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Williamson-Hall, Stocks-Wilson, Scherrer, Halder-Wagner, and Size-Strain Plot (SSP) methods are used essen-
tially to ensure the material particle size falls at the nano-level. They treat the broadening in the XRD peak as a
sum of Gauss and Lorentz diffraction probability functions. In this work, an approach to the microstrain dis-
tribution is presented as a strain distribution (SD) model, assuming a nanostructure as a liquid drop where
surface tension controls the particle positions while strain controls the geometry and spacing of the lattice pa-
rameters. The number of diffraction planes is considered in the model, treated as a Gaussian-like (or Lorentzian-
like) function, and estimated with numerical analysis. The SD model writes an equation about the broadening,
peak position, and lattice parameters to estimate the crystalline size and strain exponent. Williamson-Hall,
Stocks-Wilson, and Scherrer can be explained as approximations for this model, and the presence of negative
strain is explained. Possible approximations can show Halder-Wagner and SSP as another face of the SD model
equation. The strain exponent, which is estimated here, is more useful than the average micro-strain, which is
obtained from previous models. The strain exponent role in the nanoparticle reactions with materials can be
discussed and explained. The change in crystal system as bulk material is reduced to nanostructure can be

Strain

Crystalline size
Williamson-Hall
Scherrer’s equation

negated according to the SD model.

1. Introduction

Nanoparticles, in the dimensions of 1-100 nm, possess many unique
size-dependent physical and chemical properties different from their
bulk counterparts [1]. It is reported that elastic properties are one of the
most important physical properties, the tuning of which can modify
many physical properties such as optical, electrical, surface, etc. Because
of this, many nanoparticles find enormous application in different
branches of science, such as optoelectronic devices [2], light-emitting
diodes [3,4], solar cells [5,6], and drug-delivery applications [7].
Many scientists show the effect of reducing the bulk material to micro-
and nanostructure on the electrical, optical, thermal, etc. properties of
nanoparticles where the material shows enormous and more useful
properties [8,9].

Explicit modelling of nanostructures is necessary for tailoring the
material to have specific features. Considering the strain inside the
nanoparticle is the major issue that changes the point of view to the
unique properties of the material on the nanoscale. The distribution of
this strain inside the nanostructure is not well defined. Most current
models consider the average strain and deal with the X-ray diffraction
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(XRD) structure factor as the main reason for diffraction peak
broadening.

Diffraction-peak broadening shows information about nano-
structural parameters; particularly lattice strains and the sizes of inco-
herently diffracting domains. Three major suggestions [10] have been
made to characterize the diffraction-peak broadening: (i) The crystal is
broken into “crystallites” so small (10> to 108 cm in dimensions) that
diffraction broadening occurs; (ii) the crystal is broken into small crys-
tals with different mean lattice parameters; and (iii) the broadening was
due to distortion of fairly large crystals (~10~* cm in linear dimensions).

To produce a physical specimen that is broadening-free, all effects,
especially instrumental ones, must be removed. It is worthwhile to study
the applicability of preset peak-shape functions in the size-strain anal-
ysis because of the great interest there is in accurately modelling peak
broadening in the [11-13] analysis in terms of physical (size and strain)
parameters [14-16]. Moreover, the results obtained by the
integral-breadth and/or Warren-Averbach analyses were usually not
comparable. The integral-breadth method gives volume-weighted
domain sizes and an upper limit on strain. The Warren-Averbach anal-
ysis shows large surface-weighted domain sizes while a mean-square
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strain averages over some distance perpendicular to the diffracting
planes.

Although the instrumental errors come from many issues, they are
decreased as possible in these models (Scherrer [17-19], Stokes-Wilson
[20], Williamson-Hall [21,22], Halder-Wagner [23-25], SSP [26-28],
and strain-distribution (SD) which presented in this work) as follows:

Scherrer’s equation is derived directly from the XRD scattering
structure factor without taking instrumental errors into account. Many
scientists directly use this equation for the intensive peak of the XRD
pattern. So they estimate the full width at the half maximum of the
diffraction peak profile FWHM, or w, and thus high errors will be
incorporated into the results. Other scientists use average crystalline size
to reduce errors. The more accurate method is taking the slope of the
best linear fit of the (1/w)-cosé plot.

