464, 2, 0).




23 (a) IfV =1z - xy + yz, express Vin cylindrical coordinates.
(b) [FU = x* + 2" + 32, express U in spherical coordinates.

()
X = pcosg, y = psing,
V'= pzcosg- p’singcosg+ pzsing

(b)
U=x>+y*+2%+ y* +22°
= r’ + r¥sin’ @sin’ g + 2r% cos’ O

= r’[1+ sin’ @sin’ ¢ + 2cos’ 6

2.5 Convert the following vectors to cylindrical and spherical systems:

xa, + ya, t da,

(a) F=—x=
firj,-'2+z2

ya

2 o) Xax P Za:
b) G=@x"+y9) = - = + > : - “+ : > -
VX +y +7° Vx +y tz Vx +y + 7




Prob. 2.5 (a)

cosg sing 0
=|-sing sing 0
0 0 1

|
F, = -=—=—=[pcos’ ¢+ psin’® ¢] ;
’ {p2+zz lp P fp2+22

1
F, = —=—==[-pcosg@sing+ pcosg@sing) = 0;
P W[P gsing+ pcosg@sing]

_ 1 - -
F = ——2—-—2—(pa,,+4a.-).
Vol +z

<

n Spherical:

r sinf cos$¢ sinBsind cosh

F,
K, cosf cos¢ cosBsing - sinf
Fy

- sinf cos 0

"\ 4™ | =~ ]b-:l




r . k) b r « . 3 4
, = —sin"Bcos’ B + —sin"Bsin"6 + —cosb =
r r r

. 3 4
sin“ 0 + jcosﬁ;

¥

: T , i
Fy =sinf cosB cos™ ¢ + sinf coshsin"¢ - —sinf = sinf cosh - —sin ;

,
F, =-sinf cosg sing + sinB sing cosy = 0;

] \ 4 . 4 .
. F = (sin"0+—sinB)a, + sinb(cosd - —)ay.
r s

(b)

G, cosg¢ sing 0
G, -sing sing 0
G. 0 0 1

2
P 2 .2
G, = cos” g+ psin° @] = ———;
) ;——p2+22[9 ¢+ psin’ ¢] Fea
G, =0

sinf cos¢  sinf sin¢
cosf cos¢ cosh sing
- sind cos¢

3

P
2

cosf
- sin@
0

Iz

[ xrsing ]

r
ysinf

zsinf




2.7 Convert the following vectors to Cartesian coordinates:

(a) C =zsingpa, — pcos¢a, + 2pza,

sin 6 cos 6
(by D = 2 a, + 2 g

Prob 2.7 (a)
! C, cos¢p -sing O zsing
C,| =|sing cosg O] [-pcosg

C. 0 0 1 2pz

vz aonx eyt

zsingcosg + psingcos¢g = —; 5+ 3 £
X+ y X7+ )

y2z x! fo ¥ y2

x2+ y? x4+ y?

C, = zsin’ ¢- pcos’ ¢ =

.= 2pz = 2z x4+ 7
2 2
- xyz - z x - , -
24 4 7 - Ya, + 2z4x* + y? a.
Jx2+y2

xy
= + a, +
C= Gyt o at (s

sin®

sinf cos¢ cosbcosp - sing r’

. . . cos6
sinf sing cosBsing cos¢ 2

cosf ~ sin¢ 0 0

sin’ cos¢ cos’@cos¢ cos¢ x
7 + z = = >
» r Jx3+y2(x2+y"+z")

sinfsing  cos’0 sin¢ y
= ? + 2 = T
¥ r \/x'+y‘(x +y +2z%)

_ sin6 cos® sinB cosO
E] - 2 - ;

r- r

. / ] -
D= e ; ; —(xa. +ya,)
VX T(x+ y o+ o)




2.9 (a) Show that point transformation between cylindrical and spherical coordinates is ok
tained using

3 1 P
r=Vp*+ 7° 9=tan';, =9

p = rsinf, z = rcos b, o=9

(b) Show that vector transformation between cylindrical and spherical coordinates is ok
tained using

sinf 0 coséf |
cos@ 0 —siné
0 1 0

_sinﬁ
0
| cos @

(Hint: Make use of Figures 2.5 and 2.6.)




| Prob 2.9 (a)

z

reyxi+yie = J,o1+zl.
"B ges

@ = tan =

or
p= sz +y° = Jrz sin® fcos’ ¢+ r* sin’ Gsin’ ¢.

