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ABSTRACT

Fuzzy sets have been introduced by Zadeh (1965) as a generalization of classical set theory. Each
element in fuzzy belongs to the set by certain degree which is specified by membership function.
From this stand point, an extension of classical probability theory is reached "fuzzy probability".
However, the definition of membership function and fuzzy set operations are not strict enough to
attain the law of non-contradiction and the law of exclude the middle. In this paper, we will strictly
define membership function and consequently redefining fuzzy probability such that, each element
has a degree of belongness to the set and still satisfying such desirable laws.

Keywords: Fuzzy sets, Fuzzy probability, Strict fuzzy Sets, Strict fuzzy probability, Maximum least strict
fuzz likelihood function, Strict fuzzy expectation.

Mathematics Subject Classification: 94D99, 60A86

1. INTRODUCTION

The concept of fuzzy sets and fuzzy probability introduced by Zadeh (1965) and (1986)
respectively has become increasingly applied in many fields. However, there are some theoretical
considerations of fuzzy set theory and fuzzy probability that needs revision. Using the operations
introduced by Zadeh for fuzzy sets and fuzzy probability, we will show that two fundamental laws of

thought will not hold.

The law of excluded the middle (everything is either be or not to be), this correspond in set
theory to the union of a set and it's complement has to produce universal set. While, for fuzzy sets the

union operation on the fuzzy set A and A€ is defined as

Bavac(@) = Max{p,(w), pac(w)} # pgp(w), (1)
where u,(w) is membership function defined on 2 (universal set).
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Another law of thought is the law of non-contradiction (nothing can be and not to be), an element
has to belong to as set or it's complement but not both, while, the intersection operation on fuzzy set A

and it's complement A€ is defined by

Hanac(@) = Min{pua (@), pac(w)} # pg (@), (2)
where y¢(a)) denotes that each element in the empty set ¢ has a membership value of zero.

Using the definition of fuzzy sets and it's operations, Zadeh (1986) introduced the concept of fuzzy
probability or probability of an event given that each element belongs to this event by certain degree.
However, the nonexistence of strict boarders between fuzzy set and it's complement results the

following inequalities

P(AUA) = f Max{p,(w), 1 — pa(@)}dP # P(Q). 3)
n

and

PANA) = f Min{y(w), 1 — pua(@)}dP # P(). ()
n

There were many other attempts to link probability theory and fuzzy sets. See, Singpurwalla
and Booker (2004) introduced a new definition of fuzzy probability by conditioning on membership
function. In their paper they showed that P(4 U A°) = P(2) and P(A n A) = P(¢). However, their new
definition is based on classical operation of fuzzy sets. In other words, although P(A U A°) = P(2) and
P(A N A°) = P(¢), we have the inequalities of p,yac(w) # po(w) and pyngec(w) # g (w). What we need
is to redefine membership function and operations on fuzzy sets in such way so we can satisfy previous
laws.

This paper will include two major sections, in first section we introduce the concept and
properties of strict fuzzy sets and in second section, based on the definition of strict fuzzy sets we

introduce strict fuzzy probability and it's properties.
2. STRICT FUZZY SETS

Let 02 be universal set, we define membership function on 2 such that, p,(w): 2 - [0,1]. Now, we

define strict fuzzy subset A form 2 with charctarizing membership of

pa(w) = h(w)pe(w) Yo €N, (5)
where p,(w) reflects the degree of membership of w in 4, while

1 if w€ A ug(w)>0

la(w) = {0 if w€ A;uq(w) =0.
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The notation w € 4; u,(w) > 0 means that, elements in A that have membership values greater than
zero. While, the notation w € A; u,(w) = 0 denotes the elements in A that have membership values
equal to zero (elements that are outside the set A) . It is important to know that, we are defining strict
boarders of a set A using indicator function I,(w). So, the set A will be shown to be disjoint with it's
complement. However, classical representation of membership function has no strict boarders between

a set and it's complement. Below figure will show the difference between two definitions.

Figure (2.1) shows the degree of membership of
each element in the set 4 and it's complement (the
darker the point, the higher the degree of
membership), some elements can belong to A and
A°.