Other models use the linear fit of their plots to reduce the errors; in
this work, the SD model also uses the plot in Figs. 7 and 8 to reduce the
instrumentation errors.

Many studies on nanoparticle size and strain determinations using
the various methods above were reported. Each method sets a relation
between diffraction angle and FWHM, and then the determination of
crystallite size and micro-strain is applicable. In all of the previous
methods, the Miller indices did not appear directly in their equations,
even though they were taken into account at the peak position.

To simplify the material representations, models and simulations are
built to study the physical conditions and predict the particular con-
straints of the situation. This reflects the importance of physical models
and theoretical approaches in material science. The widespread use of
nanostructures in our society has increased interest in studying and
modelling nanoscale materials, as well as adapting these materials to our
needs.

This work aims to study more thoroughly the source of broadening
from another point of view: the diffraction peak in the 3D nanostructure,
the micro-strain inside the nanoparticle, and the number of diffraction
planes. In this article, a new model for nanostructure is introduced and
how it is formed. The faults of the previous models, such as negative
strain, are explained by this theoretical approach. Drawing the strain
inside the nanoparticle is possible here, where previous models only
showed an average strain, which is not enough for our needs. The strain
exponent role is a major factor that can explain the reaction of the
nanoparticles with materials. The application of the SD model is
important for vibration [29-31], of molecules [32], internal friction
[33-36], and other point physical problems [37-42].

2. Methodology

This study will consider a spherically shaped aggregate in nano-
particle size of single-phase crystal lattices; they are accumulated to be
like a liquid drop. The more general case can be investigated with an
ellipsoidal structure in the future. There are three micro-strains [43] (&g,
€p, and &) that cause the perfect lattices to be compressed non-uniformly
(due to different lattice parameters) to change the periodic uniform
structure lattice parameters and orientations in 3D to draw a spherical
shape; this strain works like surface tension in liquid drops.

This work shows the effect of curvature strain due to the wrapping of
material crystals to form nanoparticles (which will be explained in detail
in Section 2.2). There are different strains, such as thermal, tensile,
shear, normal, etc., that also affect the nanostructure, but their effects
are almost equally felt on all crystals inside the nanostructure. The
curvature strain (from here and later, “strain” only) is taken as the major
factor that shows the broadening of XRD peaks.

According to these assumptions, one can predict that the perfect
crystal lattice (without strain) will hold the center of the nanoparticle
sphere (x = 0; x is the displacement vector from the center of the sphere
to its surface) and give the central diffraction peak line (d; in Fig. 1).
From the center to the surface of the sphere, the stress (or the strain ¢
[441) grows up (slight change in the interplanar distance in ds) to reach
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Incident X-rays

Fig. 1. Micro-strain effect in the nanoparticle.

the surface at maximum strain (epqy) at x = D/2, where D is the crys-
tallite size. The peak is broadening due to the much larger change in the
interplanar distances (from d; to ds).

Bragg’s diffraction is the major factor in X-ray diffraction and is
written in direct space as:

where dj is the interplanar spacing of Miller indices hk! at the center of
the diffraction peak with angle 6, the diffraction angle is denoted by
0 to be distinguished from the un-denoted angle that stands for variation
angle about the peak center, and from here and over, the first order of
diffraction will be considered (n = 1).

2.1. Peak profile (probability regime)

The diffraction peak profiles are treated as the sum of Gaussian G and
Lorentzian L profiles (a pseudo-Voigt profile may also be introduced, but
the same results were obtained); this treatment is also used in X-ray
fluorescence XRF in Ref. [45]. These profiles are probability distribution
functions that characterize the probability of diffraction on a specific
plane. Both G and L functions can be expressed in terms of FWHM (w in
radians) as follows [46,47]:

G= A-exp( - (H:Vfu)zln(m))

WZ

40— 0)" +w?

®))
L=B

where A and B represent the peak amplitudes in each profile. In both of
these functions, the intensity falls to their half value when 6569 = w/2.
They share the same profile and FWHM but differ in the tail shape,
where the Lorentzian profile has a longer tail than the Gaussian and
approaches zero slower, as shown in Fig. 2.

The differentiation of each function according to the angle 6 will be:

%: G’(H) — _ zAwln(m)exp( - (gw—zeo)zln(lé)> =

—21n(16) (0 _290)

G 3

dL w?
5= 0= 80— )= -

(0 — 6o)
(4(0 — 65)” +w?)