= rsiné;

¢=9.

z = rcosé,

From the figures below,

A

a.=sinba. + cosday,; as = cosba, - sinf a.;

Hence,

L

a sinf 0 COSB 4
ag| =|cos® 0 -sind
g 0 1 0

a,

From the figures below,

ay = cosb ao + sinba,; a.=cosda,-sind ay; a, = a,.




0 0 1
cos@ -sin@ 0

dgs =

éﬁ' {sinﬂ cosé O] a,

a. q.

211 LetA =pcosfa, + p7* sin ¢ a,

(a) Transform A into rectangular coordinates and calculate its magnitude at point

(3, -4,0).
(b) Transform A into spherical system and calculate its magnitude at point (3, —4, 0).

Prob 2.11 (a)

{ [coscﬁ -sing 0 pcosd)“
sind cosé 0 0

} A, | 0 0 1l{p=z"sing |




: , x’
A =pcos’d = \Jx'+ )’

2

X
> S = 3 1
X + }' \/x" + }l"

- X
A =psingcosd = Jx’+ ‘xy 24

x*+ y7 i ‘/x"+y3

/ , - - -
A = —F=—=([x"a. + xya, +)za.).
VX +

sinfcosg sinfsing cosd
cosgcosg cosfsing -sinf
- sing cos¢ 0

x=rsinfcosy, y=rsinfsing, z=rcosd, p=rsind.

r’sin’0cos’¢ . r* sin’ @ cos¢ sind
= ; sinB cos¢ + ;
rsinf rsinf

r’sinfcos’¢ |
—————sin¢ cosH

sinf sin¢ +

rsinf
= rsin’0 cos$ + »’cos’ 0 sinb
Ay = rsind cos’ ¢ cosd cos + 7sind cos¢ sing cosd sing - » cos’ 8 sin¢ sinf
= rsin® cosb cosd - »° sinf cos’ sin¢
= rsinb cosB[cos¢ - »cosh sing)

. 24 o i i
A, = - rsinf cos” ¢ sing + rsin6 cos¢ sin¢ cos¢ = 0.

A = r{sin’0 cos¢ +rcos’ 0 sing Ja, + rsin® cosd[cosd - rcosd sind ).




At (3-40), r=5,0=n/2, ¢=30683
cosdp = 3/5, sing = -4£/5.

A= 5[I"* % + 5(0)(-+475]a, + 5(1)(0)a,

3a,.

= 3.

2.13 InPractice Exercise 2.2, express A in spherical and B in cylindrical coordinates. Evaluate
Aat(10,7/2,37/4) and B at (2, 7/6, 1).

Prob 2.13 (a) Using the results in Prob.2.9,




A = pesing = r’sinfcosfsing
A, = 3pcosg = 3rsinfcosg

A. = pcosgsing = rsinfcosgsing
Hence.

sing 0 cosd |~ sin0 cosd sing
={cos® 0 -sinf| 3rsinbcosd
A 0 1 0 | rsinBcosysing

¢

A(r.8,4)= rsinB[sin¢ cosB(r sinf + cos¢)a, 4 sin¢(r cos’ 0 - sinf cosf )a, + 3cos¢;a’]

At (10,n/23n/4), r=100=n/2,¢=3n/4

- 3
A= 1004, + 030, - >a,) = 5, - 21.2la,

_—

(b) B=r'=(p’+2), By=0, B,=sind=—=—=
p +2

B/| |sinb cosb 0| B
B,|=] 0 0 I|B
B.| |cosb ~-sinf 0} B,

L}

[T P
B(p,4,2)= Jp +z \pap+———-p2+z2 a,+za,

At (2,n/60), p=24=n/6,z=1

B=5(2a, + 0.4a, + a.)= 4472a, + 0.8944a, + 2.236a.