Figure (2.2) shows that each element is in strict
fuzzy set A is only in the set. In other words, there
is a strict boarder between the set A and it's

complement.

Figure (2.2): Strict fuzzy set and it's complement.

In next section we introduce some operations on strict fuzzy sets.

2.1 Basic Operation on Strict-fuzzy Sets

Based on our definition of strict fuzzy membership function, we will define operations on strict fuzzy

sets in such way that we can satisfy desirable set properties.

211 Empty set Strict Fuzzy Sets:

A strict fuzzy set A is said to be empty if each element w belong to A by membership value of zero,

formally

Upw)=0 Vwen. (7)
Previous definition is similar to the definition in classical set theory that is, if all elements do not belong

to a set, then it is empty.
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2.1.2 Intersection of Strict Fuzzy Sets:

The intersection of two strict fuzzy sets A and B is defined using indicator function of both sets as

pans (@) = Min{p,(w), pp(w)}
= Min{l;(w), Iy (w)}uo (w),
here we strictly associate each element in the set A n B by membership value. It is considerable to note

(8)

that the minimum operation is independent from the membership function p,(w).

2.1.3 Union of Strict Fuzzy Sets:

The union of strict fuzzy sets A and B is defined by

tavs (@) = Max{u, (w), pg(w)}
= Max{l;(w), Ip(w)}pq (w).
Similarly, the maximum operation is independent of membership of universal set.

21.4 Complement of Strict Fuzzy Sets:

The complement of a strict fuzzy set A is all the elements not belonging to the set A with corresponding

membership function

tac(@) = pg(w) — pa(w)
= (1= Li(w))po(w),
this definition of the membership function of the complement is strict enough to disjoin a strict fuzzy set

(10)

from it's complement.

Example: Let our strict universal fuzzy set 2 = {1/0.2,2/0.5,3/0,4/0.9,5/0.7,6/0.2}, we have to not
note that, the element 3 is not a member of the set 2, consider a subset A containing {2, 3,4}, then
based on our definition of strict membership function in equation (5), strict fuzzy set A =
{2/0.5,3/0,4/0.9}, similarly consider strict fuzzy subset B = {3/0,4/0.9,5/0.7,6/0.2}. Then, the union
of both sets willbe AuB ={2/0.5,3/0,4/0.9,5/0.7,6/0.2} and the intersectionis AnB = {3/0,4/0.9}
finally, the complement of strict fuzzy 4 is A° = {1/0.2,5/0.7,6/0.2} .It can be verified that A U A¢ is
and A N A€ yields the empty set.

2.1.5 Strict Fuzzy Relation:

Consider elementary element w; in the strict fuzzy set A4; for i = 1,2,...,n and define the set A =
Ay X Ay, ...,A,. Then, each element of A is order pair taking the form (w,,w,,..,w,). Hence,
membership function can be defined on 4 as u, (w4, w,, ..., w,): A = [0,1] based on classical indicator

function I (w4, wy, ..., Wy)-
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2.2 Properties of Strict Fuzzy Sets

In this section, some important properties of strict fuzzy sets that coincide with classical set

properties will be shown.

2.21 Equality of Strict fuzzy sets:

Two strict fuzzy sets A and B are equal if the memberships of both sets are equal for all elements in 2,

namely

ta(w) = ug(w) Vwen, (11)
this is the condition for the equality of strict fuzzy sets.

2.2.2 Containment of strict fuzzy sets:
Claim 2.2.2: A strict fuzzy set A is contained in B if and only if

pa(w) < pp(w) Yo €. (12)

Proof: If 3 w € Bn A¢, then I,(w) < Iz(w) and since p,(w) =0, we can reach py,(w) < ug(w).
Similarly, if u,(w) < ug(w), then each w € B also belong to 4, then A € B.

