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Abstract

This thesis studies a three dimensional system containing equal numbers of bosons
belong to two different species and interacting via a harmonic oscillator potential.
We assume that particles belonging to the same species repel each other, while those
belonging to different species attract. The two cases, where the coupling strengths
are equal and where the coupling strengths depend on the particle species, are
studied. By solving the eigenvalue problem, we reformulated the Hamiltonian of the
system in terms of the normal coordinates of the system instead of single particle
coordinates.

First, the classical initial value problem is solved, for arbitrary initial conditions
for the positions and momenta of the particles, by diagonalizing the classical Hamil-
tonian of the system and obtaining the trajectories of the particles as functions of
time. The quantum system is examined, its complete spectrum of multi-particle
eigenstates is obtained. Finally, the statistical mechanical behavior of the system
is studied within the framework of the grand canonical ensemble, and the thermo-
dynamic properties of the system and its critical temperature are obtained. It is
shown that, the system condenses in one channel when the coupling strengths are

identical and in two channels when the coupling strengths are dierent.
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Chapter 1

Introduction

Miscibility of gases refers to their ability to mix uniformly with each other in all
proportions forming a homogeneous solution. Miscibility of atomic species opens a
new attractive research area of physics. Binary mixture of two hyperfine states of
the same atomic species [1-10], different isotopes of the same atomic species [11]
and different atomic species [12-15] have been realised experimentally. The the-
oretical aspects of these mixtures have been studied including steady state solu-
tions [16-26], dark-bright solitons [27-31], vortices [32-41] and Finite temperature
models [31,42-48]. This combination of species is very interesting due to the possi-
bility of having both boson-boson and boson-fermion mixtures and introduces new

physics not present in the single atomic species.

The mixing of two quantum fluids represents a fundamental property of a two
component system and is partially controlled by inter-particle interactions. The
achievement of Bose-Einstein condensation (BEC) in dilute-gas and mixtures of
ultra-cold quantum gases provides a unique system for studying interacting quantum
fluids. The resonant control of two-body interactions in ultracold gases is possible
via magnetic-field Feshbach resonances provides a parameter which directly alters

the miscibility of the dual-species BEC [49].

The first two-component condensate was produced in different hyperfine states

of 8Rb, and showed evidence for repulsive interspecies interactions [1]. Further

1



1.1. The Bose gas with two body interactions 2

work with different hyperfine states of 8"Rb enabled the study of the dynamics of
inter-penetrating quantum fluids. More recently a dual species BEC of #K and
8TRb was investigated experimentally where scissors-like collective oscillations were

observed as a result of off-axis collisions [50].

1.1 The Bose gas with two body interactions

Much research work has been devoted to investigate the problem of one dimen-
sional non-relativistic Bose gas with two body interaction. The system was firstly
studied by summing the perturbation series to different orders to obtain a solution
close to the true case. An alternative approach to the problem is to start with the
Schroedinger equation and to calculate the eigenvectors and the eigenvalues without
introducing any approximation. An important step in this direction was introduced
by Girardeau [51], who studied a model of a one-dimensional Bose gas of impene-
trable particles.

The drawbacks of the Girardeau treatment have been overcomed by investigating a
model of a one-dimensional Bose gas with a delta function potential (quantum non-
linear Schroedinger model), which was studied by Lieb and Linger [52], McGuire [53]
and Yang [54-56]. The classical inverse scattering method was applied to obtain the
exact solution of the classical non-linear Schroedinger model by Zakharov [57], and
later, the solution of the quantum non-linear Schroedinger model was obtained using

the quantum inverse scattering method [58-62].

1.2 An outline of this thesis

In this thesis, we study a simple exactly solvable model which contains two boson
species in three dimensional space interacting via a harmonic oscillator potential.
This model is a toy model for studying the miscibility of atomic species. It will also

enhance our understanding of the Bose-Einstein condensation.
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The study is organized as follows. In chapter 2 we give a brief review of exactly
solvable models in classical, quantum and statistical mechanics with finite and infi-
nite number of degrees of freedom. We then discuss briefly the phenomena of BEC

and some of its features.

In chapter 3, we consider a boson system consisting of two species A and B of non-
relativistic particles having the same mass in three dimensional space. We assume
that we have identical number of particles and that particles of the same species
repel and those belong to different species attract with the same coupling constant.
We solve the classical initial value problem for arbitrary initial conditions of the
positions and momenta of the particles, by diagonalizing the classical Hamiltonian
of the system and obtaining the trajectories of the particles as functions of time.We
then consider the simple case of N = 3. Next we study the quantum system and ob-
tain the eigenfunctions, and energy spectrum of the system. Finally we examine the
statistical mechanical properties of the system within the framework of the grand
canonical ensemble. We obtain an exact expression for the grand canonical partition
function Z(T,V,u). Using the partition function we examine the thermodynamic
properties of the system. We show that the system exhibits BEC and calculate the

critical temperature.

In chapter 4, we generalize the model by assuming that the coupling constants
depend on the particle species. We again solve the classical initial value problem by
diagonalizing the Hamiltonian and show that the system is composed of three sets of
uncoupled oscillators vibrating with three different frequencies, two of them depend
on the ratio of the coupling constants. Then we examine the quantum system and
obtain the eigenfunctions and eigenvalues of the Hamiltonian. Finally we study the
statistical mechanical behaviour of the system. We deal with these modes as two
independent subsystems with different chemical potentials and show that the system
can condense through two channels with different critical temperature.

In chapter 5, we discuss the results obtained in details and comment on further work.
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In Appendix A, we compute the solution of the characteristic equation for potential

energy matrix V7 and V5 obtained in Chapters 3 and 4 respectively .

In Appendix B, we obtain the eigenvalues, eigenvectors of the potential energy ma-

trices and use the eigenvectors to construct the diagonalizing matrices O; and O.

In Appendix C, we calculate density of states for a single particle in harmonic trap

of frequency w.



Chapter 2

General Review

2.1 Exactly solvable models

Exactly solvable models [63] are very important in physics since they enable us to
estimate the accuracy of different approximation methods. The fundamental prob-
lem in many fields of theoretical physics is that of solving many body interacting
systems and it is rare that we encounter solvable cases. It is generally believed that
the classical N body problem is soluble only for N = 2, and is not soluble for systems
with N > 3. Exact calculation of physical quantities for any large real system turns
out to be difficult, therefore one is forced to make some approximations, such as
the Hartree and Hartree-Fock approximations, to simplify the problem or to replace
the system by some simple idealization that makes calculation of the quantities of

interest possible.

2.1.1 Exactly solvable classical systems
Classical systems with a finite number of degrees of freedom

A classical system of N degrees of freedom can be described by introducing N
generalized coordinates ¢; and their conjugate momenta p; and constructing the

Hamiltonian function H(g;, p;) of the system. The equations of motion of the system
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are
. 0H
bi = D4;
OH
.fL' = 5 ) — 17 o e N
E Ip; '

where the dot stands for differentiation with respect to time.

The system is called completely integrable (exactly solvable) if there exist action

angle variables Sk(t),¢r, k =1,--- N such that,

Sk(t) = constant
One could express the coordinates and momenta in terms of the quantities S (t), ¢;(t).

An important class of completely integrable systems with a finite number of degrees

of freedom is the 1-D model of particles interacting via a potential of the following

types [64],
1
9
V(Q) = g ?
2
a
1% = P
(9) 9 sin?(aq)
2
a
1% = ¢P——
(9) g sinhz(aq)

1
Vig) = 92(?+w2q2),

where V' is the potential between two particles separated by distance ¢, and g is the

coupling constant which gives strength of the interaction.

Classical system with an infinite number of degrees of freedom

An important class of exactly solvable systems with an infinite number of degrees

of freedom is described by an equation of the form:

E:Kwa

where K is a non-linear differential operator. This type of exactly solvable models

has two important properties, they possess an infinite number of conservation laws,
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and they admit soliton solutions. Such solvable models are described by equations
as the non-linear Schroedinger equation, the sine-Gordon equation and Korteweg-

deVries equation.

2.1.2 Exactly solvable quantum systems
Quantum systems with a finite number of degrees of freedom

A quantum system with a finite number of degrees of freedom is said to be solvable
if we can find a complete set of N commuting operators such that the set of the
eigenvalues Ay, ..., A\ defines a one dimensional subspace of the Hilbert space [65].

An important class of exactly solvable quantum systems with a finite number of
degrees of freedom is the one-dimensional N particle system described by a Hamil-

tonian of the form,

N
H=3 Y P Vo)

i<j
where P, is the momentum of the i*" particle, and V (¢;—q;) is a two body interaction

of the form mentioned in section (2.1.1)

Quantum system with an infinite number of degrees of freedom

If we consider a free field theory then the full momentum distribution function is
conserved and one can construct an infinite number of constants of the motion i.e,
moments of the momentum distribution.

In quantum field theory there are several examples of exactly solvable models such
that the massive Thirring model [66], the Sine-Gordon model [67] and the SU(2)-
Thirring model [68].

2.1.3 Exactly solvable models in statistical mechanics

In statistical mechanics, we have several solvable models which include the anisotropic
XXZ model, the symmetric six-vertex model and the symmetric eight-vertex model.

A powerful tool for solving these models is the so called the Bethe-ansatez.
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The Bethe-ansatz method is used for finding the exact solution of certain one-
dimensional quantum many-body models, and setting up the equations which can be
used to determine the thermodynamics of these systems. Unfortunately the struc-
ture of Bethe-ansatez wave function is very complex especially when the system has
additional internal degrees of freedom. In some cases we can write down many-body
eigenfunctions which can be represented as a linear combination of N! plane waves
with N quasi-momenta. The energy eigenvalue of the lowest energy state in the
thermodynamic limit is reduced to a distribution function of the quasi-momenta.
In many cases the quasi-momenta are all real numbers for the ground state. But
for general eigenstates, quasi-momenta are complex numbers. Fortunately for the
delta-function Boson case, quasi-momenta are always real. Yang [54] introduced the
thermodynamic theory for this case. The total energy is represented by the distri-
bution function of quasi-momenta, and can be used to calculate all thermodynamic
quantities. This method can be extended to other Bethe-ansatz soluble models such
as the spin —% Heisenberg model. In this case complex quasi-momenta group to-
gether to form a string in the rapidity plane in the limit of a big system. The length
of the string is dependent on the parameters of the system. Once we accept the
string assumption we can construct the equation for the free energy of these models

at a given temperature.

2.2 Bose-Einstein condensation

A Bose-Einstein condensate (BEC) is a state of matter in which a large fraction
of an ensemble of identical atomic or molecular species occupies the lowest energy
quantum state. The indistinguishable nature of the constituent components results

in the ensemble displaying collective quantum behaviour on a macroscopic scale.

2.2.1 History

The phenomenon known as Bose-Einstein condensation (BEC) [69,70] was predicted

by Einstein 1924 [71] as he reviewed and translated a work of S.N. Bose about the
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statistics of photons. Bose derived the famous black-body radiation formula on the
basis of the thermodynamic properties of quantized massless harmonic oscillator of
some frequencies. Einstein generalized the Bose statistics to arbitrary massive par-
ticles finding out that a system of particles satisfying both the Bose statistics and
the conservation of the number of particles should undergo a new unknown phase
transition at some critical temperature. Below this critical temperature a macro-
scopic fraction of all particles condenses into one single state of the system, the
quantum mechanical ground state. As these condensed particles do not contribute
to the entropy of the system any more, Einstein interpreted this phenomenon as
a phase transition. That at sufficient low temperature particles in a gas could all

reside in the same quantum state.

Figure 2.1: The density profile of the condensate after time of flight expansion, giving
emphasis to the velocity distribution (Anderson. et al., Science, 269(198),1995)

Immediately after the discovery of superfluidity in liquid helium by Allen [72]
and Kapitza [73], London [74], had the intuition that superfluidity could be a man-
ifestation of BEC. In 1947 Bogoliubov developed the first microscopic theory of
interacting Bose gases, based on the concept of BEC [75]. After that, intense the-

oretical work was developed, aimed at a better understanding of the relationship
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between BEC and superfluidity. In the same years, the experimental studies on
superfluid helium had provided the first measurements of the condensate fraction
through the determination of the momentum distribution.

The experimental studies on the dilute atomic gases were developed much later,
starting from the 1970s, profiting from the new techniques developed in atomic
physics and based on magnetic and optical trapping, and advanced cooling mech-
anisms. The first studies were focused on spin-polarized hydrogen that was con-
sidered, because of its light mass, the most natural candidate for realizing BEC.
Hydrogen atoms were first cooled in a dilution refrigerator, then trapped by a mag-
netic field and further cooled by evaporation, coming very close to BEC. In the
1980s laser-based techniques, such as laser cooling and magneto-optical trapping,
were developed to cool and trap neutral atoms. Alkali atoms are well suited to
laser-based methods.

In 1995 this peculiar gaseous state (BEC) was observed experimentally in dilute
alkali gases using the powerful laser-cooling methods. By combining the differ-
ent cooling techniques an experimental team at the MIT labs eventually succeeded
in reaching the temperature and densities required to observe BEC in vapours of
8Rb [76] and ?* Na [77]. Such gases were confined in a magnetic trap and cooled
down to extremely low temperatures of the order of fractions of micro-kelvins. The
first evidence for the condensation emerged from time-of-flight measurements. The
atoms were left to expand by switching off the confining trap and then imaged with
optical methods. A sharp peak in the velocity distribution was observed below a
certain critical temperature, providing a clear signature for BEC.

One of the most relevant features of these trapped Bose gases is that they are inho-
mogeneous. This allows for the investigation of a new series of physical quantities
which were not accessible with previous experiments on superfluid helium. These
specific systems displaying the attractiveness of BEC for researchers. Perhaps the
most fascinating aspect of BEC is the possibility of describing thousands to millions
of atoms with a single wave function, a macroscopic quantum state. As a conse-
quence of this, quantum effects of a single atomic state which are essentially invisible

may be amplified up to a macroscopic level.
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2.2.2 What is Bose-Einstein condensation?

In classical mechanics, identical particles are distinguishable. This means that we
could in principle follow the trajectory of a particle. Quantum mechanics does not
allow this, since their positions and trajectories are known only in a probabilistic
sense and therefore particles are indistinguishable.

BEC is based on the indistinguishability and the wave nature of particles, which are
the bases of quantum mechanics. The three quantum effects that cause BEC are the
indistinguishability of particles, the discrete nature of the energy of each particle,
and that several particles are allowed to be in the same state. The first two are a
consequence of the wave nature of atoms; the third is only true for bosons. BEC
describes a peculiar state of matter that occurs when certain gases are cooled to a
few billionths of a degree above absolute zero temperature. It is characterised by
all atoms entering the same quantum state losing its individuality, thus merging to

form what has been described as one super-atom.

In order to understand this peculiar gaseous state, we should investigate one pa-
rameter which characterizes the onset of BEC. This parameter is the phase-space
density [78] :

Nh?
V (2rmkT)3/2’

where n is the particle number density of the ensemble. More precisely, if we put N

n\y = (2.2.1)

free bosons in a volume V |, the average atomic density is given by n = N/V. The

quantity Ap is the particles thermal wavelength

h2
Moo= o (2.2.2)

the thermal wavelength Ay can be regarded as the position uncertainty associated
with the thermal momentum distribution, which increases by lowering the temper-
ature. In fact, the quantity (n)\:}) can be a very appropriate parameter, in terms of
which physics of such systems can be captured in a simple way.

As the phase-space density (n\3.) goes to zero, the system behaves in classical man-

ner and doesn’t exhibit any quantum feature. For small, but not negligible value
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of (nA3) the various quantities of the system can be expanded as a power series in
this parameter. Using this expansion we can see the departure from the classical
behaviour. But once (nA3) becomes of the order of unity, the behaviour of the
system becomes significantly different from the classical regime in which quantum
features appear. A study of the system under these circumstances brings us with a

phenomena which is unusual to classical statistical mechanics.

In a simplified picture, atoms in a gas may be regarded as wave packets with
an extension of the order of the thermal de Broglie wavelength A\r. Atoms become
correlated with each other when their related waves overlap, that is when Ay gets
comparable to the inter-atomic separation d: (Ar > d). Then, the indistinguisha-
bility of particles becomes important, see Fig(2). The particle density of the system
n is related to the inter-particles distance d through the equality d = n= 3(ie

nd® = 1),using the above inequality Ay > d one can write
nAy > 1 (2.2.3)

This equation tells us qualitatively that BEC may occur if the temperature is suffi-
ciently low or the density of particles is sufficiently high.From the last two equations
one can obtain a relation between the temperature and the density for condensed

phase:

n*3 (2.2.4)

The peculiarity of BEC is that many particles are in the same quantum state.
These particles display state coherence which occurs when the particles are strongly
correlated with each other. The state coherence may be understood from the above
figure, since as the temperature gets lowered the quantum feature appear and un-
certainty in particles positions increases. This appears in the widening of the parti-
cles wave packets and their overlap. When the temperature reaches zero all parti-
cles wave packets form giant matter-wave which is a pure condensed state(coherent

state).
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What is Bose-Einstein condensation (BEC)?
High
Temperature T:
\ thermal \reioc;ly v
k 3 density d-
= T i "Billiard balls"

i l e

';5 :E%& 2 Z Temperature T:
‘ﬁun\_

De Broglie wavelength

12 v ,1\5\: ZZ hag=h/mv o T-V2

"Wave packets”

T=Terit:
Bose-Einstein
Condensation

3‘.a|j =d
"Matter wave overlap”

T=0:
Pure Bose
condensate
"Giant matter wave"

Figure 2.2: A diagram showing the properties of particles in a gas at various tem-

peratures. (Ketterle, Rev. Mod. Phys. 1131(74),2002)

For an ideal (non-interacting, homogeneous) gas of Bosons at thermodynamic equi-
librium, the mean number of particles in the grand-canonical ensemble with a single-
particle energy €, of momentum p and a chemical potential ;o (the energy required
to add a particle to the system) is given, as a function of temperature T', by the

Bose distribution.