Describe the intersection of the following surfaces:

(a) x = 2, ) =5
(b) x = 2, = —1,
(cy r =10, = 30°
d p =5, ¢ = 40°
() ¢ = 60°,  z=10
& r=25, ¢ = 90°

An infinite line parallel to the z-axis.

Point (2,-1,10).

A circle of radius rsind=5 | ie. the intersection of a cone and a sphere.

An infinite line parallel to the z-axis.
(¢) Asemi-infinite line parallel to the x-y plane.

(f) A semi-circle of radius § in the x-y plane.

*¥2.17 Given vectors A = 2a, + 4a, + 10a,and B = —5a, + a, — 3a,, find

(a) A + BatP(0,2, -5)
(b) The angle between A and B at P
(c) The scalar component of A along B at P




[ Prob.2.17

At P(0,2.-5). ¢ = 90°;

(cosq) -sin¢g 0| | B,

sing cos¢ O} | B,
0 0 /|| B.

(0 -1 0] [-5
I 0 0|1
0o o0 1]]|-3

B: F£l|*5d1 _3&_-

(a) A+ B = (2,4,10)+ (-1,-5,-3)

- ax_ay+7a:-

®) 9 - Ae B _ -52
COSYs = 4lBI = Y4200

-52
6, = cos'l(m) = 143.26°.

0
*219 If J = rsinf cos ¢ a, — cos 20 sin ¢ a, + tan 5 InrayatT(2, 7/2, 37/2), determine

the vector component of J that is

(a) Parallel toa,
(b) Normal to surface ¢ = 37/2
(

C

)
) Tangential to the spherical surface r = 2
(d) Parallel to the line y = =2,z =0




(a) J: =(Jea.)a..
At(2, n/2, 37/2), a. =cosfa,-sinfas = - a,.

J.=-cos20singay = - cosmsin(37/2)as = - a,.

. - Ve - - -
Jo = lanzlnra, = lanzln.?a, =In2a,=06931a,.

Jo=J-J, = J-J, = -ay+In2a, = - ag+ 06931a, .

Jp=(Joeay)a,

a. = sinB cosg a, + cosd cos ag- sing a, = a,.
At (2. n/2, 3n/2),

J,“ = ulzﬂ“.

*2.21 Let

A= p(zz - l)a, - pzcos ¢ a, + pzzzaz

B=r’cosga + 2rsinf a,

At T(-3,4, 1), calculate: (a) A and B, (b) the vector component in cylindrical coordi-

nates of A along B at T, (c) the unit vector in spherical coordinates perpendicular to both
AandBatT.




Prob.2.21
(a) Ar T.x=3y=-4.2=1p=5.cos¢ = -

A=0ay- 5(1)- %)cm 25(ha-

= 36;'.4‘ 256‘_-

5 I/
- =26, inf = —— 0= ——
} sin JH CoOs \/%

. -3 . b]
B = 26(T)(),+ 2(,{26) md.

=-156a,+ 10a,

(b) In cylindrical coordinates,
B, sin® cosb 0| |-156
B, 0 0 1 0
B cosf -sin® 0 10

. 3 5
!5.6 Slne - 26(‘— 5)(@)-—- !53
=10, B.=156 cosb =-3.059

B(.¢.,z)= (-153,10,-3.059)
I (30-76+485)(-15.3,10,- 3.059)

2
B 343.36

=2071a,- 1.354a,+04141a..

(c¢) In spherieal coordinates,

[ A, {sine 0 cosf

tA,|=lcosb 0 -sin®
! i !
LA L0 0 |

0
3
2




25
A = 25c0s0 = == 4903
. cos 6

A, = 25sin6 = ﬁzs(—\/';_?)z _24.51

4, = 0.

a. a, a,
Ax B= |4903 -2451 0| = -245.1a, + 49.03a, - 382.43a,
-156 0 10
t Ax B

. = = + 7, — 7 _
a axp 15687 t(0.5365a,- 0.1073ay + 0.8371a,.