2.2.3 Associative and Commutative Properties of Intersection and Union:

It follows from the properties of the minimum and the maximum that associative and commutative

properties hold for the union and intersection of strict fuzzy sets.
2.2.4 The Law of Exclude the Middle:

Each element in strict fuzzy set is either in the set or outside the set. So, if 4 is strict fuzzy set, then

Hauac(@) = Max{p,(w), pac(w)} = po(w). (13)

It is important to note that, the union of strict fuzzy set and it's complement yields the strict universal
fuzzy set and not classical universal set (crisp universal set) but if membership function values of strict

fuzzy universal set are equal to zeros and ones for all elements, then we have classical universal set.
2.2.5 The law of non-contradiction:

Each element cannot be in strict fuzzy set and it's complement. So, if A is strict fuzzy set, then

Banac(@) = Min{py(w), pac(w)} = pyp(w), (14)

where 14 (w) denote that each element w in ¢ has a membership of zero, which is required.
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2.2.6 Demorgan Law's:

Claim 2.2.6: Using our definition and properties above, strict fuzzy set obeys Demorgan laws for the

union and intersection

#(AnB)C((U) = pyeype(w).
(15)
H(AUB)C((‘)) = Uacnpe(W).

Proof: by our definition of intersection in (8) and the complement in (10), we can write

.U(AnB)C(fU) = {1 — Min{u,(w), ug (@)} g (w)

Hac(w) if Ipe(w) > Ige(w)
=1 upe(w) if Lye(w) < Ige(w) (16)
(@) 07 t5e(@) if Le(@) = Ipe()

= Max{pe (), ppe()}.

While for intersection, using the definition of union in (9) and complement in (10), we can clearly write

#(AUB)C((D) = {1 - Max{u,(w), ug(w)}}pq(w)

pac(w) if Ine(w) < Ige(w)
= {upe(w) if Ine(w) > Ige(w) (17)
tac(w) or ppe(w) if Iye(w) = Ipe(w)

= Min{uyc(w), ppe(w)}.
Which is our needed result.

3. STRICT FUZZY PROBABILITY

Consider a probability space (2, B,P), where 2 = R™ is the sample space, B is Borel sigma
algebra and P is a probability measure on B such that P: B — [0,1] . Let x € R™ and let u,(x) be a
Borel measurable function, then, we can define the probability of a subset A (an event) bye Lesbuge-

Stejles integral as

P(A) = f L 0ORaG) dP. (18)

Now if membership function p,(x) is a simple function taking the form of Y.\, a;B;, where a; = 0 and
B; € B, then the integral defined by fRn L () po(x)dP = Y7, a;P(B;). While, if u,(x) is non-negative

function the integral will be [, [, ()t (x) AP = supgesquy ) fpn 9 AP for S(ug(x)) to be collection of

simple functions such that, g(x) < u,(x) vx € 0.
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3.1 Properties of Strict Fuzzy Probability

It is important to show how our new definition of membership function and strict fuzzy probability

will help to attain the laws of classical probability theory but in more general settings.
3.1.1 Exhaustive Strict Fuzzy Event:

Claim 3.1.1: The probability of x belonging strict fuzzy set A or it's complement is the same as the

probability of x belonging to the universal set

P(AU A°) = P(D). (19)
Proof: from our definition in equation (9) we can write

PAUA) = [ Max{ia @), upe )P, (20)
n

using equation (13)
P(AUAC)=f Uo(x)dP =P(QQ) <1V x€e N (21)
n

Which is our desired result.
3.1.2 Mutually exclusive Strict Fuzzy events:

Claim 3.1.2: The probability of x belonging to the set A and it's complement is equal to the probability

of the empty set
P(ANA°) = P(¢). (22)
Proof:
PUNLY = [ Min{uy() nye NP, (23)
by equation (14), we can write
P(AN AS) = fﬂ 1sC)dP = P(@) =0 ¥ x € 0. (24)

As required.