4



A.S. Abdel-Rahman and Y.A. Sabry

—— Gaussian (G)
—— Lorentzan (L)
3
e T S
8 (rad) 60 6+
Fig. 2. Gaussian and Lorentzian profiles.
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Also, the same result will be found for Lorentz; the left-hand side of Egs.
(3) and (4) at ¢ will be:

, ! A
G(o)= -2 ln(lé)%l/zA: ~In(4)>

/ B
L) =—-= 6
)=~ ®)
If it is difficult to calculate the derivative of a function like a Gauss or
Lorentz profile, it is possible to replace its derivative at FWHM by its
amplitude value multiplied by Q/w, where the factor Q has a range from
1 to 1.3863 (=In(4)).

2.2. Micro-strain

One can assume an ellipsoid structure, and so the three strains (&g, &p,
and ¢.) are different, but in this work, the spherical shape will be
introduced. In 2D, the strain ¢, is zero along the x-axis, and ¢ is zero
along the y-axis. As one moves away from the major axis, strain in-
creases (causing the lattice lengths to decrease) to reach epg, on the
surface of the sphere. The value of ey is direction-independent, where
all strains regardless of their directions should be equal (i.e., €mqy) at D/
2.

Fig. 3 shows a quartile of the nanoparticle (2-dimensional

b (y)

a(x)

Fig. 3. Quartile of the nanoparticle 2D projection with micro-strain functions.
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projection). Behind the vertical and horizontal curves (parabolas) are
the strain functions (functions in displacement), and the intercepts of
these lines represent the location of the atoms. The last vertical arc is the
circular surface of the nanoparticle.

According to the circle equation x>+y?=(D/2)?, the definition of the
compression strain in the x-direction is [48]:
Ax X — X

)

X X0

where Xy is the original location of the subject and x is that location after
compression, the maximum strain in the x-direction can be found at xp
= D/2. Then the strained location of the subject will be written in terms
of maximum strain in the x-direction as:

x=2 (1 - em) @®)

This value is y-dependent and can be substituted in a circle equation
to find a relation for the maximum strain in the x-direction in terms of
the y-axis value as follows:

2
max 1 _ _ L
e =1-1- (35) ©

Since the maximal strain occurs when both x and y values equal %, this

strain value should be 0.293. In the case of 3D, the x-axis strain equation
will take the form:

=11 (5) - (5)

and the maximal strain should be 0.423 as calculated for the isotropic
sphere (this value is very large and the infinitesimal strains should be

lower), while the x, y, and z values equal D—\//;.

In Fig. 3, one can notice the change of cubic structure into ortho-
rhombic or tetragonal structures; this was noticed recently in nano-
particles of gold [49], where it differs from the usual face-centered cubic
bulk structure of gold. Due to the overlap of XRD diffractions of these
structures, one can predict the change of crystal structure to another
point group in the nanostructure. The appropriate expression to describe
this issue is not to consider a change in crystal structure but rather a
strained crystal nanostructure.

To describe the strain function (vertical parabolas intercepting the x-
axis at integer multipliers of a), one can estimate the gradient of the
strain function curvature on the basis of very small strains. The change
of strain from Eq. (7) is:

d(dx) | ()" an

dx
e=— and de=— 5
X X
According to the derivations of the Extended Mooney-Rivlin model
for neo-Hookean solids [48], the behaviour of small strains before the
critical elongation suggests the change of strain is inversely proportional
to the displacement x; hence, Equ. 11 can be corrected to:
2 d. dx
de=A% or C=4%5 12
X &€ X
Integration of Equ. 12 and applying the boundary condition
(x—>D/2 €—>€my) to the micro-strain equation can be written as
follows:

€0 = Emax exp<fc<DT/27 1>> 13)

While c is constant, it represents the growth of the strain from the center
of the sphere to its surface and will be called the strain exponent.
The reciprocal space will be introduced, and all asterisked terms will
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be reciprocals and related to the direct term inversely. The reciprocal
strain function may be written as:

D.
€ % :gmax*exp<c<%*f 1)) a4

The summation of strains in any direction, one over the other, will
reduce the whole nanoparticle’s dimensions to a sphere’s radius, so one
can write:

maa(1 — €max) =mpb(1 — max) =mec(1 — €may) == (15)

2

where mg, mp, and m, are the number of atoms in each direction from the
center of the sphere to its surface, the maximum strain can also be
expressed in terms of these numbers:

Emax R My€Eq = Mp€p = McE: (16)

and so one can write them in reciprocal space as:

ax  bx cx Xk
=— ~ —

== a7
Ea*  Epx  Ex €

This equation illustrates the ratio of longitudinal to transverse strain,
with the longest lattice parameters meeting the highest strain, so all
lattice directions reach the nanoparticle surface on one foot.