2.23 A vector field in “mixed” coordinate variables is given by
2yz 2

G =X, | W +(1 _x_z)az
P o P

Express G completely in spherical system.

_ - 2rcos@sing - -
G=cosyay,+ ————————a,+ (l1- cos’ ¢)a.
rsiné

= cosga,+ 2tan@singa,+ singa.
Gr sinfcosg sinfBcosg cosé cos’ ¢
G,| = |sin@cosg cosOsing -sin@| |2tanHsing
G, - sing co. ¢ 0 sin’ ¢
Gr = sinfcosg + 2 cosfsin’ ¢+ cosfsin’ ¢
sin@cos’ ¢+ 3cosBsin’ ¢
cos@cos’ ¢+ 2 tanfcosPsin’ @ - sinPsin’ ¢
- singcos’ ¢+ sin’ gcos¢ = sin gcos@(sing - cosgd)

G = [sin@cos’ ¢+ 3cosHsin’ g]a,
+ [cos@cos’ ¢+ 2 tanBcosBsin’ @ - sinBsin® gla,

+ singcos g(cosg - cos @) a,




Chapter (3) Vector Calculus

Problems (3.1,3.2,3.3,3.12,3.13,3.15, 3.18, 3.24, 3.27,
3.33 ,3.39)

3.1 Using the differential length dl, find the length of each of the following curves:

(@) p =3, 7/4 < ¢ < /2,7 = constant
(b)y r=1,0=30°0<¢ <60°
(¢) r=4,30° < 8 <90° ¢ = constant

dl = rsin0dg, r=1 6=30°

L=[dl =rsin0 [ dp = (sin30°(5)-0) = 05236
0

dl = rd¢

4
=418

L—Idi—?‘ dg = 4\: T

ST
6)_

Calculate the areas of the following surfaces using the differential surface area dS:

@) p=20<z<513<¢p< 12
b) z=1,1<p<3,0< ¢ < 7/d
r=1014<6<2B,0<¢< 21
0<r<4,60°<f<90° ¢ = constant

(©)
d)




@)
dS=pdpd:

S=[ds= p|[dpdz = 2 [a= [dp - 2(5)[325-%1 - m?ﬂ=£_f

(b)
In cylindrical, dS = pdp dp

(¢) Inspherical, dS = r’sin0dp M

Ix 2x

sinddd [db= 100(2x)(- cosd) | = 200%(0.5- 07071)= 7.58.4
0 L3 _—

S= [ds = 100

(d)
dS=rdrd

T

S=Jd§'=:!rdr;[d]:%[}(‘ - ;=%’[= 18

T
3

3.3 Use the differential volume dv to determine the volumes of the following regions:
@ 0<x<1,1<y<2-3<7<)
() 2<p<5m3<g <y, -1<7<4
() 1<r<3 a2 <f<UB,76< <1l




Prob.3.3

(a) dV = dxdyd:

v = [dxdyd: = der]'dy }d:: (1) 2-DB--3)=6
(b) dV = pddpd:z T

4

V= Ipdp J'afz db = p?[ (4--1)(n - —)— *(73 4)(3)(-—) 33

!

(¢) dV =r’sinb drdddf

l x

V= Ir’dr jsme fdtb = “r( cos 3)

2 5

26n

/ _
327-DG )( ) g = 1238

110

3.12 Find the gradient of the these scalar fields:
(a) U = 4xz> + 3yz
(b) W = 2p(z®> + 1) cos ¢
(¢) H= r%cos8cos ¢

Prob 3.12

“singa,+ Se”* cosga,- 10pe” singa.




(c)
VH-=

JdH - 1dH - 1 AH -
e kst ” PR o

a Ty rsin9_§za’

= 2rcos@cosga, - rsinfcospay- rcos@singa,

3,13 Determine the gradient of the following fields and compute its value at the specified point.