3.1.3 Monotonicity of Strict Fuzzy Probability:

Claim 3.1.3: If A € B, then the probability satisfies P(4) < P(B)

Proof:
From equation (12), we know that if A € B, then p,(x) < pg(x). Now, we have two cases: case number

1 is that, p,(x) and pg(x) are simple functions. We can write ug(x) = p,(x) + g, where g is a simple
function.
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Using linearity property of the integral defined in (18), we can write

fﬂ pp(x) dP =L pa(x) dP+f!2 g dpP ZL ta(x) dP. (25)

Case 2: both functions u, (x) and pz(x) are non-negative functions. Let S(u,(x)) be collection of simple
functions such that, g(x) < ua(x) < pp(x), then, supgesq ) fpn 9 AP < SUPgesupx) Jrn g AP this

implies that [, u,(x)dP < [, pp(x) dP.
3.1.4 Probability of the Union of Strict fuzzy Events:

Claim 3.1.14: For two Strict fuzzy events A and B, the probability of the union of two strict fuzzy sets is

given by

P(AUB) = P(4) + P(B) — P(ANB). (26)

Proof:

PAUB) = [ Max(uyG). iy ()P
n

(27)
= | @@ + 11560 = Minlua G D) 2P,
n
by linearity property of the integral we can write
P(AUB) =P(A)+P(B)-P, (28)
this is the same result as in classical probability theory.
In general, if we have n strict fuzzy sets A, 4,, ..., A,, Then, the union can be written as
n n n
P(U A) = f Max{p (O}dP = ZP(Ai) - Z P(A; N 4;)
i=1 2 i=1 i<j
" n (29)
+ Z P(AinA;NAg) =+ (D1 P <ﬂ Ai>,
i<j<kK i=1
which is same expression of union of n events in classical probability theory.
3.1.5 Independence of Strict Fuzzy Events:
Consider we have n strict fuzzy events 44, 4,, ..., 4,,, we say they are independent if
n
tan, a,(0) = HuAi(x). (30)
i=1
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Then, clearly we can reach the familiar law of the probability of independent events, as

P(ﬁAi> = ll[P(Ai). (31)
i=1 i=1

i=

Based on this definition, we can define strict fuzzy conditional probability.
3.1.6 Conditional Strict Fuzzy Probability:

We can define the conditional strict fuzzy probability for x belonging to the strict fuzzy set A give

information that it belongs to the strict fuzzy set B by

fﬂ Min{u, (x), ug(x)}dP
[, kaG)dP

P(x € Alx €B) = (32)
provided that fn ug(x)dP is different from zero.

3.1.7 Strict Fuzzy Total Probability and Strict Fuzzy Bayes Theorem

Consider we have n strict fuzzy events (sets) Ay, 4,, ..., Ay, such that Min{,uAi(x),uAj(x)} =0 Vi#j

and Max;<i<n{pta,(x)} = pp(x), then

P(B) = f Max;{i,(x)} dP
n

n (33)
[ meap.
i=1 "¢
Then, the familiar Bayes formula can be reached as
P(x e Blx € A)P(A
P(x€Alx €B) = (x € Blx € A)P( ). (34)

P(B)

provided that P(B) is different from zero.

3.1.8 Strict Fuzzy Boole Inequality:

Claim 3.1.8: We will show that strict fuzzy probability satisfies Boole's inequality, defined by

We will provide the proof for this statement.
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We can define membership function for strict fuzzy sets B, B,, ..., B,, as
tp, () = pa, (%)
tg, (%) = a, (X) = pa, (x)
Py (X) = pa, () — Min{py, (), g, ()}

(36)
HUB, (x) = #An(x) - Minlsisn—l{.uAi(x)}-
Lemma 3.1.8.1: we need to proof that Min;{up,(x)} = 0 to reach our crucial result
Proof:
Letk > j, then we can write
IlBj(x) = (IA,-(X) = Ming<men—1{l4,, ) PDun (), (37)
similarly, the membership of the set By, is
#Bk(x) = (IAk(x) - Minlslsn—l{IAl(x)}).uﬂ(x)' (38)
now, if
I, () = Minyqep_1{L,, ()} = 1, (39)
then,
I4; (%) = Minyemep-1{la,, ()} = 0, (40)
and we can finally reach
Min {ug, (x), w3, ()} = 0. (41)

This is our desired result.