2.3. Interplanar distance

In this work, the change of lattice angles with strains is neglected
(this assumption was verified by applying the model to different lattice
systems, which showed the validity of the SD model), so the general
form of lattices that can be studied is the orthorhombic lattice, and the
reciprocal interplanar distance can be written as follows:

dy * = v/ h2ax? + k2bx? + Pcx? (18)

and the strained interplanar distance is

"2 K2 P
dx = + + 19)

2 2 2
@(1-za) »(1-2b) e(1-%c)

The derivation of the term (x*/&*) which respect to x* is:

d ("*) 1 (1 - c(D/Z)if—I) (20

dxx \ex)  ex

The derivation of the reciprocal interplanar distance with respect to
the reciprocal displacement vector (instead of the strain) is approxi-
mated to be:

ddx 1 [ x*]

2 2 2
1—c(D/2)=— [h—+k—+lf} @1n

ox*  dy * ex exlla b ¢

2.4. Number of diffraction planes

The diffraction intensity is directly proportional to the number of
diffraction planes (N). According to this main assumption, as one moves
away from the center of the nanoparticle, the strain grows, the lattice
parameters decrease, and hence the interplanar distances decrease. So it
is more suitable to study the variation of the number of diffraction
planes with the diffraction angle. The definition of the number of
diffraction planes may be clear from Fig. 4, which illustrates the dy; and
its relation to the displacement in 2D.

As shown in Fig. 4, the number of interplanar distances is defined as
the ratio between the displacement and the interplanar distance pro-
jection on this displacement and may be written in 3D as follows:

N — \/(an+1 - Xm)z + Vms1 — ym)z + (241 — Zm)2 22)
d, cos ¢
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Fig. 4. The interplanar distance d»; and displacement vector in 2D.

In this work, the displacement x, is arbitrary inside the nanoparticle, so
it is chosen in the x-direction only and parallel to the interplanar dis-
tance. where m is an integer that represents the step number in which
interplanar distance appears constant; m = 0 represents the Ny region
(maximum intensity); as m increases, the number of interplanar dis-
tances decreases. where m,, is the maximal value of m, which happens at
the surface of the particle, and typically m,, has a large value, such as
thousands (by assuming the lattice parameter is in the range of a few
angstroms and the crystalline size D is about 100 nm), where the ratio
between the particle size and the used wavelength is in the order of 10°.
Then the number of d-planes is:

(xm+l 7-xm) 1
Ny = ~ Da(l — ener) — ma(l — ¢
" dy do(1 —€,) [m+ Da(l = &) = ma(l = &) (23)
a
= m (1+m(en — €mr1) — Emsi]

One can estimate the displacement xyat FWHM, where the number of
d-planes is reduced to its half value.

2.5. Numerical analysis

The number of interplanar distances is calculated based on Eq. (23)
for different values of ¢, D/2, a, and dj to investigate the profile of N
regarding the displacement integer m. Fig. 5 shows this profile with
some selected values of c. The full numeric data is presented in the
supplementary document.

The values of ¢ < 0.6 cannot be considered for variation in the
number of interplanar distances due to their unacceptable shape. The
profile shown is similar to that of Gauss and Lorentz, but it is built on the
effect of strain on the interplanar distances. Eq. (23) can be considered
as a XRD peak profile, and the upcoming results are based on it. This
numeric analysis will also benefit the approximation and correlation of
terms, which will be discussed in the next section.