(@) V=e® cos57,(0.1, =02, 0.4)
(b) T = 5pe *sin, (2, 7/3,0)
_ sinfsin ¢

© 0 T (1, 7/, 7/2)
r




¢V - eV . ¢V -
(a) VV=—a,+ —a,+ a-
cx cy ¢z

(2x+3y)

. _ - (2xedv) -
= 2e?** cos5za.+ 3e cosSza, - Se sin5za-.

At (0.1,-0.2,0.4)
e P = 72796 = 06703, cosS5z=cos2=-04161, sin3z=0.9092

VV=206073)(-04161)a.+ 3(0.6703)(-0.4161)a,- 5(0.6203)(0.9092)

= -0.5578a.-08367a,- 3.047a.

VT = 5e sing a,+ Se™* cosp a,- 10pe sin¢ a;

n
At (2,—<
( » 3 90)1

VT = (5)UN0.5)a,+ 5(I)0.5)as- 10(2)(1)(0.866)a.

= 2.5a,+ 2.5a,~- 17.32a-

-2sinfBsing - cosOsing -  cos¢ -
VO-= e a,+ 3 ag + —r_, a,

At (1,30°,90°),

-2(0.5)(1) - 0.86)(1) - . i,
Vo= (I)( )a,+( !)( )ag+0= -a,+ 0866 ae

3,18 The temperature in an auditorium is given by T = v 4y - 2 A mosquito located at
(1,1, 2) in the auditorium desires to fly in such a direction that it will get warm as soon as
possible. In what direction must it ly?

VT=2xa+2ya,-a.
At (1,1,2), V T=(2,2,-1). The mosquito should move in the direction of

2a1+ 2&p_ é:




3,18 The heat flow vector H = kVT, where T is the temperature and £ is the thermal conduc-

tivity. Show that where

T
T = 50 sin Ecosh?y

then V-H = 0.

2
e H=kVeVT=kV T
2 &°'T &'t X ty n’ n?
V T=""7+—5=50sin>cosh-2 (- 4+ Ty =
X ay y sy b= 0

Hence. Ve [ =20

3.24 Evaluate VV, V- VV,and V X VV if:

(a) V= 3x’y + xz

(b) V= pzcos o
(¢) V = 4r?cos 0 sin ¢

(@) VV= (6xy+2)a.+3x’a,+xa.

)

VeVV= 06y
o 9239
VxVV=| dx dy dz= 0
6xy+z 3x° «x

(b) VV = zcos a,- zsing a,+ p cosf a:

cos$ = 0

l 0 - z
VeVV = —-(pzcos¢)+£cosﬁ+0= Ecos¢-—'
op p p p

VxVE =20




1 4rcos
) V'V = = (24r*)cossing + —— (cos’ Osin’
(c) r“( r<)cosfsing + rsind (cos™ @sin” )

- 5 T5—Ccosé@sin
r’sin’ @ ¢

4cos¢ 4cos@sing

= 24rcos@sing + —; - 8cos@sinf -
sin@

sin’ @

VxVF= 0

3.27 If r and r are as defined in the previous problem, prove that:

@@ V(nr) =~

r

(b) V’(Inr) = iz

r

(@) Let V=lInr= In\/x;' +y +2z°

ov 11 2, .2, 2 _x
Pyl 2(2x)(x +y +z°)- =2

oV - oV - 9V - xa.+ya,+:za:
VV = —dax+ ——ayt+—a:.= 2 =
ox oy oz r

« in spherical coordinates.

/l 0 !l d

G g L4
I'2 or (r Ar) I’z or (r)

3B IF=xa, +)%,+ (- 1)a, find % F- dS, where § is defined by p = 2,0 < 7 <
N

2,0<¢ <.