1 2
- (2.2.5)

o = le—m/kT _ 1’ = 5m

The total number of particles,
N=> n, (2.2.6)
p

defines the chemical potential for a given temperature. As the temperature gets
below critical temperature 7., particles are no longer accommodated within the
excited states alone but begin to accumulate in the ground state giving rise of the

phenomenon of BEC.
N=N,+ N, T<T, (2.2.7)

where N, is the number of particles condensed into the lowest energy quantum
state which constitutes the Bose-Einstein condensate. N, represents the number of

particles in the excited states and retains a thermal distribution.
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Equation (2.2.5) provides the important physical constraint u < ¢, for the chemical
potential of the ideal Bose gas, where ¢, is the lowest eigenvalue of the single-particle
Hamiltonian. The violation of this inequality would result in a negative value for
the occupation number of the states with energy smaller than p. When p — €, the
occupation number N, of the lowest energy state becomes increasingly large. This
is actually the mechanism of BEC.

Assuming that the thermodynamic limit, allows the replacement of the summation

over p by an integration. We have at the onset of the Bose condensation

N = %g@/z), (2.2.8)

where ((v) is Riemann zeta function, which for v = 3/2 is given by:
C(3/2) ~ 2.612

For an ideal gas, the condensation into the ground state with p = 0 begins, when
the chemical potential approaches the ground-state energy €, = 0. Equation (2.2.8)
gives the total number of particles in the system and can be used to determine the

transition temperature of the system T;

) 2/3
h N )} (2.2.9)

Te= ok [VC(?)/Q
This is an interesting result that enables us to choose the transition temperature of
our system. We note that T, is about twice smaller than the right-hand side of the
inequality (2.2.4).

The fraction of condensed particles is the ratio between the number of particles
occuping the ground state N, and the total number of particles in the system N.

For an ideal bose system this fraction is given by:

~=1- {H (2.2.10)

From this equation we can see that the condensed fraction is unity when 7" = 0

i.e. all particles of the system occupy the state where p = 0, while it is zero when
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T =T, i.e. the condensation has not been built in yet. In an ideal gas, all of the
Bose condensed particles occupy the same ground-state wave function, which is the
symmetrized product of N, identical single-particle ground-state wave functions.
This product of single-particle wave functions is also called the condensate wave
function or the macroscopic wave function. The condensate wave function for a real
bose gas is obtained by solving a non-linear Schroedinger equation, the so-called

Gross-Pitaevskii equation.

2.2.3 Interactions in BEC

Actually, the ideal gas does not exist since in reality particles usually interact, at
least "weakly”. Such a system is called a weakly interacting system. In these systems
the range r;,; of the interatomic forces is much smaller than the average distance d

between the particles. Then according to d = n~'/3, fixed by the density n = N/V

3
wnt

of the gas, we can write nr; , < 1, therefore a weakly interacting system is called
dilute. This allows one to consider only configurations involving pairs of interacting
particles, while configurations with three or more particles interacting simultane-
ously can be safely neglected. As the particles within a BEC are indistinguishable
the condensate may be described by a single wave function ¢ (r) normalised to the
total particle number. The first order collisions between weakly interacting particles
within the condensate are included in the time independent Schroedinger equation
using a "mean field” treatment, from which the Gross-Pitaevskii equation(GPE) is
obtained
72

SV V() + gl | 9) = (), (22.11)

where m is the mass of the particle, u the chemical potential and A Planck’s constant.
The first term accounts for the wave function’s kinetic energy and the influence of
the external potential (e.g. the presence of a harmonic trap) is included in the
second term. Interactions between the particles are accounted for by the non-linear
g|Y(r)|? coupling term, where:

B Amh%a
m

g (2.2.12)
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The coupling constant g provides a measure of the energy of the condensate due
to interactions between its constituent particles. In fact it is the S — wave scatter-
ing length ”a” which measures this contribution to the energy. The Gross-Pitaevskii
equation(GPE) is a mean field equation, which describes the zero-temperature prop-
erties of the non-uniform BEC. The state of the BEC can be described by the wave
function of the condensate 1 (r) which is obtained by solving Eq.(2.2.11). For a sys-
tem of this nature, [1(r)|? is interpreted as the particle density, so the total number

of atoms is

N = /dﬂ¢(r)|2 (2.2.13)

GPE is a nonlinear schordinger equation that provides a good description of the
exotic behavior of the BEC such as vortices. In a dilute-weakly interacting gas
displaying BEC, it is found that the condensate fraction is smaller than unity at zero
temperature. This is due to the interaction of particles that depletes the condensate.

This phenomenon is termed depletion.

2.2.4 Realisation of Bose-Einstein condensation

There were several trials in the past to achieve BEC in the laboratory but it was
difficult because most substances at low temperature do not remain in the gaseous
state [79], but they form a solids or liquids as the case of He isotopes and the effect
of inter-particle interactions becomes large. In other examples atoms first combine

to form molecules which subsequently solidify.

In 1959, Hecht [80] suggested that the spin polarized hydrogen atoms would be a
good candidate for weakly interacting Bose gas. In 1980, the experiment was done by
Silvera and Walraven in Amsterdam [81]. But although the spin polarized hydrogen
atoms don’t form a bound states or molecules it will not form a liquid but remain gas
to arbitrary low temperature, which was not enough to form BEC. As a consequence
of dramatic advances made in laser cooling at the end of eighties [82,83], dilute alkali

atoms became attractive candidate for BEC. This is because these neutral atoms
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can be easily manipulated by lasers and magnetic fields [76,77,84].
Transition to liquids or solids can be avoided at extremely low densities about 10-5
times lower than density of air which is 1019 ¢m=3. In order to observe BEC of these

low density, the temperature must be of order 10~7K or less above the absolute zero.

Cooling and trapping of atoms

The advent of laser opened the way to the development of powerful new methods
for manipulating and cooling atoms which were exploited in the realization of BEC

in alkali atoms vapours.

In 1995, the group of Wolfgang Ketterle in MIT [77] let a beam of sodium
atoms emerge from an oven at temperature of 600K corresponding to a speed of
about 800ms~!, then they pass through the Zeeman slower where the velocity of

the atoms is reduced to 30ms~! corresponding to temperature of about 1K.

In the Zeeman slower, a laser beam propagating in the direction opposite to
that of the atomic beam, and the radiation force produced by absorption of photons
retards the atoms. The atoms from Zeeman slower are slow enough to be captured by
magneto-optical trap (M OT) where they further cooled by the interaction with six
laser beams from diode lasers to about 40u /K. Even this low temperature is still too
high for condensate to form, and the collisions with laser prevents further cooling.
The lasers are then turned off and the atoms are held in the trap, by the relatively
strong magnetic field. In this trap, they are subjected to evaporative cooling where
where the relatively energetic atoms leave the system, thereby lowering the average
energy of the remaining atoms. This is the final step for cooling, and when the

atoms are cooled to temperatures below 100n/K BEC achieved.

The Magneto-Optical Trap (MOT)

Magnetic fields are required to confine the atoms in the space while they are being
cooled and to keep the cool atoms from falling in the earth’s gravitational field. In

the MOT this is done with a combination of laser beams(optical molasses) and spa-
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tially varying magnetic field. Since the atomic energy levels depend on the magnetic
field, the radiation pressure depends on position. The MOT doesn’t only trap atoms

but also cool them.

By increasing field gradients in MOT, the cloud of atoms can be compressed

A pair of electronic colls to generale the magnetic trap

W

A — " A cloud of
Laser beams 10 million atems
tor cool and irap with a temperature

th atoms of 0.000001 Kehvin

Figure 2.3: Schematic illustration of a magneto-optical trap (MOT). The six laser
beams cool the atoms and push them to the intersection point while the magnetic
trap (generated with a pair of electronic coils) confines the atoms in a small volume

approximately 1 m

by factor 10 (in number density). After sufficiently large number of atoms have
accumulated in MOT, laser beams are turned off and the atoms are confined purely
by magnetic field, at this stage the gas with phase space density 107°. Then The

final step in achieving BEC is started by evaporative cooling process.

Evaporative cooling

The temperature reached by laser cooling is impressively low (1 — 0.1uK), but
it is not low enough to produce BEC in gases at the densities that are realizable
experimentally. In the experiments performed to date BEC of alkali gases is achieved
by using evaporative cooling after laser cooling, it was first suggested by H. F. Hess
in 1986 [85]. The basic physical effect in evaporative cooling is that, if particles
escaping from a system have energy higher than average energy of particles in the
system, the remaining particles are cooled [85].

If one makes a hole in the trap high up in the sides of the trap, only atoms with
energy at least equal to the energy of the trap at the hole able to escape. In practice
one can make such a hole by applying radio- frequency radiation that flips the spin

state of an atom from a low field seeking one to a high field seeking one, thereby
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hot atoms

Slowly

Figure 2.4: illustration of evaporative cooling

expelling the atom from the trap [86]. The position of the hole in the trap may be

selected by tuning the frequency of the radio-frequency radiation.



Chapter 3

Two species model

3.1 The physical model

We consider a boson system of two species A and B of non-relativistic particles
having the same mass m and moving in three dimensions. We assume that the

number of particles of species A is equal to that of species B,
Ny = Np=N,

and that two particles belonging to the same species repel each other with a force

proportional to their separation

FAL = gua(f =) gas >0 (3.1.1)
FPE = gpp(if —7P) gsp >0 (3.1.2)

while the attractive force between two particles belonging to two different species is

FAB = —gap(it — ) gap >0 (3.1.3)

The vectors 7' and 72 give the position vector of i particle of species A and B

respectively.

The Hamiltonian of the system is given by:

H=H,+V, (3.1.4)
20
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where H, is the kinetic energy part,

H, = Z{ v’ AB)Q], (3.1.5)

=1
with p?* and 2 the momenta for " particle of species A and B respectively.
The potential energy V' is obtained by taking into account all possible interactions

between all particles from both species,

N N
A 1 A o 1 .,
V(TZAJ}B) = 35 ZZ[QAB(TZA - 7’;3)2 - QQAA( A - TA)Z
i=1 j=1
]' —) —)
— 5933(7"25 — rf)2] (3.1.6)

In this chapter we consider the special case where the coupling constants are equal,

JgAA = BB = JAB = ¢ (3.1.7)

The general case will be studied in chapter 4.

The potential energy in the special case given by (3.1.7) takes the form:
VIELT) = e DI - - S ) S0P - (318)
Exapanding the right hand side we obtain

N N
1
V(i) = QQZZ[ﬁArj‘ 2770+ 7P 7]

j=1 i=1
1 N N 2
= 59 (Z - ZFF) (3.1.9)

We can see that the interaction term depends on the separation between the centers

of mass of both particle species.
The full Hamiltonian of the system,

H= f: { a (EZ ] +%g (ZFA -2 35)2 (3.1.10)

=1
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3.2 Exact solution of the classical system

We are interested in the time evolution of the classical system from the initial con-

figuration:
PBt=0) = PRt =0)=p" (3.2.1)
These conditions give the initial position and the initial momenta of the particles.

To solve the classical initial value problem, we diagonalize the potential energy

matrix. Let

—A —B
T T
. 2 . 2
A B _
A B
N TN
and
A B
P b1
A B
g p _—
PN PN

The linear momentum matrix relates to the position vector by

) i B
ph=m—, P =m— (3.2.2)

Using the vectors 74 and 77 we rewrite the Hamiltonian in the matrix form

| -

m- (o) [t (7
2 0 ‘I ~B

VAN p

(3.2.3)

where Iy is the (N x N) unit matrix. The potential energy matrix V; can be obtained

directly from Eq.(3.1.9), namely

(Vl)u = (‘/1)22 = _(‘/1)12 = _(‘/1)21 =C (3.2.4)
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with
11 1
11 1
C =
1 1 1

The matrix C' is an (N x N) matrix where the elements are (3 x 3) unit matrix Is.

The potential energy matrix is a real symmetric matrix and therefore its eigenval-
ues are real and its eigenvectors are linearly independent. Furthermore eigenvectors
belonging to different eigenvalues are orthogonal.

In Appendix A we show that the characteristic equation for the matrix V; is
AN _oaNAPTL = (3.2.5)
The roots of this equation are
A=2N or A=0 (3.2.6)

If we consider our vector space to be the configuration space of the system, then
A = 2N is a simple eigenvalue while A = 0 is a 2N — 1 degenerate eigenvalue. On
the other hand if we take our vector space to be R3*M then the A\ = 2N is 3-fold

degenerate eigenvalue while A = 0 is 3(2N — 1) degenerate eigenvalue.

In Appendix B we construct 2N orthogonal eigenvectors of the matrix V;. The

(2N-1) eigenvectors corresponding to A = 0 are

1 T
Uy=-—1/0 --- 010 --- 0'0 --- 010 --- ()] k=1,2,---,N

where T" denotes that the transpose of the matrix

1 1
u =—1!1 -+~ 1 -k O --- 0t =1 «-- =1 kK 0 --- 0
S 2k(k+1)[ ‘

k=1,2,--- ,N—1
The eigenvector corresponding to the eigenvalue

A = 2N
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is given by

. 1 ‘
oy = W[l R e e T _1} (3.2.7)

The diagonalizing matrix O; is therefore:

O = [ Uy | Uy Uan—1 ‘ ﬁ2N} (3-2-8)
It is an orthogonal matrix
0,07 =010, = Iy (3.2.9)
Since the vectors
U i=1,---,N
are orthogonal
U;.U; = 0y (3.2.10)

In the same appendix we show that the diagonalizing matrix O; can be written in

the block form

L7 ; T
0, = [ v2NT. (3.2.11)
sl =T
where the matrix 7" is given by
1 1<
1
T, = __ : —j(1=6,5) i=j+1 (3.2.12)
T V25 1= o) !
0 1>7+1
The new coordinate vectors
F17F27' o 7F2N

are related to the old coordinate vectors

A A B ~B
Ty TonsTrs s Tan
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by:
7
1 :
— —A
=0 (3.2.13)

~B
ry

2N

=B
L. TN —

Substituting for O; we obtain

B} L on
= =7+ %)

T, = \/§
1 k
> (7 =77) =

FN k =
i V2k(E+1— ko) |2

F(1 = 0w) (Fiiyr + Tier) [ (3.2.14)

The inverse transformation is given by

L (e .
_|._ .
Z < /2jG+1 +35]N) TN+

A
7” =
k NGy —1 PN-+h-1
k=1,---N (3.2.15)

L (k-1
N+k 1 — Z \/2] ]+1+35JN) N+]7

7B = Tk +
¢ VN ' 2k(E - D)

Under the change of coordinates (3.2.13) the matrix for the linear momentum vector

ﬁA

ﬁB

transforms to

A
b

A -
PNl o | P2 (3.2.16)

]
Y4

DPa2N

~B

where
‘ ' - (3.2.17)
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In the new coordinate system the Hamiltonian is given by:

—

1 P
H = % [ ﬁl"‘ﬁ?N ] Of[gNOl
PN
1
1 )
+ 59 [ - Ty } O{Vi0y | (3.2.18)
Tan
Since the matrix Oy is an orthogonal matrix and
r ! T )
0 0 0,0
00 - 010
! > (2N-1)-row
ofvo, = Do (3.2.19)
|
0 0 0" 0
,,,,,,,,, L. J
00 -~ 012N b Lrow
The Hamiltonian takes the simple form:
2N 72
H = ng + gNP2y (3.2.20)

i=1
We have (2N-1) translational modes in three dimensions and one mode describing

simple harmonic motion.

The Hamilton’s equations of motions are:

dp;

=0 i=1,2---(2N - 1) (3.2.21)
A7
PaN _ —2N9F2N (3222)
dt
and
dr; Di .
P =1,2---2N 3.2.23
dt m ! ’ ( )

Eq.(3.2.21) shows that i =1,2---2N — 1

b o= A i=1,2---(2N —1) (3.2.24)
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where A; are a constant vectors. Inserting this into Eq.(3.2.23) we get

dr; A; .
— = = =1,2---(2N -1
dt m Z ) ( )

or

—

A
7= L4+ B i=1,2---(2N = 1) (3.2.25)
m

where B; are constant vectors. For i = 2N we differentiate Eq.(3.2.23) with respect

to t.
oy 1 dpay
2 m dt
and use Eq.(3.2.22)
d2772N 2gN
— = ———7 3.2.26
dt? m ( )

This is the equation of a harmonic oscillator of frequency

[2gN
w o= )92 (3.2.27)
m

The solution of this equation is given by:

A ,
Fon = —Xsinwt + Bay coswt (3.2.28)
mw

We have 2N constant A; and B; where i = 1,2---2N. They are related to the

vectors 7; and p;

pt=0) = A i=1,2---2N (3.2.29)

To obtain the position vectors 7 and 7P we use the transformation equations
(3.2.15). The resulting vectors will depend on ffl and BZ To express these vec-

tors in term of 7, 72, pA and P2 we use Eq.(3.2.15) and the inverse of Eq.(3.2.16).

207

This give the complete solution of the problem.
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The special case N=3

We consider, in some details, the N = 3 case. We have three particles of species A

and three particles of species B. The transformation matrix 7" now reads

L L L
V4 V2 Ve
_ 1 1 1
T = -5 U5 7 (3.2.30)
0 2 L
V2. V6
Also the matrix O; is now given by:
TN
O = |-¥=----- (3.2.31)
%13\ T
Or explicitly
[ 1 1 1]
OO0 s % w
1 1 1
010 -7 % =
|
1 /001, 0 -2 1L
O = —= |------ boso VG (3.2.32)
V2100 -L —L L
| V2 V6 V3
1 1 1
0100 % % &
! 2 1
0010 5 ]
The new coordinate vectors are given by:
o= () i=1,2,3
V2
> Looa, o A | =B
ry = —(=|(ry +1ry)—(ry +7
f \/Z[(l ) — (75 +77)]
> Lovon | oA, o8 B | 2B | oA
rs = ——|(r] +75 +205) —(r] +7r5 +2r
s = gl o) - 6 4 A )
1
s = %[(F‘l“+F§+F§)—(ﬂB+FQB+F§)] (3.2.33)
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The inverse transformations are also given by

i 1. 1 1 1

A = P i T

! YN, AN
I e IR R

2 2% Va'llvi2 V6
oo Lp o 2o 1o

3 2% V120 V6 °
s o o 1o 1o 1.