—c=0.1
41 — =03

c=05
—c=06
—c=1.0
—c=15
2 4 —c=2.0
—c=3.0
—c=5.0

0 50 100 150 m 200

Fig. 5. The number of the interplanar distances N and displacement integer m.
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3. Results and discussion
3.1. General formula
Since the number of d-planes has the same profile as Gauss/Lorentz

and the differentiation of Eq. (23) is too complicated, one can predict:

ON[™ 1 No—=Y%Ny 1 N, (24)
Oxxl, . O (sdo*—xf*) QZ(st*—xf*)

The number of d-planes at the center of the sphere is Ny and corre-
sponds to x9 = 0, and this cannot be used for x*(=c0), so one can
approximate it to sdp*, where s is a constant.

The micro-strain that happens inside the nanoparticles is the major
factor affecting Bragg’s diffraction, where the interplanar spacing and
diffraction angle are functions of this strain, so the derivation of Bragg’s
equation in reciprocal space may be written as follows:
aa% = % Cos 0 (25)

To study the diffraction peak and its broadening, the variation of the
number of diffraction planes (which represents intensity) to the
diffraction angle may be written by the chain rule as follows:

ON ON Oxx ddx ON 1 Od*

00 Oxx ddx 00  Ox% dd = /ox+ 00 (26)

and at FWHM, the left-hand side term in Eq. (26) can be written as
follows:

o

oN

ON|" 1 No—%No 1N
06

IloiQ Wi 76W (27)

By introducing equations (21), (24), (25) and (27) at FWHM, equa-

tion (26) can be rewritten as:

2 2 2
ﬁ} l[hwakarlf](ix,*stsinGO) (28)
a b ¢

w Ccos Gf:i{l —¢(D/2) dor

Erk Epk

This equation is very similar to those of Williamson-Hall, Scherrer,
and Stokes-Wilson by approximating the FWHM angle 6y to the diffrac-

h2

a

tion angle 6y and assuming both d})—*{

+% 4%} and x/* terms are

constants:
KA
w cos Oy = ) + 4e sin 6, (29)

The relation between wcosfy and sindy should be linear, and the
slope is wavelength-independent, as expected by Stokes, while the
interception is typical of Scherrer’s equation.

Another important issue is the negative sign in the sinfy term. Arti-
cles such as [50,51] notice the negative microstrain (slope in
Williamson-Hall), which is physically meaningless. The negative
micro-strain here can be attributed to the approximations in the
Williamson-Hall method, and its plot results in very scattering points, as
discussed in Ref. [45].

Upon this comparison, one can predict that Williamson-Hall,
Scherrer, and Stokes-Wilson are approximations of what is driven in
this work. Since xs* is the displacement inside the nanoparticle where
the number of d-planes is reduced to half, this term is not constant and
depends on the broadening w as follows:

k
P (30)
; w

where k is constant, another issue; the cosine of the angle ¢ in Eq. (28)
can be written as:

cos 6y =cos (00 +v—2V) = cos Gy — gsin 6 (31
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This methodology results in another modification to Eq. (28) to be a
strain-distribution (SD) model inside nanostructures and will be written
as:

w? (cos 6y — ¥sin 00>

{1 —e(D) 2)2—’;} (Ak — 25(w sin 6)) (32)

2
s

One can notice a similar form between this equation and the Halder-
Wagner and SSP methods by the appearance of broadening in square
form. To verify the deduced model by applying it to different lattice
systems, six real XRD patterns for CuO [45], LaFeO3 [13], Mn3O4 [52],
FegO3 [53], ZnO [54], and MgO [55] were used. Fig. 6 shows the XRD
patterns for theses samples.

The SD model (Eq. (32)) was used to plot the relation between
w2 (cos 00— sin 90)

do [2+2242]
lattice systems, as explained in Table 1. They show a linear dependence
as predicted by the model, and the error bars are used to reduce the
calculation errors as much as possible.

According to the above data, the model has been successfully applied
to all crystal systems, and although the Williamson-Hall strain is positive
in all systems, the relationships in the figures have negative slopes, and
the positional intercepts are consistent with Eq. (32).

and wsinfy and is presented in Figs. 7 and 8 for different

3.2. Crystalline size and strain exponent

According to Eq. (32), both slope and intercept are functions in ¢ and
D; by using the numeric data, the term Sf% [1 —c(D /2)%] was plotted
against the constant c and seems to be in an inverse relationship after c
> 0.6, as shown in Fig. 9.