Transform F into cylindrical system.
cos¢ sing 0O x”
= |-sing cosp O|| y°
0 0 If{|z"-1
= x7cos¢ + y’sing = p“cos’ ¢ + psin’ ¢, F = =7 -/
= -x’sing + y’cos¢ = -p? cos’ ¢ sing + p’sin” ¢ cosé
10
p ap
+ 2p sin¢ cos” ¢ + p sin’ ¢
= 2pcos’ ¢ + 4psin’ ¢ - 2p cosd sin’ ¢ + 2p cos’ ¢ sind + 2z

oF = (p’cos’ ¢ +p’sin’§)+ 2z~ pcos’ ¢ - 2p cos¢ sin’ ¢

[FedS= [veFay

Due to the fact that we are integrating sin¢ and cos¢ over 0 < ¢ < 2n, all

terms involving cos¢ and sin¢ will vanish. Hence,
2/ 2

[Fd§=([[2z pdpdpatz= 2 [ db [2dz[pdp

2

2° 2
= 2(21{)(? u) =16n
= 50.26

3.39 Find the flux of the curl of field

1 :
T = —cosfa, + rsinfcos ¢ ag + cos 6 ay
r

through the hemisphere r = 4,z = 0.

Let B=V«xT

y = iBadS‘: IVlev=IVonTdv=0




Chapter (4) Electrostatic Fields

Study well solved problems (4.1, 4.2, 4.4, 4.5, 4.7, 4.8, 4.11
4.12, 4.13 4.15)

Problems (4.1, 4.3, 4.9, 4.10, 4.13, 4.16, 4.26, 4.29)

4.1 Point charges Q; = 5 uC and Q, = —4 uC are placed at (3, 2, 1) and (~4,0,6), re
spectively. Determine the force on ().

_ ro,-r -20(107")[(3,2,1) - (-4,0,0

Fo = 2:lera) | J20UONG2N - CHOON _ _p g5550:25)
1 688.88

TE(ro - ro

=-5746a.- 1642a,+ 4.104a. mN

43 Point charges 0, and Q, are, respectively, located at (4,0, -3) and (2,0,1). If
0, = 4nC, find 0, such that

(a) The E at (3, 0, 6) has no z-component
(b) The force on a test charge at (5, 0, 6) has no x-component.

E(5,0,6) = 99 [(5,4,6)-(4,0,-3)] . 99 [(5.06)- (20,1
Iney [(5,4,6)- (4.0-3)  4ne, |(50.6)- (20,1

92 (Y (409 99 (0.5

4dne (\/—) 4n €, (61)312

If E£.=0, then
9q9Q I . 5qQ I
dne, (82)“"" dne, (61)°°

y 5 82
Q.f = —_QJ 61 32_ 4( )-”2 Ilc

9 "6!
-3.463 nC

=0




1
4.9 Acircular disk of radius a carries charge pg = ; C/m?. Calculate the potential at (0, 0, k).

_ [ P .
V= Ly 0=y dS=pdbdri =T A
1
/ 5(pd¢dp) T
ine, (2 +h)"2 " dne, odq’ L(p"«rh’)

2n /
mm+,b2+hq[ﬂ=.£fUMa+ ¢2+h2}4nﬂ
]

{ae,

I a+ypi+h’

P

p=

410 Aring placed along y* + z* = 4, x = 0 carries a uniform charge of 5 uC/m.

(a) Find D at P(3, 0, 0).

(b) If two identical point charges Q are placed at (0, —3, 0) and (0, 3, 0) in addition to
the ring, find the value of Q such that D = ( at P.




Due to symmetry, the p component varies.

. p,a2nh)a, _ P aha,
dn (a2+ hZ)JU 2(02"_ hJ)Ja’Z

a=2, h=3, p,=5uC/m

Since the ring is placed in x = 0, a. becomes a,.

= 26)Sa. . ,
D= _2(4+ 9y77 = 064 a, puC/m

b L [(3,(3',0)-(0,—3,0)]+ Q [(3,0,0)- (0,3,0))

¢ 471(3,00)- (0,-30) * 47/(3,0,0)- (0,3,0)

0330  03-30) 60
az(18)7 * 47(18)7 T 47(18)"

)_D= D,re'i' DQZ 0

6Q

64(107°)+ —— ___
064(107)+ 4 18y

0

Q= -064(47)(18°°)10° =~ = -1024uC




413 Line x = 3,7 = —1 carries charge 20 nC/m while plane x = —2 carries charge 4 nC/m’
Find the force on a point charge —3 mC located at the origin,

Prob 4.13

[3 = (0,0,0)— (3;09_ 1) = - 35—7: + é:

4107°) - 20(107°)  (-3a.+a.)