! 2 Vit V12 Ve !
I IO IO S

2 22 V2t V12 Ve

1 9 1

A - - -
A= py _ 3.2.34
3 \/5 3 /—12 5 \/6 6 ( )

The constants A;, B; i =1,2,3 are related to 72, 72, 72 and 2 through

107

i = %(ﬁ;%@%) =123

i = %[(ﬁf‘o ) — (7 + 7))

i = \/%[(ﬁf‘ﬁﬁ?ﬁﬂﬁi) (B + B+ 2]

A = %[(ﬁi“ﬁﬁé‘ﬁﬁé‘o)—(zﬁ+ﬁi+ﬁi)] (3.2.35)
and

5 = L) =123

(7P + 7)) — (P + 1))
By = (7 + 7 + 278 ) — (P8 + 78 4 27))
(7% + 75 + ) — (P + T + 73] (3.2.36)

The vectors r; are then

7y = % sinwt+ Bscoswt (3.2.37)
mw
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Using Eq.(3.2.35) with Eq.(3.2.38) we obtain

— —

1. A -1 - A,
= —[(Bi4 =) — ————(Bipo + —=
, ﬁu o0 s Bt S
L 5 Ajis
+ Z NEIET 3)(Bj+3 cos wt + rrJLw sinwt)
1 = A i~ 1) = A
P o= B Dy (g, 4 Ay

" 55 T m G- 1)

(§j+3coswt+ S Ginwt), i=1,---3

E:v61+1—9%9 mw

These equations express 74

and 7B, i=1,2,3in terms of 4;, B;,
we use Egs.(3.2.36),(3.2.37) to obtain the position vectors in terms of the initial

positions and momenta of the particles

() = 5730 Yo Y I+ —Gi =Y et Y Pt

i#£j i=1,2,3 i#£j 1=1,2,3
L4 gy A B
+ Z [m(pio — Pj,) sinwt + (75, — 77,) cos wi]
i=1,2,3
) = 5?3 DA DA R G S S Al
1#] 1=1,2,3 1#j 1=1,2,3
1
— Z [— (72 — pB) sinwt + (7% — 78) cos wt]] i=1,2,3 (3.2.38)
i=1,2,3

Thus each particle preforms harmonic oscillator about a center which moves with

constant velocity. For a particle of species A, its velocity is given by:

The quantity in the square brackets gives the difference between the average veloc-
ities of the three particles of species A and the three particles of species B.
The velocity of the center of oscillation of the particle of species B is also
1.1 s 1 »
i=1,2,3 i=1,2,3

This can also be obtained by replacing each A-label by B-label.
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The classical motion is described as follows: Each particle oscillates with the same

2gN
w=4/—
m

about a center which moves with uniform velocity. This velocity depends on the

frequency

particles initial position and momentum.
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3.3 Exact solution of the quantum system

The quantum mechanical behaviour of the system is determined by the quantum
Hamiltonian operator H which is obtained from the classical Hamiltonian by re-

placing the dynamical variables by operators. In the coordinate representation we

have:
T
h = A —B h =B
D; — _VZ i — _~Vi 1= ]-a 27 -N (3 3 ]‘)
1 1

The wave function of the system
w = w(ta FzAa _;B> (333)

is the solution of the time dependent Schroedinger equation

OV )

_ 7 PA =B
5t = Hi(t,r, 1) (3.3.4)

DA A ’L

Since the Hamiltonian doesn’t depend explicitly on time, the time evolution of the

system is given by;
o(t, 7 7P) = € (7, 7)) (3.3.5)
where (7, 7;) is the solution of the time independent Schroedinger equation

Hyp(7,75) = Evp(, i) (3.3.6)

Under the transformation of coordinates given by Eq.(3.2.15) the Hamiltonian op-

erator takes the simple form:

2N
H = Z—hQ(ﬁ-)M N7 (3.3.7)
- m % g 2N 2

i=1
The Hamiltonian operator split up into the single particle Hamiltonians:

hi = —V? i=1,2,---2N -1

hoy = —m€§N+ gN#y (3.3.8)
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so that the total Hamiltonian is;
H = Y hi+hy (3.3.9)
i=1
Inserting the Hamiltonian H into the Schroedinger equation, we obtain

aN-1
( Z h; + hzzv) Yp(ry, - Ton) = Edp(r, - Ton) (3.3.10)
i=1

The wave function g of the total system can be expressed as a product of wave

functions each of which depends on the variables of a single particle

Vi, Tay) = O(7on) zﬁl ¢i(7i) (3.3.11)
where -
hidi(7) = i) i=1,-2N—1
hond(Fan) = eand(Tan) (3.3.12)

The total energy of the system is the sum of energies ¢;
2N
E=> ¢ (3.3.13)
i=1

Substituting for h; we get

h? -
—%qua(ﬁ) = &;p(7) i=1,---2N -1 (3.3.14)
h? -
(—%ngv + nggN) (D(FQN) = €2N®(F2N> (3315)

Eq.(3.3.14) is the Schroedinger equation for a free particle of energy &;.

To solve Eq.(3.3.14), we imagine the system to be in a very large cubic box of volume
V=1L
and impose periodic boundary conditions on the function ¢
(@i + L,yi,zi) = o(xi, i, %)

A, yi + Lo z) = d(w, 95, 2)
(@i, yi, zi + L) = o2, i, %) i=1,2,---2N -1 (3.3.16)
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Then the free particle solution is

bi(7)) = —=e* T i=1,2,---2N —1 (3.3.17)

-

Using Eq.(3.3.16) we obtain

2
ki = %(nzxa My nzz) Ny Ny, Nz = 07 :|:1, :|:2, e (3318)

The energy of the free particle is given by:

h2k?
m

Eq.(3.3.15) is the Schordinger equation for a three dimensional harmonic oscillator
of a mass m and force constant 2g/N. The solution of this equation is the product
of the wave functions of three one-dimensional oscillators, one in x—, one in y— and

one in z—direction. The wave function of the one-dimensional oscillator is given by:

1 mw1/4 mw 2
_ H —mwz?/2h 39
Unln) = o e ) R e (3.3.20)

and the corresponding energy eigenvalue is

E, = hw(n +1/2) (3.3.21)

Using Eq.(3.3.20) we build the wave function ®(7,y) of the three dimensional har-

monic oscillator
n N—1/2 mw 8/ mw —mwo? /2h
¢n2NYI,n2N7y,7’L2N7z = H ( 2 2N’U(n2N,O')') [ﬁ} HWQN,g( EJ)G (3322)
0=T,Y,%

The energy eigenvalue of the 3-dimensional oscillator

E"QN,xanN,yyﬂQN,z = hw<n2N,$ + Nany +nan + 3/2) (3323}

To construct the wave function of the system we need to determine the maximal
number of commuting operators which commute with the Hamiltonian of the system.

The exchange operators

P i,j=1,2,--2N —1
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are defined by
Pij¢E(...ﬁ...7?3...) = pp(-- Ty T (3.3.24)
These operators commute with each other:
[éj, Pkl] -0 (3.3.25)
They also commute with the Hamiltonian (3.3.9)
[J%j,ﬁl] -0 i j=1,2,--2N —1 (3.3.26)
The wave function
w(f‘l .. 'FQN)
should be an eigenfunction of the operator ]52] since we have a system of bosons
Pytpp(Fu, -+ 7, 7, Fan15 Tan) = Yp(F, -+ 75, o o Fan—13 7o) (3.3.27)

withi,7 =1,2,---2N —1. Thus the wave function should be symmetric with respect

to a change of coordinates and momenta of the first 2V — 1 modes. This gives

@Z’E(Tl--ﬁN) = \/ﬁ ; p[¢k1 (T1)¢k1 (Tl)---c%N_l(T’QN—l)] X (I)QN,:U;QN,y;QN,z
(3.3.28)

where S is an additional normalization constant, and the sum is over all permuta-

tions

PPy Poyoy
of

1,2,---2N -1

in the argument of the one-particle wave function
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The total energy of the system is given according to Eq.(3.3.13) by:

. 2Nzl hQ;‘{?

=1

om + hW(ngN@ + nngy + n2N’Z —+ 3/2) (3329)

Where the k; are given by Eq.(3.3.18). The total energy of the system is the sum of
the translational energy of the (2N — 1) modes plus the energy of the three dimen-

sional harmonic oscillators.
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3.4 Exact solution of the statistical mechanical
system

For the two species system to have well defined thermodynamic parameters such as
the pressure P, the temperature 7" and the entropy S, the number of particle of
each species N as well as volume V' occupied by the system should be very large

such that we can take the thermodynamic limit

N
N — o0, V — o0, v finite number (3.4.1)

3.4.1 Determination of the grand canonical partition func-
tion

We study the quantum statistical behaviour of the system within the frame work
of the grand canonical ensemble. The fundamental physical quantity in the grand
canonical description of the system is the grand canonical partition function Z which

is defined by [78,87]:
Z(T,V,p) = Tr {e_ﬁ(ﬁ —m} (3.4.2)

On the right hand side we have the Hamiltonian of the system H and the particle
number operator N which describe the system from a microscopic point of view.
On the left hand side we have Z which depends on the thermodynamic parameters
T,V,u. These parameters give the macroscopic description of the system. The
partition function provides the transition from the microscopic to the macroscopic
description of the system. Eq.(3.4.2) shows that to obtain Z we need to calculate
the trace of the operators in right hand side. Using the grand canonical partition

function, we obtain the grand canonical potential
ST, V,u) = —kTInZ(T,V,p), (3.4.3)

which is equivalent to the thermodynamical definition for the grand canonical po-

tential of the system through the relation

(T, V,u) = U—TS— puN, (3.4.4)
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where p is the chemical potential. The pressure, entropy and number of particles in

the system are obtained from the grand potential using the relations:

od 0P 0o

~37 Vs P = N=——I|rv (3.4.5)

o= o e o0

To calculate the trace of the operator on the right hand side of Eq.(3.4.2) we have

to choose a basis for the Hilbert space of the system. A suitable basis is given by;

{’ EI; e 7E2N—1>S® | NaN .z, NaNy, n2N,z>} (3.4.6)

| Elv”' 7E2N—1>S ’ EIJ"' 7E2N—1> (347)

1 ~
~ /N — s ;P

and S is an additional normalization.

The wave function in Eq.(3.3.28) is a coordinate representation of the state vec-

tors. Thus

Y, oy, ay) = (G Favo | @0y (| Ry Favor)

X ’ NoN,z, 2Ny, n2N,Z>)

= S<771’ .. .FQN_l | ];1’ .. aEQN_1>S
( Thn | non g, Moy, NoN,2) (3.4.8)
From Eq.(3.4.7) we see that
s/ = — 7 7 s 1 > - —
(7’1, s ToN—1 | ky,--- ,k?QN—1> = m Z P | gblZl(Tl)? e ’¢E2N—1(T2N_1)>
P
(3.4.9)
and
(Fan | Mo, Manys Man,) = Prgy o yiow.. (T2N) (3.4.10)

The state vectors

| Ky, - kon1)®
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can also be characterized by the occupation numbers instead of the quantum num-

bers of the occupied state
|npng, ) = |k kayod)® (3.4.11)
These state vectors are orthogonal
(n,nby, - | nyyng, ) = 5n1’n,15n2’n,2 o (3.4.12)

The occupation number representation is useful since the Hamiltonian and the oc-

cupation number operators are diagonal in this representation

ﬁ]nl,n2,~-->s = E]nl,ng,---)s (3413)

N|ngng, ) = Nlng,ng,---)° (3.4.14)
Where
E =Y ngey, N=> m (3.4.15)
k=1 k=1
The basis vectors (3.4.6) now take the form
{l ni,ng--)°® | nong, Nany, Nan,z) } (3.4.16)
We will use these basis vectors to calculate the trace in Eq.(3.4.2)

Z2(T, Vi) = an ZnQN,I,nQN’meN’Z<n2N,az7 NaNy, NaN,z | ®@°(n1,ng - - - |

e=AH-uN) | ny,ny - )°® | T2N,z; V2N y; N2Nz) (3.4.17)

We split the Hamiltonian into two parts:

H = Hyn 1 + hox (3.4.18)
where
IN—1
H2N71 = Z hz (3419)
i=1

Similarly we let

M= paN—1 + HoN (3.4.20)
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Since

|:H2N—17 }ALQNi| 0
|:N7 -E[QN—li| =0

[N, iLQN:| - O
e—ﬁ(H—MN) _ e—ﬂ(ﬁzN—l—uzN—1N)€—5(ﬁ2N—MQNN) (3_4.21)

The matrix element on the right hand side of Eq.(3.4.17) is now very easy to evaluate

H-pN

( Nong, Nany, Non,: | @ (N, ng - -+ | e ) | n1,ng -+ )°® | Nan g, Moy, NoN,2)

— B pyay nk(Ek_NQN—l)e_ﬁ[ﬁw(nQN,:c+n2N,y+n2N,z+%)_NQN] (3.4.22)

where we used Eqgs.(3.4.13),(3.4.14) and the orthogonality condition (3.4.12).

We choose
oy = 0 (3.4.23)

and denote pon_1 by p

Hon—1 = U (3424)

00 3
Z(T,V,pu) = [Z e Plkm ”k(fk—u)]] % |38 (Z e—nﬁﬁw> (3.4.25)

N n=0
The grand canonical partition function splits into two parts, the first part associated

with the translational modes of the system while the second associated with the

vibrational mode.

Z(T V1) = Zuw(T,V, 1) x Zoi(T, V) (3.4.26)
where
Zp(T,V,p) = Y e izimlam (3.4.27)
n
and

00 3
Z(T,V) = e 30 (Ze‘"ﬂﬁ“> (3.4.28)

n=0
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The partition function Z,;(T,V) is the canonical partition function for the three

dimensional harmonic oscillator. The sum of the geometric series in Eq.(3.4.28) is

> 1

I Y (3.4.29)
e 4.
_ o —Bhw
e (1 —ePm)
Therefore
1o

The partition function Z;,. can be rearranged in the form:

Z (T, V, 1) HZ Bles=m)] (3.4.31)

k=1 ng

Since we have a system of bosons, any quantum state can be occupied by any number
of bosons i.e. ny = 0,1, 2.... Therefore
Z [6*5(61@*#)} [ (3.4.32)

1 — ze=Bex
ng

where
z = e (3.4.33)

is the fugicity of the system. Inserting Eq.(3.4.32) into Eq.(3.4.31) we obtain

o

Ztr(T> V> :u) = H

k=1

1

where z = e®y1 is the fugacity Then the total partition function of the system is,

II (1 - Zle_ﬁe)] i ifi“;w)g (3.4.35)

k=1

Z(T,V,p) =

We can now obtain the grand canonical potential

- 1
(T, V,p) = KT In(l—ze**)+ 3kT {ln(l — ™) + - Bhw | (3.4.36)
k=0
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3.4.2 Thermodynamical parameters of the system

The thermodynamic parameters of the system are obtained from the grand canonical
potential using Eq.(3.4.5).

The number of the particles is given by

o0

1
IN -1 = Z po (3.4.37)
k=0
Since
N>1
we have
- 1
2N = ) e (3.4.38)
k=0

We split the sum over k into two parts, the k =0 and the k # ( states. Since

k=0=¢,=0

we have
2N = : + EOO ; (3.4.39)
1—2 o zlefr — 1

The first term gives the contribution of the ground state energy to the total number

of the particles

N, = (3.4.40)

The second term gives the number of the particle N, in the excited state
oo

N, = Z;l (3.4.41)

£ z—lefer —
F£0

For a large volume, the sum over the one-particle states can be approximated by an

integral

> fk) —

E£0

V
s

T /d kf (k) (3.4.42)
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The energy of the single particle state is related to the wave vector k by

2k

Transforming the integral in Eq.(3.4.42) into an integral over energy we obtain

> fk) = 2”V(zm)f’)ﬂ /0 msl/Qf(s)ds (3.4.44)

B3
k+#£0
Using this equation we can express the number of particles in the excited states in

terms of an integral over the energy e of the single particle state,

2V o gl/?
Ne(T, ‘/, Z) = ?<2m)3/2 /0 mdé‘ (3445)

We introduce the bose function g¢,(z) of order n

1 < gnldy
n == T — 0<z«1 3.4.46
9n(2) ['(n) /0 z7ler — 1 : ( )

The function g,(z) is a monotonically increasing function of z and its derivatives is

given by:

d%;iz):: %gnl(z) (3.4.47)

For z =1, g,(2) goes to the Reimann (—function of order n

gn(1) = C(n) (3.4.48)
The number of particles in the excited states is therefore
Vv
NAT.V2) = 5204(2) (34.49)

where

h2 1/2
A = <2ka) (3.4.50)

is the thermal wave length of the particle. Substituting Eq.(3.4.49) into Eq.(3.4.39)

we obtain

z V
2N = T T Eg%(z) (3.4.51)
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Since
3
0< 95(2) < g3(1) = ¢(3) (3:4.52)
The maximum number of the particles in excited state is
V.3
N.= NI"" = —((= 3.4.53
Therefore the number of particles condensed in the ground state
N, = 2N — N"** (3.4.54)

The fraction of particle condensed in the ground state is

;\J[ff T ZJ\YA%C(; (3.4.55)
The onset of condensation occurs when
N, =0
That is
LVA% = C(;) (3.4.56)

This equation defines the critical temperature 7., below which the condensation sets

n

N\ %3 h?
kTC_(v) e Y (3.4.57)

The critical temperature is independent of the coupling constant g since it is asso-
ciated with the translational mode. If we consider the two species system at a given
particle density % as a function of temperature, the fraction of particles condensed

in the ground state

N, 0 =T, ( )
20— 3/2 3.4.58
2N - (%) T<T,
while the fraction of particles in the excited states
N, 1 T>T.
= (3.4.59)

- 3/2
2N (l) T <T.