Lemma 3.1.8.2: Another lemma has to be proved, that is Max;{uz,(x)} = Max;{t4,(x)} for proving our

theorem.

Proof:

Max;{ug,(x)} = Max;{I,,(x) — Minlsjsn—l{IAj(x)}}lin (x) Vi>j

(42)
= Maxi{IAi(x)}#n ().

Which is required.
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Now since B; <€ 4;, then using previous lemma we can conclude

Mjwsimm. (43)
i=1 i=1

This is classical probability theory result.
3.2 All Possible Strict Fuzzy Density Functions

In the literature of probability and statistics joint probability density functions are always used and
consequently joint fuzzy probability density functions. It is useful to show how can we define all possible
density functions and some of it's properties. Consider we are interested in knowing whether an
outcome x will lie in a strict fuzzy set A, or A,. Then, we can partition strict universal set 2 into strict
fuzzy sets 4,, A,, A; = A; N A, and A, = (4; U 4,)°. Then, the "least strict fuzzy density function" is to
be the density function for the union of these disjoint sets which is the same as the density function for

0, defined by

4
fa(0) = Max,ciaa s COY ) = ) s CIF ). (44)
i=1
c c c c
] = o = L < ] c
s 2 s 2 s 2 s 2
£ g £ s £ s £ g
2 @ @ @ o
o o o o
5 8 5 S 5 8 5 S
(8] (8] (8] (&]
i=1 Matgrlal_ i=12 Ex_cluswe =24 Negation of [=134 Con_ver_se
nonimplication Disjunction A Implication
j=p | Converse |, . A i=34 |Biconditional | i =234 | ateral
nonimplication Implication
i=3 Conjunction i=14 Negation i =1,2,3 | Disjunction |i=1,23,4 Tautology
of A Q)
i=4 Joint Denial i=23 AL i=1,24 Alterngtlve None False
denial

From equation (44) i € {1, 2, 3,4}, each possible subset of this set corresponds to a density function.

Below table will show all possible density function for two sets 4, and A4,.

Table 3.2.1. All possible density functions
It is clear that for two sets we have 2* possible density function. In general if we have n sets we will
have 2" possible density functions. Now, by defining least density function some interesting properties

will unfold.
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Boundness of Maximum least strict fuzzy likelihood: Generally speaking, if we had observed x € R™

with joint pdf f(x; ) where 6 € R"and we are interested whether x lieing in at
such that, Min;{u,,(x)} = 0 then, the density is to be defined by

fun, 4, (6 0) = Max{ua, ()} (x; 6),

then, the Maximum least Strict Fuzzy Likelihood is defined by
SUPBfuflzlAi(xi ),
and since UL, 4; € 2 and fu{;lAi(x? 0) < fo(x; 0) then,

Supp{fuyr, a;(x 0D} < supg{fa(x; )3,

which is an upper bound for Maximum least strict fuzzy likelihood.

Boundness of strict fuzzy expectation: if we consider n strict fuzzy sets A;,A,,

least expectation” for any function g(x) is defined by
Elgl = | 900f 40 dx,
n

if g(x) is non-negative function, then

[ sry a0 [ geoneoa
0 0

which is an upper bound for strict fuzzy least expectation.

4. CONCLUSION

least 4; Vi=12,..,n

(46)

(47)

..., Ay, the "strict fuzzy

Throughout the paper, we introduce a strict definition of membership function and operation on

fuzzy set. It has been shown that from these definitions we can preserve the law of exclude the middle,

the law of non-contradiction and other important set properties.

A consequent result is that, strict fuzzy probability is properly defined such that any element can belong

to either a set or it's complement and an event and it's complement are mutually exclusive. Also, we

have shown that total probability and Bayes formula are derivable under new fuzzy probability definition.

Another important concept that was introduced is the concept of “least strict fuzzy density function”, that

allow the definition of all possible fuzzy densities corresponding to all possible set operations.

It is clear that uncertainty plays important role in science; we hope that the introduction of strict fuzzy

sets and strict fuzzy probability can endorse wide range of applications.
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