) 2(107°/36m) as) + 2n(107°/36n) (9+1)

= 72na.+ 36(-3a; + a:)
F=gqE=-5(36)[(2n-3)a.+ a:] mN

= -059la, -018 a- N

4.16 Determine the charge density due to each of the following electric flux densities:

(a) D = 8xya, + 4xzay C/m?
(b) D=psingda, +2pcospa, + 2zzaZ C/m?

2 6 in 0
(c) D= CSS a, + sm3 a, C/m?

»




9D, _ 8y+0=8y C/m’
Py =0y ~'m

19
p o
= 2sin¢ - 2sind + 4z= 4z C/m’

LI
(2p cosh)+ 5-(22)

- 10
=VeD=——(p’si
pyr=1Ve* 0 3p (p”sing)+

(c)

. 1 2
py=VeD=

r: or

1

i(s' 26)
Fsin@dg

2
(—cosf)+
p

= —Cosf+ ——
r r'sing

(2sinfcosf) = 0

4.26 Given that the electric field in a certain region is
E=(z+1)singa, + (z+ 1)cosa, + psinga, V/m
determine the work done in moving a 4-nC charge from
(a) A(1,0,0)toB(4,0,0)
(b) B(4,0,0)to C(4,30°0)

(c) C(4,30° 0)to D(4,30° —2)
(d) AtoD




Wew=gql|Eedl, dl=dpa,
_WAB .
7 I(z+ Dsiné dp L=0.:=o =0

=0

= I(z+ Ncosdppdp | = 4sin¢3?o= 2

q =0 p—A.z=0 /]

Wy . =-2g= -8 nJ

-2
= _[psin¢ dz | = 4sin30°(z|)=-4
==0 $=30° 0
p=4

u’:v =4g= 16 nl]

d)
W = Ww"’ W+ Wep=0-8+16=8n]

4.29 Determine the electric field due to the following potentials:

(a) V= x>+ 2y* + 47°

(b) V = sin(x* + y*> + z9)'"
(©) V =p*z + l)sin ¢

(d) V= e "sin 0 cos 2¢
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E=-VV=-(2xa.xt dya,+8:a.)

= -2xa,+ 4ya,+8za.V/m

V. v. V.
L= —a,t —— lr‘+ :
dxa dya' dza

3 3 ) - - - 1
= cos(x’ +y’ +2°)"[2xa.+ 2ya,+ 220_-](5)

= -(xa,+ ya,+za.)cos(x’+ ¥ +2°)" Vim

ov- 1ov. oV
-E=—a,+ ——a;+ —a.

“p’ pdg ! oz
= 2p(z+ l)singa, + p(z+ l)cosga, + p’singa

= -2p(z+ )singa, - p(z+ 1)cosga, - p’singa,

E-= o7 +lﬂ + LoV,
) 6a: rﬁﬁaﬂ rsinf a¢a‘

~-r

-E=-¢'sinfcos2ya, + ;e"cosﬂcos2¢ ag + e—(-ZSin2¢)c}.
r

-r

N + ] -2 -
E=esinfcos2da, - ;e"cosﬁ oS 20 ag + -i—(sin2¢)a. V/m




Chapter (5)

S0 Tn a cerain region, ] = 3r*cos 0, - ' sin  a, Afm, find the current crossing the
surface defined by f = 30°,0 < ¢ < 21,0 < r<2m.

The Solution:

I=[Jeds, ds=rsinodpdra,

2 2x J

I=- [ [ rsin’0dpar L o = (sm.?O”)" —{?(2n)= -2n = -6.283 A

5.3 The current density in a cylindrical conductor of radius a is
J = 10e " "@a, A/m*>

Find the current through the cross section of the conductor.