Te
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The translational modes of the system exhibit the standard behaviour of an ideal
bose gas. Using the boson function g,(z), we can express the grand canonical

potential in the form

v
o = —kTﬁg% (2) + kT In(1 — 2)

1
+ 3kT |In(1 — e P™) + 58w (3.4.60)

The pressure of the system is given by,

0P
P - _W |T,,u (3461)
or
T T
P = l;—ggg(z) - kvln(l —2)
ET 1
— 37 In(1 — e ?M) 4 5w (3.4.62)

In the thermodynamic limit, the third limit goes to zero as V' — oo. The behaviour
of the second term in the thermodynamic limit can be obtained by considering the
T >T. and the T' < T, cases. For T'>T,, z <1 and In(l — z) is a finite number.
Thus this term goes to zero as V' — oco. For T' < T, z — 1 and from Eq.(3.4.40)

we have
In(l—2)=—In(N, +1)

But the number of the particle condensed in the ground state is a finite fraction of

the total number of particle
N,=d'(2N — 1) =aN

since N > 1. Then

. —kT . kT
yim 7 nl-2) = lm <=In(l+oN)
. In(1+aN)
= bl im ———
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where n is the particle density which is finite. So for 7" < T, the second term is also

vanishes. Therefore the pressure is given by:

kT
T

The pressure is independent of the volume and number of particles. The oscillatory
mode as well as the particles condensed in the ground state do not contribute to the

pressure.

The internal energy of the system is related to the partition function by

)
U = ~35 I Z(T,V,u) |.v

o[ @
- -2 (__]{:T> oy (3.4.64)

Using Eq.(3.4.60) we obtain,

3 v 3 3hw
U = §]€T>\—%gg (Z) + §hw + m (3465)
For T' > T, z<1 and N,=0
V
2N = 593(2) for z<1 (3.4.66)

The internal energy is given by

95 (2) 3hw 3
— 3NKT {22 ° hw 4.
v ’ {gg(z)}Jreﬁﬁw—lJrQ (3.4.67)

The internal energy is the sum of two parts: A part associated with the transla-
tional motion of the system and is represented by the first term and a part due to the
3-dimensional oscillatory motion of the system. Figure(3.1[a]) shows that, above the
transition temperature and for N > N, the oscillator mode doesn’t contribute to the
internal energy of the system. The major contribution comes from the translational
modes i.e. the system behaves essentially as a system of free particles. Since the
coupling constant g appears only in w, the internal energy above T, and for N > N,

doesn’t depend on g¢. This is shown in Fig.(3.1[b]).
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[a] T=T, [b] T>T,
: 30
4,
2.5}
S © 2,00
- o) i
o . X
z £ 2 H el 15
=) v F|x
: o1 10
: N c
5 / 0.5/
Ot - : 0.0 : : : ‘
0 15 3 0 1 2 3 4 5
N x 108 g

Figure 3.1: Total internal energy above transition temperature T, in unit of k7. [a]
variation of total internal energy with particle numbers with ¢ = 0.5. [b]variation of

total internal energy with coupling strength with N = 10°.

3x 108 °

Figure 3.2: Total internal energy above transition temperature T, in unit of kT

The kink appear in Fig.(3.1]a]) shows that the system exhibits a phase transition
N > N..

For T'<T,., z— 1 and we obtain from Eq.(3.4.65)

3V 5 3hw 3
= SkT—C(2) 4 ——— + Zhw 4.6
v=3 A%C(2)+eﬁfw—1+2 (3.4.68)

Below T, a macroscopic fraction of the number of particles condenses in the ground
state. This in turn gives a chance to the oscillator mode to contribute to the total
energy. For N of order 10* the total energy of the system is constant which implies
that the behaviour is mainly due to the translational modes Fig(3.3[a]). But as
N increases above this value the effect of the vibrational mode begins to appear

Fig(3.3[b]). Fig.(3.4) illustrates the relationship between the total energy of the
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system below T, and the coupling constant at different particle numbers. The con-
tribution of oscillator mode is enhanced by increasing particle number. The curve
shoots as N increases. Fig(3.5) shows the dependence of the internal energy of the
system on both the number of particles of the system N and the coupling strengths

for temperature below 7,. The internal energy surface rises up as N or g increases.

[a] [b] T<T,
1.5¢
© 0.92570f
o
— ©
'EX 1.0f 3 0.92568
i~ Fl e
- 0.5 5|~ 0.92566]
0.92564|
0.0 : : : : : :
0 2 4 6 8 10 12 0 20 40 60 80 100
Nx103 N x 1012

Figure 3.3: Total internal energy below transition temperature T, in unit of kT
[a]variation of total internal energy with particle number with g = 0.5. [b]variation

of total internal energy with particle number with g = 0.5

T<Te

0.9256501

0.925645¢

2 09256400

Ut «10°

0.9256351

0.925630,

Figure 3.4: Total internal energy versus coupling strength below transition temper-

ature T, in unit of kT

Figure 3.5: Total internal energy versus N and g below transition temperature T, in

unit of kT
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We next calculate the specific heat capacity Cy of the system

ou
Cy = a7 lv.v (3.4.69)

For T' > T, we use the expression for U given in (3.4.67), this gives

3(2) 9 g3/2(2) e
O dapt) O

(2)  4g12(2) T>T,  (3.4.70)

where we have used the result

0z 32z g3p(2)

3_T a 2Tg1/2(2)

(3.4.71)

In deriving Eq.(3.4.71) we used the expression for the derivative of the boson func-

tion g,(z) given in Eq.(3.4.47).

For T < T, we use the expression for U given in Eq.(3.4.68). The specific heat
capacity is then

OV . 15V 1 2 €ﬁhw
WE = 1ands) IR

Subtracting Eq.(3.4.72) from Eq.(3.4.70) we have

(50).,- (50, - 2] v

Taking the limit 7" — T, i.e. z — 1 and using Eq.(3.4.56) we obtain

T<T. (3472

(Cv)ro = (Cv)r g (3.4.74)

The specific heat capacity is a continuous function of temperature. It increases to

the maximum value at
T = T.

where a spike appears. The appearance of a spike in the specific heat is an indication

that the system undergoes a second order phase transition.

To obtain the entropy of the system, we rearrange Eq.(3.4.4) in the form

TS = U—®—2uN
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and substitute for U, ® and p = kT In z. This gives

ot - -

. (3.4.75)

We first show that the third term is very much smaller than the second term. The
contribution of the particles, condensed in ground state to the entropy, is negligible.

For T' < T, we have as before (see page 45):
In(1 — z) =In(1 + aN)

Therefore

2NInz+1In(1 —2) = 2Nln< )—i—ln(l—i—aN)

1+aN
= In —(QN)QN
(1+ aN)2N-1
N
I (aN) 2
(1+aN)
= 2NInz
since N>1. ForT <7, z<1
and 2NInz > In(1 — z2)

Since N is very large. Hence

% = g%gg(z) —2NInz—3In(1 — e #™) +

38hw
6/8;7,(4)—_1 (3.4.76)
The first two terms give the contribution of the translational motion of the system
to the entropy while the last two terms give the contribution of the 3-dimensional

oscillatory motion to the entropy.

For T' < T,, 2z <1, the first term on the right hand side is

5V 5
5@((5)
To calculate the limit of the second term as z — 1 we use Eq.(3.4.51)
. ) z V
EE%QNIHZ = Llil% 1_Zlnz—|—>\—%g%(z)lnz

The second term goes to zero as z — 1. The limit of the first term can be obtained

by introducing a variable x defined by

r=1-—=z2 r<<1
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Inz=In(l-2)~ —x (3.4.77)
So that
. zlnz .
ll_rg 1=, glﬁl_r)%(l —z)=—1 (3.4.78)

Below the critical temperature, the entropy of the system is

S 5V 5 3PBhw
Zo— (Y41 —3In(1 —e Py 3.4.79
For T' > T, the entropy is:
S 9(3)(2) 38h
2 = 5N |22 9Nz — 3In(1 — e ) + # (3.4.80)
k 9(2y(2) |
[b] T=T,
30
2.5¢
5 20
o 15
A
0.5¢
00 05 10 15 20 25 30 00 : 5 5 ; s
N x 10° q g
[C] i T<T. [ ] %0 T<T,
25 25
o 20/ o 20
o 15 o L5
LT Sl g0
05 05
08005 10 15 20 25 30 0% 1 2 3 4 5
N x 10° g

Figure 3.6: The entropy of the system in unit of k [a] variation of entropy with
particle number above T, for g = 1. [b] variation of entropy with coupling strength
above T, for N = 5 x 103. [c] variation of entropy with particle number below 7, for

g = 0.5. [d] variation of entropy with coupling strength above T, for N = 103.
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3% 106 0

Figure 3.7: The entropy of the system versus particle number and coupling strength

above transition temperature T, in unit of k

The entropy of a system is a measure of the degree of disorder of the system. This
implies that the contribution of the oscillator mode is negligible compared to that
of the highly degenerate translational modes. Figure(3.6) illustrates the variation
of entropy of the system above and below T, with particle number N and coupling
strength g. Fig(3.6]a]) shows that above T, the entropy is due to the 2N — 1 free
modes, it exhibits a phase transition at N*** = N, given by Eq.(3.4.53). Below T,
a macroscopic fraction of those modes occupy the ground state of the system and
does not contribute to entropy of the system. Therefore the entropy of the system
is approximately constant as shown in Fig.(3.6[c]). The entropy of such a system no

longer depends on the coupling strength above and below T..

We next calculate the free energy of the system. The Helmholtz free energy F
given by
F=U-TS=®+2uN
Substituting for ® from Eq.(3.4.60) and neglecting the term
ET In(1 — 2)
we obtain

F o= ONKT |nz— ()| + 3T (1 — ) + T (3.480)

v
2NN 72
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For T'< T,
vV .3
2N = —((=

and z = 1. Hence

VET

Fo= 79

(1) 4+ 3kT In(1 — e P™) + ;hw (3.4.82)

2
where A3 = .= — For T > T,

9e5)(2
F = 2NET |Inz — L() +3In(1 — e P™) + §hw (3.4.83)

g(%)(z) 2
Gibbs free energy G given by

G = F+ PV
= U-TS-9o
= 2uN
G = 2NkTInz (3.4.84)

The free energy shows a kink at a number of particles equal to N, which is inde-
pendent of the coupling strength g. Variation of the Gibbs free energy with particle
number shows that the system has a stable minima at N ~ 2.5 x 10°. By increasing
the particle number G increase till reach to zero at particle number corresponding

to the maximum capacity of the excited states N, ~ 1.2 x 10°.
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I [b] |,
-05 r
o -10 k)
! X -10
wlx-15 : olE :
-20 © N -15 © N
: / c : / C
250 ‘ 2 ‘ 0. | e |
00 05 10 15 20 25 00 05 10 15 20
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Figure 3.8: [a]Helmholtz free energy F' in unit of kT with number of particles for

g = 1. [b]Gibbs free energy G versus number of particles in unit of kT

2.0x10° 0

Figure 3.9: Helmholtz free energy F in unit of kT

All thermodynamic parameters of the system with the exception of the pressure

of the system, is the sum of two terms one describing the translational motion and

the other describing the 3-dimensional vibrational motion of the system.
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Chapter 4

Extension of the model

4.1 The physical model

In this chapter we study the two species model of Sec.(3.1), assuming that the

coupling constants are different

gAA 7é 9dBB 7’é 9dAB

Our objective is to underatand how the system behaves as the coupling strength is

varied.

We have seen in Chapter 3 that the Hamiltonian of the system is given by:

H=H,+1V;, (4.1.1)
where H, is kinetic energy part,
N
@) @)
H,= ! ¢ 4.1.2
; l 2m * 2m ( )

with p#* and §” the momenta for i*" particle of species A and B respectively and V;

the potential energy given by Eq.(3.1.6)

N N
1 —A —B\2 1 —A —AN\2 1 -B —B\2
%2522[%3(7}- =77 )" = 5944y = 75)" = S9B(T —15)7]

i=1 j=1

95
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Exapanding the right hand side and simplifying we obtain

N N
1 1
Vo = —NgAB(l—gA;A)Z( )’ +2N9AB 1—@ )Y (™

2 9AB o
9AA —»A —»A A —»B 9BB B 7B
+ —gAB =27 T T T ) (4.1.3)
We introduce the notations:
gAA 9dBB
= — ’y = —
9AB 9AB

and assume that

0<a<l, and 0<~vy<1

Eq.(4.1.3) becomes

N
1 o1
‘/2 = —NgAB(l—O{)Z(T;A)z‘i‘iNgAB(l—”y
=1

=
34
-

2
7j=1

+—gABZZ a7t — 27 7P 4 )

=1 j=1

(4.1.4)

The full Hamiltonian of the system,

H = E 2 >t I+ N 1 — E 72 4 N 1 —
{ om o } 9 gAB Oé o~ gAB

Mz

=1 ]:1

N N
1
+ 50an D D (QTAT = T 4 47 ]

i=1 j=1

(4.1.5)

We next proceed as in chapter 3 to study the system. We begin with the classical

solution.
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4.2 Exact solution of the classical system
Assuming that the initial configuration of the system is given by:

FA(t:()) — @A(tzo):ﬁ})

PPt=0) = 7 PPt =0)=p% (4.2.1)

These conditions give the initial position and initial momenta of the particles.

We are interested in the time evolution of the classical system from the initial con-
figuration (4.2.1).

To solve the classical initial value problem we diagonalize the potential energy ma-

trix. Again we let

7_”14 FlB
I Ff\‘, | I Fﬁ |
and
Iy s
A —B
. %) . %)
I P’ =
| P | | ¥ |
with
did dr’B
A _B
=m—, =m— 4.2.2
dt p dt (4.2.2)

Using the vectors 7 and 7 we rewrite the Hamiltonian in the matrix form

] Iy, 0 p

1
H:—[*A T
2m pop

+osgan | ][ R (4.2.3)
- T

where Iy is the (N x N) unit matrix. The potential energy matrix V5 can be obtained
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directly from Eq.(4.1.4), namely

(V)11 = N1l—-a)ly+aC
Va)iz = (Va)m = —-C

(Va)ee = N1 =)y +~C (4.2.4)
with
[ 1 1 1 |
1 1 --- 1
C = o ‘ (4.2.5)
1 1 1

The matrix C' is an (N x N) matrix whose elements are the (3 x 3) unit matrix 3.

In Appendix A, we show that the characteristic equation for the matrix V5 is
AMA=2N)A=NA - A =N1 -9Vt =0 (4.2.6)
We have two simple eigenvalues
A=0 and A=2N (4.2.7)
and two eigenvalues
A=N(1-a) and A=N(1-7) (4.2.8)

of multiplicity (N — 1).
In Appendix B, we construct 2N orthogonal eigenvectors of the matrix V5. The

(N — 1) eigenvectors corresponding to A = N(1 — «) are

, 1 ‘
uk:—[l i1 =k 0 - 010 --- 0 k=1,2--- ,N-1
k(k+1) |

————
k

Finally the eigenvector corresponding to the eigenvalue A = 0 is given by:

1 w T

UN:W 1 e 111 P ]_ 5
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whereas the eigenvectors belonging to the eigenvalue A = N(1 — ) are
! [ ‘ ' k=12 N
U = |0 --- 0'1 --- 1 —kOO] =1,2,--- ,N—-1
N+k CESY |

—_——
k

The eigenvector belonging to the eigenvalue A = 2N is
— 1 ‘ T
UN:W[—l “ e _111 o« 1:| N
The diagonalizing matrix Os is obtained by grouping together the orthogonal eigen-

vectors:

Oy = (ﬁl

a1 | o ) (4.2.9)

It is an orthogonal matrix

0205 == OTO == [2N7

since the vectors
U i=1,---,2N
are orthonormal
U U5 = 51']'

In the same appendix we show that the diagonalizing matrix Oy can be written in

the form
S ' ——L_D
Oy, = ,7;77:77721\7777 (4.2.10)
where
and the elements S;; is given by:
1 1<
1

ViG+ 1+ (1= 5)dn)
0 i>j4+1

The new coordinates vectors

1,72, -+ ,TaN
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are related to the single particle coordinate vectors

rf7... R
by:
_ » ,
8 :
= —A
2 _or| " (4.2.13)
7
| TN | :
| 7 ]

Substituting for Os we obtain
1 k
Ty = E 7 — k(1 — Opn)T (5 5
* VEE+ 1+ (1= E)orw) [jl k= 0T o
k

- 1 _B A
7 E 77 — k(1 — 0pn)T 5 E k=1,--- N
N+k \/k;(k; [T (1= o) [jl j ( lcN) ] kN

We notice that the position vector 7y describes the translational mode and is pro-

portional to the position vector of the center of mass.

The inverse transformation is given by

Z S Gt ) B S
mg+1+<1—j>5ﬂv>] Rk—1) ' veN Y

Y= Z 7:’NJF'——U{:_l) FN-{-k—l'f‘—l Tan
* ¢]j+1+(1—])5ﬂv) VY V2N

We remark that in the term

—

o=

(4.2.15)

kE—-1)
k=Y

Kk —1)

the case k =1 is considered as a limiting case which gives zero.