This term is correlated and multiplied by the constant s, which is
found at an average of 0.005. By introducing the average value of

broadening wg, = 0.008 rad, one can estimate the correlation between
the term 2%* {1 —¢(D/2) ﬁ} and D/2 (Fig. 10).

£f% £

Thus, Eq. (32) can finally be written in its approximate form:

WZ(COS 90 —%Sil’l 00) 4 x 1073 3.1 % 1073
= R

do [ﬁ +8 4 E} D o troind) ¢

This equation was applied to Table 1 to compare the SD model results
with what had been estimated before. The obtained results are listed in
Table 2 beside the percentage errors between the SD model and previous
models. The large errors may be attributed to the large values of the
micro-strains. This is also noticed as a relatively high difference between
the XRD peak broadening crystalline size and that obtained from the
scanning electron microscope (SEM) in Ref. [56].

Eq. (33) may be approximated to this formula in order to facilitate its

—Cuo ——LnFe03
Mn304 ——Fe203

7o —Mgo
F
s
2
]
2
2
=

Hﬂ . L—J‘__.A.MJL.‘M...
0 10 20 30 40 50 60 70 26(°) 80|

Fig. 6. XRD patterns of the six samples used for verification.
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Fig. 7. SD model application on CuO, FeLaO3, and Mn30,4 nanoparticles.
Table 2
Obtained results from the SD model.
N 27 +Fe203 Material D* (nm) e (x 107%) D (nm) Error (%) c
e : fAHOO CuO 44.79 0.84 42.4 5.34 2.09
5 2 LaFeOg3 38.71 1.26 40.1 3.59 4.28
151 Mn30,4 30.74 2.49 21.4 30.38 3.62
~§ Fe,03 34.87 1.78 28.7 17.69 1.56
E ZnO 33.36 0.94 34.7 4.02 0.50
£=. 14 MgO 13.44 1.39 16.6 23.51 1.75
°
= @ Average values from the Williamson-Hall, Halder-Wagner, and SSP methods.
@@
£
- 1 i .
Ele application to users.
£ 1
2 = [] 5 1.6 -3 -3
8 6x107dy, 62x10
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Fig. 8. SD model application on Fe,O3, ZnO, and MgO nanoparticles.

Table 1

Application of SD model to many lattice systems.

Material  Lattice Space group Slope ( x Interception ( x
107%) 107°)
CuO Monoclinic C2/c¢ [15] —1.48 1.45
LaFeO3 Orthorhombic Pnma [62] -0.72 1.53
Mn304 Tetragonal 14, /amd —0.86 2.87
[141]
FeyO3 Trigonal R3c[167] -1.98 2.14
ZnO Hexagonal P6mm [183] -1.76 3.71
MgO Cubic Fm 3 m —6.22 17.75
[225]
09 -
084 §
o]ty
7., ¥ ;
1:06_ * ' g
F0.5 . !
o . .
a * .
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&03 4 . | '
> ..
02 - e g ;
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01 ST P tz.,,“!!!ggg
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Fig. 9.

Term correlation with strain exponent c.

4. Conclusions

In order to determine the behaviour of materials in the nano-
structure, it is necessary to explain a model based on a predicted image
of the internal structure and demonstrate it as a theoretical approach.
The strain is the major factor that redistributes the lattice parameters
and hence the intermolecular distances, leading to XRD peak broad-
ening. A novel strain-distribution (SD) model is theoretically built with a
peak profile that agrees with the experimental data, and an equation is
deduced to calculate the strain exponent and crystalline size.
Throughout its methodology, the change in crystal lattice as material is
reduced to nanostructure is negated via the strain distribution. The
longitudinal strains alone were considered, while the shear strains affect
the lattice angles, and their changes were ignored due to the fact that the
application of this model to different crystal systems is valid. The well-
known Scherrer and Williamson-Hall equations for nanostructures were
deduced as approximations of the model, besides showing the reason for
negative microstrain. Also, the Halder-Wagner and SSP equations are
possible as another approximation. An important part of the SD model is
the strain exponent, which plays a big role in the explanation of the
reaction of the nanoparticles with the host material. The strain exponent
value shows the possibility of aggregates of nanoparticles rather than
interactions with the host material. This model is recommended for
considering nanostructure studies, especially the interaction of nano-
particles with the host matter.
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