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Functions of Random Variables

* Example:let X =v@,and y = _711n(1— X),A>0

Find F,(y) 0<X <l
-1<-X<0
0<1-X<1
—oo<In(1-X)<0
0<Y <oo
Fy(3)=P(Y < 3)=P( 1= X) <)

=P(1-X2e?)=P(X <1-e?)
F,(y)=1-¢"
fy(y) =Ae™?
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Mean Variance

Properties of the mean:
DE[cX]=CcE[X]
2)E[c, X, +c,X,]1=cE[X,]1+c,E[X,]

Properties of the variance:

HVar(X)=0
2War(cX) = c*Var(X)

3)Var(Zn: X)) :Zn: Var(X,)
i=1 i=1

e Exr.

Rules

DX =c=Var(X)=0

2) =aX = Var(Y)=a*Var(X)
3)Y=X+b=Var(Y)=Var(X)

4)Y =X, +X, = Var(Y)=Var(X,)+Var(X,)

* Question Is

Var(X =Y)=Var(X)—Var(Y)
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Example

Let X and Y be independent and
E(X)=5, E(Y)=-3, and o, =2,0,=3
Find the mean and he Std Deviation of
Z=3X-2Y-2

E[Z]= 3E[X]-2E[Y]-2 = 15+6-2=19
Var(Z)= 9Var(X)+4Var(Y) =9.4+4.9 =72

o, =\T2

Covariance

* The covariance is a measure of dependency between
two variables
» Def. Cov(X,Y)= E[(X-E[X]) * (Y-E[Y])
= E[X,Y]-E[X]*E[Y]

For dependent Variables X, Y
Var(X+Y)=Var(X)+Var(Y) + 2E[X,Y] — 2E[X].E[Y]

= Var(X)+Var(Y)+2Cov(X,Y)
Remark: Large Covariance =» Large dependency

But If the covariance is O, it does not mean they are independent.
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Rules

(Prove)

1. Cov(X,X)=Var(X)

2. Cov(X,Y)=Cov(Y,X)

3. Cov. Islineari.e.
Cov(aX+bY,Z)=aCov(X,Z)+bCov(Y,2)

Exr. For X,Y independent U(0,1)

Find
" Cov(X +2Y,X*—Y)

Correlation Analysis

+ In probability theory and statistics, correlation (often
measured as a correlation coefficient) indicates the
strength and direction of a linear relationship
between two random variables.

» Correlation refers to the departure of two variables
from independence. In this broad sense there are
several coefficients, measuring the degree of correlation,
adapted to the nature of the data.

cov(X,Y) _ E((X = px)(Y = puy))

Pxy =
Fxoy TFxTFy
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Correlation Analysis

e Remark: —1<p <1

* The sign of Pindicates the direction of the
relationship;

* pnear 0indicates no linear relationship,

* P near 1 or-1indicates a strong linear relationship.

Correlation Analysis

* Remark: _1Sp(x,y) <1

* The sign of Pindicates the direction of the
relationship;

* pnear 0indicates no linear relationship,

* P near 1 or-1indicates a strong linear relationship.

e Example: For X=U(0,1) find Px.x2

1 1 1 4
—_— and 2y 47_ oyt dye o

Var(X) D Var(X ") =E[X"]-(E[X"]) 5 (3) 25
Cov(X,X?) _ 1/12

= =0.
040,. N1/12+/4/745

i.e. very strong dependency

996

pX, X% =

3/12/2017



Joint Probability

+ Joint Probability (A N B)

— The probability of two events in conjunction. It is the

probability of both events together.

p(AuB)=p(A)+p(B)-p(ANB)

+ Independent Events

— Two events A and B are independent if
p(AnB)=p(A) p(B)

Joint Distribution

¢ For two random variables X and Y

Fyxpy(xy)=p{X <xY <y}
» Example: For X,Y ind. U(0,1) rv.

Fipyy(x,y)=P(X<x,Y<y)=P(X <x).P(Y<y)
=F,(x).F,(y)=x.y

azF(x,Y)(xv y) _
0xdy

f(X,Y)(x’y) = 1
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Joint Probability density function

* XY are called jointly continuous if there exists f(x,y)

* St P(XeAyeB)=|]flxydxdy

e [If X, Y are independent then

flx,y)= fx(x)fy(y)
Fe ()= [ £(x,9)dy

fr)= [ fxy)dx

* Find the Cor(X,Y) for

Example

— 24xy >0,y>0 X¥tysl
f(x’ y) - { o z,w. ’

Find Cov(X,Y) = E(XY)—E(X)E(Y)
E(XY)= | [xf (x, y)dydx = [ [xuf (x, y)dyelx
1-x

] v dydx
0

O e —

1
xy(24xy)dydx = j 24>
0

O ey — O C— —

1 0 2
24x* =y I dx = | 8x* (1= x)dx=—
3)’ 0 _(‘)- ( ) 15
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Computing the covariance

1

E[X]= [ xf,(x)dx

fi(x)= j24xydy =12xy% 5= 12x(1— x)?
1

1

L
f,(n= j24xydx =12xy I =12y(1— y)?
1

1

2

E[x]=[12x(1 - x)2dx =2

[x] j X1 de=

0 2

E[y]=[12y0-y)?dy==

[y] ! y(l—y)~dy 5
2 22 -2
Cov(X,Y)=E[XY]-E[X]E[Y]=—=-22="°%
ov( )=E[XY] [][]1555 -5

Computing the Correlation

1 1

E[X°]= [ f,(x)dx = [ £ 12x(1—x)’ dx

0 0
1
=I12x3(1—2x+x2)dx:4x4—2—4x5+2x6I})
0 5 6
:3—%4_2
5 6
24 12 4 1
Var(X)=E[X*]-(E[X])? =3-"+—"-" = —
(X)=E[X ]-(E[X]) st e T35 s
1
Similarly Var(X) =—
yVar(X) >
_2
Cor(X.y)=—SX1) A5=_2

War(XVar(v) 1o 3
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