Under the change of coordinates (4.2.13) the matrix for the linear momentum vector
ﬁA

ﬁB
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transforms to

L
P

—A

vl o, | P2 (4.2.16)
=B :

Py :

| Dby |
where
. dr;
P =m——
p dt

In the new coordinate system the Hamiltonian is given by:

i=1,2---,2N

—

h
1 T
H = % [ b1 P2n ] O3 IrnOs
Pan
1
1 :
+ oan| By |OFVAO | (4.2.17)
ToN
Since the matrix O, is an orthogonal matrix and
[ N1 —a) 0 0 Lo 0 0 0 ;o
0 N(l—a) --- 0 10 0 0 0 )
0 0 0 ol 0 0 0 o
| | |
: N : S
o O _ s NGze o 00 _ i _0_ 0
o0 o o o _ 1o _ o ___0__o__0__1_ 0
T o 0 0 0 ol N(1—-4) 0 0 o
0y V20, = 0 0 o ol o N(1 =) oo
0 0 0 | 0 | 0 0 0 | 0
S o D
0 e 0 I 0| 0 0 e N(1—7) I 0
I o o To" o o o an
o~ ——
(N-1)-col. 1-col. (N-1)-col. 1-col.
The Hamiltonian takes the simple form:
2N 21 N-1 1 N-1
H = Zx%gimmNa—@§:@+§Mywr—w§jﬁw+ng@Vmzm)
i=1 i=1 i=1

We have one translational-mode in three dimensions and (2N — 1) modes which

execute simple harmonic motion.
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Hamilton’s equations of motion give:
dp; . .
OZ = —Ngas(l— ), i=1,2--- (N —1) (4.2.19)
dpn
- 4.2.20
7 ( )
dp; .
pd:N = Ngap(l — ) i=1,2---(N—1) (4.2.21)
di
PN ONgapian (4.2.22)
dt
and
dr; i :
—_— = = =1,2---2N 4.2.23
We differentiate Eq.(4.2.23) with respect to t.
d*7; 1 dp;
= — 4.2.24
dt? m dt ( )
Fori=1,--- (N —1) use Eq.(4.2.19) we obtain
d*7; gapN(1l — a)
— = =7 4.2.25
dt? m ( )
This is the equation of a harmonic oscillator of frequency
w, = 4foaeN( =) (4.2.26)
m
The solution of this equation is given by:
Fi = ——sinwst+ Bjcoswat i=1,--- ,N—1 (4.2.27)
MWe
where ffi, BZ are constant vectors. Now for i = N
dr'y I
— = — 4.2.28
dt m ( )
Integrating we obtain
14» —
v = “Xt+ By (4.2.29)
m
where fTN, EN are constant vectors. For ryyq, -+ ,ron_1 we have
d*7; 1 dp;
A A anl —1,... N—1 (4.2.30)

a2 om dt
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and using Eq.(4.2.21)
d*Tiy N 9asN (1 —7)
= =7 4.2.31
dr2 m TitN ( )
This is the equation of a harmonic oscillator of frequency
gapN (1 —7)
w, = - (4.2.32)
The solution of this equation is given by:
i }
Fion = —Nginwyt+ Biyncoswyt  i=1,--- ,N—1  (4.2.33)
MWy
For the vibrational mode corresponding to A = 2N
A>T 1 dpon
—= = - 4.2.34
dt? m dt ( )
and using Eq.(4.2.22)
dZFQN 2gN 5
F = — ToN (4235)
This is the equation of a harmonic oscillator of frequency
294N
w = 4B (4.2.36)
m
The solution of this equation is given by:
A -
oy = 2 sinwt + Byy coswt (4.2.37)

mw

We have 2N constants f_l; and B: where ¢ = 1,2---2N. They are related to the

vectors 7; and pj;

(4.2.38)
(4.2.39)
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The special case N=3

As we did in chapter 3, we consider, in some details, the N = 3 case. We have three

particles of species A and three particles of species B. The transformation matrix S

now reads
1 I
V2 V6 V6
_ 1 1 1
S = -5 % % (4.2.40)
0 2 1
V6 V6
The matrix O, is now given by:
S ' ——=Dj
Oy = |----- :,,\@,,, (4.2.41)
\/LéDg | S
Or explicitly
i 1 1 1]
Vs w00 =5
1 1 1
1 B0 0 -5
2 I 1
0, = % SR S R S (4.2.42)
1 1 1
1 1 1
00 Bl B A
! 2 1
B S v v S

The new coordinate vectors are given by:

A= =)

fo= el -2

o= A )+ 6 7 )
Ty = %(FF—FQB)

o= el o)

o = T ) = 6 )
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To obtain the position vectors 7! and 72 we use the inverse transformation equations

(4.2.15).

1 1
_A L LS o
= —=|r+—=(r2+ 13—
1 S+ B (47 = 75)]
) AR T
7“54 = _2[_ 1+%(7’2+T3_7ﬂ6)]
—, ]' — — —
o= —= (27 + 7 — )
6
. 1.1, r . .
TlB = —2[—3 3+ 4+—3(T5+T6>]
) R
T’QB = —2[—3 3 — 4+—3(7"5+7’6)]
1
7P = —6(F3—2F5+F6) (4.2.43)
The constants A;, B; i=1,---,6 are related to 7,72 7 and p? through

!

(51140 - ﬁg‘o)

!

(ﬁfo + ﬁQAo - 215?340)

!

(P, + Doy + D) + (DL, + P, + D))

)
|

(P — Do)

=~
|

!

(e, + P, — 20%))

!

Sli-sl-Sl-sl-slmSl-

(Y, + Py + D) — (Bro + Do + )] (4.2.44)
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and T’Z(t = 0) = BZ
B, = L(F T — Tho)
V2
- 1
By = — (P, + %, — 27%,
2 \/6< 1 2 30)
- 1
By = —[(Fy + iy + 75) + (FL, + 7, + T4,
b= gl )+ )
_ 1
By = —(=(7}, — 7%
4 \/5( lo 20)
— 1 i i
By = %(7‘130 + 7, — 27%)
— 1 K K N . . .
Bs = —=[(72 +78 +78) — (7} + 7 + 7)) (4.2.45)
V6
The vectors 7; are then
— . ﬁiO . — _
T, = Sin Wyt + 7o COS Wyt 1=1,2
MWq
Fg — @t + Fgo
m
— 15;:0 . —
T, = Sin wyt + 7, COS Wt 1=4,5
MWy
— ﬁﬁo . —
e = sin wt + 7, COS Wt (4.2.46)
mw
Substituting Eq.(4.2.46) into Eq.(4.2.43) we obtain
P and 7P i=1,2,3

)

(2

For example the the position vector of the first particle of species A and species B

B 1.1 s } ,
TJA( ) = é[mw (4ij0 - Zpg) sin wat + (47“]4; - Z 1) cos wat
“ i#j i#]
1
— [— > (B —e)sinwt + Y (7% — %) coswt
MY 123 i=1,2,3
1 . ) ,
DN R8T TR
i=1,2,3 i=1,2,3
) 1.1 o 3} B}
rf(t) = a[mw (4ijo - prz) sin w,t + (47“5, — Z 75) cos wat
v i#] i#]
1 . AN , ,
+ [— Z (P2 — p) sinwt + Z (78 — 7Y cos wt
mw s i=1,2,3
1

S @At — Y T+ )]

i=1,.2,3

(4.2.47)

i=12,3
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The position vector 7 (t), 77 (t) display a Beat. To visualize the motion, we plot 7'

as a function of time, for N = 6 and o = 0.95.

Figure 4.1: Position vector for particle of species A versus time

Motion of each particle is superposition of two frequencies: one associated with os-
cillation of two particle of same species and the other corresponding to oscillation

of the position vector connecting the center of mass of each species.

The classical motion is described as follows: Particles belonging to the same species
execute simple harmonic motion with the same frequency about a center which
moves with uniform velocity. The position vector connecting center of mass of par-
ticles of species A and those of species B oscillates with frequency w. This amplitude

of oscillation depends on the particle initial position and momentum.

We consider the limit « — 1 and v — 1. In this limit the frequency w, and

w, vanishes i.e. w, — 0 and w, — 0.

Using
lim sin wgt _1 lim sin w. _1
(Wat)=0 Wyt (wrt)=0 Wyl
we find that the vectors 7; given in Eq.(4.2.46) become
7 o= Zt+ B i=1,.5
m
— AG . =
e = —— sinwt+ Bgcoswt (4.2.48)
mw
Using Eqs.(4.2.45), (4.2.46) with Eq.(4.2.44) we obtain
o= P2, i=1,2,05
m
— ﬁGO . —
g = sin wt + T, cos wt (4.2.49)

mw
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then we have five free modes in addition to one oscillator mode with frequency w.

The position vectors 7,72 are obtained by combining Eqs.(4.2.44) and (4.2.47) we

171

obtain
Pt = 5130 Yo+ > T+ =0 =D He+ Y, Pkt
i#£] 1=1,2,3 i#£] =1,2,3
L4 g N
+ Z [m(pzo _pio) sinwt + (rio _rio) COSWtH
i=1,2,3
GHONE 5?3 Yoy f;?,>+ (5 =Y T+ D Dt
i#£j 1=1,2,3 i#£j 1=1,2,3
1
- Z [— (P2 — §B)sinwt + (72 — 7)Y coswt]]  i=1,2,3 (4.2.50)
i=1,2,3

Comparing Eqs.(4.2.50),(4.2.51) with Egs.(3.2.39),(3.2.40) we see that in the limit

a — 1 and v — 1 the original model is recovered.



4.3. Exact solution of the quantum system 69

4.3 Exact solution of the quantum system

The quantum behavior of the system is determined by the Hamiltonian operator
H which is obtained from the classical Hamiltonian by replacing the dynamical

variables by operators. In the coordinate representation we have:

e = T — T
h= h =
[T Vi 77 VB i=1,2,--N
i
Substituting into Eq.(4.1.5) we get
N 1 N
H = — (VA2 4+ (VE)?] + = Ngap(l — 7412
- Qm[( 7,) _I—( z)]+2 gAB( Q);(rz)
1 N 1 N
t gNeas(U =)D (07 + 045 ) D (0o = 2rrP 4 7P

j=1 =1 j=1

The wave function of the system
=Pt i)
is a solution of the time dependent Schroedinger equation

OV )
T H¢(t7z7z)

the energy eigenfunctions ¢ g (77, ;) are solutions of the time independent Schroedinger

equation

Hyp(7, 7)) = Byp(7i, 7))

Under the transformation of coordinates given by Eq.(4.2.17) the Hamiltonian op-

erator takes the simple form:
N-1

. | -, 1 .,
1 = Z_(Vi) +§N9AB(1—04); 7+ 5 Ngan(l =y 22:1: TN T NgapTay

The Hamiltonian operator splits up into the single particle Hamiltonians:

. —h2 .
hi = 5 =Vi+ Ngap(l—a)i; i=1,2,-(N-1)
. —h? .
hy = %vﬁv
. —h?
hisn = %VHN +Ngap(l =iy i=1,2,---(N—1)

B2
th = %VSN—FNQAB’F’%N (432)

(4.3.1)
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so that the total Hamiltonian is:

N-1
I’AI = Z(ﬁi+ili+N)+ilN+ilzN (433)

i=1
Inserting the Hamiltonian H into the Schroedinger equation, we obtain
N-1
<Z<hz + hitn) + by + th) VYp(7, - Ton) = EYp(r, -+ 7o)
i=1
The wave function g of the total system can be expressed as a product of wave

functions each of which depends on the variables of a single particle

N—1 N—1
Ve, Tan) = () e(Tan) H o(7i) | | ¢(Fjn) (4.3.4)
i=1 j=1
where
iLN(D(F = 5]\[(13(7?]\[)
ilzNSO(FzN) = €2N<P(F2N)
hio(7) = £0(F) i=1---N-1
hisnd(Firn) = eirnd(Fien) i=1,---N-1 (4.3.5)

The total energy of the system is the sum of energies ¢;

E=) ¢ (4.3.6)

=1

Substituting Eq.(4.3.2) into Eq.(4.3.5) we get

—hK2 . - -
%V?vq)(ﬁv) = en®(ry) (4.3.7)
—hK2 . ~ .
(mvév + gABNng> o(tan) = eanp(Tan) (4.3.8)
B2
(%V? +gapN(1 - 0‘)"3’2) o(r;) = ei(r) i=1--N-1 (4.3.9)

2

(S P+ 0am N1~ )y ) 67iax) = Erandlien) i =LoweN =1 (43.10)
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Eq.(4.3.7) is the Schroedinger equation for a free particle of energy ey .
To solve the equation, we again imagine the system to be in a very large cubic box

of volume
V=1L
and impose periodic boundary conditions:

Y(xn + Ly, 2n) = (TN, YN, 2N)
Y(xn,ynv + L, zn) = (TN, YN, 2N)

Y(xn,yn,en + L) = Y(xn,yn, 2n), (4.3.11)

to obtain the free particle solution:
kTN (4.3.12)

Using the periodic boundary conditions we obtain

2
kN = %(nxa ny7nz> Mgy My, My = 07 :]:17 :]:27 e (4313)

The energy of the free particle is

R2k2,
= 4.3.14
N 2m ( )

We next consider Eqs(4.3.8), (4.3.9) and (4.3.10). Each of these equations is the
Schroedinger equation for a three dimensional harmonic oscillator of frequency
w=Ngap,ws = N(1 —a)gap and w, = N(1 — 7)gap respectively.

The corresponding wave functions
(b(?:;)? (b(FlJrN) L= 17 T (N - 1) and @(Fﬂ\’)

are given by:

[ 3/4 mw 2
N — | | i (n; ., ! —-1/2 [mwa] - @ —mwau?/2h
(b T,U Bte -( (ny ) ) ﬂ-h a,u( 7Th u)e
_ [ IMiyN nN—1/2 mw’Y 3/4 H mw’Y —mw7u2/2h

¢"i+N,u - u_lmlyz _( e (ni-l—N,u)') Th ni+N,u( 7T_h U)e

[ 3/4
pune = TL |(frontoana) [ g e 419
, i ’ ™

U=x,Yy,z -
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The energy of the oscillators are given by

N-1

Eni,x,ni,y,n@z - Z h’wa(ni,ax + ni,y + ni,z + 3/2)
i=1
N-1
Eni+N,zyni+N,y7ni+N,z = Z h’wv (ni-l—N,a: + N+ Ny + Ni4 N,z + 3/2)
i=1
E”QN,:Cv”QN,y:”ZN,z = hw(nQvi + nszy + n2N72 + 3/2> (4316)

To construct the wave function of the system we need to determine the maximal
number of the commuting operators which commute with the Hamiltonian of the

system. These are the exchange operators

N ~

Pijs PN N, i,j=12,---N—-1
The wave function
(7L - - o)

should be an eigenfunction of the operator Aij, PH N,j+N- Since we have a system of

bosons

pzj(ﬁ(f’ly Fla F]a Fa(N—l)) = ¢(F17 F]a FZa F(N—l))

Pi-i-N,j—i-NQS(FN-H; --FN-H‘, --FN-H', --F2N—1) = ¢(FN+1, --FN-s-ja --FN-H', --7?2N—1)

with ¢, =1,2,--- N — 1. The wave function should be symmetric with respect to

an exchange of coordinates and momenta of each of the (N — 1) modes. This gives
1 A
U(r1.ran) = N ;P[%l(rl)%z(ﬁ)---%zv1("’N1)]
1 .
X m;P[¢k1\1+1(TN+1)¢I€N+2(TN+2)“'¢/€2N—1<T2N1)]

X QaNz2Ny2N: X P(TN) (4.3.17)

where S, S are additional normalization constant, and the sum is over all permuta-

tions
P17P27"'PN—1a

of
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in the argument of the one particle wave function

¢ni (7:» and ¢ni+N (7:;+N)

The total energy of the system is given according to Eq.(4.3.6) by

E = —mkN + ; hwk(nk -+ —)
h? -
= %kN + hw(ng 2 + Ny + Ny + 3/2)
(N-1)
+ [wa (n(ie) + Ny + 1) + 3/2)]

+ [hwv(n(HN’x) + N(i+Ny) T N(i+Nz) T 3/2)] (4318)

The energy E is the sum of the translational energy of one translational mode plus

the energy of the 2N — 1 three dimensional harmonic oscillators.
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4.4 Exact solution of the statistical mechanical
system

As the previous chapter, we assume that the number of particles N of each species

as well as volume V' occupied by the system is very large, such that

N
N — oo, V — o0, v — finite number

4.4.1 Determination of the grand canonical partition func-
tion
Again we study the quantum statistical behaviour of the system within the frame

work of the grand canonical ensemble.

As in Chapter 3 the grand canonical partition function is given by:
Z(T,V, 1) = Tr {e—/ﬁ(ﬁ —m} (4.4.1)

On the right hand side we have the Hamiltonian of the system H given by (4.3.1)
and the particle number operator N. From the grand canonical partition function,

we obtain the grand canonical potential via the relation

To calculate the trace of the operator on the right hand side of Eq.(4.4.1) we have

to choose a basis for the Hilbert space of the system. A suitable basis is given by:

{| N(u)s > UN—1,0)) @ | EN>® | n(Nt1u) s NN—10)) @ | ”2N,u>} (4.4.2)

where the subscript u = z,y, z. Again the wave function in Eq.(4.3.4) is a coordinate

representation of the state vectors. Thus

V(5 TN Tieni Tan) = ((Tan | @ (Pivgr, - - Tlanv—1) | @ | @°(71, -+ Tv—1) |)
(I Py, nv-1,0))°® | EN>® | NNt 5 NeN—1,u)) @ | Nonw))
we get
¢(77i;77N;7_’2+N;772N) = S<771> e TN—1 ’ Nau, " 7”(Nfl,u)>s<7_"N \ EN>

(TPN41, - Tan—1 | V1) 5 eN—1,u))* (Ton | Manu)
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From Eq.(4.3.17) we see that

1 .
{7 AR r _ PR _ S — - P
(Fhy - Tn—1 | (1), s (N 1,u)> N }P:
[anu u)<F1)7 : agbn(N,lu)(_)N_l)]
r = S 1 Z A
(N1, Tan-1 | n(l,u),--’n(zN—lv“)> - w P :

—

¢n(1,u) (FN—H)a ) ¢”(2N71,u) (FQN_l)]
and
<F2N | NaN x5 2Ny, nQN,z) = ('OnZN,z7n2N,y7n2N,z (FQN)

while

Again the state vectors
| (1u), " 'n(N—l,u)>s
| N(N+1u)s " 'n(2N—1,u)>S (4.4.3)

can also be characterized by the occupation numbers instead the quantum number

of the occupied state
| malvma27"‘>s = ’ n(l,u)7"‘n(N—1,u)>s
| M1, M2, +)° = [ Ny, NEN-1u)° (4.4.4)

These state vectors satisfy orthogonality property

S<m;'17 m;‘Z’ comg,myg, )t = 6mj17m}15mj27m}2 T (4.4.5)
with j = «,~. The basis vectors (4.4.2) now take the form:
{| Mea1,Ma2, " >S® | EN>® | MA1, M2, - - >8® | n2N7u)} (446)

We will use these basis vectors to calculate the trace in the equation for the partition
function.