The Solution:

a 2x

1= [Jeds =10 [e""odbdp = 208 ] &g

P =0) ‘ =(] p=0

uy

But jxe‘“ci\' = —e-,—(ar— 1),

a

, 0 ,
1:20ne"a-(g-1)ep*“fn“_ L (1+0)= 2311




5,12 A dielectric material contains 2 X 10" polar molecules/m’, each of dipole moment
1.8 X 1072 C/m. Assuming that all the dipoles are aligned in the direction of the electric
field E = 10° a, V/m, find P and e,

The Solution:

N N
dad )op,
p= 1=/ = 1=l

v )

NF
|Pl=—|pl=2x10" x18x107" = 36x107*
.

P=|Pla,=36x10"a C/m’

P 36x36mx10°x10™"
€oE 10°

0

But  P=ye,E or .=

=0.0407

e, =141, = 10407

5,18 At the center of a hollow dielectric sphere (¢ = &,¢,) iS placed a point charge . If the
sphere has inner radius a and outer radius b, calculate D, E, and P.




The Solution:

For < r=< a.

D_

= a
7 r
snr-

e

FForr > b,
Q

4nr

Thus.

D= 5 a,

Q

4ner

D= sa,, r>0

r?

+a,, a<r<b

a,. otherwise

r

Qo
A e
0, otherwise

a, a<r<b

r




5.20 For static (time-independent) fields, which of the following current densities are possible?

() J = 2xya, + 4x’z’a, — 6x7)za,

(b) J = xya, + y(z + l)a‘\, + 2ya,
2
(c) J= %ap +zc08 ¢ a,

in 8
(d)1=%ar

The Solution:

Prob. 5.20 Since a;uo. VeJs=0 must hold.

VeJs=6x’y+0-6x’y=0 —  Thisis possible.

VeJ=y+(z+))#0 ——  This s not possible.

[ ¢ » . o
VeJ= Eg(:* )+cos¢#0 ——  This is not possible.

[ ¢ . . .
VeJ=——(sin)=0 ——  Thisis possible.




5.27 Region I (; < 0) contains a dielectric for which ¢, = 2.5, while region 2 ( > 0) is char-
acterized by ¢, = 4. Let E; = =30a, + 50a, + 70a, Vim and find: (a) Dy, (b) P,
(c) the angle between K, and the normal to the surface.

The Solution:

Prob.5.27(a) E, =E, =-300a,+50a,, E, =70a.
D, =D, —- e,k,, =¢,E,

2
E. =-LE, = %(700_. )= 4375a.
€,

E, = -30a, +50a, +4375a,
-9

10
E,=4x

D, =
€8 361

- o r

(-30,50,4375) = -1061a, + 1768a, + 1.547a. nC/m’

-9

10
b) P=¢,x,E,=3x

6n (-30,50,4375) = 0.7958a, + 1.326a, + 1.161a. nC/m’

C) E;ea.=E, cosb,

70
cosf , = 0 5070 —  08,=3979




5.29 Two homogeneous dielectric regions 1 (p <4 cm) and 2 (p = 4 cm) have dielectric
constants 3.5 and 1.3, respectively. If D, = 12a, - ba, + %a, nC/m’, caleulate: (2) E,
and Dy, (b) P, and p,,», (c) the energy density for each region.

The Solution:

Prob.5.29 (a) D, =12a,=D,, D, =-6a,-Ya.

Ey =Ey » &zgﬂ_
€, £

€ 3.5e,
=L Dy, = =—"(-6a, +9a.) = -I4a, +la.

83 l.5¢,

D,—z' a —Ha‘+ 2la. nC/m’

12 1421 x]O Y
E =D /¢,= ( )_ = 387.8a, - 4524a, + 678.6a. V/m

D, 03¢
(d) P=¢,1,,E,=05% ?:1—5—-9-(12 6,9)= 4a,- 2a, + 3a.nC/m’
2

pv:=V. P.',' :_0

_1_(12"+ 14+ 21%)x107"
2 107
35x 6

= 1262 mJ/m?

1D,eD, 1(12°+6°+9°)x107"

o = Y —2— 5 E =9839 mJ/m°
x36n