Z(T,V.p) = ZZZZ(”QNu |* (M1, M2, - | ®<EN |

Mng Mny M2N k

—B(H—pN

X S<ma17ma27"' ’ € ) ‘malama27"'>s

® | EN>® | MAy1, M2, - 0 >8® | n2N,u> (447)
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We split the Hamiltonian into four parts

H=hy+hoy + H, + H, (4.4.8)
where
N-1
Hy=)Y M
i—1
N-1
H = hiy (4.4.9)
i=1
We let
b= [N + HaN + Ha + ey (4.4.10)
Since
[Aia ilzN] =0 []Ali-&-Na EQN} =0
[BZ-, BHN] — 0 [iLN, HQN] —0 (4.4.11)
and!
[N, hl] ~ 0 [N, iLZ+N] —0
[N, BQN] — 0 [N, BN} ) (4.4.12)
we can write
o BH-pN)  _  ~Blhy—pnN) ,—~Blhon—pan N) p~B(Ho—palN) ,—B(Hy—py N) (4.4.13)

The matrix element on the right hand side of Eq.(4.4.7) can now be very easily

evaluated

<n2N,u | ®S<m717 M2, - | ®<EN | ®S<ma17 Ma2, | e—,@(ﬁ—uN)

‘ Ma1,Ma2, " " >S® ‘ EN>® | m'ylam'yQa e >s® | n2N,u>

— e—ﬁ[g—jlm_m\,]6_5[m(n2N+%)—,u2N}6—6 fo;:l mai(em-—ua)e—ﬁ E;“;+N:1 Meyi(€ng y g —Hvy) (4414>

'We have not constructed the particle number operator N since the actual framework for the
occupation number representation is the second quantization formalism. Using the technique we

can construct N and prove Eq.(4.4.12)
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We set

uny = 0 and pon =0 (4.4.15)

Z(T, V, M) = (Z e_ﬁzzi:lmm(fnf“a)> X (Z e_ﬁzzjﬂv:lmW(E”HN_“W))
Mas My

x (Zk e’ﬁ%> X (*%ﬁfw (S0 e—"zwﬂﬁw)?’) (4.4.16)

The grand canonical partition function splits into four parts, one which is associated
with the (N — 1) vibrational modes with chemical potential i, and the other which
is associated with the (N — 1) vibrational modes with p.,, the third part is the
canonical partition function for the free particle, while the fourth part is associated

with the vibrational mode with frequency w .

Z(T,V,u) = Zo(T,V, 1) Z(T,V, ) 2,(T, V) Z1, (T, V) (4.4.17)

where
Zo(T,V, o) = D e ommmelenziel, (4.4.18)
2T V) = 3 e P Emym eyl (4.4.19)
0o 3
Z (T, V) = 6—3/3%(2 e—"zNﬁ"W> (4.4.20)
non=0
and

Zy (T, V) = (Z e—ﬂfﬁf) (4.4.21)

k

The partition function Z,(7,V) is the canonical partition function for the three

dimensional harmonic oscillator. The sum of the geometric series in Eq.(4.4.20) is

> 1
nonBhw __
Zoe anBhw = (4.4.22)
NaN=
Therefore
o 5Bhw
Z,(T,V) = (4.4.23)

(1 — e )3
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The canonical partition function for the free mode is

2mm 3/2
)

The partition functions Z,, Z, can be rearranged in the form

Za(T, V, ,U/a) = ﬁ Z (eiﬂ(eni*ﬂa))ma

ni=1 mq

Zy (T, V)=V ( (4.4.24)

Z,(T,V, puy) = ﬁ Z (e_ﬁ(E"H-N_M)) ™ (4.4.25)

ni+N:1 M~
Since we have a system of bosons, any quantum state can be occupied by any number

of bosons i.e.

Me,m~y =0,1,2...

Therefore
Z [efﬁ(ﬁnifﬂa)}ma — —1 (4426)
~ 1 — zoe™Pens
where
Blita—e3) «_3
2o = 7T/ € :§hwa (4.4.27)

The chemical potential of the a—subsystem is measured from the oscillator ground

state energy Similarly

mey 1
3 [e—menim —w] _ (4.4.28)

1 — z e Penin
My i

where

= Bl—ed), €l = —hw, (4.4.29)

Ry

N W

where z,, z, are the fugicities of the subsystem. Inserting Eqs.(4.4.26),(4.4.28) into
Eq.(4.4.25) we obtain

1
Zo(T,Vipa) = |1 1 o
¥ 1
2TV, ) — _ 4.4.30
+( 7) n};[:l e P ( )
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Collecting the different terms we obtain the total partition function of the system,

27m \ */* e~ 3P = 1 = 1

— —Be.
et 1—2z.e niyne1 1 — 2y N

We can now obtain the grand canonical potential:

O(T,V.p) = kT[Z In(1 — Zae_'gegi) + Z In(1 — zve_ﬁd%JrN)]
n;=0

ni+ N=0

+ ng (2 In(1 — e ™) + Bhw — In(

i;h?) - gln V) (4.4.32)

We measure the oscillator energy state from the lowest oscillator states so that

e =0, e =0

4.4.2 Thermodynamical parameters of the system

The number of the particles of each subsystem is given by:

> 1
N-—-1= _— 4.4.33
nZ::o zotefen — 1 ( )
Since N > 1 we have
> 1
N = _— 4.4.34
nzzo zotePon — 1 (4.4.34)

Similarly

1
N= Y o p— (4.4.35)
’ni+1\]=0 Y

Again we split the sum over n;, n;, v into two parts, the n;, n;yy = 0 and n;, n;on # 0
parts. Since
ni=0=¢, =0

niygn =0= ¢,y =0
We have

N = NS+ N

N =N+ N¢ (4.4.36)
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The first term gives the contribution of the ground state energy to the total particle

number
N = =
1— 2z,
Ne = 2 (4.4.37)
v 1— 2z,

while the second term gives the number of the particle N, in the excited state

. 1
No = D e

No= ) 1 (4.4.38)

It is clear that the system condenses into two channels since we have two independent
subsystems.
We consider the case where the temperature T' is of the order a few micro kelvin

and w,,w, are of the order a few hundred Hz, then we have
fwa < 1, Pwy K 1

This enable us to approximate the sums over discrete energy levels in expressions

such as (4.4.38) by integrals.

> fln) — / dep(e) f(e) (4.4.39)

n#0

Using the density of states given in Appendix C to evaluate the above sums,

(4.4.40)

where 0 = w, or w,. Then we can express the number of particles in the excited

state in terms of an integral over the energy € of the single particle state

N¢ L1 /00 " d
= —— ———de,,
@ 2 (hwa)? Jy  zgtefemi—t ™7™

and

2
11 h TN e,
@ 2 (hw,)? Jo Zy_leﬁsnz#N_l an
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we obtain
1
Yo T Gy
Ne = (mlw Vas(2,) (4.4.41)
vy

Substituting using Eq.(4.4.37) and Eq.(4.4.41) into Eq.(4.4.36) we have the number

of particles in each subsystem

kT
N = N°+ (hwa)?’gg(za)
kT
N =N+ (%)393(27) (4.4.42)
vy

where N, N9 are the ground state occupation numbers for each subsystem.

From Eq.(4.4.33), we have 0 < z, < 1, so that g3(z,) , v = a,7 is bounded by
((3) =~ 1.202. Therefore, according to (4.4.36) the particles must condense in the
ground state of the trap when the temperature becomes sufficiently low. At the

onset of condensation we have N7, N9 = 0 and zq, 2, = 1 (1 = e = 3/2hw, );

N = (’;i: )3g(3) (4.4.43)
N = (’;Z: )Sg(g) (4.4.44)

from which we can find the condensation temperatures 7', T for each subsystem

as

N\ 3
kT = —
fe = e <c<3>>

KT = hw, (%) v (4.4.45)

at a given particle density. From these equations we see that

E:&:\/l—a:\/gAB—QAA
0w, l—1v 9gaB — 9BB

The ratio of the critical temperatures depends on the difference between the coupling

constants. When

9gAA = 9YBB 7é JdAB
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the two subsystem merge into a single subsystem. The condensation fraction in the

ground state is given as a function of temperature by:

N T\?
]\? - - (ﬁ) T < Tca
No T 3
]\7 =1- (W) T <T) (4.4.46)

and vanishes above the critical points 7>, 7)Y, while the fraction of particles in the

Y c?

excited states of each subsystem is

Ne€ T\?

N T (F) r=1

Ne T 3

N” — (F) T>T) (4.4.47)

and is equal to unity below the critical points.

Using the boson function g,(z), we can express the grand canonical potential in the

form:
1 9a(za) | 94(z)
(T = —
TV = g | %
& 3k (2m(1 = e ) 4 Bl — (Y _ 21y
2 Bh? 3
(4.4.48)
The internal energy of the system given by
U = —ian(T Vo) |
- 85 y Vo 2,V
0 )
- -2 (__kT> o (4.4.49)

Using Eq.(4.4.48) we obtain for T'> T, T > T7,

3
2

3 [ga(za) | ga(z)
U = { + =2 e

BBR® | Wi w3
For "< T T <T7,

(hw NI kT) (4.4.50)

3 1 1 3 2hw
U = B(Bh)3 [w—g + ‘*T%} C(4) + 5 <hw + ] + k;T) (4.4.51)

The internal energy is the sum of four parts. The first two parts are typically the

internal energy for a relatively large numbers of oscillator modes, the third part is
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associated with the 3-dimensional harmonic oscillator with frequency w. The last

part gives the contribution of the translational mode.

3 2hw
U = U, +U,+ 5 (hw + m + k?T) (4.4.52)
where
—3 —gi(z,) T >T
v, — ) A dilza) ¢ (4.4.53)
and

— 3 iz T>TY
U, = B 045 ¢ (4.4.54)
syt T<T7

are the internal energy of each subsystem above and below the critical temperature.

The system behaves mainly as two independent subsystems of uncoupled oscillators
(quasi-particles). Each of the subsystem is (N —1)-fold degenerate. In addition there
is a single mode which is associated with the vibrational motion of the position vec-
tor connecting the center of mass of each species and another mode corresponding
to the translational motion of the center of mass of the system.

Fig.(4.2[a]) shows that for small N, the total internal energy of the system increases
linearly with N but for large N it falls to zero. The total energy has a peak at a
certain value of particle number. The value of N at which the total energy has its
maximum depends on the parameter a.

This may be interpreted as follows: The condensate term is roughly speaking pro-

2/3 ~1/2

portional to N~%/® while the oscillator term is proportional to N~"/“. Therefore for
small number of particle (which satisfies N > 1) the first term dominates i.e. the
major contribution to the energy comes from the condensation term while for large
number of particles the major energy contribution comes from the oscillator term.
Therefore above T, the whole system behaves as two sets of degenerate uncoupled

oscillators.

The variation of the total energy with « is shown in Fig.(4.2[b]). We can see that

the dependence on « no longer exists above a certain value of o which depends on
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a
[ ] 13 =03
=05
- a=0.7
=] =09
o T
e
[
D
O - L
3000 100000

Figure 4.2: Total energy of the system above T, in unit of kT, [a]variation of total

energy above T, with particle number. [b]variation of total energy above T, with «.

Figure 4.3: Total energy of the system above T, in unit of kT

the particle number (=~ 0.6 for N = 5 x 103, 2~ 0.8 for N = 10*).
For very large number of particle and as o — 1, the peak disappears and the total
energy of the system results from the non degenerate vibrational mode associated

with the relative motion of the center of mass as shown in Fig.(4.4).
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Figure 4.4: Total energy of the system above T in units of kT for very large number

of particle, « = 0.3

Figure 4.5: Total internal energy of the system below T in units of kT’
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Below the transition temperature of each subsystem the contribution of each degen-
erate subsystem becomes negligible due to condensation, and the dominant mode is
the oscillator mode associated with the vibrational motion of the position vector con-
necting the center of mass of each cloud, Fig.(4.5). Now the system behaves as two

oscillating clouds of bosons, and the dependence of the total energy on « disappears.

An important physical quantity is the specific heat Cy which can be obtained by
differentiating the total energy with respect to temperature.

For T'< T, T <T72, using (4.4.51)

ou
Cve = T v
_ (CV<)a <CV<>’Y 5 e,Bhw 3
R A 3(Bhw) el (4.4.55)

where the first and second terms give the contribution of each subsystem to the

specific heat of the system. For T' < T and T' < T) we have,

M — 12(%)3@ T<T®

Nk ¢(3) ’
(CJ’V:Z)W _ 19 (%) % T <1 (4.4.56)

Those are typically the specific heats of harmonically trapped bosons below critical
temperatures.

At the transition temperature.

(CV<)a) _ ((CV<)7) _ @: I
(Nak Te—0 Nk ) oo 125(3) 10-805 for T=T2=T7 (44.57)

Then the total specific heat of the system below the critical temperatures 7', T

B T\’ T\* ¢(4)
Cv< - 12]{3 [Na (T_g) + N,y (T_g) @
, e 3

For T'> T>,T > T we use the expression for U given in (4.4.50), this gives

(Cvs)a 4 (CV>)~/ e 3

2— —
Nk R GO e PR

Cv> 2




4.4. Exact solution of the statistical mechanical system 87

(CV>)a 1 1 82& 694(204)
—— = 12———qg4(z,) +3 v T>T
k (Bhwa)ggll(z ) + (Bhwa)g aT |N, aZa > c
To obtain the derivative of the fugacity we use Eq.(4.4.42)
k 92(20) 024
3——=93(2a —|no =0
Pl (G o1
This give
aza gS(Za)
— | N = —3k
Using
Ogn(2za) 1
a—za = Zgn—l(za)
and Eq.(4.4.42) we have
(CV>)04 _ 1294(Za) _ 993(204) T> Tca
Nk g3(zoc) gQ(Za)
Similarly we obtain for the specific heat of the oscillator mode of frequancy w,
(Cvo)y _ p0s) _g0sl2) (4.4.58)
Nk 93(zy)  g2(2)

At the critical point

Co)e)  _ ((CohY ) o) o p e g
( Nk )Tg+o = ( NoJ >TM 1225y~ — 428 T=T'=T0 (4459

Hence, from Eqgs.(4.4.57) and (4.4.59), the heat capacity of each subsystem shows
a discontinuity at the critical point of each subsystem. The height of the spike is

given as
(—(CV)“> - <(OV)“> = <(CV)7> - <(CV)”> = 6.577 (4.4.60)
Nok Te—0 Nok TE+0 Nyk ) g Nyk ) 140

and the total specific heat of the system above the critical temperatures 7>, 77 is

o = o[ (1 o) () o)

GBM

+ 3(5hw)2m +

[\CRNGV]

k (4.4.61)
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The system behaves mainly as two independent subsystems of harmonically trapped
bosons. The specific heat of the system has two spikes depending on the critical
temperature of each subsystem which shows that the system condenses in two chan-

nels.

The free energy of the system is defined by
F = &+uN

Since

_ s
ZOZ — eﬂ(.uoé 60)
we have

o = KkTInz, +e5

= kTlnz,+ gm}a

The free energy is therefore

1 3
Fa = —Wg4(2a> + leIl(]. — Za> + Nk:Tana + 57%)(1

The second term is negligible in compression with the third term hence

1 3
Fa = —Wg4(za)+Nlenza+§ﬁwa

Hence the total free energy of the system

2 2
F = FﬁFﬁ%kT 2In(1 — e ™) + Bhw — In( ;h?)—gan (4.4.62)
where
F, ! (2a) + KT In(1 )+ NET1 —|—3ﬁw
a = —7—r—=04(%a n(l — z, Nz, + -hwy
(Bhwa)s " 2
1 3
F’Y = —ngl(Zv)—f—leH(l—Z,y)—f-NlenZ,y—f—§hu),y

are the free energies of each subsystem.
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The free energy versus particle number shows that the system has a well defined
minimum at N ~ 0.7 x 10*. Fig.(4.6[b]) shows that free energy of the system is
nearly constant with respect to a, but for a ~ 0.7 and N = 10? free energy falls to

Zero.

[a]
0.0

00 02 04 06 08 10
N x10*
[b]

00 02 04 06 08
a

Figure 4.6: Free energy of the system [a] variation of free energy with particle number

[b] variation of free energy with « in unit of k, N = 10%.
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Chapter 5

Conclusion and future work

In this thesis we have studied a system containing equal numbers of bosons belong-
ing to two different species. The bosons are assumed to move in three dimensions
and interact via a two body harmonic oscillator potential.

This model appeared in the work of Le Yaouanc [88] on confinement and chiral sym-
metry breaking. Another version of the model containing fermion instead of bosons
appeared in the work of [89]. We showed that the model is exactly solvable on the
classical and quantum levels. We also obtained the grand canonical partition func-
tion in the thermodynamic limit and studied its thermodynamic properties. The
system is exactly solvable due to the dynamical symmetry of the harmonic oscillator

interaction potential.

In Chapter 3, when we assumed that the coupling constant is independent of
the particle species, it is found that the interacting system is described by (N — 1)
translational modes in three dimensions in addition to a three-dimensional harmonic
oscillator.

On the classical level these oscillations represent the motion of the position vector

connecting the center of masses of the two clouds.

In the thermodynamics limit, the system behaves as a system of free particles above
T, while below T, the system behaves as two oscillating clouds of bosons about the

position vector connecting their center of mass. Our study shows that the system

90
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under consideration displays a phase transition, in which a macroscopic fraction of
particles occupy the ground state of the system below the critical temperature T..

Below T, the relation between the entropy of the system and the particle number
shows a constant relation, because the contribution of the oscillator mode to the
system entropy is negligible. The Gibbs free energy of the system shows a stable

minima at N &~ 2.5 x 10°

In Chapter 4, we considered the case where the coupling strength depends on
the particle species. By diagonalizing the Hamiltonian of the system, we found that
the system is composed of two degenerate subsystems of quasi-particles, each has
(N — 1) degree of degeneracy. In addition to two simple eigenmodes; one describing
the translational motion of the center of mass and the other the vibrational motion
of the position vector connecting the center of mass of each cloud.

It is realized that the system has two transition temperatures 7" and 77, which
depend on the particle number of each subsystem. Each subsystem looks like a
set of bosons in external harmonic trap with the same frequency. For a relatively
small particle number and above its transition temperature, the system behaves as
two subsystems of free oscillators. The total energy above T® with particle number
display a maximum at certain value of N. By increasing the particle numbers the
system behaves as two oscillating clouds of bosons. In other words for large particle
numbers, the non degenerate vibrational mode associated with the position vector
connecting the center of mass of each cloud is the dominant.

Below the transition temperature the free oscillators no longer contribute to the
thermodynamics of the system. The system behaviour is mainly due to the relative
vibrational motion of the center of mass of each species. This is an evidence that
the system displays BEC below the transition temperature.

In brief, the system behaves as two oscillating clouds of bosons below its transition
temperature and for large particle number, whether the coupling strengths are equal
or not. On the other hand it behaves as a system of free particles (quasi-particles)

for T' > T, and for a relatively small particle number.
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In Chapter 4, we did not take into account the fact that the system occupies a
finite volume V. Including this effect will change the density of states [90] given in
Eq.(4.4.40) by a factor proportional to

€
hQ2
where again, 2 = w, or wgz. This will affect the expression for the critical tempera-

ture but will not change the behaviour of the system described above.

From a mathematical point of view, we can look at the model as a transforma-
tion from a system of bosons trapped in a harmonic oscillator potential to the two
species bosons system. This may shed light on some of the properties of the har-
monically trapped boson system.

The model can easily be extended to system of two species of fermions or one-species
of fermions and one-species of bosons interacting via harmonic oscillator potential.
In the fermion-Fermion case we will not have Bose-Finstein condensation due to the

pauli exclusion principle.

We can also consider more realistic two-body potentials. But the dynamical sym-
metries of the harmonic oscillator potential, which is the reason that the system is
exactly solvable, will disappear totally or partially, depending on the form of the

potential, and the system may or may not be exactly solvable.



Appendix A

A.1 Computation of the characteristic equation
for the potential energy matrix

In this appendix we compute the characteristic equation for the potential energy

matrices given in Chapter 3 and Chapter 4.

We express the potential energy matrix in the block diagonal form

| (A.1.1)

where each submatrix is an (N x ) square matrix.

The characteristic polynomial D(\) for the matrix is defined by:
D(N) = det(V — Aoy) (A.1.2)

The characteristic equation is obtained by equating the characteristic polynomial to

D(\) =0 (A.1.3)

We begin with the computing the characteristic polynomial for the potential energy

matrix Vigiven in Chapter 3. In this case the submatrices are given by:

(Vi1 = (Vi)o = —~(V)iz = —(Vi)or = C (A.1.4)
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matrix 94
where
1 1 1
11 --- 1
C = L . (A.1.5)
1 1 1

1-Xx 1 1 1 -1 1 -1 -1
1 1—=A - 1 13—1 -1 1 -1
|
|
|
1 1 -~ 1 1-X'" -1 -1 - -1 -1
D) = |-cmmmmme L (A.1.6)
1 =1 - =1 =1 11=X 1 - 1 1
|
-1 -1 -1 -1, 1 1-x - 1 1
|
1
1 -1 1 -1 1 1 1 1-2)
We subtract row number N from each of the rows numbered 1,2--- | N — 1. Simi-

lary we subtract row number 2N from each of rows numbered N+1, N+2--- 2N —1.

This gives:
A 0 0 0 A 10 0 0 - 0 0
0 -\ 0 0 A 10 0 0 0 0
l
0 0 0 A A : 0 0 0 0 0
poy—| bt b e A A e AL
00 0 0 -+ 0 0 =X 0 0 - 0 A
0 0 0 0 0 3 0 -\ 0 0 A
l
0 0 0 0 0 0 0 0 A
-1 -1 -1 -1 -1 l 1 1 1 11—\
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matrix 95
Collecting the common factors, we obtain
D(X\) = AN 72M(N) (A.1.8)
where
-1 0 0 0 1 70 0 O 0 0
|
0 -1 0 0 1 o0 0 0 0 0
l
|
0 0 O -1 1 ;0 0 0 0 0
|
1 1 1 1 1-X'"—-1 -1 -1 -1 -1
M) = | m---mmmm s s s e e (A.1.9)
0O 0 O 0 0 :—1 0 O 0 1
0 0 0 0O 0 0 -1 0 0 1
|
l
|
0O 0 O 0 0 +0 0 0 -1 1
-1 -1 -1 -1 1.1 1 1 S

Adding the first coulmn to column number N, the second column to column number

N, ---, the (N — 1) column to the column number N, we obtain:
-1 0 0 0 0 ; 0 0 0 0
0 -1 0 0 0 i 0 0 0 0
l
0 0 0 -1 0 i 0 0 0 0
My = | oo L v-A-t -t =1 =1 -1
0 0 0 0 0 -1 0 0 0
0 0 0 0 0 i 0 -1 0 0
l
0 0 0 0 0 10 0 0 1
-1 -1 -1 -1 -N l 1 1 1 1

(A.1.10)
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Expanding the determinant using the first row we obtain

N-X'—-1 -1 -1 -1 -1
A TAh T T T T T
0 =1 0 0 0 1
|
0 10 -1 0 0 1
M) = (—1)N1 (A.1.11)
|
|
0 10 0 0 1 1
N 1 1 1 11—\

On the right hand-side of Eq.(A.1.11) we have a determinant of an (N +1) x (N +1)
matrix. To calculate this determinant we add row number N 4+ 1 to the first row

and collect a common factor of (—\). This gives

10 0 0 0 1
0 -1 0 0 e 0 1
MQ) = (1) R oot (A.1.12)
|
0 30 0 0 1 1
—N} 1 1 1 1 1-2)\

Subtracting the first column from coulmn number (N + 1) and expanding the de-

terminant using the first row we obtain

~1 0 0 - 0 1
O -10 --- 0 1

M) = (=DVAp 2 e : (A.1.13)
0 0 0 - —1 1
1 1 1 -+ 1 N+1-2X

Adding the first column to column number N, the second column to number N we
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matrix 97
obtain
-1 0 0 - 0 0
0O -1 0 - 0 0
M) = (=DVA (A.1.14)
0 0 O -1 0
1 1 1 1 2N — )\

We have reduced the determinant to a lower trianglar form. Therefore its value is

equal to the product of the elements on the main diagonal

M) = (=1D)*IA@2N - \)

Substituting Eq.(A.1.8) into Eq.(A.1.15), we obtain

D()\) = MN7H2N — )

The characteristic equation for the potential energy matrix is therefore,

NNTH2N =) =0

We next consider the potential energy matrix V5 given in chapter 4.

In this case, the submatrices

have the form

(V2)11 = N(1 — a)Iy + aC
(‘/2)12 - (‘/2)21 - _O
(V2)oa = N(1 = v)Iy +~C

(A.1.15)

(A.1.16)

(A.1.17)

(A.1.18)
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Using Eq.(A.1.13) we obtain the explicit form of the characteristic polynomial:

a— A o o a | =1 -1 -1 -1
o a— Ay « « :—1 -1 -1 -1
|
|
o o a— Ay « :—1 -1 -1 -1
|
o o o ozan: -1 -1 -1 -1
5 .
-1 -1 -1 -1 = ol vy vy
|
-1 -1 -1 o v = Ay ~ vy
| .
|
-1 -1 1 -1 | 5 gt YA
-1 -1 -1 -1 : 0% ¥ 0% v =
(A.1.19)
where
Ada=A—N(1-a)
)\7:)\—]\7(1—7) (A.1.20)

We proceed as before. We subtract row number N from each of the row numbered
1,2,--- ;N — 1. Similarly row number 2N from each of the rows numbered N +

IL,N+2 .- 2N — 1. This gives

A 0 0 M 100 0 0
0 =\, 0 Ay 1 0 0 0 0
|
l
0 0 A A 1 00 -0 0
|
Q@ @ a a—=XA, -1 —1 -1 -1
D) = [-Sotoino AT T T ————

0 1=h 0 0 Ay
0 0 0 0 0 —x 0 Ay
: .
|
0 0 0 0 "0 0 W
1 1 1 -1 oy o SRR
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Collecting the common factors, we obtain

D) = AT IATTM (Ao, M) (A.1.22)
where
-1 0 0 1 ‘ 0 0 0 0
0 -1 0 1 : 0 0 0 0
l
0 0 -1 1 ‘ 0 0 0 0
MOw ) = oo e ezt A 2 T
0 0 --- 0 0 =1 0 - 0 1
0 0 --- 0 0 3 0 -1 0 1
l
0 0 0 0 10 0 1
-1 -1 - =1 -1 0 e RS TR 2/ W
| (A.1.23)

Comparing the determinant in Eq.(A.1.23) with the determinant in Eq.(A.1.10) we

see that, by expanding the determinant using the first row, we obtain

N—X'—1 -1 —1 -1 -1
S0 -1 0 0 e o 1
B 0O 10 -1 0 0 1
Moy Ay) = (=D ! i (A.1.24)
‘
0 3 0 0 0 -1 1
-N iy v 7 T A

where we have used Eq.(A.1.20).

We add column number 2 to the column number N + 1, column number 3 to the

column number N + 1,---, column number N to the column number N + 1, we
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obtain after using Eq.(A.1.20):

N—=X'—1 -1 —1 -1 —N
0 -1 0 0 e o o
|
M, \) = (—1)N! Co by o0 (A.1.25)
|
0 o 0 0 1 0
-N }7 v v N=XA

We next subtract row number 2 from row number 1, row number 3 from row number

1,---, row number N from row number 1, we obtain
N—-X, 0 0 0 0 -—N
T
0 '=1 0 0 0 0
|
0 0 -1 0 0 0
Mo, A) = (—1)N! 1 (A.1.26)
|
|
|
0O 0 0 0 -1 0
~N 0 AR A v N—=X
Rearranging the determinant
-1 0 0 - 0, 0 0
|
0O -1 0 - 0+ 0 0
|
MO Ay) = (1N (=N 1 (A.1.27)
0 0 O -1, 0 0
,,,,,,,,,,,,,,, (R
0 0 O 0 —N N-—-)\
A Yy iN-X =N
Expanding the determinant, we get
-N N-=-)\
M(Aa, ) = (=1 (="
N—-X =N
= AMA—=2N) (A.1.28)

Substituting Eq.(A.1.28) into Eq.(A.1.22) we obtain the characteristic polynomial

D) =AA=2N)A= N1 - )]V A= N1 -V (A.1.29)



A.1. Computation of the characteristic equation for the potential energy
matrix 101

The characteristic equation is therefore,

AMA=2N) A= N1 —-a)]" A =N1 -]t =0 (A.1.30)



Appendix B

Diagonalization of the potential energy matrix

In this appendix we diagonalize the potential energy matrices given in Chapter 3

and Chapter 4.

B.1 Diagonalization of the potential energy matrix
The potential energy matrix V; introduced in Chapter 3 is given by:

Vo= oo (B.1.1)

where,

(Vl)ll = (‘/1)22 = _(‘/1)12 = _(Vl)21 =C (B.1.2)

The matrix C' is an (N x N) matrix

1 1 1

11 1
O =

1 1 1

whose elements are the (3 x 3) unit matrix

100
Isi=10 1 0
00 1
102
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We have shown in Appendix A that the characteristic equation for the matrix Vj is
AN NN = (B.1.3)

Eq.(B.1.3) has two real roots
A=2N and A=0 (B.1.4)

If we consider our vector space to be the configuration space of the system, then
A = 2N is a simple eigenvalue while A = 0 is a 2N — 1 degenerate eigenvalue. On
the other hand if we take our vector space to be R3*V then the A = 2N is 3-fold
degenerate eigenvalue while A = 0 is 3(2NV — 1) degenerate eigenvalue. To simplify

the calculations we choose the first vector space.

Let
x
U= |— (B.1.5)
y
where
T %
X
T = ? and Y= v (B.1.6)
Ty Yn
be an eigenvector of V;. Then
Viu = \u (B.1.7)
The matrix form of this equation is
c  -C z T
e — = — (B.1.8)
-C C v v

Expanding we obtain the two equations

CZ—Cf = AT
—Ci+Cf = N\ (B.1.9)
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Now
11 1 i 1
11 -1 i N 1
ci=| ' =S| (B.1.10)
o T : 1 :
11 -1 i 1

Using Eq.(B.1.10) we can rewrite Egs.(B.1.9) in the system form

N N
Zxk—z;yk = A\x; 1=1,2,---,N
k=1 k=1

N N
>m=> w = —My i=12- N (B.1.11)
k=1 k=1

Consider the eigenvalue

The system of Eq.(B.1.11) reduces to

N

Z(xk_yk) =0 (B.1.12)

k=1
Since the eigenvectors of a real symmetric matrix are linearly independent, we can

choose the 2N — 1 eigenvectors belonging to the eigenvalue A = 0 to be orthogonal.

We choose the first vector as follows:

To = x3=---=x5=0
y2 = y?):..:yN:O
Then Eq.(B.1.12) gives
T =

Hence

o (B.1.13)

Sl -
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In the same manner we choose:

0 0 0
0 0
0 1 0

1 1 1]
i = — | % Ty=—— | 2|, uy = — |~ B.1.14
0 1 0
0 0 1
Next let
@ = |-

be another eigenvector belonging to A = 0 and orthogonal to
[[17@’2’ e 7'L_[N
Then in addition to Eq.(B.1.12), the components of & should satisfy:
r1+y1=0 To+y2=0 -+ aon+yn=20
Thus
Y= —I1 Yo =—Tg -+ YN =—IN (B.1.15)

Substituting Eq.(B.1.15) into Eq.(B.1.12) we obtain

N

» =0 (B.1.16)

i=1

So that

g
I
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where x1, T, -+, xx satisfy Eq.(B.1.16).

We choose
21#0 x9#£0 and z3=x4=---=x5 =0 (B.1.17)
then Eq.(B.1.16) gives
To = —11

and we obtain the eigenvector

N = 2 (B.1.18)

S
N\
[

We choose the eigenvector w; to be orthogonal to @y;. This imposes the condition

$1—$2+$1—$2:0

To = T

Hence

—zN

The component of w; should satisfy (B.1.12) so that
2x1+2x3+:€4+~~+x]\;:0
we choose

r1#0 23#0 and zy=w5=---=xNny=0
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Then

T3 = —I

and we obtain the eigenvector

UNte = 0 (B.1.19)

[\
|

Next we choose the eigenvector ws to be orthogonal to #y 2. This gives:
2x1 — 2x3+ 221 — 223 =0
Or
T3 = 11

Hence

Substituting the component of @, into Eq.(B.1.12), we get
3rit+xs+as+--+ay=0
We choose

x1 #0 x4 # 0 Ts=x=-=axNy =0
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This gives
Ty = —31’1

and we obtain the eigenvector

: (B.1.20)

UN+3 =

-
=
I

Continuing this process we obtain:

il - k=1,2---N—1 B.1.21
Nk 2%k + 1) - ( )

Next we consider the eigenvalue A = 2N. The system (B.1.11) takes the form

N
D (zi—wy) = 2Nwy k=1,2---N (B.1.22)
=1
N
D (wi—wy) = —2Nyy k=1,2---N (B.1.23)
=1

Adding k™ equation in (B.1.22) to the k™ equation in (B.1.23)

2N(zr —yr) = 0
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or
Y = —Tk k=1,2---N (B.1.24)
Inserting Eq.(B.1.24) into Eq.(B.1.23) we get
N
in = Nuxy,
i=1
so that
LN
T, = NZII k=1,2---N (B.1.25)
Usin Eq.(B.1.24) we get

Hence

S
Il
8
A

We choose z; so that @ is a unit vector. Then

r =

1
V2N

We obtain the eigenvector

| i
U = ——— B.1.27
2N \/m 1 ( )

Since eigenvector of a symmetric matrix belonging to different eigenvectors are or-

thogonal. The eigenvector sy is orthogonal to the eigenvectors

U, U2, "+ - U2N
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The diagonalizing matrix O; is obtained by grouping the orthonormal eigenvectors

together in the matrix

O, = ( iy jﬁ2 L jﬁ2N—1 jﬁzN)
O, is an orthogonal matrix since the vectors u; i = 1,--- , N are orthonormal
TIZ’IIJ == 51']'
Substituting for
/Jla 627 o 62]\7

we obtain the explicit form of the matrix Oy

% 0 o0 0 0 ﬁ 112 2N(1N—1) \/;N
1 | 1 1 1 1
0 V2 0 0 0 0 RVZ 12 AN(N-1) V2N
1 2 1 1
0 o B 0o 0 o0 VST AN(N-1) V2N
|
A z 5
|
0 0 0 0 % 0 | 0 0 21(\1]\(1N;)1) \/;W
0 0 0 0o .- 0 1 0 0 . (N 1
Or= |-G ¢ " wt-ai--oo-o- o YEEEL- R (BU128)
V2 : Va 12 IN(N_1) V2N
1 1 1 1 1
0 V2 o0 0 0 V21 T V12 2N(N-1) V2N
0 0 % 0 0 0 0 riz - 2N(1N—1) _\/;N
[
z S z ‘
|
0 0 0 0 % 0, 0 0 2(N(1N;1) 7\/;7N
1 N-1 1
0 0 0o 0 o I 1 0 0 v 1o ey Sl
We define the (N x N) matrix 7" by
1 1 -1 1
va V12 V2N(N-1) V2N
1 1 1 1
T Vi Viz V2N(N-1) V2N
2 1 1
T — 0 T Viz o V2N(N-1) V2N (B 1 29)
o o0 . 1
V2ZN(N-1) V2N
0 0 __(N-D) 1
V2N(N-1) V2N
Eq.(B.1.29) shows that the T;;— element is given by:
1 i<j
1
T = —— _ —j(1=d;n) i=j+1 (B.1.30)
V2 +1— o,
J(+1—=350;n)
0 1> +1

L ‘ T
0, = (-2 (B.1.31)
Ly =T
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where Iy is the (N x N) unit matrix.

We can easily see that

1
T = 3N (B.1.32)

The orthogonality of the matrix Oy can also be checked directly using Eq.(B.1.31)

LIy T L7 ;AI Iy!' 0
oor = [ T [ al ) (P00 L s
\%INw T T =T 0 Iy

The new coordinates vectors
ry,ro, -, ToN

are related to the old coordinate vectors

A A oB B
7”17..-,7”N7""17..-7""N
by
&
m :
— —A
=0 (B.1.34)
B
T
ToN
%

i i
— 1 1 —A
TN TIN -1y N
_ 2 I V2
. = |- ALEL ) 2 (B.1.35)
— _’B
ToN Y

Expanding this product we obtain

7 7 B
1
—— | |+ : B.1.36
% (B.1.36)
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FN41 Gy 7
=77 -] (B.1.37)
Fon T s
Now
N
(T = Y (T )y
j=1

N
= ZTFA

E T + Thosr s + E T 17
Jj=1 j=k+2

Using Eq.(B.1.32) we obtain for
k

7T, = P — k(1 -6 B.1.38
T = \/2/€/€+1—/€5kN (H E )7 > (B.1.38)

Hence

1
o= )

r =
Ve

k
= E k(1—-9 + B.1.39
. V2k(k+1 = képw) [ 03 =7 = R )T+ ) )

j=1

The inverse transformation is given by:

1
—A —
T T
—o, | — (B.1.40)
7 TN4+1
TN
Substituting for O; we obtain
FA 771 FN—i—l
1
= —— +T B.1.41
Vi (B.1.41)
B TN TN
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TlB 771 FN—&-I
1
= — -T : B.1.42
VN (B.1.42)
B N ToN
Thus
TN+1 N
(Tt s Dk o= ) Ty
i=1
Tan
k—2
= ZTk]TN—f—J + T k- 1TN+k—1 + ZTk]TN—l-j
7=1 =k
N
= —F—————TNyk1 T . N+ (B.1.43)
2k(k — 1) ;\/2g(g+1—35 ) ’
Hence
1 (k—1)
—A — — —)
T, = Tk — TN+4k—1 TN+
g VN " k(-1 Z < /2jG+ 1 +353N) i

o 1 (k-

) .
e = T+ T i

k=1,---N (B.1.44)

B.2 Diagonalization of the potential energy matrix V5

The potential energy matrix V5 given in chapter 4 has the block form
Vo = |---"—---=-- (B.2.1)
(V)11 = N1—-a)ly+aC

(‘/2)12 = (‘/2)21 =-C

According to Eq.(A.1.30) the characteristic equation for the matrix V5 is given by:

AA=2N)A=NA-a)" A =N1 -9V 1t=0 (B.2.3)
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We have two simple eigenvalues
A=0 and A=2N (B.2.4)
and two eigenvalues
A=N(1-a) and A=N(1-7) (B.2.5)

of multiplicity (N —1).

The eigenvalue equation now takes the form

N(1—a)Iy +aC —C ANINE: B.26)
e NOU=yIx+7C ) \ 7 i

Carrying out the matrix multiplication we get

INA1—a) = NZ+aCZ—Cj = 0

—CT+[N(1=7) = Nj+~C5 = 0 (B.2.7)

Using Eq.(B.1.10) the above system can be written as

N N
[N(l—a)—)\]a:i+a2xk—2yk =0
k=1 k=1

= A [INO=y) =Ny 7> s = 0 (B.2.8)

We first consider the eigenvalue
A=N(1-a) (B.2.9)

Inserting this back into the system (B.2.8), we get

N N
aka—Zyk =0 (B.2.10)
k=1 k=1

N N
> e+ Ne—yi+vY m = 0 (B.2.11)
k=1 k=1
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Multiplying Eq.(B.2.11) by « and adding the result to (B.2.10)

Noala—=7v)y; = (1—ay) ) u i=1,2,--- N (B.2.12)

I

summing from ¢ from 1 to N we obtain,

N
1=a”)> y = 0 (B.2.13)
k=1
If
1-a® # 0 ie a#+l (B.2.14)
then
N
g =0 (B.2.15)
k=1

Substituting the equation back into Eqs.(B.2.10) and (B.2.11) we obtain

N
Y a =0 (B.2.16)
k=1
N
> e+ Na=7y)y; = 0 i=1,2-,N (B.2.17)
k=1
The last equation reduces to
(a—=7y)y; = 0 i=1,2,---,N (B.2.18)
If
a #F v (B.2.19)
then

yi = 0 i=1,2,---,N (B.2.20)



B.2. Diagonalization of the potential energy matrix V5 116

Thus an eigenvectors belonging to the eigenvalue
A=N(1-a)

where o # 1 and « # 7 has the form

£y

S
Il
|

EE (B.2.21)

where

Ty, Xgy ", TN

satisfy Eq.(B.2.16)
We construct (N — 1) orthogonal eigenvectors following the same procedure used

above. We first choose
T3=x4=---=xn5 =0
Then Eq.(B.2.10) gives
1 +29=0

and we obtain the eigenvectors belonging to A = N(1 — «) namely

(B.2.22)

Sl
(]
o olo

0

The eigenvectors s is orthogonal to u; and therefore satisfy
T1—To=0= 21 =29
The condition given in Eq.(B.2.16) now reads

2$1+I3+$4+"'+$N:0
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we choose
Ty=xT5=---=xny=0
This gives
T3 = —21‘1
Thus s has the form
1
ES)
—2xq
0
Uy =
0
0

We choose x; so that iy is a unit vector

'
- o olo ---

0

(B.2.23)

Continuing this process we obtain the (N — 1) eigenvectors belonging to eigenvalue

A=N(1-a)
given by
K
1
—k
1
Uy, = O k=1,2,

k(k+1) 1
0
0
0
0
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We next consider the eigenvalue
A=0 (B.2.25)

Substituting this value of A into the system (B.2.8) we obtain
N N

N(1 —a)xi+a2xk — Zyk =0
k=1 k=1

N N
=Y m+NA=Ngi+vY oy = 0 (B.2.26)
k=1 k=1

summing both equations from ¢ to N we obtain the equation:

N N
dw=> u (B.2.27)
=1 k=1

Inserting Eq.(B.2.27) into Eq.(B.2.26) we get

N1-a)z = (1—a)2xk

N
Assuming that
a#1 and v #1 (B.2.28)

we obtain

1 N
T, = Nzxk

k=1
L
i = N;yk k=1,2,- N (B.2.29)
Using Eq(B.2.27) we get
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We normalize the vector

iy = — |- (B.2.31)

We next consider the eigenvalues
A=N(1-7) (B.2.32)

the system of Eq.(B.2.8) now reads:

N N
N(y—a)r; + « Z T — Z ye = 0 (B.2.33)
k=1 k=1

N N
—Za:kJeryk = 0 (B.2.34)
k=1 k=1

If we make the transformation
a—y Ty — Y

Then Eq.(B.2.33) is transformed into Eq.(B.2.11) and Eq.(B.2.34) goes to Eq.(B.2.10).

So if we assume that

a7y

then eigenvectors belonging to eigenvalue
A=N(1-7)

are

UN+E =

k(k+1) | . ‘
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We finally consider the eigenvalue
A=2N (B.2.36)
In this case the system of equation given by Eq.(B.2.8) takes the form
N N
—N(1+a)$i+a2xk —Zyk =0 (B.2.37)
k=1 k=1
N N
> o= NA+)yi+v> we = 0 (B.2.38)
k=1 k=1
Summing both equations from ¢ to N we obtain the single equation
N N
oz y=0 (B.2.39)
i=1 k=1
Inserting Eq.(B.2.39) into Eq.(B.2.37) and Eq.(B.2.38) we get
N
T = —
i N Ty
k=1
|
T N;xk i=1,2,--,N (B.2.40)
substituting Eq.(B.2.40) into Eq.(B.2.39) we obtain
Yy = —; i=1,2,--,N (B.2.41)
Then the eigenvector belongs to the eigenvalue A = 2N is given by
11 ! - (B.2.42)
Uy = — | - - 2.
2N BN 1
The diagonalizing matrix is obtained by grouping the eigenvectors together
Oy = ( Uy " Uy - N Upy— ! 2721\/) (B.2.43)
We introduce the matrices D and S :
00 --- 1
00 -1
D=]lo0o0 --- 1 (B.2.44)
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with matrix elements

and

1 1 1 1

V2 NG V/N(N-1) V2N
1 1 1 1

V2 V6 VN(N-1) V2N
0 2 ... 1 1

S = v VAL N (B.2.46)

0 1 1

VN(N-1) V2N
L. _(N-1 1

0 0 V/N(N-1) V2N

The element S;; of S is given by:

1 1<
1 . ) .
J
0 >3 +1

The matrix S is not orthogonal since its last column represents a vector which is

not normalized. We have

1

STS = Iy — SN (B.2.48)
where
0 00 0 0
0 00O 0
0O 0 010 0 O ithrow ||
EZ]: Zaj:1727 7N
0 0 0 0 0
0 00 0 0

Tjthcol
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The matrix D satisfies

DDT = C
DD = NEwy

CD = ND (B.2.49)
Direct computation shows that
S'D = D'S= \/gENN
SD" = DST =

CS = —D (B.2.50)

S F__1 D
O, = 7,1,,,:,,,21[,, (B.2.51)
b s

We can verify the orthogonality of the matrix Oy directly using Eq.(B.2.49) and
(B.2.50) we have

T 1 T 1
oro, — |2 il ) [ 5_iTowD
i —_LpT, ST LD S
V2N : VeNTT
STS+5D'D ' L (D"S—S"D)
— T T T T s s e s s g T s s e s
~7x(DTS = STD) 1 STS+ 55 DTD
Iy' 0
= [t ) =y (B.2.52)
0 11y

The diagonal form of the potential matrix Vp is given

ovo, = vp (B.2.53)
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Substituting for V' and Vp we obtain

I
N1-a)+a a | -1 -1 -1
a N(1l—-—a)+ o | —1 —1 —1
I .
. : I : : :
I
[ a N(l—a)+a —1 —1 —1
OF |- --eo o oo Moo, oL oo Oy =
-1 -1 -1 | NI =)+~ ¥ v
-1 -1 -1 [ v NI =)+~ v
. I . . .
. | . .
-1 -1 -1 1 y v N1 —=v)+v
N(1 —a) 0 0 ;0; 0 0 0 ;0
0 N(1 — @) 0 | 01 0 0 0 | 0
0 0 0 lol 0 0 0 o
o I
: b : : I
I I
o0 o __ o _NAze,0, 0 O o __0_ 0.
0 0 0 10 0 0 0 |0
0 0 0 ol N(1—-~) 0 0 o
e 0 [(B.2.54)
0 0 0 D0 0 N(1—7) 0 0
0 0 0 |0 0 0 0 | 0
. . . . . -
: Ll : -
0 0 0 ol 0 0 Na—~)1 0
0 0 0 "o ! 0 0 0 an
N~ P
(N-1)-col. 1-col. (N-1)-col. 1-col.

We have not displayed the explicit form of the matrix Oy since it is independent of
« and «. On the left hand side of Eq.(B.2.54) we have polynomials of o and 7. On
the right hand side we have monomials of « and ~. These functions are continuous

functions so we can take the limit as @« — 1 and v — 1. This gives
oy |--------] O2= |--F----~-- (B.2.55)

We see that the matrix Oy diagonalizes also the matrix V; encountered in chapter

3. Indeed we can check this directly

or [(CCN o, _ (57D (oo (5 iokp
-C. C —\/%—NDTI ST —C'j C %Dw S
_ (5 gD (OS5 mm D 05 - RCD
—ﬁDT} ST —Cs+\#NCD} CS+ A=CD
(0o | (070

(O"V101)n : (O"V101)22

where
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(OTViO)y = STCS — —2—5TCD -~ —=_DTCS + —DTCD

V2N V2N 2N
(O™V101)1y = —STCS — \/%STC’D + \/%DTCS + %DTC’D
(O™V10))s1 = —STCS + \/%STC’D - \/%DT(JS + %DTCD
(OT"V10,)9y = STCS + \/%STCD + \/%DTCS + %DTCD

Using Eq.(B.2.55) and Eq.(B.2.56) we have

N N

T - TD —_F
S CS \/WS 5 BN
N
sTcD = NSTD=N 5ENN =DTCS
D'CD = ND'D = N?Eyy (B.2.56)
Therefore
N N N N
(OTV101)11 = 5ENN — EENN — 5ENN + 5ENN =0
(OTV101)12 =0
(O"V1O1)sr = 0
(O"V1O1)2s = 2NEny
Hence
|
0
02TV102 = |-- :f 777777
01 2NENN

The difference between the diagonalizing matrices O; and O, is the way by which

they cluster the particles. To see that, we consider the new coordinate vectors
Fla F27 e 7:"ZN

They are related to the old coordinate vectors

—A A —A —-B -B —B
T Ty 3 TNsT Ty Ty
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by:
7 i oy
N —A T 1 T —A
T’N T S _D r
—or| M= 2N N (B.2.57)
TN+1 ' _\/%WDT 5 v
Fon ¥ v
Or
7 E ﬁB
1
57| | +—p7| : B.2.58
V2N ( )
Py 4 N
Pt " 1 &
— ST | = —=DT : B.2.59
% ( )
o s N

Carrying out the multiplication

N
T = Z kT +\/——N;Djkﬁ5

N
1
7 = S»FB—— D k=1,--- N B.2.60
Now
N k N
ZSij]A = ZSjkﬂA_{'Sk-FLkFI?-i-l_{_ Z Sjk’FA
j=1 j=1 j=k+2
1 k
= — k(1 — S )7y | (B.2.61)
VEE+ 1T+ (1= k)oey) ; 7 s
Also

N N
> Dpl =Gk = 6w > i (B.2.62)
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Hence

k
. 1 , ,
T, = [Z 7“;-4 — k(l — 5]€N)7’}?+1]

VE(k+14 (1 —k)dy)

j=1
1 N

+ —=9 7P
Nic kN; ;

1

k
Fyie = [Z 7 — k(1 — 5kN)F,’f+1]

VEGE+ 1+ (1= k)o)

J=1

N
1
D k=1,---,N
VN ]ZIJ

The inverse transformation is given by

—A —
—A 1 o
TN . S | _QND N
=|-----;-YeL .
B 1 —
T Vot ! S TN41
—B —
N TaN
Or
—A — —
51 1 T'N+1
1
=9 ———D
V2N
—A — —
N TN ToN
=B — —
1 TN+1 ) r
=9 : +—D
V2N
—B — —
N 1Y N

Carrying out the multiplication
N | X
—A — —
Ty = E Sijj ey E ijTN+j
j=1 V2N j=1

N N
1
B - -
No= ) SkiTveg + ==Y Dy
j=1 V2N 3

(B.2.63)

(B.2.64)

(B.2.65)

(B.2.66)

(B.2.67)
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Consider the first sum on the right hand side of the first equation

N k—2
ZSICJFJ = ZSkjrj—l—Skk 17°k 1+ZSkJT'j
j=1 7=1 ij=k
R U S Z 7 (B.2.68)
k:(k:— /7 ]+1+(1_])5]N) ’
To evaluate the second term we have
N N
D D =GNt = Tan (B.2.69)
j=1 j=1
Hence
” i 1 L (k=1) L
S R VA IC R SRy 1o R/ (I V)
N
1 (k—1
B . .
= - TN4j N+k—1 + TaN (B 2 70)
) kz\/J(J+1+(1—J)5 ) T VE(E-T1) v

In the term

k(k—1)
the case k =1 is considered as a limiting case which gives zero.

We see the diagonalizing matrix O, clusters the particles of each species together

while the matrix O; clusters equal particles from the two species.



Appendix C

C.1 Density of states for a single particle in a har-
monic trap

The density of states for a single particle is given by:

gle) = % d3x/d3p(5(e—ﬁ) (C.1.1)

In our system, the Hamiltonian is given by:

2
~ 1
H = 2p—+2mw2r2
m
Eq.(C.1.1) becomes
1 p? 1
gle) = 2nh)? /d?’a:/d?’pé(e— o imerQ) (C.1.2)

We introduce a new variable F

E = 2 (C.1.3)

dp = dnp’dp
2pdp = 2mdE

B*p = 47m®?(2E)Y?dE

Substituting in Eq.(C.1.2)

1
= 3 Arm®?(2E)Y?dEd(e — E — =
g(e) 27rh / d°x / Tm> < (2E)/2dEd (e 2mw r?)

S / P / (2E)2dES(E (e——mwr)) (C.1.4)
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From Eq.(C.1.3) we have E > 0 therefore € — $mw?r? > 0, this gives

gle) = m?? /00 d*x(e — 1mcuzrz)l/z@(e - 1merz) (C.1.5)
V22 ) o 2 2 o
where O is the step function defined as
O@x)={1 %%

Since the © function is equal to unity when its argument (¢ — %mwzrz) is greater

than zero, we have

1
€ — Emoﬂ(x? +y*+2%) >0

so that

2
(2 + 2 + 22 < ¢

mw?

2e
mw?

We see that the © function vanishes outside a 3-D sphere of radius the integral

becomes

oo = / / / dedyd=(c — 2mu(2® + o + 22))V2
\/§7T2h3 (x2+y2+z2)<£ 2

Introducing spherical coordinates and using the spherical symmetry:

2
dedydz = 4xridr 0<r< 62
mw
2 3/2 ‘/% 1
gle) = ( mh)3 / rPdr(e — imoﬂfrj)l/2 (C.1.6)
n 0

To evaluate the integral we introduce variable 6 defined as

2€
mw?

sin 0 (C.1.7)

r =

Then we have,

_ (2m)3/2 /7r/2 2¢€ 3/2 _1/2 30 i 2 2
gle) = e (mwQ) €/=df sin” 0 cos” 0
B (2m)3/2< 2¢
T mw?
862 /2
= — df sin?  cos® 0
7r(hw)3/0 sin” 6 cos

2
1
_ 8 —B(§,§), (C.1.8)

/2
)3/2¢l/2 / df sin* 0 cos® 0
0
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where B(m,n) is the beta function. Then using the equation

hence,

S (C.1.9)
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